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A NORTHCOTT TYPE INEQUALITY FOR
BUCHSBAUM-RIM COEFFICIENTS

R. BALAKRISHNAN AND A.V. JAYANTHAN

ABSTRACT. In 1960, Northcott [13] proved that, if
eo(I) and e1(I) denote the Oth and first Hilbert-Samuel
coefficients of an m-primary ideal I in a Cohen-Macaulay
local ring (R, m), then eq(I) —e1 (L) < £(R/I). In this article,
we study an analogue of this inequality for Buchsbaum-Rim
coefficients. We prove that, if (R,m) is a two dimensional
Cohen-Macaulay local ring and M is a finitely generated R-
module contained in a free module F' with finite co-length,
then bro(M) —bri (M) < L(F/M), where bro(M) and bri (M)
denote Oth and 1st Buchsbaum-Rim coefficients, respectively.

1. Introduction. Let (R,m) be a Noetherian local ring of dimen-
sion d > 0. Let M C F = R" be a finitely generated R-module such
that ¢(F/M) < oo, where ¢(—) denotes the length function. Let

S(F) = P Sa(F)
n>0
denote the symmetric algebra of F' and
R(M) = P Rn(M)
n>0

the Rees algebra of M, which is image of the natural map from the
symmetric algebra of M to the symmetric algebra of F'.

Generalizing the notion of the Hilbert-Samuel function, Buchsbaum
and Rim studied the function

BF(n) = ((S,(F)/Rn(M)) for n € N.
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In [3], it is proved that BF(n) is given by a polynomial of degree
d+r—1for n > 0, ie., there exists a polynomial BP(z) € Q[z]
such that BF(n) = BP(n) for n > 0. The function BF(n) is called
the Buchsbaum-Rim function of M with respect to F' and the poly-
nomial BP(n) is called the corresponding Buchsbaum-Rim polynomial.
Following the notation used for the Hilbert-Samuel polynomial, the
Buchsbaum-Rim polynomial is written as:

d+r—1 -
; n+d+r—i—2
BPy(n) = E (1)br,-(M)< dar—i—1 >
i=0

The coefficients br; (M) for i = 0,...,d+r—1, are known as Buchsbaum-
Rim coefficients.

When r =1, set M = I, an m-primary ideal in R. In this case, the
Buchsbaum-Rim polynomial coincides with the usual Hilbert-Samuel
polynomial, and its coefficients will be denoted by e;(I), called the
Hilbert-Samuel coefficients. While the Hilbert-Samuel coefficients are
very well-studied objects and the relationship of their properties with
the properties of the ideal and the corresponding blowup algebras are
well known, there is a dearth of results in this direction on Buchsbaum-
Rim coefficients. Northcott proved the following.

Theorem 1.1 ([13, Theorems 1, 3]). Let (R, m) be a Cohen-Macaulay
local ring of dimension d > 0 with infinite residue field, and let I be an
m-primary ideal. Then:

(i) eo(l) —er(I) < €(R/I).
(ii) e1(I) > 0, and the equality holds if and only if I is generated by
d elements, i.e., I is a parameter ideal.

Huneke and Ooishi independently studied the equality in Theorem
1.1 (i):

Theorem 1.2 ([6, 14]). Let (R,m) be a Cohen-Macaulay local ring
of dimension d > 0, and let I be an m-primary ideal of R. Then
eo(I) —e1(I) = L(R/I) if and only if there exists a minimal reduction
J C I such that I? = JI.
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In [2], Brennan, Ulrich and Vasconcelos proved that Theorem 1.1 (ii)
generalizes to the Buchsbaum-Rim coefficient. If (R, m) is a Cohen-
Macaulay ring, then bry(M) is non-negative and brq(M) vanishes if
and only if M is a parameter module. In [5], Hayasaka and Hyry
studied the Buchsbaum-Rim function of a parameter module N over a
Noetherian local ring, and they proved that bri(N) < 0 and equality
holds if and only if the ring is Cohen-Macaulay.

