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§ 1 .  Let {Y(t, co); t  E TI be a  stochastic process and let (I (t, w)
be a  function of the time parameter t E T  and the probability
parameter co. The integral

99(0.)) clo(t, co) dY,(co)

cannot be defined as an ordinary Stieltjes integral for each sample
function, since the sample functions are not of bounded variation
except in trivial cases.

In case Y(t, co) is a Wiener process and (D(t, CO ) satisfies the
following conditions :

C 1. D (t, co) is measurable in (t, co),

2. EcI32(t, co) dt<00 ( *),

3. 4)(t, •) is measurable in B, for each t, where B, is the Borel
field determined by { Y(s, co) ; s <  t } ,

K. Itô defined the above integral and called it a stochastic integral
DJ His definition consists o f two steps. First he defined the
integral in usual way when the integrand 4) is a uniformly step-
wise function, namely when there exist t, <  t,<  t3 <  •••< t „  in-
dependent of co such that

*  In  [1 ] he took the weaker hypothesis that I ,  02 (4  w )d t  < 0 .  for almost all co,

but this part has no connection to the purpose of this note.
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(I)(t, = 0 t< t ,
clo(t, =c13(t,, t, < t < t ,+ „  v < n -1
(13(t, co) = 0 tn< t ,

and next he showed, for general (13 ,  the existence of a sequence
o f uniformly stepwise function {ct.„} such that

EP„-(13)' dt

and defined its integral as 99(co) (13„(t, co) dY,(0)).
T

J. L. Doob [2] showed that this definition is also available to the
more general case in which Y(t) is a martingale process.

In  order to avoid the technical trouble of making two cases
we shall use the Random Riemann Sum which we introduced
in connection with Lebesgue integral in  our previous paper [3].

We shall here discuss Itô's case, since Doob's general case
can be treated with a slight modification.

§  2 . Let (s2, B, P) be the probability space on which we have a
W iener process IY(t, co) : t co)} a n d  a  function (I(t, co)
satisfing C l, C 2  and  C 3 . Let us introduce a  probability space
(12', B', P') o n  w hich  w e define Poisson processes {P,i (t, co') ;
t E[0, 00)1, n being the mean value of P„(1, co') ; it  m ak es  no
difference here whether these Poisson processes are independent
or dependent o f  each other. We shall take the direct product
probability space (s2, P )  =  B, P) x (E2', B ', P ') as a basic one,
so that co and w' are independent. Let t7(co') be the i-th jumping
time of the Poisson process P,i (t, c o ')  and set n(co')-=--- 0  fo r  con-
venience.

For brevity  w e use the following notations. Let z
,----z(co, co ') be a random variable on (fi, f i, P). Then E, E  and E'
are defined as follows

Ez z(co, co') P(dco)

E'z z(co, co') P'(dc0')

E z  = z(co) P(di) z(c0, co') P(dco) P'(dco')
CV

E 'E z  E E 'z



On a New Definition of Stochastic Integral by Random Riemann S um  27

It is clear that both Ez and E'z are random variables depending
on co' and co respectively. By the same way we understand the
notations P, P  and P ' .  It is clear that

P (A ) = E' P (A) = EP' (A) .

Consider the Random Riemann Sum for sample process

S(1i5) E cl)(t7(co') , .)[17 (t7±1(0 , w)—  Y(tV , 0') (0 ) ]

We will define stochastic integral as follows.

Definition. q)*((0), which is independent o f co', is the stochastic

integral of (13 w ith  respect to  d Y „  s a y  ( : i-) (D(t, co) dY,((0), if
0

and only if

PIE(S „(o5) — go* (0 ) 2 >  8 ]  0  f o r  n co .

(We put *  in  order to distinguish this definition from Itô's.)
Now we shall prove the following

Theorem 1. ( * ) 4)(t, (0) dY;(co) exists an d  is uniquely deter-

mined except P-measure zero.
Proo f. We will prove that E'E(S„(05)—S,,,((-0)) 2 —>0 for n,

For convenience's sake we introduce the following notations

X„(t, co') =- t7(co') f o r  M al < t<t7 ,(co ') i = 0, 1, 2, •••
(13*(t, co) = cl)(t, co) f o r  t> 0 =  0  f o r  t O.

