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SQUAREFREE REVLEX IDEALS
MARILENA CRUPI AND CARMELA FERRO

ABSTRACT. We study the combinatorics of squarefree
revlex ideals in a polynomial ring in n variables with
coefficients in a field K. We focus our attention on the
relationship between squarefree revlex ideals and revlex
ideals. Also, we analyze the extremal Betti numbers of
squarefree revlex ideals.

1. Introduction. Let S = KJz1,...,2,] be a polynomial ring in n
variables with coefficients in a field K. A special class of monomial
ideals of S is the class of squarefree monomial ideals. Such ideals are
closely related to simplicial complexes. Let A be a simplicial complex
on the vertex set [n] = {1,...,n} and I the ideal of S generated
by all squarefree monomials z;, ---x;., 1 <43 < --- < i, < n, with
{i1,...,ir} ¢ A. It is well known that, if I is an ideal of S generated
by squarefree monomials of degree > 2, then there exists a unique
simplicial complex A on [n] with I = Ia. The ideal I is known as
the Stanley-Reisner ideal of A. Stanley [18] and Reisner [17] were the
first researchers who used in a systematic way concepts and techniques
from commutative algebra to study simplicial complexes by considering
the Hilbert function of Stanley-Reisner rings. Since then the study of
squarefree monomial ideals from both the algebraic and combinatorial
point of view is one of the most inspiring topics in commutative algebra.
Some fundamental results on classes of squarefree monomial ideals can
be found in [2, 5, 14] and in the references therein.

In this paper, our attention is devoted to squarefree revlex ideals
in the polynomial ring S = Klxy,...,2,]. Deery [12] was the first
researcher who examined the revlex ideals in the non-squarefree case.
He proved an analogue of Bigatti [4], Hulett [15] and Pardue’s [16]
result about minimal Betti numbers. Precisely, he showed that revlex
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ideals have the smallest Betti numbers among all stable ideals with the
same Hilbert function. Deery’s result was generalized in the case of the
exterior algebra by Crupi and Ferro [6].

The outline of the paper is the following. Section 2 contains pre-
liminary notions and results. In Section 3, we study the behaviour of
the class of squarefree revlex ideals via tools from simplicial complex
theory. This allows us to use the same arguments as in [6, 7] in or-
der to study the combinatorics of squarefree revlex ideals (Proposition
3.2, Corollary 3.3). In Section 4, we prove the squarefree analogue
of Deery’s result about minimal Betti numbers (Theorem 4.3). In Sec-
tion 5, we compare the class of revlex ideals with the class of squarefree
revlex ideals (Theorems 5.5 and 5.6) by using the shifting operations
introduced in [3]. It is well known that there exists a bijection be-
tween squarefree strongly stable ideals and strongly stable ideals [3].
Similarly, we show that there exists an injection between the class of
squarefree revlex ideals and the class of revlex ideals (Corollary 5.7). In
Section 6, we analyze the extremal Betti numbers of squarefree revlex
ideals. We show that a squarefree revlex ideal has a unique extremal
Betti number (Proposition 6.4) and determine its value (Remark 6.5).
Moreover, given a pair of positive integers (k,£¢) with &k > 1, £ > 2, we
state conditions for the existence of a squarefree revlex ideal I with the
extremal Betti number By, 4+¢(I) (Proposition 6.6).

2. Preliminaries. Let K be a field and S = Klxy,...,z,] the
polynomial ring in n variables with coefficients in K. We begin by
setting up notation that will be useful.

For a graded ideal I = @;>¢I; of S, we denote by a(I) the initial
degree of I, that is, the minimum s such that Iy # 0. Let Mong(5)
be the set of all monomials of degree d in S and Monj(S) the set of
all squarefree monomials of degree d in S. For any subset T of S, we
denote by Mon(T') the set of all monomials in 7" and by Mon®(T") the
set of all squarefree monomials in 7. For a monomial 1 # u € S, we
set

supp(u) = {i : x; divides u},

and we write
max(u) = max{i : i € supp(u)}, min(u) = min{é : ¢ € supp(u)}.