Motivated by Theorems 1.1 and 1.2, we ask the following.

Question 1.3. Let (R, m) be a Cohen-Macaulay local ring of dimension
d > 0, F a free module of rank r and M a submodule such that
UF/M) < oo. Then is the inequality bro(M) — bry(M) < ¢(F/M)
true? Is it true that the equality holds if and only if the reduction
number of M with respect to a minimal reduction is at most one?

In this article, we prove inequality in the case dim R = 2 and show
that the module having reduction number 1 is a sufficient condition for
equality. We now give a short description of the paper.

In Section 2, we begin with an example to show that the Northcott
type inequality does not hold true for Buchsbaum-Rim coefficients
if dimR = 1. We then consider the cases dimR = d > 2 and
M=1®---&1I. CR", where I;’s are m-primary ideals in R. When
the Rees algebra R(M) is Cohen-Macaulay, we obtain an expression
for the Buchsbaum-Rim coefficients bro(M) and bri(M) in terms of
the mixed multiplicities of the ideals I, ..., I, and derive that, if d = 2
and r = 2, we have the equality bro(M) — bry (M) = ¢(F/M). We also
prove that if dim R = 2 and M is an R-submodule of F = R" with
reduction number of M being one, then bro(M) — bry (M) = L(F/M).

In Section 3, we define an analogue of the Sally module of a module
with respect to a reduction. We obtain an expression for the Hilbert
polynomial of the Sally module using the Buchsbaum-Rim coefficients
and derive the inequality bro(M)—bry (M) < ¢(F/M) when dim R = 2.
We also prove that if red(M) = 1, then the equality holds, Theorem 3.3.

In Section 4, we study the problem for modules which are direct

sums of several copies of an m-primary ideal. Let (R, m) be a Cohen-
Macaulay local ring of dimension d > 2 and I an m-primary ideal.
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Let
M=I®---®I (r-times, r>1).

Then bro(M)—br1(M) < {(F/M), Theorem 4.1. We also prove that, in
dimension 2, the equality holds if and only if red(M) = 1, Corollary 4.3.
In addition, we compute some examples to illustrate the Northcott
inequality.

2. Reduction number one. In this section, we obtain certain
sufficient conditions for the equality bro(M) — bri(M) = ((F/M).
We begin by recalling some basic terminology which is essential for
studying the Buchsbaum-Rim polynomial. Let M C F' = R" be such
that ¢(F'/M) < oco. Let N be a submodule of M. We say that N
is a reduction of M if the Rees algebra R(M) is integral over the R-
subalgebra R(N). Equivalently, this condition is expressed as

Rpt1(M)=NR,(M) forn >0,

where the multiplication is done as R-submodules of R(M). The least
integer s such that R,11(M) = NRs(M) is called the reduction number
of M with respect to N, and denoted as redy(M). The reduction
number of the module M, denoted red(M), is defined as

red(M) = min{red (M) : N is a minimal reduction of M}.

If N is a submodule of F' generated by d + r — 1 elements such that
U(F/N) < oo, then N is said to be a parameter module. It was
proved [2] that, if £(F/M) < oo, then there exists a minimal reduction
generated by d+7r—1 elements. For more details on minimal reductions
we refer the reader to [7, 17].

In the following example, we show that, for one dimensional Cohen-
Macaulay local rings, the Northcott type inequality does not hold for
Buchsbaum-Rim coefficients.

Example 2.1. Let R = k[[X,Y]]/(X?) and I = (x,y), where z = X
and y = Y, and k is a field. Then R is a one-dimensional Cohen-
Macaulay local ring. It can be seen that

UR/T™) = L(k[[X,Y])/(X% (X, Y)") = 2n — 1.