Arrange the elements of the set {t7(co')} J {t7(co')} in the order of
magnitude and denote the i-th term by s'l.'n(co').

k(S„(05)—S„,()) 2

E' E  E[c1)* (X„(41' ( ( o ' )  w'), (0) — (1 3 * (X „Js'I'm (0/) , col , 6))] 2

X [4+1(0 — (6)')]
=-- E' EP-1)*(X„(t, w '), (0)—(1)*(X„,(t, w'), (p)] 2 dt0

E' f EN)* (X(t, 01), (0)-41)(t, (0) +4)(t, (0) —4)* (X„„(t,  w '), (0)] 2 dt
Jo

<2E' 5 -  EN)* (X(t, (0'), (0) — (1)(t, (0)]2 dt
o

+ 2E' L-  EN)* (X„,(t, (0'), (0)—(1)(4 G) ] ' dt
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E ' 0 E[(1)*(X„(t, co'), (0)—(13(t, (0)] 2 dt

= E' {E' E (43* (X„(t, co), (0) —(13(t, (0)) 2 dt1t7(6/)}
0

h
e- nh ndh[ E4) 2 (t, (0) dt E(4)(Xn(t, 01), co)—(13(t, 0) 2 dt]

h

---=°,4„+B n  .

= E(13 2 (t, (0) dt e- nh E422(t, co) e- nt dt
t=o h=t 0

f o r  n 00 .

Since the probability that P„(t, co') has a  jump in  (t— s, t—s+ds)
and no jump in  (t —s, t) is nds•e - ns, we have

r-h
B„ e• -nh ndh dt E(4)(tœ s, (0))2 e- ns nds

h=o t=h s=o

<5 e n d h dt E(4)(t— s, —13(t, (,))) 2 e - ns nds
h=o t=o s=o

=--
s-•=

e•  - n s  nds -  E(c1)(t—s, (0)-43(t, (o)) 2 dt
0 c=s

=-- •  e - ns nds E(43(t, co)--(13(t + s, (0)) 2 dt
c=0

c. oo 2
= C s  ds E(4)(t, a)) -- - ( (t + ---S— , a ) ) )  dt ,

s=0 t=0 n

which tends to 0  by virtue of C 2 . as n ----. 00.
So we obtain k (Sn —S„,)2 -,0, so that there exists q)*(6), (0') such
that

PIE(S„((7)-)--9)*((0, (0')) 2 > E ] 0  f o r  n ,  c .

Next we shall show that .7)4' (w, (0 ') is independent of (0'.

E(S„((r)) —E'S,,(01 2 = ES!(0— E(E'S„(0) 2

E S () E '  E EcI)2(t7 , w)(t7+ ,(0i) — (.'))

=  E  D DT ,  c o ) exp (—nt)(nt)i - 1

ndt h e - " ndh
0 (i -1 ) ! 0

= E.31)2 (t, co) dt <00 .
0

E 'S (a) E . ( t ,  co ,  exp (—nt)(nt)i-'
 n u tJ 0 (i —1) ! 

(Y(t+h, (0) — Y(t, (0)) e - nh ndh
0
(DV, ndt (Y(t +h, co) — Y(t, 0) e - nh ndh

0 0
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E(E'S n ( )) 2 -=  E [V  (DV, co) ndt (Y(t +h, co)—Y(t, co)) e- nh ndh]2

0 0-
-=  2E [1  (1 3 (t, co) ndt (Y(t +h, co) — Y(t, (0)) e - mh ndh

t -o h=o

X (DV', co) ndt' (Y(t' +h', co)—Y(t, co)) e h ' ndh']
t '- o -o

= et)(t, co) ndt (Y(t + it, co) —  Y(t, co)) e- "h ndh
t 0 h  o

f n.2x Ç
(IV ', co) ndt' (Y(t' + h', (0) — Y(t', co)) e- nh' ndh']

t1 =0J  W = t-t '

dt E(1)(t, co) co')) ndt' e '- " "  ndh
t=0 t/-0 h-0vx [min (t' +h', t +h)—t]e - "h' ndh'

00 r
--=-- dt E(43 (t, co) (I) (t', co)) e - nct -  '') ndt' --> - E(1)2 (t, co) dt .

0 0 0
Therefore E(S„(6)- ) —E'S„((z)) 2 tends to zero when n tends to infinity.
Now we have

E(E' (q)* (co, co') — E'Sn (co)) 2) < E(p* (co, co') — E'S„(4) 2 ---> O,

and therefore
E(cp* (co, co') —E'cp* (co, 0 ) 2 ---- 0 ,

namely (p* (co, co') -=- E'cp* (co, co') .

This completes our proof.
From the above calculation we can easily obtain the following

properties.
P i. Ep* (w) = 0 ,
P2. EPt (0)) (4 (co) = -E ( I ) , ( t ,  co) (I),(t, dt ,

P  3 .  Let Xt (-) is  the °characteristic function of the set [0, t].

If we denote the separable modification of (*) