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INTEGRAL DOMAINS IN WHICH EVERY IDEAL IS
PROJECTIVELY EQUIVALENT TO A PRIME IDEAL

THOMAS G. LUCAS AND A. MIMOUNI

ABSTRACT. In this paper, we give complete characteri-
zations of Noetherian domains and integrally closed domains
in which every ideal is projectively equivalent to a prime
ideal. We also characterize pullbacks satisfying this prop-
erty and show how to construct integral domains in which
every ideal is projectively equivalent to a prime ideal out-
side the context of Noetherian domains and integrally closed
domains.

1. Introduction. Let R be a commutative ring with unit, and let T
be a regular ideal of R. Recall that an ideal J is projectively equivalent
to I if (I™) = (J")" for some positive integers m and n (where A’
denotes the integral closure of A in R, that is,

A" ={z € R| z satisfies an equation of the form
2"+ a1zt + -+ a, = 0 where a; € A® for each i}).

The concept of projective equivalence of ideals and the study of ideals
projectively equivalent to an ideal I was introduced by Samuel [16]
and further developed by Nagata [13]. Making use of the interesting
work of Rees [14], McAdam, Ratliff and Sally [12] proved that the set
P(I) of integrally closed ideals projectively equivalent to I is linearly
ordered by inclusion and is discrete. Also, they proved that, if I and
J are projectively equivalent, then the set Rees(I) of Rees valuation
rings of I is equal to the set Rees(J) of Rees valuation rings of J,
and the values of I and J with respect to these Rees valuation rings
are proportional. Recently, Ciupreca, et al., defined and studied, in a
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series of papers, the notion of projectively full ideals, see for instance,
(3, 4].

The purpose of this paper is to continue the investigation of projec-
tively equivalent ideals from a pure commutative rings point of view.
Particularly, in Section 2, we give a complete characterization of in-
tegrally closed domains in which every nonzero ideal is projectively
equivalent to a prime ideal. This leads us to a new characterization
of a discrete valuation domain (DV R), that is, a locally finite dimen-
sional domain R is a DV R if and only if it is integrally closed and
every nonzero ideal is projectively equivalent to a prime ideal (Corol-
lary 2.10).

The third section deals with the Noetherian-like setting. We first
characterize Noetherian domains for which every ideal is projectively
equivalent to a prime ideal. It turns that such domains are exactly Noe-
therian domains with integral closure being a DV R (Theorem 3.1). We
also prove that strong Mori domains in which every ideal is projectively
equivalent to a prime ideal must be Noetherian domains; however, Mori
domains with this property need not be Noetherian domains.

In Section 4, we characterize general pullbacks for which every
nonzero ideal is projectively to a prime ideal. Precisely, we prove that,
for a general pullback of type (), every ideal of R is projectively
equivalent to a prime ideal if and only if every ideal of T' is projectively
equivalent to a prime ideal, D = k is a field and K is algebraic over
k (Theorem 4.1). This leads us to construct non-integrally closed
(Noetherian and non-Noetherian) domains for which every nonzero
ideal is projectively to a prime ideal. Throughout this paper, R denotes
an integral domain which is not a field, R’ its integral closure and
Spec(R) its prime spectrum. Other notation will be standard as in
[9, 11].

2. Integrally closed domains. We start this section with a char-
acterization of integrally closed domains in which every ideal is projec-
tively equivalent to an invertible (respectively, a principal) ideal.

Theorem 2.1. Let R be an integrally closed domain. The following
are equivalent:
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(1) every ideal is projectively equivalent to an invertible (respectively,
a principal) ideal.

(2) FEvery prime ideal is projectively equivalent to an invertible
(respectively, a principal) ideal.

(3) R is a Dedekind domain (respectively, Dedekind domain with
torsion class group).

The proof of this theorem requires the next lemma.

Lemma 2.2. Let R be an integrally closed domain and I a nonzero
ideal of R.

1) ([I:I)cI:1).
(2) For every x € I71, (zI) = I’

Proof.

(1) Let « € (I : I) and z € I'. Then z satisfies an equation of the
form
2T a2 o a, =0,

where a; € I’ for each i. Thus,
(z2)" + zay(z2)""t + - +2"a, = 0.

But, since z'a; € I'(I : I) C I' for each i and R is integrally closed,
xz € R, and thus, zz € I'. Hence, x € (I’ : I'), as desired.