Therefore, eg = 2 and e; = 1.
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Let F = R® R and M = I & I. Then it follows from [15,
Theorem 2.5.2] that the Buchsbaum-Rim polynomial of M is given
by:

BP(n) = [eon — e1] (”T 1)

_ n+1\ ny
= 4€g 9 €1 1 €1
4(n+1) B (n) L
2 1
Hence, we have bro(M) = 4 and bry (M) = 1. Therefore,
brg — bry :3>2:€(F/M)

Now we study the Buchsbaum-Rim polynomial of a special class
of modules, namely, a direct sum of m-primary ideals in a Cohen-
Macaulay local ring. Let (R, m) be a d-dimensional Noetherian local
ring and I = I;,...,I. a sequence of m-primary ideals. For u =
(ug,...,ur) € N", let I* = I}"* ... I¥. Then {(R/I*) is given by a
polynomial P(u) in r variables of total degree d for u; > 0 for each 4
[1]. Write the Bhattacharya polynomial of T as

Pi(w) = 3 eall (Zi) (Z)

a€eNT
lal<d

Here, e, (I) with |a] = d are known as the mixed multiplicities of
L,.... 1.
Fori=0,...,d,set B; =3 x| i eq«(I). Below, we obtain an ex-

pression for the Buchsbaum-Rim multiplicity and the first Buchsbaum-
Rim coefficient in terms of the Bhattacharya coefficients.

Proposition 2.2. Let (R,m) be the d-dimensional Cohen-Macaulay
local ring, I, ..., I, the m-primary ideals and M =1, ®---® I, C R".
If

L(R/I*) = Pr(u) for allu e N"|

then bro(M) = E4 and bry(M) = (d — 1)Ey — Eq_1.
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Proof. Let BP(n) denote the Buchsbaum-Rim polynomial corre-
sponding to the function BF(n) = ¢(S,,(F)/Rn(M)). First note that

S(F) = Rlty,...,t,] and R(M)<= R[Lit,...,It],

where tq,...,t, are indeterminates over R. Then

BF(n)= Y ((R/T%).

|u|=n

Hence, for all n € N, we have

BP(n) = BF(n) = Y Pi(u)

> 2 en(i) ()

uw€EN"  a€ENT
lul=n |a|<d

~ S wm Y (Zi) <Z)

a€eN” w€ENT
lal<a lul=n

-2 ao(gl )

n+r—1 n+r—1
=F Eq
d(d+r—1> b 1(d+r—2) +
By using Pascal’s identity repeatedly, we observe that
n+r—1\ (n+d+r—2
d+r—1) d+r—1

_|{(nt+d+r-3 . n+r—1
d+r—2 d+r—-2/|"

E
i
3

Hence,
n+d+r—2 n+d+r—3
BP(n)=E, Ei 1—(d-1)E
= a2
It follows that bro(M) = E4 and bry(M) = (d — 1)Ey — E4_1. O

Note that, if R(M) is Cohen-Macaulay, then by [9, Theorem 6.1],
((R/T*) = Pr(u) for all w € N", and hence, BF(n) = BP(n) for all
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n > 0. As a consequence, we obtain the equality bro(M) — bry (M) =
UF/M):

Corollary 2.3. Let (R,m) be a two dimensional Cohen-Macaulay local
ring with infinite residue field. Let I and J be m-primary ideals in
Rand M = 1®J C R®R. If R(M) is Cohen-Macaulay, then
bro(M) —bry (M) = ((F/M).

Proof. By applying Proposition 2.2 with d = 2 and r = 2, we get
bro(M) —bri(M) = Ey — (Ey — Eq) = E1 = e19 + eo1. Since R(M) is
Cohen-Macaulay, it follows from [10, Theorem 6.3] that e;g = ¢(R/I)
and eg; = ¢(R/J). Therefore,

bro(M) — bry (M) = €(R/I) + (R/.J) = ((F/M). O

Note that Corollary 2.3 can also be derived from Theorem 2.10.
We have provided the above proof as it is independent and involves a
different technique.

