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EULER CLASS GROUP OF CERTAIN OVERRINGS
OF A POLYNOMIAL RING

ALPESH M. DHORAJIA

ABSTRACT. Let A be a commutative Noetherian ring
of dimension n and P a projective A-module of rank n
with trivial determinant. In [2], Bhatwadekar and Sridharan
defined the nth Euler class group of A and studied the
obstruction to the existence of unimodular element in P. For
R = A[T] and R = A[T,T~1], the nth Euler class groups of
R are defined by Das and Keshari in [8, 14], under certain
assumption on A in the latter case. We define the nth Euler
class group of the ring R = A[T,1/f(T)], where f(T) € A[T]
is a monic polynomial and the height of the Jacobson radical
of A is > 2. Also, we prove results similar to those in [14].

1. Introduction. Let A be a commutative Noetherian ring of di-
mension n, and let P be a projective A-module. By a result of Serre
[21], if rank P > n, then P has a unimodular element (equivalently, P
splits off a free summand of rank 1). It is well known that this result is
not true in general if rank P = n. In [19, Theorem 3.8], Murthy proved
that, if P is a projective module of rank n over the coordinate ring of
a smooth n-dimensional affine variety X over an algebraically closed
field, then a necessary and sufficient condition for P to split off a free
summand of rank 1 is the vanishing of its top Chern class C),(P) in the
Chow group CHy(X), see [18, 19]. However, this result of Murthy is
not true for smooth affine varieties over non-algebraically closed fields,
as we have the example of the tangent bundle of the real 2-sphere.

In order to tackle this question for smooth affine varieties over
arbitrary base fields, Nori defined the notion of the ‘Euler class group’
of a smooth affine variety X = Spec(A). To any projective A-module
P of rank = dim A, he attached an element in this group, called the
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Euler class of P and asked whether the vanishing of the Euler class of
P would ensure that P splits off a free summand of rank 1.

In [2], Bhatwadekar and Sridharan settled this question of Nori in
the affirmative. We ask the following:

Question 1.1. Let R be a ring and P a projective R-module such that
rank(P) = dim(R) — 1. What is the obstruction for P to split off a free
summand of rank 1%

Let A be a commutative Noetherian ring (containing Q) of dimen-
sion n. In [8], Das defined the notion of the nth Euler class group
E™(A[T)) of A[T], studied the theory of the Euler class group of a poly-
nomial algebra A[T] and the relation between the Euler class groups
of A and A[T]. In [14], Keshari defined the nth Euler class group of
a Laurent polynomial algebra A[T,T~!] and proved similar results as
in [2], under certain conditions on A. Note that the definitions of the
Euler class groups E™(A[T]) and E"(A[T,T~1']) are different from the
definition of the Euler class group E™(A) (due to Bhatwadekar and
Sridharan) and are not obtained by replacing A by A[T] or A[T,T~1].
In order to accommodate projective A[T]-modules with nontrivial de-
terminant, in [11], Das and Zinna defined E™(A[T], L), where L is a
projective A[T]-module of rank 1.

In this paper, we study the nth Euler class group of the overrings
of a polynomial ring. Let A be a commutative Noetherian ring of
dimension n > 3 with htJ(A) > 2, where J(A) denotes the Jacobson
radical of A. Let R = A[T,1/f(T)], where f(T) € A[T] is monic.
We define E™(A[T,1/f(T)]) and extend the results proved in [3]. In
Section 2, we provide definitions and state some basic results without
proof. In Section 3, we prove addition and subtraction results for
R = A[T,1/f(T)], which are the main ingredients for Euler class theory.
In Section 4, we define the nth Euler class group of R = A[T,1/f(T)]
and prove the results similar to those in [14]. In Section 5, we define
the nth weak Euler class group EJ(R) of R = A[T,1/f(T)].

2. Preliminaries. All rings are assumed to be commutative Noe-
therian, and all modules are finitely generated.
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Let A be a ring, and let P be a projective A-module. Recall that
p € P is called a unimodular element if there exists a ¢ € P* =
Homy (P, A), such that ¢(p) = 1. The set of all unimodular elements
of P is denoted by Um(P). Let p € P and ¢ € P* be such that
o(p) = 0. Let ¢, € End(P) be defined as ¢,(q) = ¢(¢)p. Then
1+ ¢, is a unipotent automorphism of P. An automorphism of P of
the form 1 + ¢, is called a transvection of P if either p € Um(P) or
¢ € Um(P*). We denote by E(P) the subgroup of Aut(P) generated
by all the transvections of P. Throughout this paper, J(A) is the
Jacobson radical of a ring A.

The following is a classical result due to Serre [21].

Theorem 2.1. Let A be a ring of dimension d. Then any projective
A-module P of rank > d has a unimodular element. In particular, if
dim A =1, then any projective A-module of trivial determinant is free.

Now, we state the following results due to Bhatwadekar and Roy,
which are proved in [6, Lemma 4.1] and [7, Proposition 4.1], respec-
tively.

Lemma 2.2. Let B C C be rings of dimension d and x € B such that
B, =C,. Then

(i) B/(1+xb) = C/(1+ xb) for all b € B.
(ii) If I is an ideal of C such that ht (I) > d and I + xC = C, then
there exists an element b € B such that 1+ xb € I.

Proposition 2.3. Let A be a ring and I C A an ideal. Let P be
a projective A-module of rank n. Then any transvection 6 of P/IP,
i.e., 0 € E(P/IP), can be lifted to a (unipotent) automorphism ©
of P. In particular, if P/IP is free of rank n, then any element
Y of E((A/I)™) can be lifted to ¥ € Aut(P). If, in addition, the
natural map Um(P) — Um(P/IP) is surjective, then the natural map
E(P) — E(P/IP) is surjective.

The next result is proved in [13, Theorem 3.14].
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Theorem 2.4. Let A be a ring of dimension d, and let R =
AlX, f1/9,- .-, fn/g], where g, f; € A[X] with g a non-zerodivisor. Let
P be a projective R-module of rank r > max{2,d+1}. Then E(R® P)
acts transitively on Um(R @ P).

The following result is a consequence of a theorem of Eisenbud and
Evans, as stated in [20, page 1420].

Lemma 2.5. Let A be a ring, and let P be a projective A-module of
rank r. Let (o,a) € (P* @ A). Then, there exists an element € P*
such that htl, > r, where I = (a+ af)(P). In particular, if the ideal
(a(P),a) has height > r, then htI > r. Further, if (a(P),a) is an ideal
of height > r and I is a proper ideal of A, then htl =r.