(2) Fix 0 # x € I"!, and let z € (zI)'. Clearly, zI is an integral
ideal of R and z satisfies an equation of the form

2T a2 e a, =0,

where a; € (x1)® = 2'I* for each i. Write a; = x'b;, b; € I' for each i.
Then
24 abz Vo 4+ 27h, = 0.

Now, dividing by =", we obtain

T r—1
<z> +b1(z> N — )
T T
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Since R is integrally closed and b® € I* for each i, z/z € R, and so,
z/x € I'. Hence, z € xI’, and therefore, (zI)' C zI’.

For the other inclusion, let y € I’. Then y € R, and y satisfies an
equation
R

where b; € I’ for each i. Multiplying this equation by ", we obtain
(zy)" + brx(xy) "+ bea” = 0.
Since b;z' € x'I' = (2I)" C R for each i and R is integrally closed,
xy € R, and thus, xy € (zI)’. Hence, zI' C (xI)" and therefore
al’ = (aI). O
Proof of Theorem 2.1. (1) = (2) and (3) = (1) are trivial.

(2) = (3). Assume first that every prime ideal is projectively
equivalent to a principal ideal, and let M be a maximal ideal of R.
Then there exist a nonzero element a € R and a positive integer n such
that

(M™) = (aR) = aR

(since R is integrally closed). Since
aR=(M") C M, a€ M.
If MM~' G R, then M = MM~", and so,

M~ = (M M) C (M": M") C (M"Y : (M")) = (aR : aR) = R,
by Lemma 2.2. Hence, M~! = (M : M) = R and, by induction,
M~™ = R. But, since

M"™ C (M"Y =aR, a 'M"CR,
and so, a=! € M~ = R. Hence, 1 € aR C M, which is absurd. It
follows that every maximal ideal M of R is invertible.

Now, suppose that R has a non-invertible prime ideal P. Then, there
exists a maximal ideal M of R such that

rPcpptcM.

Since M is invertible, P & M, and so, M~ C (P : P). By hypothesis,
there is a nonzero element b € R and a positive integer r such that
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(P") = (bR)' = bR. Thus,
M='C(P:P)C (P :P")C((P):(P"))=(bR:bR)=R

(by Lemma 2.2). Hence, M~! = R, and so, R = MM~! = M,
a contradiction. It follows that every nonzero prime ideal of R is
invertible, and therefore, R is a Dedekind domain. Furthermore, since
R is Priifer, every ideal is integrally closed, [9, Theorem 27.7]. Hence,
M™ = (M™) = aR for every maximal ideal M of R, and thus, R has
torsion class group.

Finally, assume that every nonzero prime ideal is projectively equiv-
alent to an invertible ideal. Let M be a maximal ideal of R and PR); a
prime ideal of Ry; where P C M. Let J be an invertible ideal of R and
m,n positive integers such that (P™)" = (J")’. By [10, Proposition
1.1.4],

(P"Ry) = (P™)' Ry = (J")' Ry = (J"Ryr)'.

But, since J is invertible, JRjs is principal, and thus, PR, is pro-
jectively equivalent to a principal ideal. Hence, Rj; is a Dedekind
domain, and therefore, R is an almost Dedekind domain. Thus, R is a
one-dimensional Priifer domain. So, for every maximal ideal M of R,

Mm — (Mm)/ — (In)/ — I’VL

for some invertible, so finitely generated, ideal I of R. Hence, M™ is
finitely generated and therefore invertible. Thus,

R=M"M"™"CMM'CR.

Hence, MM~ = R, and therefore, R is a Dedekind domain. ([l

The next example shows that Theorem 2.1 is not true if R is not
integrally closed and a domain such that (I : I) C (I’ : I'), for every
nonzero ideal I, is not necessarily an integrally closed domain.

Example 2.3.
(1) Let & be a field, X an indeterminate over k and set

R = k[[X? X?]).
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Then R is a one-dimensional Noetherian local domain, R’ = k[[X]] and
Spec(R) = {(0), M}, where
M = (X% X?%) = X?k[[X]] = X°R/.
Set J = X2R. Then,
J =X’RNR=MNR=M.

Hence, M is projectively equivalent to J. However, R is not a Priifer
domain. In fact, as R’ = k[[X]] is the only valuation overring of R,
Rees(I) = {R'} for every nonzero ideal I of R. Thus, I is projectively
equivalent to M by [4, Theorem 3.4].

(2) Let I be a nonzero ideal of R. Since R’ = k[[X]] is the only proper
overring of R, either (I : I) = Ror (I : I) = K[[X]]. f (I :I) =R,
trivially (I : I) C (I’ : I'). If (I : I) = R’ = k[[X]], then [ is an ideal
of k[[X]]. Thus, I is an integrally closed ideal of R’ and a fortiori an
integrally closed ideal of R. Hence, (I : I) C (I’ : I') for every ideal I
of R; however, R is not integrally closed, as desired.

The next example shows that the inclusion in Lemma 2.2 (1) may
be strict.

Example 2.4. Let k be a field, X and Y indeterminates over k and
set

R=k+Yk(X)[[Y],
T =K[X? X% + YE(X)[[Y]]

and
I1=YT.
Then R is an integrally closed PV D (pseudo-valuation domain),
I' =Y (k[X]+ YEX)[[Y]]),
and

(I:1)=T S k[X]+YEX)[Y] = (I':T).
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Corollary 2.5. Let R be an integral domain with (R : R') # (0) and
such that every nonzero ideal is projectively equivalent to a principal
ideal. Then, R’ is a Dedekind domain with torsion class group.

Proof. Let @ be a nonzero prime ideal of R', andlet 0 # c € (R : R').
Let s be any positive integer, and let z € (QS)'R’ , where ', is the integral
closure with respect to R’. Then z € R’ and z satisfies an equation of
the form

a2t 4a, =0,

where a; € (Q*%)" for each i. Thus ¢*z € R and
(c2)" + cfay(c®2)" "+ +c"a, = 0.

But, since (¢®)'a; € ((cQ)®)?, ¢*z € ((cQ)®)’. Hence,

(@) C ((cQ)*).
Since R’ is integrally closed, by Lemma 2.2,

((cQ)*) € ((cQ)") = c*(Q*).

Therefore, ,

((cQ)*)" = ((cQ)*)=".

Now, since every nonzero ideal of R is projectively equivalent to a
principal ideal, there exist a positive integer n and a € R such that

QM = ((cQ)™)™ = ((cQ)") = (aR) = aR N R.

Since a € (aR) = *(Q")®, ac™™ € (Q™)~, and thus, ac "R’ C
(Q™)=. But, clearly, (Q™)» C ac™™R’. Hence,

(@Y~ =ac"R,

and therefore, @ is projectively equivalent to a principal ideal in R'.
By Theorem 2.1, R’ is a Dedekind domain with torsion class group as
desired. 0

The next example shows that the converse is not true in general.

Example 2.6. Let k£ be a field of characteristic 0, X an indeterminate
over k, and set R = k[X? X3]. Clearly, R' = k[X] is a PID and
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(R:R)=Q=(X?X3) = X2R is a maximal ideal of R. Let
N=(X+1k[X]=(X+1)R

and

M=NNR.

Then, M is a maximal ideal of R. Since Q@ € M, Ry, = Ry;. Thus, for
every positive integer r,

N'NR=N'RyNR=M"RyNR=M".
On the other hand, by [10, Proposition 1.6.1],
M C(M"Y=M"RNRCN' NR=M".

Hence,
M'=(M"Y=N"NnR=(X+1)k[X]NR.

We claim that M is not projectively equivalent to any principal ideal
of R. Indeed, suppose that there is f € R and a positive integer n such
that M™ = (M™) = fR'N R. Then

(X +1)"k[X]NR=fR' NR.
Thus, f = (X +1)"g for some g € k[X]. Since X" € R for every r > 2,

(X +1)"(1-nX)=1 +Zn: (Z) Xr — Zn:n (Z) Xt e R

p=2 p=1
Then
(X+D)"1-—nX)e (X +1D)"k[X]NR = fE[X]NR,
and so,
(X+1)"(1—-—nX)=fh=(X+1)"gh for some h € k[X].

Hence, 1 — nX = gh, and so, deg(g) = 0 or deg(g) = 1. If deg(g) = 0,
then g = ¢ is a nonzero constant, and thus, f = ¢(X 4+ 1)™ € R, which
is absurd (since X ¢ R). Hence, deg(g) = 1, and so, h = ¢ € k \ {0}.
Thus, g = ¢~ !(1 — nX), and so,

f=cY{X+1)"1—-nX).
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Since
(X+1)"1—nX+X%) e (X +1D)"k[X]NR=fK[X]NR,
(X+1)"1-nX+X?)=c X +1)"(1 —nX)g for some g € k[X].

Then
1-nX+X?=c'(1-nX)g,

and so, deg(g) = 1. Write g = b+ dX where b,d € k and 0 # d. By
identification, we obtain:

1 = ¢
-n = c¢ 1(d—nb)
1 = —c'nd

Hence,
—n=ctd—ncb=c"td—n,

and so 0 = ¢~ 'd, which is absurd. It follows that M is not projectively
equivalent to any principal ideal of R.

The next proposition characterizes domains for which every nonzero
finitely generated ideal is projectively equivalent to an invertible (re-
spectively, a principal) ideal in the context of integrally closed domains.

Proposition 2.7. Let R be an integrally closed domain. Then, every
nonzero finitely generated ideal is projectively equivalent to an invertible
(respectively, a principal) ideal if and only if R is a Prifer domain
(respectively, Prifer with torsion Picard class group).

Proof. Let I be a finitely generated ideal of R. Then there exist a
positive integer n and a nonzero element a € R such that (I") = aR.
So

J=a'I"Ca'(I") =R,

and thus, J is an integral ideal of R. On the other hand, since a € (I™)’,
a satisfies an equation of the form

a" +ba" -+ b, =0,
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where b; € (I") for each i. Dividing the equation by a”, we obtain
b b b
L4+ =+ 24— =0.
a a a

Thus,

But, since

b; . : ,

= =(a b€ (a I =T, 1€,

a

and thus, J = R. Hence, I™ = aR, and so,
R=I"I""CII"'CR.

Therefore, II~' = R, and hence, R is a Priifer domain. Also, since, for
each finitely generated ideal I of R, I = aR (for some positive integer
n and a € R), R has torsion Picard class group.

Now, suppose that every nonzero finitely generated ideal is projec-
tively equivalent to an invertible ideal. Then, for every maximal ideal
M of R, every finitely generated ideal of R, is projectively equivalent
to a principal ideal. Thus, Rj; is a valuation domain, and therefore, R
is Priifer.

The converse is trivial. O

The next theorem characterizes locally finite-dimensional (LF D)
domains for which every nonzero ideal is projectively equivalent to a

prime ideal in case where the conductor (R : R’) is a nonzero ideal
of R.

Theorem 2.8. Let R be a locally finite-dimensional domain (LFD).
If R' is a DV R, then every ideal of R is projectively equivalent to a
prime ideal. The converse holds if (R : R’) # (0).

The proof requires the next useful lemma.

Lemma 2.9. Let R be a domain and I a nonzero ideal of R. Then:

(1) if Q is a prime ideal of R and Q is projectively equivalent to I,
then Q is the unique minimal prime over I, in particular, Q = /1.
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(2) If every nonzero ideal of R is projectively equivalent to a prime
ideal, then Spec(R) is a chain, in particular, R is local.

(3) Assume that R is locally finite dimensional (LFD) and every
ideal of R is projectively equivalent to a prime ideal. Then every prime
ideal is the unique minimal prime over some principal ideal.

Proof.

(1) Assume that @ is projectively equivalent to I. Then (Q™) =
(I™)" for positive integers m and n. Then I C @; and, if P is a prime
ideal minimal over I, then

QrcC@m) =" cr
Hence, Q C P, and therefore, ) = P. It follows that @ is the unique
minimal prime over I as desired.

(2) Let P and @Q be any nonzero prime ideals of R, and set I = PQ.
Then, there is a prime ideal IV of R such that I is projectively equivalent
to N. Thus, (I"™)" = (N™)’ for some positive integers m and n. Since,
(PQ)™ C (I™) = (N™) C N, either P C N or @ C N. Without loss
of generality, we may assume that P C N. However,

implies that N € PN Q. Hence, P = N C Q. Therefore, any two
nonzero prime ideals of R are comparable and so Spec(R) is a chain
and R is local.

(3) First, recall that Spec(R) is a chain by (2). Let P be a nonzero
prime ideal of R. Since R is LF' D, there is a unique prime ideal P’ ; P
of R such that ht (P/P’) = 1. Let a € P\ P’. Then, aR is projectively
equivalent to a prime ideal Q of R; and by (1), @ = VaR = P is the

unique minimal prime over aR. (|

Proof of Theorem 2.8. Assume that R’ is a DV R, and let N be its
maximal ideal. Then R is local with maximal ideal M = N N R. Let
I be a nonzero ideal of R. Then, IR’ = N" and MR’ = N* for some
positive integers r and s. Hence, by [10, Proposition 1.6.1],

(I =IFRRNR=(N")NR=(N*NR=M"RNR=(M"),

as desired.
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Now, suppose that (R : R') # (0) and every ideal of R is projectively
equivalent to a prime ideal. By Lemma 2.9, R is local, and so, it is of
finite dimension since it is LFD. Also, Spec(R) is a finite chain and
every prime ideal is projectively equivalent to a principal ideal. Thus,
every ideal of R is projectively equivalent to a principal ideal, and,
by Corollary 2.5, R’ is a Dedekind domain with torsion class group.
Hence, it suffices to show that R’ is local.

If R is integrally closed, then R’ = R is local. Next, assume that

R’ # R. Since dim R =dim R’ =1,
Spec(R) = {(0) & M},

and so, M C J(R') where J(R') is the Jacobson radical of R'. Set
A= (R:R). Then (A™) = (M™)’ for positive integers m and n. But
since A™ is an ideal of R’ and R’ is Priifer, A™ is an integrally closed
ideal of R/, and, a fortiori, an integrally closed ideal of R. Hence,
A" = (M™)".

Now, let N and @ be maximal ideals of R'. Then N A is an ideal of
both R and R’. Then, ((AN)") = (M?)’ for some positive integers r
and s. Again, since R’ is Priifer, (AN)" is an integrally closed ideal of R’

and, a fortiori, an integrally closed ideal of R. Hence (AN)" = (M?)".
Thus,

N’I"mAT‘m — (AN)T’ITL — ((AN)TWL)/
= ((AN))™)" = (M=)
— (MSm)/ — (((Mm)/)S)/ — A’I’LS'

If rm > ns, then composing the two sides of the equality by (R’ : A™)
and using the fact that R’ is a Dedekind domain (so A™*(R’ : A™®) =
R’), we obtain

N’r‘mA'r‘m—ns — N’I”mAT’m(R/ . ATLS) — A’nS(R/ . AnS) — R/’
which is a contradiction. Hence, rm < ns, and so,
NT‘TYL — NT‘TYLAT‘TYL(R/ . A/”Tn,) — A?’LS(R/ . ATm) — Ans—rm g M g Q.

Thus, N C @, and hence, N = Q. It follows that R’ is local, and
therefore, R is a DV R. O
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Corollary 2.10. Let R be a locally finite dimensional domain which
is integrally closed. Then, every nonzero ideal is projectively equivalent
to a prime ideal if and only if R is a DV R.

Question 2.11 (Open question). Beyond the context where (R : R') #
(0), we are not able to prove or disprove whether R’ is a DV R if every
ideal of R is projectively equivalent to a prime ideal. A more general
question is about whether the integral closure R’ of such a domain R
inherits the property that every ideal is projectively equivalent to a prime
ideal. If the answer is “yes,” then R’ would be a DV R by the integrally
closed case. A weaker version of this question is regarding the integral
closure of a domain in which every ideal is projectively equivalent to a
prime (respectively, invertible, respectively, principal) ideal is a Prifer
domain (equivalently, R is quasi-Prifer)?

While the polynomial ring R[X] never has the property that every
ideal is projectively equivalent to a prime ideal (as it is never local),
our next corollary shows that the power series rings R[[X]] has this
property only if R is a field.

Corollary 2.12. Every nonzero ideal of R[[X]] is projectively equiva-
lent to a prime ideal if and only if R is a field.

Proof. Assume that R is not a field. By Lemma 2.9, R[[X]] is local
and so is R. Let M be the maximal ideal of R, and let 0 # m € M.
Set

Q=XR[X]] and Pp = (X —m)R|[X]].

Again, by Lemma 2.9, P and @) are comparable. Without loss of
generality, we may assume that @ C P,,. Then X = (X —m)f for

some
f=> anX" € R[[X]].
n>0

Necessarily,
—agom =0 and ag—aym=1.

Thus, —a;m = 1, which is absurd. It follows that R is a field.

The converse follows immediately from Corollary 2.10 since k[[X]] is
a DVR. O
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3. Noetherian-settings. The next theorem deals with Noetherian
domains for which every nonzero ideal is projectively equivalent to a
prime ideal. A combination of Lemma 2.9 and the Principal ideal
theorem shows that such a domain is a one-dimensional local domain.

Theorem 3.1. Let R be a Noetherian domain. The following are
equivalent.

(1) Every nonzero ideal of R is projectively equivalent to a prime
ideal.

(2) R is a one-dimensional local domain, and all nonzero ideals of
R are projectively equivalent to a same principal ideal.

(3) R’ is a DVR.

Proof.

(1) = (2). Since R is an LFD, by Lemma 2.9, R is local with
maximal ideal M, and M is the unique minimal prime over a certain
principal ideal aR. Thus, by the Principal ideal theorem, dim R =
ht M = 1. Hence,

Spec(R) = {(0) & M,

and so all nonzero ideals of R are projectively equivalent to M, and
therefore projectively equivalent to aR, as desired.

(2) = (3). Assume that all ideals of R are projectively equivalent
to the same principal ideal I = aR. Since R is a one-dimensional
Noetherian domain, R’ is a Dedekind domain, and thus, it suffices to
show that R’ is local. Since R is a one-dimensional local domain,

ICMCJR).
By [3, Example 3.5],
Rees(I) = {R)y | N € Max(R')}.

Moreover, If | Rees(I)| > 2, there exists an ideal J of R with Rees(I) =
Rees(J), but J is not projectively equivalent to I, which is absurd.
Hence, | Rees(I)| = 1, and therefore, R’ is local, as desired.

(3) = (1). Follows from Theorem 2.8. O
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Recall that a domain R is said to be strong Mori domain if R satisfies
the acc on w-ideals. Noetherian and strong Mori domains are Mori.

Proposition 3.2. Let R be a strong Mori domain. If every ideal of R
is projectively equivalent to a prime ideal, then dim R =1, and so R is
Noetherian.

Proof. Suppose that dim R > 2, and let
0SPSM

be a chain of prime ideals of R. Let a € M \ P. Then there exists a
prime ideal @ of R such that aR is projectively equivalent to Q. Set
(a"R) = (Q™)’ for some positive integers m and n. By Lemma 2.9, P
and @ are comparable. But, since a ¢ P, P ; @. On the other hand,
@ is minimal over aR. But since R is strong Mori, by [5, Corollary
1.11], ht @ = 1, which is a contradiction. Hence, dim R = 1, and again,
by [5, Corollary 1.10], R is Noetherian. O

Recall that a commutative ring R with identity is compactly packed
by primes (CP-ring for short) if, whenever an ideal I of R is contained
in the union of a family of prime ideals of R, then [ is actually contained
in one of the primes of the family [15]; equivalently, every prime ideal
is the radical of a principal ideal [17].

The next proposition shows that a Mori domain in which every ideal
is projectively equivalent to a prime ideal is a C P-ring. However, we are
not able to prove or disprove that R must be a one-dimensional domain.
We recall that a domain R is semi-normal if, for every = € ¢qf(R),
2%, 23 € R, implies that x € R.

Proposition 3.3. Let R be a Mori domain. If every ideal of R is
projectively equivalent to a prime ideal, then R is a C'P-ring with finite
prime spectrum. In particular, if R satisfies the PIT (Principal ideal
theorem) or (R : R') # (0) or R is semi-normal, then dim R = 1.

Proof. We claim that Spec(R) is finite. By way of contradiction,
let {P,}n>0 be an infinite chain of prime ideals of R. (Note that, by
Lemma 2.9, Spec(R) is a chain). For each n > 1, let

anepn\Pn—l-
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Then there is a prime ideal @, of R such that @, is projectively
equivalent to a,R. By Lemma 2.9, @, is the unique prime minimal
over a, R, and hence, @), is a t-prime ideal.

On the other hand, since @,,, P, and P,,_; are comparable (Lemma 2.9)
and ap € Qn \ Pn—17
Pn1 g Qn g P,.

Thus, we construct a chain
PG EPSQEP -SSP 1SQuEP,---,
from which we extract the infinite chain

QGQGQ3 501500 G Qnir-

of t-prime ideals, which is a contradiction since R is a Mori domain.
Hence, Spec(R) is finite. Set

Spec(R) ={(0)=P, S P& G Py =M},

where M is the maximal ideal of R. By Lemma 2.9, each prime of
R is the radical of a principal ideal, and therefore, R is a C'P-ring.
Now, if (R : R') # (0), by Theorem 2.8, R' is a DV R, and so,
dimR = dim R’ = 1. If R satisfies the PIT, then ht M = 1, as M
is minimal over a principal ideal. Finally if R is semi-normal and
ht M > 2, then M must contain infinitely many height 1 prime ideals
[1, Theorem 2.6], which is a contradiction. Hence, dimR = 1, as
desired. ]

4. Pullbacks. Let T" be an integral domain, M a nonzero ideal
of T (not necessarily maximal), D an integral domain contained in
K =T/M, ¢ : T — T/M the canonical homomorphism and R the
pullback of the diagram:

R — D
\ 1
T % K=T/M

We assume that R C T, and we refer to this diagram as of type (A).
If M is a maximal ideal of T and K = T'/M its residue field, we refer to
the above diagram as of type (O); and if T =V is a valuation domain
with maximal ideal M, we shall refer to this as a classical diagram of
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type (O). (For more details on classical diagrams and diagrams of type
(O), we refer to [2, 6, 7, 8]). Recall that M is a prime ideal of R as
R/M ~ D.

The next theorem characterizes diagrams of type (), in which
every ideal is projectively equivalent to a prime ideal and shows how
to construct non-integrally closed (Noetherian and non-Noetherian)
domains with this property.

Theorem 4.1. For a diagram of type (O) assume that T and D are
LFDs. Then, every ideal of R is projectively equivalent to a prime
ideal of R if and only if every ideal of T is projectively equivalent to a
prime ideal of T, D =k is a field and K is algebraic over k.

The proof of Theorem 4.1 requires the next lemma.

Lemma 4.2. Let R C T be an extension of integral domains such that

the conductor A = (R : T) is a nonzero proper integrally closed ideal
of R.

(1) If I is an ideal of R which is also an ideal of T, then I' is an
ideal of T.

(2) If A is projectively equivalent to a principal ideal of R, then T is
integral over R, that is, T C R'.

Proof.

(1) Let I be an ideal of both R and T, and let x € I’ and b € T.
Since IT=1C R, I C A, andso, I' C A’ = A. Hence, z € A, and so,
zb € A C R. Moreover, x satisfies an equation of the form

2" +ax" M 4 a, =0,
where a; € I* for each i € {1,...,r}. Thus,
(zb)" + bay(zb)" '+ +b"a, = 0.

But, since b;a; € I'T = I* for each 4, zb € I'. Hence, I’ is an ideal of
T, as desired.
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(2) Assume that A is projectively equivalent to aR for some nonzero
element a € R. Then, there exist positive integers m and n such that

(A") = (a™R) =a™R' NR.
Since
@R C (a"R) = (4,
and (A™)" is an ideal of T by (1),
a™T C (A") =a™R' NR.

Thus, a™T C a™R’, and hence, T' C R’, as desired. O

Proof of Theorem 4.1. First note that Ris LFD. Assume that every
ideal of R is projectively equivalent to a prime ideal. By Lemma 2.9,
R is local and so T must be local with maximal ideal M. Now, let J
be a nonzero ideal of T'. Since J C M, J is an ideal of R. Hence,

(JM) = (J")r = (Q™)"

for some prime ideal @ of R and positive integers m and n. But, since
JCM,Q C M and so () is a prime ideal of T'. Hence,

(JM)T = (J")R = (Q™)r = (Q™)7T,
as desired.

Now, since (R : T')) = M is a prime ideal of R, M must be projectively
equivalent to a principal ideal of R (Lemma 2.9 (3)). By Lemma 4.2,
T is integral over R. Hence, D = k is a field and K is algebraic over k.

Conversely, by Lemma 2.9, T is local. Hence, R is local and
Spec(R) = Spect(T). Let I be a nonzero ideal of R. Since R is local
with maximal ideal M, I C M. Thus, IT is a nonzero proper ideal of
T (as IT C M), and so

(aT)")r =(@™)"
for some positive integers m and n and a prime ideal @ of T. Since

Spec(R) = Spec(T), Q is a prime ideal of R. By [10, Proposition
1.6.1],

(I") = (I"T)* NR=(IT)")" NR=(Q™)T*NR=(Q™).

Hence, I is projectively equivalent to @, as desired. |
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In view of Theorem 2.10, a valuation domain V of finite dimension
has the property that every ideal is projectively equivalent to a prime
ideal if and only if it is a DV R. Combining with Theorem 4.1, we
obtain the following characterization of classical diagram of type (O).

Corollary 4.3. For the pullback of the classical diagram of type (O),
assume that V' is of finite dimension and D is LF'D. The following are
equivalent:

(1) Every ideal of R is projectively equivalent to a prime ideal.
(2) Every ideal of R is projectively equivalent to a principal ideal.
(3) Vis a DVR, D =k is a field and K is algebraic over k.

Proof.
(1) < (3). Follows from Theorem 4.1 and Corollary 2.10.

(2) = (3). By Corollary 2.5, R’ is a Dedekind domain. Hence,
R' =V andso Visa DVR, D =k is a field and K is algebraic over
k, as desired.

(3) = (2). Assume that V is a DVR and K is algebraic over k.
Then R’ = V. Let I be a nonzero ideal of R. If I is an ideal of V, then
I is integrally closed in both R and V and I = M™ for some n > 1. If
I is not an ideal of V, then I = a¢p=*(W), where W is a k-subvector
space of K with k C W ; K. SinceaRCICIV =aV,

aV=aR =aR'N"R=(aR) CI' C(aV) =aV.

Thus, I’ = aV = aR’' = (aR)’ = M™ for some n > 1, as desired. O

Theorem 4.4. For the diagram of type (A) assume that T and D are
LFDs and M is a prime principal ideal of T. Then, every nonzero
ideal of R is projectively equivalent to a prime ideal if and only if M
is a mazimal ideal of T, every ideal of T' is projectively equivalent to a
prime ideal, D =k is a field and K is algebraic over k.

Proof. Set M = aT and suppose that every ideal of R is projectively
equivalent to a prime ideal.



138 THOMAS G. LUCAS AND A. MIMOUNI

Claim 1. For every nonzero ideal J of T, (aJ)T = aJT. Indeed, let
z € (aJ). Then z € T and

b b =0

where b; € (aJ)! = a'J'. Since aJ = JM C M, (aJ)r C M = aT.
Then, x € aT, and so, 2:/a € T. But, since

T b r—1 br
(x) +1($> by
a a a a

b; ,
—eJ, —eJr,
a

al

and

and thus, = € alr. Hence, (aJ)/T CalJr. Conversely, it is easy to see
that (a.J)r D aJ7. Therefore (aJ)r = aJr.

Claim 2. For every nonzero ideal J of T and for every positive
integer n, (a"J)T = a"JT by induction on n. If n = 1, the result
is true by Claim 1. Assume the induction hypothesis for n. Then,
applying Claim 1 and the induction hypothesis to the ideal a™J, we
obtain

(a"t' )T = (a.a"J)T = a(a"J)T = a.a"JT = a "t JT,

as desired.

Claim 3. (M™)r = M". If n = 1, we are done. Assume that n > 2.
Applying Claim 2 to the ideal J = M, we obtain

(M™)r = (a"T)* = (a"'M)" = a" ' M7* = a" "' M = M".

Now, let N be a maximal ideal of T" such that M C N. Then aN is an
ideal of both R and T'. Since every nonzero ideal of R is projectively
equivalent to a prime ideal, ((aN)")r = (Q™)r for some prime ideal
Q@ of R and positive integers n and m. Hence, aN C @ C M. Then,

M? =aM CaN C Q,
and so, M C @Q. Hence, Q = M. Also, since aN C M,

((aN)")™ = ((aN)")=.
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By Claims 2 and 3,

Hence,
Nn g (Nn)T — am—n,T — Mm—n g M,

and therefore, N C M. Thus, M = N is a maximal ideal of T, as
desired. The remaining conditions and the converse now follows from
Theorem 4.1. ]

Corollary 4.5. Let A € B be an extension of LFD domains, X an
indeterminate over B, and set R := A+ X B[[X]]. Then, every nonzero
ideal of R is projectively equivalent to a prime ideal if and only if A
and B are fields and B is algebraic over A.

Proof. By Theorem 4.4, M = X B[[X]] must be a maximal ideal of
T = B[[X]]. Hence, B is a field, and, by Corollary 4.3, A is a field and
B is algebraic over A. The converse also follows from Corollary 4.3. [

The next example shows how to construct a non Noetherain non-
integrally closed Mori domain in which every ideal is projectively
equivalent to a prime ideal.

Example 4.6. Let Q be the field of rational numbers, X an indeter-
minate over Q and

V =Q(2,vV3,V5,...\p,.. )[X]] = K + M,

where

K=Q(2,V3,V5,...\/p,...)

and M = XV. Set R =Q + M. By Corollary 4.3, every ideal of R is
projectively equivalent to a prime ideal. However, R is a Mori domain
[8, Theorem 4.18] which is not Noetherian [8, Theorem 4.12].
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