JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 2, Number 1, Winter 1989

COLLOCATION METHODS FOR SECOND KIND
INTEGRAL EQUATIONS WITH
NON-COMPACT OPERATORS

S. AMINI AND I.H. SLOAN

ABSTRACT. We study the uniform convergence of colloca-
tion methods for integral equations on the half line, where the
integral operator is a compact perturbation of a Wiener-Hopf
operator. We prove that the collocation and the iterated col-
location solutions converge to the exact solution with optimal
orders of convergence, provided the meshes are appropriately
graded to take account of the asymptotic behavior of the so-
lution. As a consequence of the analysis similar optimal con-
vergence results are proved for the case of boundary integral
equations on polygonal domains.

1. Introduction. Initially, consider second-kind integral equations
of the form

(1.1) (I -K)z =y,

where K is a bounded linear operator on X, the Banach space of
bounded continuous functions on R* = [0,00) with the supremum
norm, and is given by

(1.2) (Kz)(s) = /OC K(s,t)x(t)dt, seR", ze XT.

0

Consider the case where the kernel of the half-line operator is of the
form

(1.3) K(s,t) = k(s —1t)+ Ki(s,t),

where k € L1(R) and K;(s,t) is a “short ranged” kernel satisfying

(1.4a) sup/ | K1 (s, t)|dt < o0,
seERT JO

s/ —s

(1.4b) lim / |K1(s',t) — Ki(s,t)|dt =0 uniformly for s € R*,
0
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(1.4c) lim/ | Ky (s,t)|dt = 0.

§—0C 0

The function spaces we will be generally working with are subspaces of
X, namely

(1.5a) X, ={r e X*:z(c0) exists},
(1.5b) Xy ={re X" :2(x) =0},
(1.5¢)

O/ ={z e X;' 1 ||].. < 0o with Z(s) = z(s) — z(00), s € RT},
where r is a non-negative integer, u € R and

(1.5d) l]|;.. = sup {|e“'lex(s)| o 0<I<r},
seERT

where Dz is the derivative of . The conditions (1.4) ensure that the
operator Ky with kernel K (s,t) is a compact operator from X% to XSL
and hence also from X;" to X', (see [2]). The condition x € L;(R)
together with (1.3) and (1.4a) imply that

(1.6) IK]| = sup/ |K(s,t)]dt < oo
seRT JO

and so K is a bounded operator from X* to X, and also from X l+
to X;' or from X to X;; (see [2,16]). In general, however, the
operator K is non-compact, as its spectrum o(K) in X can be shown
to contain a non-discrete set. For example, the spectrum of K with
K(s,t) = k(s —t) = e~ """ with respect to Xt is [0,2], (see [1, 2, 13,
18] for more information). Assume throughout that the problem (1.1)
is well-posed in the sense that (/ — K)~! is bounded on X and hence
on X l+ .

Initially in this paper assume x, the solution of (1.1), belongs to
Co" = O n X for some u > 0. Later, in §4, we generalize the
results to the case x € C]"". In the case of the pure Wiener-Hopf
equations, K(s,t) = k(s — t), there are many practical examples in
which z € Cy" or x € C[""; for examples, see [9] and §6.
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To solve (1.1) numerically for the case z € Cy" we first approximate
it by the finite section equation

(1.7) (I -Kglzg=y, >0,
with
Ié]
(1.8) (Ksz)(s) = / K(s,0)z(t)dt, seR*.
0

The recent work of [1] on the finite section approximation was primarily
concerned with the convergence of zg to x on finite intervals. In
this work, however, uniform convergence becomes possible, because
x € Cy" (or, later, x € C""). Throughout this paper we shall be
interested in uniform convergence results.

The equation (1.7) is now discretised by a collocation method, which
can be written as a projection method of the form

(19) (I - P’rlKﬁ)rﬂ.n = Iny.

To specify the projection operator P, let II,, denote the mesh parti-
tioning of [0, co] given by

(1.10) 0=s" <o << sl =8 < s =400,

and let S, (I1,,) denote the space of polynomial splines of order r (i.e.

degree not greater than r—1), on each subinterval I") = [s\", ,1)1) for
1=1,2,...,n. The splines are required to be bounded on R* but are
allowed to be discontinuous at the knots; they are well defined even at
the knots because of the assumed right continuity at 5(") g’l), s,
We now choose r points {£; : 1 < j <r} with 0 <& < 52 <K<

1, which we refer to as the “basic quadrature nodes”, and deﬁne our

collocation points by
(111 s =s g™, =120 -1 j=1,2,...,m,

where h(" = s(:'_)l f For ease of notation, we shall not explicitly
show the dependence of certain quantities on n. Now define the
interpolatory projection P, : S,(IL,) + X;" — S,(I1,,) as follows:

(1.12a) (Pyv)(s Zl” s)u(s;j), forsel;; 1=1,2,...,n—1,
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and
(1.12b) (Pyv)(s) =0, forse€l,,

where

(1'126) lij(s) = ﬁ (_s._tslil,

are the Lagrangian basis functions. (To avoid technical difficulties in
defining K P, later, consider K : S,.(I1,,) + Xl+ — Xl+.)

In this setting, we prove that if appropriate knowledge of the asymp-
totic behavior of x is available, it is possible to “grade” the meshes
(1.10) as n increases so as to obtain

(113) ”l‘ - 1',3.71,” < Cn_rv

which is the (optimal) result one expects for second-kind integral
equations with compact operators [3]. (Throughout this paper C is
a generic constant, the value of which may be different at different
instances.) Clearly, convergence requires 3 = 3(n) — oo as n — o0.