Remark 2.4. Let (R, m) be a two dimensional Cohen-Macaulay local
ring, let Iy, ..., I, be m-primary ideals, and let M =1, & --- ® I,.. Let
jr(Z; | I;) denote the joint reduction number of I; and I; (we refer the
reader to [8, 18] for the definition and some basic results concerning
joint reductions). It is proved [16, Corollary 4.5] that, if jr(I; | I;) =0
for any ¢,5 € {1,...,r}, then R(M) is Cohen-Macaulay. We would
like to observe here that the converse is also true. Suppose R(M) is
Cohen-Macaulay. Then a modification of [12, Theorem 6.1] gives that
R(I;, & - & I;,) is Cohen-Macaulay for any {i1,...,is} C{1,...,r}
In particular, R(I;) is Cohen-Macaulay for each ¢ = 1,...,r and
R(I; ® I;) is Cohen-Macaulay for {i,j} C {1,...,r}. This implies
that jr(I; | I;) =0 for any 1 <¢,j <r.

In the following example, we compute the Buchsbaum-Rim coeffi-
cients.

Example 2.5. Let R = k[[X,Y]], I =m = (X,Y) and J = (X2,Y).
Then red(I) = red(J) = 0. Also, (Y)I + (X)J = IJ implying
jr(I | J) = 0 so that the Rees algebra R(I,J) = R(I & J) is Cohen-
Macaulay [10, Theorem 6.3]. Set F' = R®R and M = I®J. Therefore,
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we have BF(n) = BP(n) for all n. Using any of the computational
commutative algebra packages, it can be seen that

BP(n):4<n;_2> —1<”;1>.

Hence, bro(M) —bri(M)=4—-1=3=4(F/M).

Katz and Kodiyalam studied the Cohen-Macaulayness of the Rees
algebra of modules over two-dimensional regular local rings. They
proved:

Theorem 2.6 ([11, Corollary 4.2]). Let (R, m) be a two-dimensional
reqular local ring, and let M be a finitely generated torsion free R-
module. Then the following are equivalent:

(i) NM =Ra(M) for every minimal reduction N C M,
(ii) The Rees algebra R(M) is Cohen-Macaulay;
(it]) €(Sp41(F)/Rug1(M)) = bro(M) (1) — €(M/N)("FT) for all
n > 0 and every minimal reduction N C M.

Since N is a parameter module and a minimal reduction of M,
bro(M) = bro(N) = ((F/N), [2, Theorem 3.1]. Hence, in this
case, bro(M) — bri(M) = 4(F/N) — ¢{(M/N) = ¢(F/M). Simis,
Ulrich and Vasconcelos proved that, if (R, m) is a two dimensional
Cohen-Macaulay local ring and M C F = R" is a module with
U(F/M) < o0, then R(M) is Cohen-Macaulay if and only if red(M) < 1
[16, Proposition 4.4]. By adopting the proof of Katz and Kodiyalam,
we prove (i) implies (iii) of Theorem 2.6 in the case of two-dimensional
Cohen-Macaulay rings. Although the proof works along the same lines,
the two isomorphisms used in the proof are justified by a result of
Hayasaka and Hyry. We recall the result from [4]. For an R-module M,
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let M denote the matrix whose columns correspond to the generators
of M with respect to a fixed basis of F. The matrix M is said to be
perfect if the Oth fitting ideal of M is a proper ideal with maximal
grade.

Theorem 2.7 ([4, Theorem 4.4]). Let R be a Noetherian ring and F
an R-free module of rank r > 0. Let M be a submodule of F' such that
M is a perfect matriz of size v x (r + 1). Then the natural surjective
homomorphism

611 (F/M)[Y1, ..., Yor1] — G1(M)
is an isomorphism, where G1(M) = FR(M)/R(M)™.
In particular, the R-module FR,(M)/Rp1(M)

("H) copies of F/M.

T

is a direct sum of

Remarlfv2.8. It is known that, if M is a parameter module, then the
matrix M is perfect [4]. So in particular, when the ring R is a two
dimensional Cohen-Macaulay local ring and M is a parameter module,
Theorem 2.7 is true [4, Corollary 4.5].

