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1. In the present paper we shall state some notes concerned
with the following problem for which P. J. Myrberg has found a
wonderful result® : :

Let the notations HB(AB), HD(AD) denote respectively the
classes of bounded harmonic (analytic) functions and of harmonic
(analytic) functions with bounded Dirichlet integral. Let R be an
arbitrary Riemann surface and E be a closed subset of R. Then
what conditions are necessary and sufficient, in order that E should
be removable for each family defined on R—E (i.e., it would be
possible to continuate without singularities all the functions belonged
to the class harmonically or analytically onto E)?

2. The case of HB and HD

Lemma.” Let R be an arbitrary Riemann surface of hyperbolic
type. Let g(P, P)) be the Green’s function on R with a pole P, and
let U be an arbitrary neighbourhood which contains the pole P,.
Then the Dirichlet integral Dy_,[g] of g taken over R—U is finite,
especially

DI"—U[g]:“ gdg
A 174

if the boundary® U of U is analytic, where, in general, the barred
letler stands for the conjugate harmonic function.

Proof. It suffices to assume that aU is analytic. Consider the
exhaustion of R

1) P. J. Myrberg: Uber die analytische Fortsetzung von beschrinkten Funk-
tionen. Ann. Acad. Sci. Fenn. Ser. A, I. 58 (1949).

2) Cf. Nevanlinna: Uniformisierung. 1953.

3) In the following A denotes the boundary of A.
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U=R,cR,cRC---CR,C---—>R,

where oR,=1[", consists of a finite number of closed analytic curves.

Let g.(P, P,) be Green’s function on R, with the pole P, then the

sequence {g,} is convergent uniformly on every compact subset

of R—P, to the Green’s function g(P, P,) on K. Now we have
for n>m

0< || gudgl'=Ds, [ g0 81°S Ds, 1,[8] D, ]

]‘111
=§ gn dgn ° 'l)h’“-—li’,,l [g] ’
I

where the integrations are taken in negative direction with respect
to R, (n=1, 2, ---). For n—>o (m: fixed) we have

M 0= 1| gdel*< | gdg De-rls].
Hence we have for any m
| gaezo.
therefore
2 Dy,p-r, [g]=sl‘§d§— Ffdggjl-fdg< o .

Since this implies Dr_j,[g] < oo, it follows that for m— co D,_, [g]
—0. We obtain therefore from (1) and (2) the desired result.

Theorem.” Let E be a closed set of inner poinis on an arbitrary
Riemann surface R. Then in order that E should be removable for
the classes HB, HD defined on R'=R—E, it is necessary and suf-
ficient that the logarithmic capacity of E vanishes.

Proof. Sufficiency : We consider a domain F (on R), whose
boundaries are composed of E and the closed analytic curves
I',. Let {F,} be an usual exhaustion of F and o, be the harmonic
measure of F,, then w,—>0 (#—> ) implies Dj [w,]—0, vice versa.
Since the theorem® of Nevanlinna remains true for this component
F, it follows that ue HD is also bounded. (ju|<M). Let %, be

4) For the case HB, see P. J. Myrberg loc. cit. 1).
5) R. Nevanlinna: Uber Mittelwerte von Potentialfunktionen. Ann. Acad. Sci.
Fenn. Ser. A, I 57 (1949).
R. Nevanlinna: Uber das Anwachsen des Dirichletintegrals einer analyti-
schen Funktion auf einer Riemannschen Flachen. Ibid. 45 (1948).
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a harmonic function on FuUE which takes on I7, the value %, then
by the inequalities —2Me, < u—u,<2Mw, (in F,) we have for »
—> o0 yu=u, i.e., # is harmonic on E. A

Necessity : We separate the set E into two disjoint subsets E,,
E, such that each harmonic measure is positive. Let g, (P, P,) (i=
1, 2) be Green’s function on R—E,; whose pole P, lies in R’. Then
the function h=g,—g, is harmonic everywhere on R’. Let U be
a neighbourhood of P,, then D [h|=Dy_y[h]4 D,[k]. By Schwarz’s
inequality

D[y.—u[h] é [ va-.ul‘gJ + VD/gI-.ung]]z.

Now by our Lemma we have Dp_v[£]S Dppp-olg] <o (i=1,2).
Since Dy[h]< o, he HD. But E is not removable for %, otherwise
£:=0 by the minimum principle, for cap. E;>0 implies igf. g:=0.

3. The case of AB and AD

Let R be a Riemann surface which covers exactly m-times
(0o >m=2) the unit circle K: |2/ <1. Then a disc on R would
be also removable for AB or AD in the following weak sense®.
Let z, z,, --- denote the projections (arranged with multiplicities)
of branch points. Now we take on each i-th sheet the disc K
(i=1, 2, ---, m) such that

3) Proj. K;nProj. K;=¢ (ixj), Proj. K;b {2.}
for all { and one of the discs K, is empty ¢.
Then we have
Proposition 1. If {z.} converge only to the peripherie of K and
the series

() 3 (1—|z)

is divergent, then at least a disc K; (3¢) is removable for AB or
AD defined on R'=R— UK.