Now we state some technical results due to Bhatwadekar and Keshari
[1, Proposition 2.11, Lemma 3.3, Lemma 3.6, Lemma 4.4].

Lemma 2.6. Let A be a ring, and let I C A be an ideal of height n.
Let f € A be such that it is not a zerodivisor mod I. Let P= P, ® A
be a projective A-module of rankn. Let a: P — I be a linear map such
that the induced map o5 : Py — It is a surjection. Then, there exists
a U € E(Py) such that

(1) B=V(«x) € P*, and
(2) B(P) is an ideal of A of height n contained in I.

Lemma 2.7. Let A be a ring, and let I = (c1,¢2) be an ideal of A. Let
b € A be such that I + (b) = A and n is a positive even integer. Then
I = (e1,e3) with ¢y — ey € I? and b™cy — e3 € 1.

Lemma 2.8. Let A be a ring, and let I, and Iy be two comazximal
ideals of A. Let P = P, & A be a projective A-module of rank n.
Let @ : P —» I1 and ¥ : P — Iy N Iy be two surjections such that
PR A/ =V ® A/I,. Assume that:

(1) a =®(0,1) is a non zerodivisor mod the ideal (1/(®(P1))).
(2) n—1>dimA/J(A), where A= A/(D(Py)).
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Let L C I3 be an ideal such that ®(P1) + L = A. Then, the surjection
U : P —» I NIy induces a surjection W : P — Iy/L. Moreover, ¥ may
be lifted to a surjection A : P — I.

Lemma 2.9. Let A be a ring with dim A/J(A) = r, and let P be a
projective A-module of rank > r+ 1. Let I and L be ideals of A such
that L C I%. Let ¢ : P — I/L be a surjection. Then ¢ can be lifted to
a surjection 1 : P — 1.

The next results are due to Bhatwadekar and Sridharan [2, 2.11,
4.2, 4.3, 4.4].

Lemma 2.10. Let A be a ring, and let I C A be an ideal. Let I; and
I, be ideals of A contained in I such that I, C I? and I + I, = 1.
Then I =1, + (e) for somee € Iy and Iy = INI" | where I, +1' = A.

Theorem 2.11. Let A be a ring of dimension n > 2 containing Q. Let
I be an ideal of A of height n such that I/1? is generated by n elements.
Letwy : (A/I)™ — I/I? be a surjection. Let P be a projective A-module
of rank n with trivial determinant and an isomorphism x : A = A"(P).
Then the following holds:

(1) If (I,wr) = 0 in E(A), then wy can be lifted to a surjection from
A™ to I.

(2) Suppose e(P,x) = (I,wy) in E(A). Then, there exists a surjection
a: P — I such that (I,wy) is obtained from (c,x).

(3) e(P,x) =0 in E(A) if and only if P has a unimodular element.

The following result is due to Mandal and Sridharan [15, Theorem
2.3].

Theorem 2.12. Let A be a ring, and let I; and Iy be two comazimal
ideals of A[T] such that I; contains a monic polynomial and Iy =
I,(0)A[T] is an extended ideal. Let I = I1 N Iy. Suppose that P is
a projective A-module of rank n > dim A[T]/I; +2. Let o : P — I(0)
and 1 : P[T|/I,P[T] — I,/1,* be two surjections such that $(0) =
a® A/I(0). Then there exists a surjective map ¥ : P[T] — I such
that ¥(0) = «.
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The addition and subtraction principles, respectively, presented in
Section 3 are due to Bhatwadekar and Keshari [1, Theorems 3.7, 5.6].

Proposition 2.13. Let A be a ring of dimension d, and let I; and
I C A be two comazimal ideals of height n, where 2n > d + 3. Let
P = P & A be a projective A-module of rank n. Let ® : P — Iy
and U : P — Iy be two surjections. Then, there exists a surjection

Proposition 2.14. Let A be a ring of dimension d and let Iy, Is C A
be two comazimal ideals of height n, where 2n > d+3. Let P= P, & A
be a projective A-module of rankn. Let ® : P — I and ¥ : P — [N,
be two surjections such that ® ® A/I} =V ® A/I,. Then, there exists
a surjection A : P — Iy such that A @ A/l =V @ A/L,.

3. Addition and subtraction principles. In this section, we
prove the addition and subtraction principles Theorems 3.8 and 3.9,
respectively, as per our requirement. We begin by giving the next
definition.

Definition 3.1. Let f(7') be a monic polynomial in A[T]. We call
g(T) € A[T] a special polynomial relative to f(T) if ¢(T) = 1 +
f(T)h(T) for some monic polynomial h(T) € A[T].

Let S be the set of all special polynomials relative to f(T") in A[T].
Clearly, S is a multiplicatively closed subset of A[T].

Lemma 3.2. Let A be a ring of dimension d, and let R = A[T,1/f(T)],
where f(T) is monic. Let S be the multiplicative set of all special
polynomials relative to f(T). Then dim S™!R = dim A.

Proof. We show that any maximal ideal R of height d + 1 contains
a special polynomial relative to f(T'). Let 9t be a maximal ideal of R
such that ht9t = d+1. It is easy to see that 9t contains a f(T")g(T") for
some monic polynomial g(7T') € A[T)]. Since M+ f(T)R = R, applying
2.2 to A[T] and R with z = f(T), we get 1 + f(T)h(T) € 9 for some
h(T) € A[T]. A suitable combination of f(T)g(T) and 1+ f(T)h(T)
will give the required element. Therefore, dim S~'R = dim A. ]
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Notation 3.3. Let R and S be as above. We denote the localized ring
S~'R by R. From Lemma 3.2, we have dim R = dim A.

The next result is proved in [3, Lemma 3.6] in the case where A is
an affine algebra over a field. A more general version of this result is
due to Das and Keshari [10, Lemma 3.1].

Lemma 3.4. Let A be a ring of dimension d and R = A[T,1/f(T)],
where f(T') is monic. Let P be a projective R-module of rank n, where
2n > d+3. Let I C R be an ideal of height n. Let J C I N A be any
ideal of height > d —n + 2, and let g € R be any element. Assume
that we are given a surjection ¢ : P — I/(I?g). Then, ¢ has a lift
5: P — I such that g(P) = I satisfies the following properties:

(1) I+ (J?g) =1,
(2) L=1IN1I , where htl; > n, and
3) L+ (J%9) = R.