Lemma 2.9. Let (R,m) be a two dimensional Cohen-Macaulay local
ring with infinite residue field and M C F = R" a finitely generated
R-module with ¢(F/M) < co. Let N C M be a minimal reduction
generated by {c1,...,crp1}. If

k:(n:r> and (ble—)FRn(N)

is the surjective R-module homomorphism defined by

k
O )= D fetddedl,
i1+.,.3,:ii+1:n
then the corresponding induced maps
¥ k
F FR,(N) r FR.(N)
. — _— 7 d . 7 _, FRaN)
?1 (N) o) ™ b2

are isomorphisms.
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Proof. It follows from Remark 2.8 that ¢; is an isomorphism. Sur-
Jectivity of ¢ is clear. For an element f € F, let f denote its image
in F/M and f its image in F/N. Suppose ¢2(f1,...,fr) = 0. This

implies

k Kk
X il iz . ir+1 . X i1 i2 . ir+1
E ficy'es Crqp1 = E GiCy Co Crq1
i1 4Fipg1=n ip+etipp1=n

i=1 i=1
—_~

for some g; € M. This implies that ¢1(f1 — g1,--., fx — gr) = 0. Since
¢1 is injective, it follows that f; —g; € N C M for all e = 1,... k.
Hence, f; € M fori=1,...,k. a

Now we prove (i) implies (iii) in Theorem 2.6 for two dimensional
Cohen-Macaulay rings.

Theorem 2.10. Let (R, m) be a two dimensional Cohen-Macaulay local
ring with infinite residue field and M C F = R" a finitely generated
R-module with ¢(F/M) < oo. Ifredy(M) =1 for a minimal reduction
N C M, then, for alln >0,

(S (F)/Roia(00) = /) ("I TY) e ().

In particular, if for any minimal reduction N of M redy (M) = 1, then
bro(M) —bry (M) = L(F/M) and br;(M) =0 for alli=2,...,r+ 1.

Proof. Since redy (M) is one, we have Ro(M) = NR1(M). This
implies Rp+1(M) = NR,,(M) for all n > 1. By induction, one can see
that Rp41(M) = MR, (N) for all n > 0. Consider the following short
exact sequences of R-modules with natural maps

Sl(F)Rn(N) Sn+1(F) Sn-‘rl(F)
— —
Ri(M)Rn(N)  Rnpr(M)  Si(F)Rn(N)
Si1(F)Rn(N) Sn1(F) Sny1(F)
— —
Rn+1(N) Rns1(N)  Si(F)Ra(N)
By additivity of the length function on the short exact sequences, we
get

(eriin) ~ ) (Rionw.oo) Croin )

0—

— 0,

0— — 0.
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Let k = ("jr) By Lemma 2.9,

<F)kN FR,(N) <F>kN FR,(N)

M MR, (N) N Rut1(N)
Hence,
() o (1)
and

(i) = (")

Since N is a parameter module, by [2, Theorem 3.4],

S () Roia (V) = bra) (" 1) oo (" T,

Therefore,

(eian) =mon ("0

w1y - o) (M)
:bro(M)<n+T+ 1) _E(M/N)<n—:r>

r+1

ZZ(F/N)<n+r+1) _K(M/N)<n:—r)'

r+1

The second assertion now follows from the above equality. ]

The main hurdle in proving a d-dimensional version of Theorem 2.10
Is in generalizing Theorem 2.7, which is not known for modules M with
M being a perfect matrix of size r x (d + r — 1), where d = dim R.

3. Main result. In this section, we prove an analogue of the North-
cott inequality for submodules of free modules over two dimensional
Cohen-Macaulay rings, which have finite co-length. Vasconcelos intro-
duced the notion of Sally modules S;(I), where I is an ideal with a
reduction J, to study the interplay between the depth properties of
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blowup algebras and the properties of the Hilbert-Samuel coefficients.
The Sally module S;(I) of I with respect to J is the R(J)-module
defined by the following short exact sequence

0 — IR(J) — IR(I) — S;(I) := @p>ol™ T /IJ" — 0.