Moreover, we set max(1) = min(1) = 0.
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For a monomial ideal I & S, we denote by G(I) the unique minimal
set of monomial generators of I. Let I C S be a monomial ideal. I
is called stable if, for all u € G(I), one has (2;ju)/Tmax(u) € I for all
j < max(u). I is called strongly stable if, for all uw € G(I), one has
(xju)/x; € I for all i € supp(u) and all j < 1.

Let > eviex be the usual reverse lexicographic order (revlex order,
for short) on the monomials of S. A subset M C Mong(S) is a revlex
segment of degree d if, for u € M, v € Mony(S) such that v > eyviex U,
then v € M.

Definition 2.1. A monomial ideal I C S is called a reviez ideal of S
if Mon(Iy) is a revlex segment of degree d for all d.

Let I C S be asquarefree monomial ideal. I is squarefree stable if, for
allu € G(I), one has (xju)/Tmax(u) € I for all j < max(u),j ¢ supp(u).
I is squarefree strongly stable if, for all w € G(I), one has (z;u)/x; € I
for all ¢ € supp(u) and all j < i, j ¢ supp(u).

For every 1 < d < n, we order Monj(S) with the squarefree reverse
lezicographic order (squarefree revlex order, for short) >groviex. Let u =
iy Tiy Ty, and v = x5, T4, x5, with 1 <4y <ig < -+ < ig < n,
1 <71 <jo <+ < jg <n, be squarefree monomials of degree d in S.
Then

U >grevlex U if Z-d = jda id—l = jd—la cee 7is+1 = js—i—l and is < jsy

for some 1 < s < d. A nonempty set M C Monj(S) is called a
squarefree revlex segment of degree d if, for u € M, v € Mon}(S) such
that v >greviex u. Then v € M.

Definition 2.2. Let I C S be a squarefree monomial ideal. [ is a
squarefree revlex ideal if, for all 1 < d < n, if u,v € Monj(S) with
u € I and v >greviex U, then v € I.

Equivalently, a graded ideal I C S is a squarefree revlex ideal if
and only if Mon®(1,) is a squarefree revlex segment of degree d for all
1<d<n.
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Now, let M be a subset of monomials of Mong(S). The set
{ziw:ueM, i=1,...,n}
of monomials of degree d + 1 of S is called the shadow of M and is
denoted by Shad(M).

If M is a set of squarefree monomials of Monj(.S), the set
{ziu:ue M, i¢supp(u), i=1,...,n}

of squarefree monomials of degree d + 1 of S is called the squarefree
shadow of M and is denoted by Shad®(M).

Remark 2.3. If M is a revlex segment of degree d, then Shad(M) is
not in general a revlex segment of degree d + 1. Let M = {a% x122}
be a revlex segment of degree 2 of S = K|[z1, 22, x3]. Then

Shad(M) = {xi’,xfxg,xlxg,x%xg,xlmgxg}
is not a revlex segment of degree 3. In fact x% > reviex (E%l‘g, but
x3 ¢ Shad(M).

Similarly, if M is a squarefree revlex segment of degree d, then
Shad’®(M) need not be a squarefree revlex segment of degree d + 1.
For example, if S = K[z1, 22,23, 24,25] and M = {z122, 2123}, then

s
Shad (M) = {$1$2I3,$11’2$4,$1$31’4,$1I’2$5,$1(1}3I5}

is not a squarefree revlex segment of degree 3. In fact, zox3x4 >groviex
2129%5, but xexsxy ¢ Shad®(M).

3. Squarefree revlex ideals. In this section, we analyze the class
of squarefree revlex ideals in S = K[x1, ..., z,].

The notion of simplicial complex plays a key role in our analysis. A
simplicial complex A on the vertex set [n] = {1,...,n} is a collection
of subsets of [n] such that

(a) {i} € A for every i € [n], and
(b)) ceA,rCo=T1€A.