Proof. Let ¢ : P — I be any lift of ¢. Since ¢'(P) + I?’g = I,
by Lemma 2.10, we can choose b € I%g such that (¢'(P),b) = I. Let
C = R/(J?g) and the bar denote reduction modulo the ideal (J2g).
Now, applying 2.5 to the element (@l, b) of P @C, there exists a 8 € P*

such that, if N = (¢’ + b3)(P), then ht(N3) > n.

Since b € (I%g), the element ¢’ + b3 is also a lift of ¢. Therefore,
replacing ¢’ by ¢’ + b, we may assume that N = ¢'(P). Now, as
(N,b) =1 and b € (I?g), it follows that N = I N K, (K,b) = R.

Since b € I, N, = K. Therefore, we have:
(1) N =1nNK with ht(K) = ht(Ky) = ht(Nz) > n.
(2) b+ K=C.
Now we show that K = C. Assume, to the contrary, that K is a proper
ideal of C. Since b € I?g, in view of (1) and (2), we have
n < ht(K) = ht(Ky)
1
< dim Oy = dim(A/J?) [T, f]
g
=dimA/J+1<d—(d—-n+2)+1=n—-1
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This is a contradiction. Thus, K = C and, from (1), we have ¢'(P) +
(J2g) = I. By Lemma 2.10, there is an element ¢ € (J?g) such that
(¢'(P),c) = I. Tt follows that ¢/(P) = INL and (L,c) = R. Take

I, =¢'(P), I = L and ¢/ = ¢. Then (1), (2) and (3) follow. O

The next result is an analogue of [1, Lemma 4.5] for A[T,1/f(T)].
When f(T) =T, it is proved in [14, Lemma 3.3].

Lemma 3.5. Let A be a ring with dimA/J(A) = d and R =
A[T,1/f(T)], where f(T) € A[T] is a monic polynomial. Let I and
L be ideals of R such that L C I? and L contains a special polynomial
relative to f(T). Let Q be a projective R-module of rankn > d+1. Let
¢:Q®R — I/L be a surjection. Then, we can lift ¢ to a surjection
D:Q PR — I with ®(0,1), a special polynomial relative to f(T).

Proof. Let 1 + g(T)f(T) € L be a special polynomial relative to
f(T) € A[T]. Let ®'(= (©,h)) : @ ® R — I be a lift of ¢. By
adding some suitable multiple of 1+ ¢(T') f(T) to h(T), we can assume
that h(T) is a special polynomial relative to f(T"). (If (©,h) is a lift
of ¢, then, for any b € L, (©,h + b) is also a lift of ¢. Now take
b=—h(1+gf)+ (1+gf)" for some large integer r > 0).

Let B = R/(h). Since h = 1+ g1 f, we have A < B is an integral
extension, and hence, J(A4) = J(B) N A, where g; € A[T] is monic.
Since A — B is an integral extension, A/ J(A) — B/J(B) is also an
integral extension. Let “bar” denote reduction modulo the ideal (h).
Let o : Q — I/L be the surjection induced by ©. As dim(B/J(B)) = d
and n > d + 1, by Lemma 2.9, a can be lifted to a surjection from @
to I. Therefore, a map I' : Q — I exists such that I'(Q) + (h) = I and
(©-T)(Q) =K C L+ (h). Hence,

©-TeKQ C(L+hQ"

This shows that © —I" = ©1 + hI';, where ©1 € LQ* and I'; € Q*. Let
®; =T+ hl'y, and let ® = (P4, h). Then

B(Q @ R) = (T + AL1)(Q) + (h) = D(Q) + (h) = L.

Therefore, ® : Q & R —» I is a surjection and moreover, ®(0,1) = h(T)
is a special polynomial relative to f(7'). Since & — &' = (®; — 6,0),
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we have &1 — © € LQ*, and @’ is a lift of ¢. Hence, ® is a surjective
lift of ¢. |

The next result is crucial for the proof of addition and subtraction
principles. For the polynomial ring, the following result is proved
in [1, Lemma 4.6]. Our proof closely follows that proof. Let R =
A[T,1/f(T)] and S be the set of all special polynomials relative to
f(T) in A[T]. Recall that we denote the localized ring S™'R by R.

Lemma 3.6. Let A be a ring of dimension d, and let R = A[T,1/f(T)],
where f(T) € A[T] is monic. Let n be an integer such that 2n > d + 3.
Let I be an ideal of R of height n such that I + J(A)R = R. Assume
that htJ(A) > d —n+2. Let P = Q ® R? be a projective R-module
of rank n, and let ¢ : P — I/I? be a surjection. If the surjection
d@R: PR — IR/I*R can be lifted to a surjection from P @ R to
IR, then ¢ can be lifted to a surjection ® : P — I.

Proof. By choosing the common denominator h € S, see Lemma 3.3,
there is a surjective map ®' : P, —» I, which is a lift of ¢y, : P, —
In/1;%. Since I +J(A)R = R, I is not contained in any maximal ideal
of R which contains a special polynomial relative to f(T). Therefore, h
is a unit modulo I. Since ®' € Hompg, (Pr, I1), choose a positive even
integer N such that ®”’ = hV®' € Homg(P,I). Clearly ®) : P, — I,
is a surjection.

Since h is a unit modulo I, the canonical map R/I — Ry /I is an
isomorphism, and therefore, I/1? = I,/I3. Clearly, ¢’ = ®" @ R/I :
P — I/I? is surjective and ¢" = h™V ¢. O

Now, we prove the following claim.

Claim 3.7. The map ¢" : P — I/I? can be lifted to a surjection form
P tol.

Proof of Claim 3.7. We know that, if A is an automorphism of P
and if the surjection ¢”A : P — I/I? has a surjective lift form P
to I, then ¢” also has a surjective lift from P to I. We know that
any element of E(P/IP) can be lifted to an automorphism of P. By
Lemma 2.6, there exists a Ay € E(Py) such that:
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(1) ¥ = Aj(®") € Homp(P,I), where A} is an element of E(Py)
induced from Ay, and
(2) ¥(P) is an ideal of R of height n.

Since W, (Py) = Ij, and h is unit modulo I, we have I = W(P) + I°.
By Lemma 2.10, ¥(P) = I; = INI’, where I’ + I = R. Then, since
(I1)n = Ip, we have I; = Ry,. Since I}, = Ry, I’ contains h”, a special
polynomial relative to f(T") for some integer r. Since Ay € E(P,),

A= Aq ®Rh/fh S E(Ph/]Ph).
Due to P/IP = P, /1P, we can regard A as an element of E(P/IP).