We refer the reader to [17] for basic properties of Sally modules. This
definition can be extended to inclusion of graded algebras, [17]. As we
have ®,R,(N) C &, R,(M) for any reduction N of M, we define the
Sally module in an analogous manner:

Definition 3.1. Let (R,m) be a Noetherian local ring and M C
F = R" a finitely generated R-module. Let N C M be a R-
submodule. Then the Sally module of M with respect to N is defined
as SN(M) = @nZan+1(M)/MRn(N)

We note that Sy (M) is zero if and only if redy (M) is at most
one. Note also that R(N) is a finitely generated standard graded
algebra over R and Sy (M) is a finitely generated module over R(N).
Suppose M C F = R" is such that ¢(F/M) < oo and N is a minimal
reduction of M. Then the Hilbert function theory for graded modules
says that the Hilbert function, H(n) = ¢rRpt1(M)/MR,(N), is
given by a polynomial for n > 0 of degree equal to the dimension
of Sy(M). Since mR(N) C p for all p € Ass(Sy(M)), it follows
that dim Sy (M) < d+r — 1. In the following theorem, we relate the
Hilbert function of Sx (M) and the Buchsbaum-Rim function of module
M in the two dimensional Cohen-Macaulay ring. As a consequence,
we obtain the Northcott inequality. The proof is analogous to the
corresponding results in [17, subsection 2.1.2].

Theorem 3.2. Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion 2 with infinite residue field and M C F = R" with £(F/M) < co.
Let the Buchsbaum-Rim polynomial corresponding to the Buchsbaum-
Rim function BF(n) = (S, (F)/R.(M)) be given by

s =bro0)(7 7)o" T ) 1 o (0,
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Suppose N C M is a minimal reduction and S = Sy(M) is the
corresponding Sally module. Then for all n > 0,

)+teCean) - bro(a0)

n+r—1
T

n—+r

BF(n) = bro(M) (T 1

)—E(Sn_l).

Proof. Consider the following two short exact sequences of R-
modules:

MR, (N) | Ra(M)  Ra(M)
MR, (N)  FR,1(N)  FR._i(N)
RaN)  R.N) MRy (N)

00—

— 0,

0— — 0.

Set k = (";"T) By Lemma 2.9, it follows that

(rmaaw) = (")

(=) = ("))

and

Therefore, we have

) )
MBHEC

@) Gmm)

We now derive the Northcott type inequality for the Buchsbaum-
Rim coefficients in two dimensional Cohen-Macaulay local rings.



506 R. BALAKRISHNAN AND A.V. JAYANTHAN

Theorem 3.3. Let (R,m) be a Cohen-Macaulay local ring of di-
mension 2 and M C F = R" be such that {(F/M) < oo. Then
bro(M) —bry (M) < U(F/M). If the reduction number of M is at most
1, then the equality holds.

Proof. Let BP(n) denote the Buchsbaum-Rim polynomial of M.
Then, by Theorem 3.2 for n > 0, we get

5,0 b0 (1 1)

n+r—1
r

4 [6(F/M) — bro(M)] ( ) — BP(n)

— [E(F/M) = bro(M) + bry (M)] (" e 1)

r
n+r—2
r—1

bI‘Q(M)( > +~~~+(71)Tbrr+1.
This implies £(F/M)—brg(M)+bry (M) is non-negative, i.e., bro(M) —
bri (M) < {(F/M).

If, for a minimal reduction N of M, redy (M) < 1, then Sy (M) =0,
and consequently, ¢(F/M) — bro(M) + bri(M) = 0, i.e., bro(M) —
bry (M) = ¢(F/M). O

4. Direct sum of ideals. In this section, we consider the modules
M which are direct sums of several copies of an m-primary ideal I. We
explicitly compute bro(M) and bry (M) in terms of eg(I) and e;(I). As
a consequence, we prove the Northcott inequality in this case. We also
prove that, in dimension 2, the Northcott equality holds if and only if
the reduction number is at most 1.