The ideal Ia of S generated by all squarefree monomials z;, - - z;,.,1 <
i1 < - < dp < n, with {i1,...,i.} ¢ A is called the Stanley-Reisner
ideal of A over K, and the quotient algebra K[A] = S/Ia is called the
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Stanley-Reisner ring of A over K. If Ja = (Ia,2%,...,22), then the
graded K-algebra K{A} = S/Ja is called the indicator algebra of A.
If T is the simplicial complex consisting of all the subsets of the vertex
set [n], then the indicator algebra of T is:

K{T} = K[z1,...,2,]/ (23, ..., 22),

rn

and the set of all squarefree monomials of S forms a basis of K{I'}.

Definition 3.1. A simplicial complex A is called strongly stable
(revlex) if the Stanley-Reisner ideal Ia is a squarefree strongly stable
ideal (squarefree revlex ideal, respectively).

Let I C S be a squarefree monomial ideal, and let It be the image
of I in K{I'}. The structure of K{I'} ensures that I is a squarefree
(strongly) stable ideal in S if and only if It is a (strongly) stable ideal
in K{T'}, in the sense of the exterior algebra E [1, 2]. Hence, in
order to study the behavior of the squarefree revlex ideals in S that
are squarefree strongly stable ideals, one can use the same arguments
as in [6, T].

Proposition 3.2. Let M be a squarefree revlex segment of degree d of
S such that d < n — 2. The following conditions are equivalent:

(1) Shad®(M) is a squarefree revlex segment of degree d + 1;
(2) Tn—(d+1) " " Tn—3Tn—2 € M.

Proof. Let Mp be the image of M in K{T'} =K|x1,...,z,|/(23,...,22).
It is clear that M is a squarefree revlex segment in S if and only if Mp
is a revlex segment in K{I'}. Hence, the assertion follows from [6,

Corollary 3.8]. O

Corollary 3.3. Let M = {uy,...,u;} be a set of monomials of S,
dy = min{deg(u;) : ¢ = 1,...,t} and do = max{deg(u;) : i =1,...,t}
with do < n —2. Then I = (M) is a squarefree revlex ideal if and only

if:

(1) Mon®(1y) is a squarefree revlex segment for dy < d < da;
(2) Tp—(de4+1) " Tn—3Tn—2 € M.
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Proof. See [6, Corollary 3.9]. O

Proposition 3.4. A squarefree reviex ideal I C S is minimally gener-
ated in at most two consecutive degrees.

Proof. Let d = «(I). Then x125 - - - x4 € Mon®(Iy) and x129 - - - xgzy,
€Mon®(I441). As I is asquarefree revlex ideal and @, _(441) - - Tn—2%n 1
>greviex T1T2 * * * LaTn, it follows that z,,_(g11) * Tn—2n 1€ Mon® (Ig41).
Hence, @,_(441)" " Tn—2Tn_1%, is the smallest monomial belonging
to Shad®(Mon®(I411)), with respect t0 >goviex, and consequently,
Shad®(Mon®(I441)) = Monj, 4(S). Therefore, the minimal monomial
generators of I are at most of degrees d and d + 1. (|

4. A lower bound. Aramova, Herzog and Hibi [3, Theorem 2.9]
proved that, over a field K of characteristic zero, the graded Betti
numbers of a squarefree monomial ideal are bounded by those of the
corresponding squarefree lexicographic ideal. In this section, we prove
the squarefree analogue of Deery’s theorem [12, Theorem 3.10] on the
lower bounds of Betti numbers of a given Hilbert function.

If I ¢ S is a monomial ideal and G(I) its unique minimal set of
monomial generators, we define the following sets:

G(I)a = {u € G(I) : deg(u) = d},
G(I;i) ={uv e G(I): max(u) =i},
w; (1) = |G(L;4)]
mai(1) = m;(I),

ford>0and1<17<n.