By (2.9), A can be lifted to an automorphism A of P. The map
U : P — INI induces a surjection ¢ : P — I/I?, and we see that
1 = ¢""A. Therefore, to prove the claim, it is enough to show that

can be lifted to a surjection from P to I.

If I’ = R, then ¥ is a required surjective lift of ). Hence, we assume
that I’ is an ideal of height n. The map ¥ : P — I NI’ induces a
surjection ¢’ : P — I'/I'?. Since P = Q @ R? and I’ contains h", a
special polynomial relative to f(7') for some r, by Lemma 3.5, ¢’ can
be lifted to a surjection /(= (I',a1,az2)) : P — I’, where I' € Q* and
ay,as € R, with a; a special polynomial relative to f(T). If necessary,
by Lemma 2.5, we can replace I' by ' 4 a3I'; for suitable I'y € Q* and
assume that ht K = n — 1, where K = I'(Q) + Ra;. Let R = R/K and
A= A/KnNA. Then, A~ R is an integral extension, and hence,

dim(R/J(R)) = dim(A4/J (4))
<dim(4/J(A)) <n—-2<n-1

Let P, = Q® R. Then P = P & R. Since K contains ai, a
special polynomial relative to f(7'), K +I? = R. Moreover, surjections
U:P—-»INI and ¥ : P — I’ are such that Y@ R/I' =V @ R/I'.
Therefore, since R = R/K and dim R/J(R) < n — 1, by Lemma 2.8,
there exists a surjection A; : P — I such that

A ®R/IT=UQR/I =1.

Therefore, A = A{A™! : P — I is a lift of ¢”. This completes the proof
of claim.

Let L denote the ideal of R generated by J(A)h(T'), and let D =
R/L. Since L+ I = R and A(P) = I, A ® D is a unimodular
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element of P* ® D. Let A = (A, b1,b2), where A € Homp(Q, R)
and by,bo € R. Since h(T) is a special polynomial relative to f(T),
D/F(D) = A/T(A)T,1/F(T)] and dim(A/F(A)) < n — 2. By
Lemma 2.4, the unimodular element (A, b1,b2) ® D can be taken to
(0,0,1) by an element of E(P* ® D). By Lemma 2.3, every element
of E(P* ® D) can be lifted to an elementary automorphism of P*.
Moreover, since I + (k) = R, a lift can be chosen so that it is identity
modulo I. Therefore, there exists an elementary automorphism 2 of P
such that  is identity modulo I and Q*(A) = AQ = (0,0,1) modulo L.
Therefore, replacing A by AQ, we can assume that A = (A, by, be) with
1—0by € L.

Choose hy € R such that hh; = 1 modulo (bs), and hence, modulo I.
Let Z = (h¥by,b2) be an ideal. By Lemma 2.7, T = (e,es) with
e1 — hiVby € I? and ex — hi¥by € Z2. Since A = (A, by, b)), A(P) = 1
and Rhy + Rby = R, we see that

I=XMQ) + (b1,b2) = hy A(Q) + (h{ by, b2)
= h{VA(Q) + (e1, e2).

Let ® = (hi¥),e1,e2) € Hompg(P,I). We can see that ® : P — [ is
surjective. Moreover, since 1 — hhy € I, @ ®@ R/I = h¥A ® R/I and
A® R/I =h"N¢ @ R/I. Therefore, ® is a lift of ¢. O

If 2n > d + 4, the following addition and subtraction principles
(Lemmas 3.8 and 3.9, respectively) are due to Bhatwadekar and Keshari
for any f(T) € A[T] and without any condition on the Jacobson radical
of A, see [1]. The only case remaining is when 2n = d + 3. Since the
proof of the following results equally work in the case 2n > d + 3, we
give the proof for the general case. In the case f(T') = T, this is proved
in [14, Proposition 3.5].

Theorem 3.8. Let A be a ring of dimension d and R = A[T,1/f(T)],
where f(T) € A[T] is monic. Let I1,Is C R be two comazimal ideals
of height n, where 2n > d+ 3. Let P = P' @ R? be a projective R-
module of rank n. Assume that T (A) >d—n+2. Let ®: P - I,
and ¥ : P — Iy be two surjections. Then, there exists a surjection
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Proof.

Step 1. Write I = h Nl and J = INA)NJ(A). Let ' : P
— I/I? be a surjection induced by the surjections ® and ¥ such that
e R/l = ®® R/l and T ® R/Is = ¥ ® R/I,. Therefore, it is
enough to show that I' has a surjective lift from P to I. Clearly, we
have htJ > d—n+2,asht(INA) >n—1>d—n+2. Now, applying
Lemma 3.4 to': P — I/I? with g =1, we get a lift 'y : P — [ of T
such that the ideal 'y (P) = I" satisfies the following properties:

1) I=1"+J%
(2) I” =INK, where ht K > n;
(3) K+ J=R.

Clearly, dimR = d and IR = ;RN I;R. Applying Lemma 2.13 in the
ring R for the surjections PO@R : PR - [[Rand YRR : PR —
IoR, we obtain a surjection A : P ® R — I'R such that

ARR/HR=PRR/R
and

ARR/LR=VY®R/ILR.

From the construction of I, it follows that A is a lift of I' ® R. We
have two surjections I'y : P » INK and A : PR R — I'R. Since I'y
is alift of I', we have I't @ R/IR = A® R/IR.

Applying Lemma 2.14 in the ring R for the surjections I'y @ R and A,
we get a surjection Ay : POQR - KR with Aj@R/KR =T1@R/KR.
Since K is comaximal with J, we have KR + J(A)R = R. Applying
Lemma 3.6 to the surjection I'y ® R/K, we obtain a surjection Ay :
P — K which is a lift of Ty ® R/K : P — K/K?2.

Step 2. Recall that P = PP@R?, J = (INA)NJ(A) and J+ K = R.
Write P, = PP @ R and P = P, ® R. We have two surjections
I':P—>INKand Ay : P—- K withT7, ® R/K = Ay ® R/K.

