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Biernacki proved that a polynomial of degree » which admits
2=0 as zero of order p is p—valent in the circle |z| < (p/n)|z|, 2
being the nearest zero-point from the origin (except the origin)."”

Prof. A. Kobori proved briefly this theorem by using his
theorem.” Specialy, when p=1, the polynomial is univalent in the
circle |z] < (1/#)|z;]. In this paper we shall consider a regular and
bounded function f(z) in |2] <1 instead of a polynomial.

First, we shall prove a

Lemma. For 0<x <%, <--<x,<--- <1, holds the inequality
(2 < 2 (1=P°)
;(1 xb ):_ P2 b

wheve P means il(}xt and P==0. The equality holds only for the
=1

case of one x,.

In the general case we prove it by means of the mathematical
induction. Let the lemma be true for the case of x,, x.,..., %,,, that
is,

31— gty < M (A—PnY)
t>=-11(1 %)< ”"Pm‘_,

be true where P,=1Ix;, then
=1

m+1 21_p2
S1—x)< AP oy
i1 P,
< xig_‘xfxwfnpmz
P.lxr
— x12(1“P73+1)

m+l
Thus the lemma is proved, and the equality can not hold except
in the case of only one x,.
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Let w=f(z) be regular and bounded (|f(2)|<M) in |z| <1
and be normalized such that f(0)=0 and f"(0)=1. Let z, 2,...
be zero-points of f(z) in 0< |2| <1, and let z, 2,,..., 2. be zero-points
of f(2) in 0<|z| <R <1, where |z]|=7 and 7, <7< <7, then
we can write as follows :

_ 2 (jRG—2)
e ——Ig—A(igﬁ)g@). (1)

Here g(2) is regular and bounded (|g(z)|<M) in |2| <R and
vanishes nowhere in this circle. By (1), we have

Sty (w2 ), € (2)
‘ S/ "=‘< 2—z R"'—E,z) ? g
As
Re |- 2 +/ﬁé{2 =Re 1 + 1
{ 2—2z; Rz_zz} {]_—z/zi l_EiZ/Rz}
=——Re{ (2/2) (1-77/R) }
(1—z/2) (1—2z2/R*
~_ (r/r) 1—7*/R®)
— (A—7/r)(1—r7/R)
>_ (r/7,) (1—7/R*)
= A—=7/r)A—=r7/R> ’
so we have
Re{Si(—2—+ 22 )>— K7 S(1-22).
e{%:( 2—2; * R—22 )}: (r,—7») (R*—v7) :I'( Re)

Further, by the lemma
. o e 71— U17)*)
Z(l—‘ ?’RI‘.{><2 (1"—7’.2) <—'m—,i*——‘ .
=1 i=| ({I 1’).)2

Since ﬁr[_Zl/M we have
i=1

2

S (1-7) <ri(=1)

We have, therefore,

RelE( e Ry
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Since |g(2)| < M in |z] <R, by the well-known theorem, we
have

R|g(0)|— Mr
Ig(Z)lgM~—————| oy

Further, using Schwarz’s lemma, we obtain

R M—|gaf RM(M*—|g(O)»)
<k ) < )
OISy TR ST (MR 0)))

Hence we have

}25,— <R — M’—|g(0)? .
g (MR—7|g(0)])(R|g(0)| —Mr)
And yet since |g(0)]=R»/7;~Iffg E:, we have
=1 i 7’]
z:’g’r_ , M y2—

g~ (Mr,—Ryr)(R*—Mpr,7)

Thus we get
Re{z £ g }——'Z“‘Z“’ M=k C(4)

(Mr,—R7y) (R*— Mr,7)
Therefore from (2), (3) and (4) we have 4
i 2 2 2 2,2
Rels S (2) 1— R (M—1) M?7*—R' .
e{z 1(2) }> (=) (R—n7) | (Mr—Rr) (R°—Mr,7)
For R—1, finally we have
) 2 2 . 0 o
R F(2) >1__1h (M-1 r(MPr?—1) .
e{z f(@) }_ (rn—7)(1=nr)  (Mri—7)(1—Mr,7)
Thus, if R, is a minimum positive root of the equation
i (M°—1) r(M*r*=1) -0 (5)
(n—r)(I—r7)  (Mr,—r) (1—My,7) '
f(2) is univalent and star-shaped in the circle |z| <R, since

Rel{z(f'(2) /f(2))} >0 for |z| < R,. As the equation (5) reduces to
the following biquadratic equation

Myt — (MPy2+2MP v+ Mr) ¥
+ (M +3MP v+ MPr/ 4+ 2Mr,— 7)) ¥ (5)
—(MPrP+2M v+ My ) v +Mr*=0,
we have the following.
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Theorem 1. Let w=f(2) be a regular and bounded (|f(2)|
<M) function in |2| <1 and be normalized such that f(0)=0 and
f'(0)=1. Further suppose that z, be <=0 and the nearest zero-point
Sfrom the origin, then f(z) is univalent and star-shaped with respect
to the ovigin in the circle |z| <R, wherve R, is a smallesl positive
root of equation (5").

Since |f(2)/z|<M for |z|<1, f(2)/z has no zero-point for
|z| <1/M; so we have »,>1/M. Hence in the case »,=1/M, from
(5') we have, as a special case R,=M— v M?*—1. This is Landau-
Dieudonné’s result.”

If the function f(z) is regular and admits the origin as a
zero-point of order p we can write f(z) =2"g(z). So if g(z) satisfies
Re{z(g’'(2)/g(2))} > —p for |z| <p, then by Kobori’s theorem 2z”g(z)
i.e. f(2) is p-valent for |z| <p.” So by the method analogous to
the precedent, we can obtain the following

Theorem 2. Let f(z) be regular and bounded (|f(z)|< M) in
|z| <1 and be normalized such that

@) =2 +a,,,2"" 4 .
Let 2, (=0) be the nearest zero-point from the ovigin, so, if R, is
the smallest positive root of the equation
p— v (MP=1) r(MPri—1) _
(r,—7r)(1—n7) (Mr—7) (1—Mvr,7)
then f(2) is p—valent in the circle |z| <R,.

Now since |f(2)/2¢| <M for |z| <1, f(2)/2z" has no zero-point
in |z2|<1/M. Hence, as a special case, if we put »,=1/M, we have
R,=M,— v M, —1, where M,=(1/2)[(M+1/M)+(1/p) (M—1/M)).
This is nothing but the Loomis’s result.”

In conclusion I wish to express my hearty thanks to Prof. T.
Matsumoto and Prof. A. Kobori for their guidances during my

research.
October 1952.
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