To study the convergence of the “global error” ||z — z.,| we shall
study the “truncation error” ||z — x| and the “discretisation error”
lxs — xp.n| separately in §2 and §3 respectively. We prove in §5
that if the basic quadrature nodes {¢; : 1 < j < 7} are chosen
appropriately, superconvergence may be observed at the collocation
points. Some numerical results are provided in §6. Our results for the
half-line equations extend those of [18], and complement similar results
proved for the Nystrom method in [9]. In the final section we show
how simple modifications of our analysis for the half-line problems can
yield uniform convergence results for collocation methods for boundary

integral equations on polygonal domains, thereby extending the results
of [8].

Sometimes it will be convenient in practice to choose a basic quadra-
ture node at each end point; that is to choose 0 = & < & < -+ <
& = 1. All of our analysis remains valid for that case if S.(II,,) is
reinterpreted as the space of continuous polynomial splines of order r.
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2. Study of the truncation error. It follows from (1.1) and (1.7)
that

(2.1) (I -Kp)(z —25) = (K - Kp)z.

Here we wish to find conditions under which ||z — zg|| = O(n™"). It
has been proved in [1] that provided K satisfies the conditions in §1
and (I — K)~! exists as a bounded operator on X then (I — Kg)™!
exists as a bounded operator on X T, and furthermore

(2.2) (T — K) 7| < By < o,

for all § sufficiently large. It is then easy to deduce that (2.2) also holds
in the space X;; see [18].

It now follows from (2.1) and (2.2) that for 3 sufficiently large
(2.3) llx — x5 < Boll(K — Kp)l|.

We now wish to obtain conditions under which [|(K—-Kpz)z| = O(n™").
We have

(24)  |(K-Kp)x(s)| < /;C |K (s, t)a(t)] dt < IlKHsugI:c(t)l-
£ t>

If z € Cy* then it follows from (1.5¢), (1.5d) and (2.4) that
(2.5) (K~ Kg)z|| < [1KI| [Jllre”.

Clearly, therefore, if 3 = 3(n) is appropriately chosen, namely
(2.6) B(n) = (r/w)lnn + O(1),

then we obtain the required result, |[(K — Kg)z| = O(n™"). To obtain
(2.5) it would have been sufficient to require z € Cy**, but in the next
section, in the study of the discretisation error, we need the stronger
condition z € Cy".

Let us state precisely the result just proved.

THEOREM 2.1. Let x, the solution of (1.1), belong to Cy" for some
non-negative integer r and real p > 0 and let K(s,t) satisfy the
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conditions in §1. Then if B(n) satisfies (2.6), for n sufficiently large
we have

(2.7) |z — 25|l = O(n™").

3. Study of the Discretisation Error. It follows from (1.7) and
(1.9) that
(3.1) (I = P.Kp)(xp —xpn) = (I — Py)zs.
We wish to obtain conditions, consistent with (2.6), under which
lzg — z3.n]l = O(n~"). This we will do by establishing the stability
condition

(3'2) ”(I - PnKH)_IH < By <o

for n sufficiently large, together with the consistency of order r of the
discretisation by proving that

(3.3) (I = Po)xgll = O(n™").

Let us initially concentrate on (3.3).

CONSISTENCY 3.1. We have
(3.4) (I-Paxg=(I—-P)z—(I—P,)(x—zp).

It follows from (1.12) that
(3:5) NPl = max [Puli = max sup X; |Lij (s)| = Ch.
i

From (3.4) and (3.5) we have
(3.6) (I = Po)asll < (I = Po)zl + (14 Cp)lle — zp]l-

T

If x € Cy" and §(n) satisfies (2.6), it follows from Theorem 2.1 and
(3.6) that to establish (3.3) it suffices to show

(3.7) I(I = P)zl| = O(n™").
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Now (3.7) is relatively easy to establish, as it involves the error in
interpolation by r-th order piecewise polynomials, which can be ap-
propriately controlled provided the correct mesh grading is used. We
have

(3:8) (I = Po)z|| = max [[(I = Py)zll; = maxsup [(I — Pp)x(s)|.
1<i<n sl

Let us consider first ||(I — P,,)z||,, i.e. the error in the infinite interval
I, = [B,00). By the definition (1.12b), (P,v)(s) =0 for s € I,, and it
follows from (1.5) and (2.6) that

3.9) NI = Po)zlln = ||zlln = %gglx(S)l < e Ml = O(n™").

Fori=1,2,...,n — 1 we have

I = Pl = sup [a(s) = Db (s) (i)
S i j:l
(3.10) < Ch? sup | D72 (s)|
sel;

< Ch;‘e—ll-“i ||33||7n/1.-

It follows from (3.9) and (3.10) that an appropriate choice of {s;} to
ensure (3.7) is given by

(3.11) 5 = (r/u)ln(r—n—;’%_—i), i=1,2,...,n,

where m > n. In fact we shall choose m = n + [ where [ is some small
non-negative number independent of n, the significance of which will be
made apparent shortly. Notice that with this choice s,, = 3(n) satisfies
(2.6) and furthermore

(3.12) h; = (/) In (1+m1_i) < (,%)(ml—z) i=1,2,... .01

There are many other choices of the knots {s;} which will be satisfac-
tory in yielding the required results in (3.10); any such mesh is referred
to as a (r, u)-graded mesh [9, 11].
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Let us now summarize our result on the order r consistency of the
approximation scheme, the proof of which follows from (3.6) through
(3.12).