Since htJ > d —n+ 2, dmA/J < d—(d—-n+2) = n— 2.
Let “bar” denote reduction modulo J?. Then, R = A/J*[T,1/f(T)].
By Lemma 2.4, after applying an automorphism of P; & R, we can
assume that Ay (P;) = R modulo J2 and A(0,1) € J?. Assume that
As(0,1) = X € J2. By Lemma 2.5, replacing Ao by Ag + AAj3 for some
As € Pf, we can assume that ht(Ay(P1)) = n — 1. Let p; € Py such
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that Ag(p1) = 1 modulo J2. Further, replacing A by A + Ax(p;), we
can assume that A =1 mod J2.

Let K7 and K3 be two ideals of R[Y] defined by K7 = (Ax(Py),Y+))
and Ky = IR[Y]. Since Ay(P1)+J =R and J C I, K; and K are
comaximal. Write K3 = K; N Ks; hence, K3(0) = I N K. Then, we
have two surjections I'; : P — K3(0) and A; : P[Y] — K defined by
Ay =Ason Py and A1(0,1) =Y + A. Then,

A1(0)=T; mod K;(0)> and A, ® R/K =T, ® R/K.

Since ht(Aq(P1)) = n —1 and Aq(P1) + J(A) = R, dim R[Y]/K; =
dim R/A3(P1) < d—n+1 < n—2. Hence, applying Lemma 2.12,
we obtain a surjection Ay : P[Y] — K3 with A3(0) = T';. Putting
Y = 1-— ), we get a surjection A = Ay(l — A) : P — I with
A®R/I =T ® R/I. Since I' is a lift of T' : P — I/I?, we have
A® R/I =T ® R/I. This completes the proof. |

Theorem 3.9. Let A be a ring of dimension d and R = A[T,1/f(T)],
where f(T') € A[T] is monic. Let I, Iz C R be two comazimal ideals of
height n, where 2n > d+3. Let P = P’ ® R? be a projective R-module
of rank n. Assume that W J(A) >d—n+2. Let ®: P - I, N1y and
U : P — I be two surjections with ® @ R/I} = ¥ ® R/I,. Then, there
exists a surjection A : P — Iy such that ® @ R/Io = A ® R/I5.

Proof. Let ¢ : P — I3/I3 be a surjection induced by ®. Let
J = (ILNA)NJT(A). Then, htJ > d—n+2, since ht(I;NA) > n—1 and
n—1>d—-—n+2. Applymg Lemma 3.4, to surjectlon ¢: P — 12/12
with ¢ = 1, we get a lift ¢ : P — I of ¢ such that ¢( ) = I" satisfies
the followmg properties:

(1) L =1"+J%
(2) I" = I, N K, where ht K > n, and
(3) K+J*=R.

Note that we have surjections ® and ¥ such that ® ® R/} =
U ® R/I;. Therefore, we have two surjections ® ® R and ¥ ® R such
that

PQR/HIR=VYQR/IR.
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Since dim R = d, applying Lemma 2.14 in the ring R for the surjections
P ®R and ¥ ® R, there exists a surjection I' : P® R — IoR such that

FroR/LR=®9R/LR=¢2R/LR.

Applying Lemma 2.14 for the surjections I' and 5 ® R, there exists a
surjection I'y : P ® R — KR such that 'y @ R/KR = ¢ ® R/KR.
Since K is comaximal with J(A), applying Lemma 3.6, we obtain a
surjection I'y : P — K with Ty ® R/K = ¢ ® R/K.

We have two surjections 5: P —»IoNK and I'y : P — K such that
I®R/K = ¢®R/K. Recall that K + J(A) = R. We get a surjection
A: P — Iy such that A® R/I, = (E@ R/I; = ® ® R/I,, by following
Step (2) of the proof of Theorem 3.8. O

In the case of f(T') =T, the following result is [14, Theorem 3.8].

Theorem 3.10. Let A be a ring of dimension d and R = A[T,1/f(T)],
where f(T) € A[T) is monic. Let n be an integer such that 2n > d + 3.
Let I be an ideal of R of height n. Assume that htJ(A) > d—n+2. Let
P = P'@® R? be a projective R-module of rank n, and let ¢ : P — I/I?
be a surjection. Assume that p @ R : P® R — IR/I*R can be lifted
to a surjection ® : PR R — IR. Then, ¢ can be lifted to a surjection
A:P—1.

Proof. Let J = (INA)NJ(A). We have htJ > d —n + 2, as
ht(lbNnA)>n—1and n—1>d—n+ 2. Applying Lemma 3.4 to the
surjection ¢ : P — I/I? with g = 1, we obtain a lift ®; : P — I of ¢
such that the ideal ®,(P) = I" satisfies the following properties:

1) I=1"+J%
(2) I" =INK, where htK > n;
(3) K +J2 =R.

If ht K > n, then K = R, and hence, I” = I. Therefore, we can
take @, as a required lift of the surjection ¢. Hence, we assume that
ht K = n. We have two surjections ® : PR — [Rand ¢, : P » INK
such that® ® R/IR = ®; ® R/IR. Applying Lemma 2.14 in the
ring R for the surjections ® and ®; ® R, we obtain a surjection
¥U:PRR —» KR such that VQR/KR =P, @ R/KR.
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Since K + J(A) = R, applying Lemma 3.6, we get a surjection
Ap: P — K, which is a lift of ®; ® R/K. We have two surjections ®;
and Ay with ®; @ R/K = A1 ® R/K. Applying Lemma 3.9, we obtain
a surjection A : P — [ such that A®@ R/I = & ® R/I = ¢. This
completes the proof. |

As a consequence of Theorem 3.10, we have the following:

Corollary 3.11. Let A be a Noetherian ring of dimension n > 3 with
htJ7(A) > 2, and let R = A[T,1/f(T)], where f(T) € A[T] is a monic.
Let I C R be an ideal of height n and ¢ : (R/I)™ — 1/I? be a surjection.
Assume that ¢ ® R can be lifted to a surjection from R to IR. Then,
¢ can be lifted to a surjection ® : R™ —» I.

4. Euler class group of A[T,1/f(T)].

Assumption 4.1. Throughout this section, let A be a commutative
Noetherian ring containing Q of dimension n > 3 with htJ(A4) > 2
and R = A[T,1/f(T)], where f(T) € A[T] is a monic.

The results of this section are similar to [14, Section 4], where it is
proved for f(T) = T. We proceed to define the nth Euler class group
of the ring R = A[T,1/f(T)], where f(T) is monic.

