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In this paper we shall study the differential equation of Cara-
théodory's type :

dy 
= fix , Y)dx

where f (x , y ) is defined in the strip

S :  a  < x  <b , —  < y  < + Go ,

m easurable w ith respect to  .x, continuous with respect to y and
dominated in S  b y  a  summable function k (x ) of x  a lo n e . It is
know n' that the above equation has solutions in the interval

/ :  a <  b,

in the following sense :  there exist in / absolutely continuous fun-

ctions ‘,0(x) such that v(x) = sc (a) + f ( t ,v ( t ) )d t  in /, and then id (x)

=f(x, 50(x)) in a measurable subset of I, having the same measure
as / and depending upon the particular solution io (x).

Recently Prof. G . Scorza D ragoni" has proved that we can
determine a measurable subset E  of / such that E  is of the same
measure as I  and every absolutely continuous solution satisfies the
differential equation on the set E.

The purpose of th is  p ap e r is  to  g iv e  a simple proof of this
theorem.
§ 1. Let g(x ) be a measurable function of x  in I  such that I g(x)
< h (x ), h (x ) being summable in I. M oreover, suppose that g(x)
is continuous on each of sets e„ e_ ,  closed and satisfying lim

I d - ,

m (e„) =b — a .  Let e '. denote the set of the points of e„ of density
1  for en and e  the union of all e'.(n —1, 2, ...... ) .  Then e is a mea-
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surable set of measure b— a, and g (x ) is approximately continuous
at all points of e.

Put for x E

ig (x ) if  g(x) __>_ 0,
g+ Go =

0 if  g (x ) ‹ 0 ,

{g+ (x) if  g+ (x) _.< n,
g (x ) =

n i f  g+ (x) > n,

(n = 1 , 2,••• • • •).

Then we have in /  0 g, (x) S e x )  _:_<- - • _- __g„ (x )< ....... and lim  g„(x)
n-) a,

= g +  (x ). Each of the functions g -  (x )  and g„(x) (n =1, 2, ....... )  is
approximately continuous at all points of e, and moreover each
g,1(x) is bounded on e, so that we have"

d   P n (t )d t= g „ (x ) for x E e.
dx •

With regard to the function h (x ), also consider an analogous se-
quence of functions h„(x) (n= 1  2 , ....... )  such that for x E I

h(x)
h „ (x )= { n

if  h (x )>n ,

(n=1, 2, ).

Then, it follows that in  I 0_<_hi (x)fl,•:h 2 (x)_<•••_<h„(x)_< ...... ••-,
lirn  h„(x) = h(x) and 0<g„(x) h „ (x ) (n =1 , 2, ....... ). If we write

H(x) = f{h(t)— h„(t)} dt,

the derivatives II„'(x) (n=1, 2, ....... )  exist in a measurable subset
j  of /  which has the same measure as I. And evidently we have
H,' (x) 11' (x)>_.• • •>11.' (x)_>.• • • and lirn H.' (x) ----- 0  at all points of

IL

j. Moreover, write

G„(x)=Çlg+ (t) —g„(t)} dt.

Since h(x) — h„(x) g- + (x)— g„(x) > 0  for any point of I, we obtain

H.; (x)>•_D G (x )> 0 " for x E j.
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Hence we have

lirn D  G .(x )= 0 for X E ] .
71+ < 0

If we denote th e  common part of the sets e  and j  by k , k  is a
measurable set and of the same measure as I. Since

w e have

- d  - (t)dt=g.(x )
dx

for x E k,

D  G „(x )=D Ç g' (t)dt—  d   f g .( t)d t
dx

=D rg+ (t)dt— g(x )•

Now, since lim  D  G .(x )=0 , and lim g.(x )=g+(x ) for ail X E k , we
n • co n 4 0 .

h ave

D fg+ (t)dt=g+(x) for all x  k .

Since 0 5 D  G „(x )5 D  G (x )  for any n , we have lim D  G ( x )  0

for all x E k , that is DI g+ ( x )  for a ll X E k. Therefore-
we can conclude that

Finally, put

d—  g (t)dt=g+(x )
dx

for all X E  k.

{—g(x) if g(x)._<0,
g - (x)—

0 if  g(x )>0.
Then we have

d
d
x ( t ) d t = g - ( x ) for all x E k.

Since g(x )=g+(x )— g - (x ), we have
d  L g(t)dt=g(x ) for all X E  k.

dx

§ 2. For the second member f (x , y )  of the differential equation
considered in  this paper, we can choose such a sequence' ) of closed
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subsets el, e21 ..................  of I, that lim m(e„)=b—a and f(x , o (x )) is con-

tinuous on e„, if 90(x) is a  continuous function x in I. Therefore,
if w e regard f (x ,  (x ) )  and k(x) as respectively g (x ) and h(x) in
§ 1, w e obta in  the following conclusion : f or the given f(x ,y ), we
can choose a  measurable subset E  (m (E )= m (I)= b — a ) of  I such
that, given a  continuous function v (x ), we have

d   f it, 40 (0) dt= f(x, (x)) for x  E.
d x  a

Moreover, if  io(x) is a  solution o f  the  differential equation

f(x ,Y ), then we have

io(x) = ço(a) + jx,f(t, v(1))dt,

and  therefore f o r all x E E
v'(x)=I(x, ço(x)) .

It is  c lear tha t the same proposition can be concluded for the
system of differential equations

dy  
d x

Y1, Y2, , y») (i - 1, 2, , n).

Remark : This consideration completes our previous paper»
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Correction

In our previous paper (loc. cit. 7)), a fter "hy perp lane" (p. 228, line 10) insert
"de f ined" and for "for alm ost ev ery  point (x , y )  in  G ,"  (p. 233, lines 3-4) read "f or
alm ost every  x  in  0

dy _
dx