THEOREM 3.1. Let the conditions of Theorem 2.1 be satisfied. If the
knots {s;} are given by (3.11) where m =n +1 > n, then

”(I - Pn)x[J” = O(Tl._r).

STABILITY 3.2. In order to establish (3.2), i.e. the property of uniform
boundedness of (I — P,K3)~!, we use the result of [1], quoted in (2.2).
In fact it turns out to be easier to first prove the uniform boundedness
of (I —KzP,)™!, (a result which will in any case be required in §5 for
the study of superconvergence of the iterated collocation method) and
then deduce (3.2) from the identity

(3.13) (I - P,Ky) ' =1+P,(I-KzP,) 'Ks.

We can write, at least formally at this stage,

(3.14) (I-KuP,) ' = L5} (I -Ks+KgPy),
where
(3.15) Lgn= (I - K/j) + (Kﬁ — KﬁP,,)K/;Pn.

If we can prove that
(3.16) «, = (K — KzP,)KzP,|| < (6o/Bp) for some 0 < &y < 1,

then (from (2.2)) using Banach’s Lemma, the existence and uniform
boundedness of L/;.ln is established. The required stability result (3.2)
then follows from (3.13), (3.14), (1.6) and (3.5). Ideally therefore we
wish to be able to prove that for any ¢ > 0, (3.16) is satisfied with €
replacing 6o/ By, provided n is sufficiently large. We shall see that this
is the case if we choose | = m — n sufficiently large.

Now study the left hand side of (3.16) by considering (Kg —
KsP,)KsP,x = Kg(I — P,)v, where v = KgP,z, with = € X1+ +
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S, (I1,). The smoothness of v(s) depends on the smoothness properties
of K(s,t). At this stage, not wishing to restrict the class of integral
equations covered by our analysis, we assume only properties of v that
follow from the definition above. We have, using Jackson’s Theorem
[6, p.33] and (3.5)

[Ks(I = P,)v(s)]

n—1 311
—’Z/ ! 9t vt)—Zl”(t su]df’

n—1

Y41
<CZ vI,,(S)/ K(s,t)|dt

S C'() VV1 (U; Hn ) B}

(3.17)

where 6; = h;/(2r — 2), and
(3.18) w(v,I;6) = sup{|v(s’) —v(s)| : ¢', s€ I, |s —s| <6}
is the modulus of continuity of v at 6 over I. Further

W, (v;11,) = max{w(v, [;;6;)) : 1 <i<n-—1}

r
< w(v,R+'

(3.19) )
"u(m4+1-=n)2r —2)/’

where the last inequality follows from the monotonicity property of
w(v,I;6) in ¢ and the fact that {h;} given by (3.12) form an increasing

sequence, with h; < h,,_; < m, fori=1,2,...,n—1. Now

3
wwv—vun=\/[Kuxw—K@JNwanm
(3.20) 0

< [ IR0~ Kol [P el

0

It follows from (1.3), (3.5) and (3.17) through (3.20) that

Kol = PRl < B swp {6l =540 = w0

|8/ —s|<o* o

+/ |Ky(s',t) — l\'l(s,t)ldt}
0
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with

r

(3:21) 6" = p(m+1-n)2r—2)’

which can be made arbitrarily small by taking m —n = [ appropriately
large. Thus (3.16) is satisfied if [ is sufficiently large. Observe that
the restriction on the value of [ = m — n is independent of n and
depends, through (3.16) and (2.2), on the conditioning of the finite
section equation as well as on r and p.

We now state a stability result, the proof of which follows from (3.13)
through (3.21).

THEOREM 3.2. If the kernel K(s,t) of (1.1) satisfies the conditions
in §1, and if the knots {s;} are given by (3.11), then for n sufficiently
large

(3.22) (I - P,Kp) Y| <C < oo uniformly in n,
provided | = m — n is appropriately large.

REMARKS. (a) For practical implementation, the choicel = m—n =0
will often be satisfactory. Choosing larger values for [ has the effect of
significantly decreasing the maximum step-length h,,_1, but at the same
time (because [ is thereby reduced), it increases the truncation error,
(though does not affect its O(n™") convergence to zero). In practice
the best procedure may be to use initially [ = 0 in (3.11), i.e. to use
the formula s; = (r/p)In(n/(n + 1 —7)). Then larger values of | can
be tested without recalculating the matrix: all that is necessary is to
define a new value of ‘n’ by n’ = n — [, and a new value of ‘3’ by
3 = s,s, and to omit the last I rows and columns of the matrix.

(b) In the case |K|| < é < 1, the stability result could be proved
easily. We have (see [8] for similar discussions)

|1P.Kpz|| = max |[P,Ksz|;=maxsup|(P,Kgs)z(s)|.
1<i<n—1 [T
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Now similar to (3.17) we have

[P Kpz|;
<K I— Pn i

< 1K flz] + B, sup /0°°|K<s',t>—K<s’t)|dt Il

|s'—s|<b*

with 6* as in (3.21). It follows from (3.23) and the arguments following
(3.20) that, provided | = m — n is large enough, we can ensure that
IIP,K3|| < 6 < 1, obtaining the required stability result in the form

(3.24) I~ PKg) " < 1/(1 - ).

Returning to the general case, we combine Theorems 3.1 and 3.2 to
establish the required bound for the discretisation error ||z3 — z3.,]|,
and, with the aid of Theorem 2.1, a bound for the total error ||z —x4.,|,
as follows:

THEOREM 3.3. Let the conditions of Theorem 3.1 be satisfied. Then
for n sufficiently large

”xﬂ - ‘r/i.n“ = O(n_r)

and

—_

lz — 23]l =0Mn""),

provided | = m — n is chosen appropriately large.

4. Extension to x € C["". The results so far have relied on the
exponential decay to zero of the solution of (1.1) by requiring z € C;*.
In the X,+ setting it is possible to obtain x(oco) explicitly, as shown in
[18]. Assuming that K (s,t) satisfies the conditions of §1 and y € X',
then it can be shown that the unique solution of (1.1) satisfies

1

(4.1) z(00) = 1—_;3;(00)7

where
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and where x £ 1, since otherwise 1 would be in the spectrum of K; see
[13, 18].

If we know that z, the solution of (1.1), belongs to C;*, then the
new unknown #(s) = z(s) — z(o0) € Cy* and satisfies the equation

(4.2) (I-K)z =7
where

1— [[7 K(s,t)dt
1—

o
) = o(sb ([ Kl dt-1)a(o0) = y(s)- y(o0).
Equation (4.2) is of the appropriate form for application of Theorem
3.3. Thus provided y(s) can be evaluated analytically (or sufficiently
accurately) it will follow, under suitable conditions, that xz,, = Zg., +
z(oo) will satisty ||z —zg..| = |2 —Za.n| = O(n~"). See [9] for similar
results for the Nystrom method.

5. Superconvergence. It is well-known that for second kind
equations with smooth kernels over finite intervals, the collocation
approximation exhibits superconvergence at the collocation points,
provided the collocation points are chosen appropriately; see [17] and
references therein. We wish to prove similar results for (1.1), even
though here K is non-compact. Recall that the collocation equation
for (1.1) is given by

(51) (1 - PnKﬂ)-T/i,n, - Rly

Once 24, is obtained we define the iterated collocation approximation
by

(5.2) zh,, = Kszpn +y.
It follows from (5.1) and (5.2) that

(5.3) Tan = Ppxf,,
and therefore by definition of P,

(54) “’Eﬂﬂl(sij) = x;;.n(sij)v 1 S ( S n— 1a 1 S ] S T.
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Substituting (5.3) into (5.2) the second kind equation is obtained
(5.5) (I —KsPy)xs, =y
Subtracting (5.5) from (1.7), we obtain
(5.6) 2y =1y, = (I —KgP) ' Ks(I - P,)zg).

Recall that the uniform boundedness of (I —KzP,) ! has already been
established in §3.2 under the conditions of Theorem 3.2.

We will now prove that if the basic quadrature nodes {¢; : 1 <
J < rpwith0 < & < & < -+ < & < 1, are appropriately
chosen, then ||[Kz(I — P,)zs|| = O(n~ ), with R > r. From this
it will follow that the iterated collocation approximation is globally
superconvergent and, from (5.4), that the collocation approximation
exhibits superconvergence at the collocation points. Our first step will
be to establish the order of convergence for ||Kz(I — P,)x||, where z is
the solution of (1.1).

Let @, be the interpolatory projection of C'[0,1] into P, the space
of polynomials of order r (i.e. degree < r — 1), based on the nodes
{& :1<i<r}. That is, for z € C[0,1]

(5.7) (Qrx)(s) = Zz,_,(s).r(s )

where

H((g_ i=1,2,...,1

J7—’

are the Lagrangian basis functions. Now in general (I — Q,)z = 0
only if x € P,. However, it is possible that if {§; : 1 < ¢ < r} are
appropriately chosen then

1
(5.8) / (I-Q,)x(s)ds=0 forzeP, .,
0

with 7 > 7 > 0. In fact if {¢;} are the Gauss-Legendre nodes on [0,1],
then r = ¢/, while if & = (i = 1)/(r — 1), i = 1,2,...,r with r an odd
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integer then ' = 1. For our present analysis it is more convenient to
write (5.8) in the equivalent form

1T
(5.9) /0 H(s —&)o(s)ds =0 for ¢ € Py

Assuming that (5.9) is satisfied, in other words that the interpolatory
quadrature rule on [0,1] based on the nodes {¢;} has degree of precision
r+r' — 1, we wish to find conditions under which

(5.10) IKs(I = Pzl = O(n~C+),

Based on our analysis in §2 and §3, we seek to prove (5.10) under the
following assumptions:

(5.11a) zeCyT u>0
my T+ m .
(5.11b) s, = . ln(m+1—i)’ 1=1,2,...,n,
with
‘ _ (,,,):r—i—r’ m :'r-i—r’ ]
(5.11¢) B(n) = s, . In (m g n) . In(n) + O(1),

where | = m —n > 0 is suitably chosen.
Now, similar to [14] we have
Ks(I = Py)|(s)

n—1 T

_ Z/+ K (s, 0)[at) = 3 ki (0)a(siy)|

i=1 "9 Jj=1

5.12 ol opsin r
( ) = Z/ I\’(S,t)H(t—Sjj).T[Sjl,S,‘Q,...,S,‘r,t] dt

=1 Y5 j=1
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where I1(t—s;;)x[si1, Siz, - - - , Sir, t] is the polynomial interpolation error
for x(t), written in terms of Newton’s divided differences z[s;1, si2, - - -,
Sir, 1], see [4]. We can write

siy1 _T
(5.13) Ei‘n(s):/ H(t—sij)Fs(t)dt, i=1,2,...,n—1,

i j=1
where
(514) Fs(t) = K’(S,t)l'[Sj],Sj}Z,...,Sir,t].