Clearly, dim R = n + 1. Let I be an ideal R of height n such that
I/I? is generated by n elements. We define a relation on the set of
all surjections from (R/I)" to I/I%. Let a and § be two surjections
from (R/I)™ to I/I?. We say « and f3 are related if there exists
o € SL,(R/I) such that ac = . It is easy to see that this is an
equivalence relation. Let [a] denote the equivalence class of a. We call
such an equivalence class [a], a local orientation of I.

Let o : (R/I)™ — I/I? be a surjection, which can be lifted to a
surjection © : R™ — I. Then, any (3, related to a can also be lifted
to a surjection R™ — I. For, let § = ao for some o € SL,(R/I).
If IR =R, then f® R can be lifted to a surjection from R" to IR
and hence, by Lemma 3.11, 8 can be lifted to surjection. Therefore,
we assume that IR is a proper ideal of R. Since dim R = n, we have
dimR/IR = 0, and hence, SL,(R/IR) = E,(R/IR). Therefore, by
Lemma 2.3, 0 ® R can be lifted to an element of SL,(R). Thus, 5&R
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can be lifted to a surjection from R™ to I'R. Again, by Lemma 3.11, 8
can be lifted to a surjection from R" to I. Therefore, from now on, we
shall identify a surjection o with the equivalence class [@] to which it
belongs.

We call a local orientation [a] of I, a global orientation of I, if the
surjection a : (R/I)™ —» I/I? can be lifted to a surjection © : R™ — I.

Let S be the set of pairs (I, wr), where I C R is an ideal of height n
such that I/I? is generated by n elements, having the property that
Spec (R/I) is connected, and wy : (R/I)™ — I/I? is a local orientation
of I. Let G be a free abelian group on S.

Assume that I C R is an ideal of height n such that I/I? is generated
by n elements. Let I = I; N---N I, be a decomposition of I, where
the Iys are pairwise comaximal ideals of height n and Spec(R/I}) is
connected. By [8, Lemma 4.4], it follows that such a decomposition
is unique. We say that the Iys are connected components of I. Let
wr : (R/I)™ — I/I? be a surjection. Then, w; induces surjections
wr,, : (R/Ix)" — I /I%. By (I,wy), we denote the element > (Ix,wy, )
of G.

Let 8" = {({,w;) € G | wr : (R/I)™ — I/I? is a global orientation}.
Let H be the free subgroup of G generated by S’. We define the nth
Euler class group of R, denoted by E"™(R), to be G/H. By abuse of
notation, we will write E(R) for E™(R) throughout this paper.

Let P be a projective R-module of rank n having trivial determinant.
Let x : R = A™P be an isomorphism. To the pair (P, ), we associate
an element e(P,x) of E(R) as follows:

Let A : P — I; be a surjection, where I; C R is an ideal
of height n (by Lemma 2.5, such a surjection always exists). Let
A : P/LLP — I;/I? be the induced surjection, where “bar” denotes
reduction modulo I;. By Lemma 2.1, P/I; P is a free R/I;-module of
rank n, as dim R/I; <1 and P has a trivial determinant. We choose
an isomorphism % : (R/I;)" = P/I; P such that A"(¥) = x. Let wy,
be the surjection A7 : (R/I;)" — I /I,*. Let e(P,x) be the image of
(I1,wy,) in E(R). We say that (I1,wy, ) is obtained from the pair (\, x).

Lemma 4.2. The assignment, sending (P,x) to the element e(P,x),
is well defined.
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Proof. Recall that wy, : (R/I})" — I,/I? is a surjection. Let
W P — Iy be another surjection, where I5 is an ideal R of height n.
Let (Iz,wy,) be obtained from the pair (p,x). Let J = (I; N Iy) N A.
By Lemma 3.4, wy, can be lifted to ® : R™ - I; N K, where ht K =n
and K +J = R.

Since K and I; are comaximal, ® induces a local orientation wg
of K. Clearly, (I1,wy,) + (K,wg) = 0 in E(R). Let L = KN L.
Since K + Iy = R, wx and wy, together induce a local orientation
wyr, of L, it is enough to show that (L,wy) = 0 in E(R) (since
(Lywr) = (Ky,wk) + (I,wr,) in E(R) and (L,wy) = 0 implies
(I, wr,) = (I, wr,) in B(R)).

Due to the fact that dimR = n = rankP, e(P ® R,x ® R) is well
defined in E(R) [2, Section 4]. Hence, it follows that wy, ® R is a
global orientation of LR. Therefore, by Lemma 3.11, wy, is a global
orientation of L, i.e., (L,wr) = 0 in E(R). This proves Lemma 4.2. [

Notation 4.3. We define the Euler class of (P, x) to be e(P, x).

Remark 4.4. From [12, Remark 2.16], since the ring extension R — R
is flat, there is a group homomorphism I" : E(R) — E(R). For more
details, we refer to [16, Section 3]. Further, it is easy to see that I is
an injective group homomorphism.

Theorem 4.5. Let I C R be an ideal of height n such that I/I? is
generated by n elements, and let wy : R — I/I? be a local orientation
of I. If the image of (I,wy) is zero in E(R), then wy is a global
orientation of I.

Proof. Let (I,w;) =0 in E(R). By Remark 4.4, we have (IR, w; ®
R) =0 in E(R). Therefore, by Lemma 2.11, w; ® R can be lifted to
a surjection from R™ —» IR (as dimR = n). By Lemma 3.11, w; can
be lifted to a surjection R™ to I, and hence, wy is a global orientation
of I. O

Theorem 4.6. Let P be a projective R-module of rank n with trivial
determinant, and let I be an ideal R of height n. Let : P — I/1? be a
surjection such that Yy @R can be lifted to a surjection ¥ : PR — IR.
Then, there exists a surjection ¥ : P — I, which is a lift of 1.
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Proof. Recall that htJ(A) > 2. Let J =1NJ(A). Then, htJ > 2.
By Lemma 3.4, ¢ can be lifted to a surjection ® : P — I N I', where
htI'’=nand I' + J = R.

Fix a trivialization y : R — A"P. Let A : (R/(INT))" =
P/(INTI")P be an isomorphism such that A"(\) = x®@R/(INI"). Then,
e(P,X) = (I N I/,’wjm]/) in E‘(]%)7 where wrinp = (‘I) ® R/(I N I/)))\
Therefore, e(P,x) = (I,wr) + (I';wy), where w; and wy are local
orientations of I and I’ respectively, induced from wjynqy-.