Lemma 4.1. Let J & S be a squarefree revlex ideal generated in
degree d, and let I & S be a squarefree strongly stable ideal generated
in the same degree such that |Mon®(Jy)| > |Mon®(Iy)|. Then,

m<i(J) > mei(I), for 1 <i <n.
Proof. Let J = Jr and I = I be the images of J and I in K{T'},

respectively. It follows that [Mon®(.Jg)| = dimg Jq and [Mon®(Iy)| =
dimg I4. The assertion now follows from [6, Theorem 5.3]. O
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Lemma 4.2. ([2, Lemma 3.7]). Let I & K{T'} be a strongly stable
ideal with all generators in degree d < n. Then

n—1
dimg (Igy1) = z:mZ Y(n—1) = ngi(I)
i=1

Hence, using the same arguments as in [2, Theorem 4.4] (see also
[14, Theorem 7.4.3]) and [6, Theorem 5.6], one can state the following
theorem.

Theorem 4.3. Let A be a strongly stable simplicial complexr and A’
a revlex simplicial complex such that Hyay(t) = Hyary(t) for all t.
Then

Bi, i(In) > Bi, j(Iar), for alli and j.

Proof. Set I = In and J = Ia/. From [14, Corollary 7.4.2], we
have: W
max(u) — j o
Biivi(I) = Z ( p ), for all 4, j.
ue G(I);

Let 114y be the ideal in K{A} generated by all (squarefree) monomials
in I of degree d.

Since G(I)g41 = G(I(g41y) —G(Liay){z1, ..., Zn}, the above sum can
be written as a difference 3; ;4,;(I) = C — D, with

= Z <max(z¢) - j)

u€G (I y)

5 () Smen()

t=1ueG(Ij;t)

- tz:(mgt(ﬂﬁ) —me;1(15)) (t ;j> =m<n(l() (n : j)
+§mgt(lm) [(t;j) B ((t+1) —j)]

ot () -Eman ()



16 MARILENA CRUPI AND CARMELA FERRO

and

v T () Sl ),

w€G(I;—1y)){z1,..,zn}

from Lemma 4.2. On the other hand, since the number of generators
of Iigy and Jigy are equal for all d, we have m<,(I(qy) = m<n(Jiay)-
Hence, from Lemma 4.1, m<;(Jig)) > m<;(L(q)) for 1 <4 < n, and
consequently:

Bii4i(I) = m<n (L)) <n _]> qu ((5)) < i)
S (7)
t=j
i n—1 t
> m<n(Jg;)) (n , ]) qu Ji)) ( i)
- Zm<t1(J<j—1>)( ;‘]) = Bii+i(J). O
t=j

5. Revlex ideals and shifting operations. In this section, we
prove that there is a bijection between the revlex ideals generated in
two consecutive degrees and squarefree revlex ideals. Let I C S =
K[z1,...,x,] be a squarefree stable ideal. In [2, page 361], for every
w € Mon®(I), there exists a unique pair (u,v) of squarefree monomials
in S such that:

(1) uwe G), w=uv, max(u) < min(v).
In [3] two shifting operations are introduced.

Let u = @;, 2z, -~ @;; -+~ w;, be a monomial of S, with i; < iz <

- <y <---<ig < n, and set

u’ = Liy Tig41 xij-‘r(j—l) e xid-‘r(d—l)'
It is easy to verify that max(u?) — deg(u”) = max(u) — 1. If I is a
monomial ideal of S with G(I) = {uy,...,us}, we denote by I? the
squarefree monomial ideal generated by u{,...,u? in Klxi,...,Tm],

where m = max{max(u) + degu — 1 : u € G(I)}.
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There is another operation 7 which is inverse to o. For a squarefree
monomial u = x;, @, -+, - @, of S with 1 <4y < -0 <y <00 <
g < n, we set

U =X, Ty Lij—(j—1) " Lig—(d—1)-
Note that max(u”) = max(u) —degu + 1. If I C S is a squarefree
monomial ideal with G(I) = {uq,...,us}, then we write I" for the
monomial ideal generated by u],...,u] in K(x1,...,Zy], where m =
max{max(u) —degu+1:u € G(I)}.