To take advantage of (5.9) expand F(t) about s; as a Taylor polynomial
of order ', denoted by ¢, (t) together with an integral remainder, to
obtain

= _ 1 ! r'— 7
(5.15) Fo(t) = ¢sm(t) + =] /q (t —u)" ~'D" F,(u) du.

S

Now, it follows from (5.9), (5.14) and (5.15) that
(5.16)

gin(s) = (r’—il—)' /sjiH Jl;[(t - s,J){ /t(t - u)”‘l”lDT/Fs(u) du} dt.

1 v i

Using the Leibnitz rule for differentiating a product, we obtain
(5.17)

o r’ r aN d r'—a
D Fs(t) _(;<a)((§ )I\(S,t)) (E ):L'[Silas'ﬂ)'"7511'7t]‘
Then using the result

d\7'—a o =a) L,
(518) (az) 1,‘[8,1,8;2, . ,SiT,t] = m—'D .fL'(ff)

for some &; € (si, si41), (proved in [14, p.182]), we obtain

’
r

7’ Siv1 T
) =Y e . 11e=)
S j:l

a=0

oo {(2) ro)orrcou

S1
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For u, t € [s;, s;41], we have |t —u|, |t —s;;| < h;, and for z € C’S”'#"
lDb(L'(t)I < 6_”81.”1’.”7‘4'7"’# b‘_“0717 7T+TI-

Therefore

(5.19) lein(s)l S{gca /sjm (%)GK(s,u)ldu}

. 7
. e THE h;+r ”x|lr+r’.;n

where C, = It follows from (5.11b) that e"‘sih:”/ <

.
al(r+r’'—a)!” =

!’
C/n"*"  and hence

n—1

C r’ B(n)
€in < — r+rip Ca
20y SO S el 0 |

< (C/nr-H’)”x“r-H’.u

(%)GK(s,t)] dt

provided

(5.21) sselig /Ox ‘(%)GK(s,t)ldt <oo, a=0,1,2...,7".

We are now in a position to state and prove the main result of this
section:

THEOREM 5.1. Let the kernel K(s,t) of (1.1) satisfy (5.21), in
addition to the conditions in §1. If the interpolatory quadrature Tule
on [0,1] based on the nodes {&; : 1 < j < r} has a degree of precision
r+ 7' —1 and if (5.11) is satisfied, then for n sufficiently large

“SL‘ - ‘r;i,n” = O(n—(r+r ))7

provided | = m — n is appropriately large.

PRrOOF. We have

(5.22) lz =,/ < lle =]l + 25 — z5.,l-
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With §(n) given by (5.11¢), and z satisfying (5.11a), it follows from
Theorem 2.1 that the truncation error satisfies

(5.23) e — 23]l = O(n~C+).

To show that the discretisation error is of the same order, we write,
from (5.6),

(5.24) s — 2| < (T = KpPo) M| [Ks(I = Po)agll.

The uniform boundedness of the first factor on the right hand side
follows from the argument used to prove Theorem 3.2. (It can easily

be seen that the replacement of » by r + ' in the formula for sgn) does
not affect the stability argument.) Similar to equation (3.6) we have

(5.25) [[Ks(1 = Po)zpll < [[Kp(I = Po)ll + [Kal (1 + [ PalD Iz = z5]-

From (5.12), (5.20), (5.23) and (5.25) it follows that [|[Kz(I — P,)zs|| =
O(n=+") and using (5.22), (5.23) and (5.24) the proof is complete.
[m}

It appears that, provided the conditions of Theorem 5.1 are satisfied,
the highest order of convergence r + v’ = 2r is obtained if we choose
the basic quadrature nodes {§; : 1 < i < r} to be the Gauss-Legendre
points shifted to [0,1].

6. Numerical Experiments. In this section we emphasize some of
the important features of the results in Theorem 3.3 and Theorem 5.1
by considering the test problem

(6.1) z(s) — (1/2)) /Ox e s=tr(t)dt = (e7*/2)), seRT,

the exact solution of which, for A € [0,1], is (see [2])

2(s) = (u = D)e ™,

where

p=(1-1/0)"2
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In particular we consider the example with A = 4/3, yielding p = 0.5.

In Tables 1 to 4 we present the results of the collocation methods
based on piecewise-constant (r = 1), piecewise-linear (r = 2) and
piecewise-quadratic (r = 3) approximations. In all cases the spline
knots are given by

si = (R/p)In (ﬁyi—_z)’

(i.e. I =m —n = 0), where R takes a range of values in each case. In
all the tables the quantity presented is the maximum absolute value
of the error over the collocation points {s;;} with 1 < i < n —1
and 1 < j < r. The values of n have been chosen so that the
results in a given row correspond to approximations with the same
number of collocation points in every table, in order to allow easy
comparison between methods with splines of differing order. Recall
that for a method based on piecewise polynomials of order r, we choose
r collocation points within each of the n—1 subintervals I;. The number
of collocation points corresponding to rows 1 to 4 of the tables are 24,
48, 96 and 192 respectively.

Results in Table 1 show that if R = r = 1 is chosen, the expected
order of convergence O(n~!) is obtained, while by choosing R = r+7' =
2 the predicted superconvergence is observed with errors of the form
O(n™2%). Increasing R to 3 results in reduced accuracy, though still
yields the O(n~?) convergence.

Results in Table 2 are based on piecewise-linear approximations,
using the Gauss-Legendre points as the basic quadrature nodes. For
R = r = 2 the predicted O(n~2) convergence is observed, while for
R = 3 and 4 superconvergent result are obtained with errors of the
form O(n=3) and O(n~*) respectively. Again, the choice of R = 5
cannot improve the optimal convergence rate O(n=%).