Since e(POR,x®R) = (IR, w; ®R) (using ¥), (I'R,wp ®R) =0
in E(R), i.e., wpr ® R can be lifted to a surjection from R™ to I'R.
By Lemma 3.11, wy can be lifted to an n set of generators of I’,
say I' = (f1,...,fn). Since I’ + J(A)R = R and hWtI’ = n, we
have dim R/I’ = 0. Hence, applying Proposition 2.3, Lemma 2.4
and Lemma 2.5, after performing an elementary transformation on the
generators of I’, we can assume that

(1) ht(fl;-'-afn—l) =n-1
(2) dim R/(fhvfnfl)é]., and
(3) fn=1 mod J2 0

Write C' = R[Y], Kl = (fh...,fn_l,Y—an), K2 = IC and
K; = K, N K.

Claim 4.7. There exists a surjection A(Y) : P[Y] — Ks such that
A(0) = .

First, we show that the theorem follows from the claim. Specializing
A(Y) at Y = 1 — f,, we obtain a surjection A; : P — I. Since
1—f,€J?CI? Ay =® mod I%. Therefore, A; is a lift of ). This
proves the result.

Proof of Claim 4.7. X induces an isomorphism § : (R/I')* = P/I' P
such that A"(§) = x ® R/I’. Also, (? ® R/I')0 = wy. Since
dimC/Ky =dim R/(f1,..., fn—1) <1, and P has trivial determinant,
by Lemma 2.1, P[Y]/ K, P[Y] is free of rank n. Choose an isomorphism
r(Y):(C/Ky)™ = P[Y]/K,P[Y] such that A*(T'(Y)) = x ® C/K;.

Since A"(0) = x ® R/I', T(0) and ¢ differs by an element of
SL,(R/I'). Since dim R/I' = 0, SL,(R/I') = E,(R/I'). Therefore,
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we can alter I'(Y) by an element of SL,(C/K;) and assume that
') = 4.

Let A(Y) : (C/K1)"™ - K1/K? be the surjection induced by the set
of generators (f1,..., fn—1,Y + fn) of Ky. Thus, we get a surjection
AY) = AWMI(Y) ! : PlY]/K\P[Y] - K;/K%?. Since I'(0) = 4,
®®R/I' = wpd ! and A(0) = wy, we have A(0) = ® @ R/I'. By
Lemma 2.12, we get a surjection A : P[Y] — K3 such that A(0) = @.
This proves the claim. O

Lemma 4.8. Let P be a projective R-module of rank n having trivial
determinant and x : R = A"P. Let e(P,x) = (I,w;) in E(R), where
I is an ideal R of height n. Then, there exists a surjection A : P — I
such that (I,wr) is obtained from (A, x).

Proof. Since dimR/I < 1 and P has trivial determinant, by
Lemma 2.1, P/IP is a free R/I-module of rank n. Choose an iso-
morphism A : (R/I)® = P/IP such that A"(\) = x ® R/I. Let
y=wA\"t: P/IP — I/I?.

Due to the fact that e(P@ R,x ® R) = (IR,w; ® R) in E(R),
by Lemma 2.11, there exists a surjection I' : P ® R — IR such that
(IR,wr ® R) is obtained from the pair (I, x ® R), i.e., I' is a lift of
v ® R. Applying Lemma 4.6, there exists a surjection A : P — [ such
that A is a lift of 7. Since (A ® R/I)A = wr and A"(\) = x @ R/I,
(I,wy) is obtained from the pair (A, x). This completes the proof. O

The next lemma follows from Lemma 3.4.

Lemma 4.9. Let (I,w;) € E(R). Then, there exists an ideal I C R of
height n and a local orientation wy, of I such that (I,wy)+ (I1,wy,) =
0 in E(R). Further, Iy can be chosen to be comazimal with any ideal
K C R of height > 2.

Corollary 4.10. Let P be a projective R-module of rank n with trivial
determinant and x : R = A™(P). Then, e(P,x) = 0 if and only if
P has a unimodular element. In particular, if P has a unimodular
element, then

(1) P maps onto any ideal of height n generated by n elements (4.6).
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(2) Let 5 : P — I be a surjection, where I is an ideal R of height n.
Then I is generated by n elements.

Proof. Let a : P — I be a surjection, where I is an ideal R of
height n. Let e(P, x) = (I,wr) in E(R), where (I,w;) is obtained from
the pair («, x)-

Assume that e(P,x) = 0 in E(R). Then (I,w;) = 0 in E(R). By
Lemma 4.9, there exists an ideal I’ of height n such that I'+ 7(A) = R
and a local orientation wy of I’ such that (I,wr) + (I’,wp) = 0 in
E(R). Since (I,w;) =0, (I',wy) =0 in E(R). Hence, without loss of
generality, we can assume that I + J(A)R = R.

By Lemma 4.5, I is generated by n elements, say I = (f1,-- -, fn)-
Since I + J(A)R = R, dim R/I = 0. Hence, applying Lemmas 2.3
and 2.4, after performing some elementary transformations on the
generators of I, we can assume that dim R/(f1,..., fn—1) < 1.

Let C =R[Y] and K = (f1,..., fa—1,Y + f) be an ideal of C. We
have two surjections a : P — K(0)(= I) and ¢ : P[Y]/KP[Y] - K/K?
such that ¢(0) = a mod K (0)2, where ¢ is the composition of two
maps, ¢ : P[Y]/KP[Y] = (C/K)" with A"(¢1) = x ' ® C/K and
¢+ (C/K)" — K/K? defined by (f1,..., fn-1,Y + fu). Applying
Lemma 2.12, with I; = K and I, = C, we get a surjection ® : P[Y] —
K. Since ®(1 — f,,) : P - R, P has a unimodular element.

Conversely, we assume that P has a unimodular element. Applying
Lemma 2.11, we have (IR,w; ® R) = 0 in F(R). By Lemma 3.11,
(I,wr) =0=¢(P,x) in E(R). O

The next result is an analogue of [1, Theorem 4.13]. The proof is
similar to the case f(T') = T [14, Theorem 4.10].

Theorem 4.11. Let A be a regular domain of dimension d, essentially
of finite type over an infinite perfect field k and R = A[T,1/f(T)],
where f(T) € A[T) is monic. Let n be an integer such that 2n > d + 3.
Let I C R be an ideal of height n, and let P be a projective A-
module of rank n. Assume that I contains some special polynomial
relative to f(T), say g(T), such that g(0) = 1. Then, any surjection
¢: P®R - I/I? can be lifted to a surjection ® : P®@ R — R.
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Remark 4.12. The referee suggested that the above result can be
proved for any infinite field.