Proof. Let fe AB or AD and fi(z) be its ith branch. Con-
sider the function

F(z) =1_1<71 i@ —f,(]

where the product is taken over all the combinations of the indexes

6) Cf. P. J. Myrberg: loc. cit. 1)

L. Ahlfors: Remarks on the classification of open Riemann surfaces. Ann.
Acad. Sci. Fenn. Ser. A. I 87 (1951).
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i, . Then F(z) is single-valued, regular, in the z-plane and more-
over F(z,)=0 (=1, 2, ---). Now we assume Fs=const. We take
the ring domain K. :7,< |z| <7 such that K,.n (U Proj. K;) =¢ and

2=1
3K, b {z,}. By the argument principle we have usually for 7,<7
<1

Ll o imenraonr o

where 7 (7, 0) denotes the number of zero points of F(2) lying in
K,. It follows that

Gy S log ’]=j’”(’ 0’dr<0(1)+j log | F| do .

ro<lzyl<r |2,

|2 =r

Obviously right hand side is uniformly bounded for fe AB. Next,
let F, be a connected piece of R lying over the circle |z| <7.
Now we may assume that for » (=7,) F, always consists of m-
sheets. Then

L log |F|d0§,2(m—1)§"]:j l=1(;g \fi| d0+0(1)

< 2tm(m—1) ISgLFI_flfdﬂ+O(1).
Let
2=\ |1
) L fedo
Since f=u+iv is single-valued on R/, we have for r,<r<1

Q@)= zj +o20)ds< Dy, [F14O),  ds=rdo

therefore by integration from 7, to 1 we find that the right hand
side of (5) is also bounded for f¢e AD. Hence for r—>1 we have

]I ]z,.] >0. i.e. 31(1—]z.]) < o, which contradicts to (4). Therefore

F(z)—O and it follows at once by the conditions (3) the desired
conclusion.

Remark. When {z,} converge to a inner points z, (]z]|<1),
2, is removable for F, therefore we have also F(z)=0. i.e. the con-
clusion of Proposition 1 holds.

Proposition 2. Let R be a Riemann surface (with a finite or
infinite number of sheets) spread over the unit circle K which has
only algebraic branch points whose projections are 2z, 25, . Then
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if the series (4) converges, any closed domain E on R is not re-
movable for AB defined on R—E. _

Proof.” Since the linear transformation which maps K into
1tself does not change the convergency of (4), we assume at first
that E contams the origine 2=0 and there is no branch point on
2=0. Let P, be a point of R lying on 2=0. Now we consider the
exhaustion R, (n=1,2, ---) of R where R, is the connected"plece
which spreads over the circle |z| <7, (7. is determined in later)
and contains the point P,. From the convergency of (4) we find
that R, consists of only a finite number k, of sheets. Let g,(P, P,)
be Green’s function of ' R,. Since g.(z, P)<log1/|z|, z€¢R,, for
n—> 0

(6) g(z, P)=<log1/|z|.
Every domain G,=FE{g> 1} becomes compact, therefore by Lemma
7 Dy, [g]=271. A

Since for A=log 1/7, Proj. G, is contained in |z| <f, we have. by (7)».
® [ | 15 ¢em pratap< x| aye,
r l‘(‘) r

where p=g+ig and I’(¢) denotes all the circles over |z|=t. Hence
there exists a sequence {r.,,} tending to 1 such that

© | prdps [ [prde<ynt (=1,2, ).

R, ()

As lc;g 1<x (x=0), it follows
(10) Lj log |p/|de<1/2r% (n=1,2, ).
2T IR,

Let B(z) denotes the Blaschke product of (4), then the function
11) ¢(2) =2B(2) P’ (2)

is regular analytic on R. By means of Poisson integral we con-

struct in the circle |z| <7, a harmonic function #, whose boundary

value is u=I]T'1?.)i lag l¢.| where ¢, denote the branches on R, of ¢.

i fn

Then the regular function

7) Cf. H. Selberg: Ein Satz liber beschrinkte endlich vieldeutige analytische
Funktion. Comm. Math. Helv. Vol. 9 (1937).
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fi(@=¢R)e™?, do=u,+iu,

is single-valued in |z2| <7, and |f,(2)|<1, ze¢R, by maximum
modulus principle. As R,—>R we can choose a subsequence, say
again {f,(2)}, converging uniformly to the bounded regular func-
tion f(2) defined on R. Now for all the points P, (except P,) over
2=0, f(P,) =0. While, since

b=|B(0)|= I7||2,.|> 0

and

1 (" rende<-L [ a1y
un () = " (ruemdp <o | log|#/|dg,

ar,

we have by (10)
I/ (P)|=blime™® =be™"*>0.

It follows that f is non-constant ¢ AB on R. Now the function
F(2)=f(2)/z is regular on R except a point P, where it has a
simple pole. By maximum modulus principle |[F(2)|<1/p, 2€¢R,
—R, (for any #) where R, is a small circle of radius p, with center
P, which is contained in E. We see that Fe AB on R’ and cannot
continuate without singularities onto E. q.e.d.

We have therefore by Propositions 1 and 2 the following

Proposition 3. Let R’ be a Riemann surface defined in Proposi-
tion 1. Then the necessary and sufficient condition that at least a
disc should be removable for the class AB is the divergency of series
4).
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