Results in Table 3 are again for piecewise-linear approximations, but
here, unlike Table 2, we do not choose the Gauss-Legendre points as
the basic quadrature nodes. For R = 2,3,4 and 5 the errors are of the
form O(n=2).

Finally, in Table 4 we present the results for the piecewise-quadratic
case (r = 3), where the Gauss-Legendre points are chosen as the basic
quadrature nodes. As expected, for R = 3,4 and 5 we obtain O(n™%)
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convergence. For R = r + r’ = 6, however, we do not obtain the
O(n~%) convergence that at first glance might have been expected
from Theorem 5.1. A closer investigation reveals that the smoothness
requirement (5.21) with a = r’ = 3 is not satisfied by the kernel
K(s,t) = exp(—|s — t|), whereas the case 7' = 2 is covered by an
appropriate extension of the theory. Thus, O(n~°) is the best result
obtainable from Theorem 5.1. In all cases, therefore, the numerical
experiments support the theoretical conclusions.

TABLE 1: Errors for the piecewise-constant case

n\® 1 2 3
25  5.02E-3 3.98E-4 6.47E-4
49 2.56E-3 1.04E-4 1.72E-4
97 1.30E-3 2.66E-5 4.44E-5
193 6.51E-3 6.78E-6 1.13E-5

r=1, with & = 0.5

TABLE 2: Errors for the piecewise-linear case

n\f 2 3 4 5

13  7.11E-4 4.21E-5 1.41E-5 1.78E-5
25 1.92E-4 5.92E-6 1.10E-6 1.31E-6
49 5.01E-5 7.86E-7 T7.60E-8 8.86E-8
97 1.28E-5 1.01E-7 5.00E-9 5.74E-9

r=2, with & = 0.5(1 — 1/V/3)
£ =0.5(1+1/V3).

TABLE 3: Errors for the piecewise-linear case

n\f 2 3 4 5
13 9.49E-3 8.42E-4 1.21E-3 1.69E-3
25 257E-4 229E-4 3.31E-4 4.65E-4
49 6.70E-5 5.98E-5 8.65E-5 1.22E-4
97 1.71E-5 1.53E-5 221E-5 3.11E-5

r=2, with & = 0.3, & = 0.7
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TABLE 4: Errors for the piecewise-quadratic case

n\f 3 4 5 6

9 185E-4 2.03E-5 3.34E-6 6.54E-6
17 2.74E-5 159E-6 1.39E-7 2.73E-7
33 3.75E-6 1.12E-7 5.05E-9 9.79E-9
65 4.90E-7 7.46E-9 1.70E-10 3.28E-10

r =3, with & = 0.5(1 — V0.6), & = 0.5,
& = 0.5(1 4 V0.6).

7. Application to boundary integral equations on polygonal
domains.

INTRODUCTION 7.1. If we recast a boundary value problem as a
second-kind boundary integral equation, the resulting integral operator
will, in general, be non-compact if the boundary, I', of the domain
of interest is only piecewise smooth [5, 7, 10, 12]. Furthermore,
the solution of the integral equation will exhibit singularities (non-
smoothness) near the corners of the domain, the asymptotic form
of which can be obtained, for example, by using the local Mellin
transform [7, 10, 14]. Insight into the numerical analysis of such
integral equations can be gained by considering equations of the form

(7.1) (I £ K)x =y,

where

(7.2a) (Kz)(s) =/0 K(s/t)x(t) (dt/t), se€][0,1],
with

(7.2b) (Ka)(0) = lim (Kz)(s / K(u du/u)) (0)

if z € C[0, 1]. In the case of the Dirichlet problem for Laplace’s equation
in the interior of a polygonal domain, the kernel K in (7.2) is given by
(10, 14]

(7.3) K(u) = (%)(Hu sin(r — a) ) ueRY,

—1 —2cos(m — )
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where « denotes the interior angle at one of the corners of the polygon,
with 0 < a < 27. It can be shown that the spectrum of K in this case
is given by

" 0= {25 25055

Since the spectrum is an interval, K and all its iterates are non-
compact.

The study of (7.1), (considering the ‘-’ sign only), can be reduced to
that of a second-kind equation on the half line. The transformation
J : C[0,1] — X" defined by

(7.5) (Jz)(s) = x(e™") = i(s), s€RT,

is an isometry (with respect to the uniform norm). Applying J to both
sides of (7.1) the Wiener-Hopf equation is obtained

(7.60) (Jz)(s) ~ (JKJ ) (Ja)(s) = (Jy)(s), s € RY,

or more explicitly
oC
(7.6b) x(e™®) — / K(e = Nz(e ) dt = y(e™*), scRT,
0

which with the help of notation (7.5) may be written as the convolution
equation

(7.7) i(s) - /Ox K(s—t)i(t)dt = j(s), seR*.

Using the local Mellin transform [10,14] it can be shown that the
solution of (1.1) near a corner of the boundary has the asymptotic
form

(7.8) z(s) = z(0) + as" + Z(s),

where s is the arc length measured from the corner and as” represents
the leading singular term in the expansion. In particular for the case
of the kernel (7.3) we have [7,10,14]

(7.9) p=r/(n+|r—al) >1/2.
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A natural setting for the study of (7.1) with solutions of the form
(7.8) with u > 0 is the space C™* C (0, 1] defined by

(7.10a) C™" = {x € C[0,1] : |||, < 00 with #(s) = z(s) — 2(0)},
where

(7.100) lzll,, = sup {|s'" *D'z(s)|:0<1<r}.
s€[0.1]

We denote by Cj* the subspace of C™* which consists of those
functions which vanish at the origin.

With J : C[0,1] — X;" defined by (7.5) and J~! : X;'* — C[0,1]
defined as

(7.11) (J7tx)(s) = z(—~1In(s)) = 2(s), s€(0,1],

it is easy to show that C"# defined by (7.10) is isomorphic to C}*
defined by (1.5¢). A similar relation holds between Cg** and Cg*.

The question we address is the following: Given the equivalence
of (7.1) with the Wiener-Hopf equation expressed in (7.6b), to what
extent can the analysis of §2 through §5 be used to establish uniform
convergence of the collocation and iterated collocation methods for
(7.1) and (7.2)? As the piecewise-polynomial space used for the
[0, 00) case is not mapped to a piecewise-polynomial space for the [0,1]
problem, we must expect at least minor modifications to the analysis.
An analysis for (7.1) in subsections 7.2 through 7.5 similar to that in
§2 through §5 follows.

To solve (7.1) with K given by (7.2), first approximate the equation
by the truncated equation

(7.12a) (I -Kp)zg =y,
where
1
(7.12b) (Kpz)(s) = K(s/t)x(t)(dt/t), se€]0,1],

B(n)

with 8(n) — 0 as n — oo. Equation (7.12) is then discretised by the
collocation method written as

(713) (I - PnKB)-Tﬁ.n = 1Yy,
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where, as in §1, we define on a mesh 0 = s,,11 < B(n) = s, < $p—1 <
.-+ < s1 = 1 the projection
(7.14a)

r
(Rﬂ})(s) = Zlij(s)v(sij)v se€l;= (3i+17si]) 1=1,2,...,n— 1,
7=1

(7.14b) (P,v)(s) =0 for s €[0,8(n)],

where s;; = s;11 + &h; with {§; : 1 < j < r} the basic quadrature
nodes on (0,1], and h; = s; — s;+1. The mesh nodes {s;} are numbered
in decreasing order so as to correspond directly to those in (3.11) under
the transformation (7.5).

The equation (7.6) (or (7.7)) is a special form of (1.1) and it is easy to
establish that the smoothness requirements (1.6) and (5.21) are satisfied
by the kernel in (7.6) if

(7.15) / 9| DK (8)|(dt/t) < 00, a=0,1,2,...,1".
JO

The graded meshes (3.11) can be seen to be transformed to
(7.16) si=((m+1-d)/m)"" i=1,2,...n,

with B(n) = s, = ((m + 1 - n)/m)"/* < ((1+ 1)/n)"/", where
l=m—n>0. It is easy to show that

(7.17) (hi/si+1) < (C/n)s ",

which is precisely the definition of (r, it)-graded meshes [6, 8, 11, 15],
of which (7.16) is an example. (If r/u < 1 we replace the exponent in
(7.16) by unity.)

In subsections 7.2 through 7.5 we state and give outline proofs of
results analogous to those in §2 through §5. Unless stated otherwise,
all norms are uniform norms.
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TRUNCATION ERROR 7.2.

THEOREM 7.1. Let x, the solution of (7.1) with K defined by (7.2),
belong to Cy" for some p > 0, and let K(t) satisfy (7.15). 1f B(n) is
given by (7.16) with i = n then for n sufficiently large we have

(7.18) |z —zg]| = O(n™").

PROOF. It follows from (7.1) and (7.12) that
(7.19) llz =25l < (1 = Kp) M |(K - Kg)z|],

in which the result of [1], quoted in equation (2.2), may be applied to
(7.6) to establish the uniform boundedness of the first factor on the
right hand side of (7.19), for n sufficiently large (i.e. B(n) sufficiently
close to zero). For the second factor we write

Bn)
[(K = Kp)x(s)| < /0 |K(s/t)x(t)(1/t)| di

(720) <Kl sup [z(2)]
1E(0.8(n)

< IK[|B(r)*(|2]lr. = O(n™")

which now completes the proof. o

DISCRETISATION ERROR 7.3.

THEOREM 7.2. Let x, the solution of (7.1), belong to C;™* for some
>0, and let (7.15) and (7.16) be satisfied with 3(n) = s,. Then for
n sufficiently large

(721@) ”-rﬂ - ‘T/i,n,” - O(n_r)
and
(7.21b) |z —zpnl =O0(n™"),

provided | = m — n is chosen appropriately large.
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PROOF. From (7.12) and (7.13) it follows that
(7.22) Iz = zpall < I = PuKp) M I = Pu)zsll.

As in §3, equation (3.10), for : = 1,2,...,n — 1 we have

T

I = Poyol = sup ots) = 3ty (s3))
(7.23) < Ch; sup |D'I(s)|,
sel;
< Chis M Nl < (C/n") |l

with the last inequality following from (7.17). For ¢ = n we have, from
(7.14),

(7.24) (I = Pu)zllo.pny) = s lz(s)| < B llzllope < B 1]l
se[0,3(n

r/u
As 8= B(n) =s, = (l’:[’],) / , it follows from (3.6), (7.18), (7.23) and
(7.24) that

(7.25) (I = P)zs| = O(n™").