The following result is a consequence of 4.11.

Theorem 4.13. Let A be a regular domain of dimension n > 3,
essentially of finite type over an infinite perfect field k. Let R =
A[T,1/f(T)], where f(T) € A[T] is monic. Let (I,w;) € E(R).
Assume that I contains a special polynomial relative to f(T). Then,
(I, U}[) =0.

Let A be a ring of dimension n containing an infinite field, and let P
be a projective A[T]-module of rank n. In [5], it is proved that, if Py
has a unimodular element for some monic polynomial g(T") € A[T], then
P has a unimodular element. We will prove the analogous result for
A[T,1/f(T)]. The case f(T) =T is proved in [14, Theorem 4.13].

Theorem 4.14. Let P be a projective R-module of rank n with trivial
determinant. If Pypy has a unimodular element, where g(T') is special
polynomial relative to f(T), then P has a unimodular element.

Proof. Let x be an orientation of P. Since P, has a unimodular
element, e(P ® R,x ® R) = 0 in E(R). By Remark 4.4, e(P,x) =0
in E(R). Hence, by Lemma 4.10, P has a unimodular element. This
completes the proof. O

5. Weak Euler class group of A[T,1/f(T)]. Let A be a commuta-
tive Noetherian ring containing Q of dimension n > 3 with ht7(A) > 2
and R = A[T,1/f(T)], where f(T') € A[T] is monic. We define the nth
weak Euler class group EJ(R) of R as follows.

Let S be the set of ideals of R with the properties:

(1) htI = n and I/I? is generated by n elements, and
(2) Spec(R/I) is connected. Let G be a free abelian group on S.

Let I C R be an ideal of height n such that I/I? is generated by n
elements. Then, I can be decomposed as I = I1N---N1,, where the I;s
are pairwise comaximal ideals of height n and Spec(R/I;) is connected
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for each 7. We have seen that such a decomposition of I is unique. By
(I), we denote the element > (I, wr, ) of G.

Let H be the subgroup of G generated by elements of the type (1),
where I C R is an ideal of height n such that I is generated by n
elements. We define EJ}(R) = G/H. In what follows, by abuse of
notation, we will write Ey(R) for Ef(R). Note that there is a canonical
surjective homomorphism from E(R) to Ep(R) obtained by forgetting
the orientations. For the rest of this section, assuming the following
assumption, we obtain results similar to those in [14, Section 5].

Assumption 5.1. Let A be a commutative Noetherian ring containing
Q of dimension n > 3 with htJ(A) > 2 and R = A[T,1/f(T)], where
f(T) € A[T] is monic.

Notation 5.2. Let I C R be an ideal of height n, and let wy :
(R/I)™ — I/I? be a local orientation of I. Let § € GL,(R/I) be
such that det§ = g, where g € R/I is unit. Then w;f is another
orientation of I, which we denote by gw;.

Remark 5.3. If w; and @y are two local orientations of I, then by [2,
Lemma 2.2], it is easy to see that w; = gw; for some unit g € R/I.

The proof of the next result is essentially contained in [2, 2.7, 2.8,
5.1].

Lemma 5.4. Let P be a projective R-module of rank n having trivial
determinant and x : R = A"(P). Let a: P — I be a surjection, where
I C R is an ideal of height n. Let (I,wr) be obtained from (o, X).
Let g € R be a unit mod I. Then there exists a projective R-module
Py of rank n having trivial determinant with x1 : R = A"(Py) and a
surjection B : Py — I such that:

(1) [P] = [Pr] in Ko(R);
(2) (I,g"twy) is obtained from (B, x1)-

The next lemma can be proved using [2, Lemmas 5.3, 5.4] and 3.11.
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Lemma 5.5. Let (I,wr) € E(R) and g € R/I be a unit. Then
(I, wr) = (I, g?wr) in E(R).

Adapting the proof of [4, Lemma 3.7] and using the Eisenbud-Evans
theorem (Lemma 2.5) in place of “Swan’s Bertini” theorem, the proof
of the next lemma follows.

Lemma 5.6. Let P be a stably free R-module of even rank n > 4, and
let x : R = A"(P) be a trivialization. Suppose that e(P,x) = (I,wy)
in E(R). Then, (I,wy) = (I1,wr,) in E(R) for some ideal Iy C R of
height n generated by n elements. Moreover, Iy can be chosen to be
comazimal with any ideal of R of height 2.

The following results can be proved by adapting the proofs of [4,
3.8, 3.9, 3.10, 3.11] and Lemma 5.6.

Proposition 5.7. Let P be a projective R-module of even rank n > 4
with trivial determinant. Then we have the following:

(1) Let I1,Is C R be two comaximal ideals of height n and I3 = ;N 1I5.
If any two of I, Is, I3 are surjective images of stably free R-modules
of rank n, then so is the third.

(2) Let (I,wr) € E(R). Then, (I) =0 in Eo(R) if and only if I is a
surjective image of a stably free projective R-module of rank n.

(3) e(P) =0 in Ey(R) if and only if [P] = [Q ® R] in Ky(R) for some
projective R-module @ of rank n — 1.

(4) Suppose that e(P) = (I) in Eo(R), where I C R is an ideal of
height n. Then there exists a projective R-module Q of rank n such
that [Q] = [P] in Ko(R) and I is a surjective image of Q.

The proof of the following result is the same as that of [8, Proposi-
tion 6.7].

Theorem 5.8. Let n be an even integer > 4. Let (I,w;) € E(R) belong
to the kernel of the canonical homomorphism E(R) — Eo(R). Then,
there exists a stably free R-module Py of rank n and an isomorphism
X1: R = A"Py such that e(Py,x1) = (I,wy) in E(R).
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Proof. Since (I) = 0 in Ey(R), by Proposition 5.7 (2), there exist
a stably free R-module P of rank n and a surjection a : P — I. Let
X : R = A™(P) be an isomorphism. Suppose that (I,w;) is obtained
from («, x). By Remark 5.3, there exists a ¢ € R such that g € R/I
is a unit and w; = gwy. By Lemma 5.4, there exists a projective R-
module P; such that P; is stably isomorphic to P and an isomorphism
X : R = A"(P;) and such that e(P;,x1) = (I, 9" twy) in E(R). Since
n is even, by Lemma 5.5, we have (I,¢g"'w;) = (I,gws) in E(R).
Hence, e(P1, x1) = (I,wy) in E(R). O
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