Theorem 4.1. Let (R, m) be a Cohen-Macaulay local ring of dimension
d > 2, and let I be an m-primary ideal. For r € N, set ' = R" and
M=I®---®I (r times). Then bro(M) —bri(M) < {(F/M).

Proof. Let

Zd:ez<n+d_z_1)

=0
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be the Hilbert-Samuel polynomial of I. Then, by [15, Theorem 2.5.2],
the Buchsbaum-Rim polynomial is given by:

BP(n) = Py(n) (” :i N 1)

B0

(d+r—1)!(n+d+r—2)

T — 1)\ d+r—1
(d+r—2) (d+r—2)
- {GO(dl) di(r — 2)! +61(65—1)1(76—1)!]

y n+d+r—3 .
d+r—2

Therefore, bro(M) = e (d;’i;l) and

br1 (M) = eo(d — 1)<d:i; 2) te (djif).

We now split the proof into two cases.

Case 1: d = 2. In this case, we have bro(M) = eo(Tgl) and
bri (M) = eg (;) + e1r. Hence,

bro(M) —bri(M) = egr — exr < rl(R/I) = L(F/M).

Case 2: d > 3. Let r = 2. We then have bro(M) = eg(d + 1) and
bri (M) = eo(d — 1) + e1d. Therefore,
bl"o(M)—le(M) :260—d61 :2(60—61)—(d—2)61 S 2€(R/I) :g(F/M)

Note that, in this case, bro(M) — bri(M) = ¢(F/M) if and only if
e; = 0 if and only if I is a parameter ideal.

Now let r > 3. We then have

(4.1)

bro (M) —bry (M)—£(F/M) = e Kdtrz 1) —(d-1 (dy; 2)]

e (d :f: 2) — rU(R/).
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If d = 3 and r = 3, then the above expression becomes
1060 - 860 - 661 - 3€(R/I) = 2(60 - 61) - 461 - 3€(R/I)
< —de; —L(R/I) < 0.

Since (R,m) is Cohen-Macaulay, e; > 0. Therefore, to prove the
Northcott inequality, it is enough to show that

(4.2) [(djiT) —(d—l)(d—:i;QHeo—ré(R/I)SO.

Considering the coefficient of ey in the above expression, we obtain

d+r—1 d+r—2 d+r—2\ [d+r—1
tr - (d—l) +r = +r L _ (d—l)
r—1 r—2 r—2 r—1
_ d+r—2 g _T— 2d .
r—2 r—1
It is a simple verification to see that this expression is non-positive, and
hence (4.2) holds, ford =3; r >4 and d > 4; r > 3. |

Below, we show that the direct sum of parameter ideal, in rank 2,
has reduction number one.

Proposition 4.2. Let (R,m) be a Cohen-Macaulay local ring of di-

mension d > 2, I = (a1,...,aq) a parameter ideal and M = I & I.
Then the submodule N of M generated by the columns of the matriz
ai as - aq 0
0 a1 -+ aq-1 aq

is a minimal reduction of M with redy (M) = 1.

Proof. Using the isomorphism R(M) = R[It1, It3], we move all the
computations to the bigraded Rees algebra. To prove the assertion, it
is enough to show that

(4.3) TIP3 + Pyt + TIP3
= (altl, asty + aita, ..., aqt1 + ag—1ta, adtz)(ftl + Itg).
Set

L = (aity, asty + aita, ..., aqty + ag—1ta, aqtz)(It1 + Ita).
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We show that, for any 1 < 4, j < d, aiajt%,aiajtltg,aiajtg be-
long to L. First, note that, for all 1 < 4, 7 < d, the elements
alajt%,alajtltz,aiadtltg,aiadtg are all in L. Consider the following
set of equations:

aiajt% = ajtl(aih + ai,1t2) —aja;_1t1t2
a;a;—1tits = ajta(ai—1t1 + a;—ats) — ajai_ztﬁ
ajai—ots = a;—ota(ajy1t + ajta) — ai_saji1tits
ai—2Gj41t1te = ai—ot1(aj42t1 + ajpata) — ai—2aj+2t%

Then aiajt% € L if and only if ai,ga]qrgt% € L. If i = 2, the first
equation itself will yield that aiajt% € L. If j =d— 1, then the third
equation will yield that a;a;t3 € L. If i > 2 and j < d — 1, proceeding
as above, one will hit an element of the form alajt%, ara;tite, a;aqtits

or a;agts, which will imply that a;a;jt? € L. Similar arguments will
give us the other required inclusions. Hence, redy (M) = 1. O

Corollary 4.3. Let (R,m) be a d-dimensional Cohen-Macaulay local
ring, I an m-primary ideal and M =1 @ --- @ I (r-times).

(i) If d = 2, then bro(M) — bry(M) = L(F/M) if and only if

red(M) = 1.
(ii) If d > 3, r = 2 and bro(M) — br1(M) = ((F/M), then red(M)
=1.
Proof.

(i) From Case 1 in the proof of Theorem 4.1, it follows that bro(M)—
bri(M) = ¢(F/M) if and only if eg — e; = ¢(R/I) if and only if
red(I) <1 if and only if red(M) = 1, by Remark 2.4.

(ii) From Case 2 in the proof of Theorem 4.1, it follows that bro(M)—
bri(M) = ¢(F/M) if and only if I is a parameter ideal. Now, it
follows from Proposition 4.2 that, if I is a parameter ideal, then
I @ I has reduction number one. ]

If the rank of M is three, then an analogue Proposition 4.2 does not
hold. Let M = m & m @& m, where m = (x,y,2) C k[[z,y,]]. Then it
can be seen that the submodule N, generated by the columns of the
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matrix
zr y z 0 0
0 =z y =z 0,
0 0 =z y =z

is a minimal reduction of M with redy (M) = 2. The idea of getting
minimal reduction of the above form comes from the work of Liu [12].

Example 4.4. Let R = K[[X,Y]], I = (X? X?*YV* XY® Y7) and
J = (X3,Y7). Then R is a two-dimensional regular local ring and
J is a minimal reduction of I with reduction number 2. It can be easily

seen that )
Py(n) = 21(”‘2F ) _ 6(?) 1

Set F=R® R, M =1®I. Then, again using [15, Theorem 2.5.2],
we obtain bro = 63 and br; = 33. Therefore, bro(M) —bry (M) =30 <
32 ={(F/M). Let N be the submodule generated by the columns of

X3 YT 0
0 X3 Y7|°

Then, it can be seen that N is a minimal reduction of M with redy (M)
=2.

As in the case of ideals the example below shows that the Cohen-
Macaulayness of the Rees algebra alone need not necessarily imply that
bro(M) — bry (M) = ¢(F/M) if dim R > 3.

Example 4.5. Let R = k[[X,Y,Z]], I = (X3,X?Y2 Y3 Z*) and
M = I@® ]I Tt can be verified that R(M) = R[Ity,Its] is Cohen-
Macaulay. So, by [9, Theorem 6.1], BF(n) = BP(n) for all n € N.
The Buchsbaum-Rim polynomial can be computed as

BP(n) = 144("13> - 84(”;:2) +4(”; 1).

Therefore, bro(M) — bry(M) = 60 < 64 = ¢(F/M).

We conclude the article with the following question.
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Question 4.6. Let (R, m) be a Cohen-Macaulay local ring of dimension
d>2and M C F = R" such that {(F/M) < oo. Then is bro(M) —
bri(M) < U(F/M)? Does the equality bro(M) — bry(M) = L(F/M)
hold if and only if redy (M) = 1 for some (any) minimal reduction N
of M ?
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