Remark 5.1. It is easy to verify that, if u,v € Sy and v >peviex ©,
then v7 >geviex u? in K[z1,..., 2], m = max{max(u) + degu — 1 :

uwe G}

Moreover, if u,v € Monj(S) and v >geviex U, then v7 >ioviex u” in
Klzy,...,2m], m = max{max(u) —degu+1:u € G(I)}.

The next results establish that there is a bijection between strongly
stable ideals and squarefree strongly stable ideals in polynomial rings.

Lemma 5.2. ([3, Lemma 1.2]). Let I C S be a strongly stable ideal
with G(I) = {uy,...,us}. Setm = max{max(u)+degu—1:u e G(I)}.
Then I7 is a squarefree strongly stable ideal of K[xq,...,%n] with
G(I7) ={ug,...,ul}.

Lemma 5.3. ([3, Lemma 1.4]). Let I C S be a squarefree strongly
stable ideal with G(I) = {u1,...,us}. Set m = max{max(u)—degu+1:
u € G(I)}. Then I™ is a strongly stable ideal of K[x1,...,Tm] with
GUI™)={u],...,ul}.

Remark 5.4. From Lemma 5.2, one deduces that, if I C S is a strongly
stable ideal generated in degrees di < dy < --- < d;, then I7 is a
squarefree strongly stable ideal generated in degrees dy < do < - - < dy,
as well. Similarly, if I C S is a squarefree strongly stable ideal generated
in several degrees, then I7 is a strongly stable ideal with generators in
the same degrees as those of I.
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Theorem 5.5. Let I C S be a revlex ideal generated in degrees

d,d+ 1. Then I° is a squarefree revlex ideal of K[x1,...,%m], where
m = max{max(u) +degu —1:u € G(I)}.

Proof. Set S" = K[x1,..., 2] with m = max{max(u) + degu — 1 :
u e G(I)}. If I is a revlex ideal in S with G(I) = {u1,...,us}, then,
from Lemma 5.2, one has that I is a squarefree strongly stable ideal
of §' with G(I7) = {uy,...,u?}.

Since I is a revlex ideal in S, then the following condition is satisfied
[12, Corollary 2.13]:
(2) el

n—1
We claim that Top—(d42) """ Tm—3Tm—2 € I°.

Set m = max{max(u) : v € G(I)}. From condition (2), one has
m € {n—1,n}. Let m =n—1. Then m = n+d— 1 and, consequently,
m — (d+2) = n—3. On the other hand, xf:é > reviex xflfll Therefore,
since I is a revlex ideal in S and %%} € I, it follows that z9% € I.
Since (xflflg)” = Tpn-3Tpn-2"" Tn-31d = Tm—(d4+2) " Tm—3Tm—2, the
claim follows.

Let m = n. Then m = n+d and so m — (d +2) = n — 2.
One has that z47) > e 2975, Therefore, since %%} € I and
I is a revlex ideal in S, it follows that a:‘ité € I. Finally, since
(I;i:lg)g = Tn-2Tn—-1"""Tn-2+d = Tm—(d+2) " Tm—-3Tm—2, the claim
follows.

Now we have to prove that Mon®(I7) and Mon®(I7, ) are squarefree
revlex segments in S’. Let w € I be a squarefree monomial, and let
V >greviex W be a squarefree monomial of S’ with degv = degw. We
will show that v € 1.

From (1), since I? is a squarefree strongly stable ideal, one can
decompose w = uy, where u € G(I) and y is a squarefree monomial
with max(u?) < min(y). Then w™ = uz, z € S and w” € I. Since I is
a revlex ideal, and since v™ >,evlex W7, One obtains that v™ € I. Hence,
v7 = 'z, where v/ € G(I) and max(u’) < min(z’) [13, Lemma 1.1].
Therefore, v'? divides (v7)? = v. Hence, Corollary 3.3 ensures that I?
is a squarefree revlex ideal of S’. ]
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Theorem 5.6. Let I C S be a squarefree revlex ideal generated in
degrees d,d + 1. Then IT is a revlex ideal of Klx1,...,2Zy], where
m = max{max(u) —degu+1:u € G(I)}.