It remains to establish the uniform boundedness of (I — P, K;)~!
This could be carried out by an analysis similar to that in §3.2, with
(7.15) required only for @ = 0. Here, an outline of a simpler proof
is given, in which it is assumed that the kernel satisfies (7.15) for
a=0,1,2,...,r, as is the case for most such boundary integral equa-
tions. Again we show that a,, := ||(K;3 — K3P,)K3P,|| can be made
sufficiently small (see (3.16)) to establish the uniform boundedness of
(I — KzP,)™! and that of (I — P,K;)™!, using (3.13). As in (3.17)
consider

[Ks(I = P)o(s)|

-/ k<s,t){v<t> - Sttt} i

i=1"%i+1

(7.26)
n—1
< C XD, k(s ) dt,

Sig1
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where k(s,t) = K(s/t)/t is the kernel of K. Now setting v = KgP,z,
we obtain

[[D"v||; = sup |D"v(s)]
sel;

.27) .
o < sup ( / 1 \(%) k(s,t)|dt) 1Pl 1]l
But
(7.28) (0/05)"k(s,t) = t_"D"K (s/t)(1/t)

=s""(s/t)"D"K(s/t)(1/t).
From (7.27) and (7.28) it follows that

(7.29) ID™0lli < Cs L [1Pall 1],

which in turn, using (7.26), yields

7 Qpy = ||K/3(I - P")Kﬁp,l”
(7.30) < C'm’ax(h,'/s,:ﬂ)"' =C(hp-1/sn)" <C*(m+1-n)"",

where the penultimate step follows because {(h;/si+1)} forms a mono-
tone increasing sequence and the last inequality follows from (7.17).
Clearly, «,, can be made sufficiently small if | = m — n is a suitably
large number. The rest of the analysis now follows similarly to the
proof of Theorems 3.2 and 3.3. ’

EXTENSION 7.4 to 2 € C"*. From (7.1) and (7.2b) it follows that

2(0) = y(0)/(1 = x),

where x = fox K(u)du/u 7 1. If the solution of (7.1) is known to
belong to C™*, then the new unknown #(s) = z(s) — 2(0) belongs to

AT L

o', and satisfies
(I -K)& =y,

where ‘
1- fsx K(u)du/u
1—

9(s) = y(s) y(0),
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to which the previous analysis in this section can be applied, see [11].

SUPERCONVERGENCE 7.5. The iterated collocation solution corre-
sponding to (7.1) satisfies

(7.31) (I -KsP,)z};, = y.

Here, similar to the results in §5, Theorem 5.1, it can be shown that
if the collocation points are appropriately chosen then the iterated
collocation solution is globally superconvergent and the collocation
method exhibits superconvergence at the collocation points.

Assume the interpolatory quadrature rule based on the nodes {¢; :
1 <@ <7} has degree of precision r + 7' — 1 with 1 <7’ < r. Further
assume

(7.32a) T € é{,‘”'-“ for some p > 0,

(7.32b) sgn) =((m+1- i)/rn)(""L”/)/", i=1,2,...,n,
with

(7.32¢) B(n) = s = ((m+1—n)/m)+"/n

for some m > n. We can now prove:

THEOREM 7.4. Let the interpolatory integration rule based on {&; :
1 < i < r} have degree of precision v+ 71" — 1 and let (7.15) and (7.32)
be satisfied. Then for n sufficiently large

& — 2., = O(n=+)

if l = m — n is appropriately large.

PrROOF. To establish

IKs(I — Pzl = O(n= "+
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proceed as in §5 and obtain

n—1

[Kﬁ I PTl Z €i, n
where
m()—Z T — sij)
(7.33) . o ! /s’“; 1
{/ (t— u)""l(ﬁ/au)“(K(s/u)(l/u))DT”/_"m(&,v)du}dt

with &, € (siy1,s;). For u,t € [sit1,s:] we have |t —ul, [t — s;5] < hy
and for z € Gyt

1Dz (t)] <™l < Csiy Iz flap

< Cs z_—:lﬂ ||J:||r+‘r’.w

(7.34)

It follows from (7.33) and (7.34) that

(s ) SC{ §/+ I(gi)f‘(i) (%) | dt}

. h?‘+7"s—(7'+'"—l“)+ﬂ”x”

i1 T+7/

It can be shown that

(D/01) K (s/t)(1/t) = =S Cuy(s/t)° DY K (s/t)(1/1)

b=0

for some constants C, ;, so that for t € [s;41, s;] we have

(7.36)  [(0/00)" K (s/t)(1/t)] < Csiy Z |(s/t)" D" K (s/t)(1/8).

b=0
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It follows from (7.35), (7.36) and (7.17) with r + 7’ replacing r, that

n—1 1’

(131 S ZZZ/ DbK( ) (%)\dtllxllrw.”

i=1 a=0 b=0 "~ %i+1

< S L1 R ) (s

0b=0
(C/7l7+, )||.’l?||7-+,,/_”.

IN

The last inequality follows from (7.15). Thus

n—1

IKs(I — P,)z| < @l[:p]z leim ()] Nl |lrgrr NTERS <(C /71’+7 )“I“r+r’.u~
s€ 1=1

The result now follows as in the proof of Theorem 5.1. O

CoONCLUSIONS.  We established optimal order convergence for the
collocation method in the uniform norm, for a large class of integral
equations on the half-line, by appropriately grading the underlying
mesh to take account of the asymptotic behavior of the solution.
Provided the collocation points are suitably chosen, superconvergence
results can be established for the iterated collocation method.

The analysis has been extended to establish similar optimal order
convergence for the collocation and iterated collocation methods for
equations arising from the boundary integral formulation of boundary
value problems on piecewise-smooth domains.
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