Proof. If I is a revlex ideal in S with G(I) = {u1,...,us}, then,
from Lemma 5.3, one has that I” is a squarefree strongly stable ideal
of K[z1,...,%m], m = max{max(u) — degu + 1 : v € G(I)}, with
GUI™)={u],...,ul}.

Since I is a squarefree revlex ideal in .S, then, from Corollary 3.3,
the following condition is satisfied

(3) Tp—(d+2) " " Tn—-3Tn-2 el

We claim that z%+1 € I7.

Set m = max{max(u) : v € G(I)}. From (3), one has m €
{n—2,n—1,n}.

Let m =n—2. Thenm =n—d—2and m—1=n—(d+ 3).
Consider the squarefree monomial z,, _(443)%n—(d42) " ** Tn—3 of S. One
has &y, (a43)Tn—(d4+2) " Tn—3 >sreviex Tn—(d+2) """ Tn—3Tn_2. Since I
is a squarefree revlex ideal of S, then x,,_(443)Zy—(d442) " Tn—3 € [. It
follows that (,,—(q4+3)Tn—(d4+2) *** Tn-3)" = xifl(dJr?)) =2t e

Let m=n—1. Then m=n—d—1and m—1=n—(d+2). Since
Tp_(d42)  Tn—2 € I, then (z,_(gyo) - Tp_2)" = To a2y = xfntll €
Im.

Let m =n. Then m =n—dand m —1=n— (d+1). Consider
the squarefree monomial z,,_(441) - @¥n—1 of S. Let u be the greatest
monomial of G(I) with respect to the revlex order such that max(u) =
n. Since Tp_(d41) " Tn-1 >srevlex U, then z,_(qi1y - zp-1 € I. It
follows that (z,_(g41) - Tn-1)" = m‘i‘tbil = xfnﬂl cl.

Checking that Mon(Ij) and Mon(I7, ) are revlex segments in S is
similar to the proof given in Proposition 5.5 with the operator o. The
assertion follows from [12, Corollary 2.13]. O

Denote by Rewv the class of all revlex ideals and by Rev® the class
of all squarefree revlex ideals in S.

As a consequence of Proposition 3.4 and Theorem 5.6, we get the
following corollary.

Corollary 5.7. There is an injection between Rev® and Rev.
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6. Extremal Betti numbers of squarefree revlex ideals. In
this section, we analyze the extremal Betti numbers of squarefree revlex
ideals. Since the extremal Betti numbers of a squarefree monomial ideal
1, as well as their positions, are preserved by passing to I” [3, Theorem
2.4], from Theorem 5.6, one can expect that a squarefree revlex ideal
has a unique extremal Betti number as in the non-squarefree case
(I8, 10]).

Definition 6.1. A Betti number Si x4e(I) # 0 is called extremal if
Biivj(I)=0foralli >k, j > £, (i,7) # (k,£).

The following results were proved in [9, 11].

Proposition 6.2. Let I C S be a squarefree stable ideal. The following
conditions are equivalent:

(1) Br, k+e(I) is extremal;
(2) k+¢=max{max(u) : u € G(I);} and max(u) < k+j forallj > ¢
and u € G(I);.

Corollary 6.3. Let I C S be a squarefree stable ideal.
(1) If Bk, k+e(I) is an extremal Betti number of I, then
B, k+e(I) = {u € G(I)g : max(u) =k + £}

(2) Set d = max{j : G(I); # 0} and m = max{max(u) : v € G(I)}.
Then Bm—a,m(I) is the unique extremal Betti number of I if and
only if m = max{max(u) : u € G(I)q} and for every w € G(I);,
Jj < d, max(w) < m.

Proposition 6.4. Let I C S be a squarefree revlex ideal. Then I has
a unique extremal Betti number.

Proof. The assertion follows from Proposition 3.4 and Corollary 6.3.

In fact, if I is generated in degree d, then Bj rp4+4() is the unique
extremal Betti number of I with k& 4+ d = max{max(u) : v € G(I)4} €
{n—2,n—1,n}.

Let I be generated in degrees d, d + 1. If z,,_(441) " Tn—2 €
G(I)q, then By, g+at+1(I) is the unique extremal Betti number of I with
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E+d+1=max{max(u) : u € G(I)ay1} = n. 2y _(449) - Tpn_o €
G(I)d+1, then Bi k+d+1(I) is the unique extremal Betti number of I
with k +d+ 1 = max{max(v) : v € GI)g41} € {n—2,n—1,n}. O

Remark 6.5. Let I C S be a squarefree revlex ideal with extremal
Betti number S, 4¢(Z). Then, from Corollary 6.3,

k+£—1>

1< Brpted) < < i—1

In fact, there are exactly (k‘[le) squarefree monomials of degree /¢
in S with max(u) =k + £.

More precisely, let I be generated in degree ¢. Set k+ /¢ =n — 2+ 1,
for + = 0,1,2. Then

1< Brrte() < (n 2_3;—1)

Let I be generated in degrees d and d 4+ 1. Therefore, { = d + 1.
Suppose &g+ Tp—o € G(I)g—1. Set k+ ¢ =n. Then

1 < Brpre(I) < (Z_11>

Suppose Z,_(¢41)* Tn—2 € G(I)s. Set k + ¢ = n — 2+, for

1=20,1,2. Then
n—3+1
1< Brpre(l) < ( i—1 )

For u,v € Monj(S) with © >geviex v, we define the following set:

iﬁ(um) = {'UJ S MOHZ(S) T U Zgreviex W Zsreviex ’U}.
Finally, we have the following result.

Proposition 6.6. Given a pair of positive integers (k, ) such that k >
1 and £ > 2, then there exists a squarefree reviex ideal I C Klx1,. .., Tpy]
with extremal Betti number By k+e(I) = a if and only if one of the
following conditions holds:



22 MARILENA CRUPI AND CARMELA FERRO

(i) k+0=n—-2 andlﬁaﬁ(?:f)5
(i) k+¢=n—1 and 1§a§(2:12)9
(iii) k+L=nand 1 <a< (7[}:11>

Proof. Suppose I is a squarefree revlex ideal with extremal Betti
number By x+¢(I) = a. Then conditions (i), (ii) and (iii) follow from
Remark 6.5.

Let us now suppose that condition (i) holds. If a = ('g:f), we

construct the squarefree revlex ideal I of S generated in degree ¢ with
G(I) = R(wy -2, Ty—(e41) - Tn—2). Suppose 1 < a < (;f:f) Let
W = {u € Mon;(S) : max(u) = n —2}. Set W = {wy,wa,...,w.},
where w1 >greviex W2 >sreviex *** >sreviex Wr = LTp—(e+1) """ Tn—2- We
construct the squarefree revlex ideal I of S generated in degrees ¢ — 1
and ¢ with G(I) = AU B, where A is given by all monomials of degree
¢ —1 from z; ---x9—1 down to the greatest monomial z € Monj_,(.5),
with respect to the squarefree revlex order, such that zz,,_> = w,_q,
and B = R(wy—_q+1,w,). Note that |B| = a.

Suppose condition (ii) holds. We construct the squarefree revlex
ideal I of S generated in degree £ with G(I)= R(x1- - -Te, Tr—(041) - - Tn—2)
UA, where A consists of the largest @ monomials u less than z,, _(p4.1) - - -
T,_o with respect to the squarefree revlex order on S such that
max(u) =n — 1.

Suppose condition (iii) holds. We construct the squarefree revlex
ideal I of S generated in degree £ with G(I) = R(x1 -+ Tp, Tpg -+ Tp—1)
U A, where A consists of the largest ¢ monomials u less than x,_;---
Zn—1 With respect to the squarefree revlex order such that max(u) =
n. O
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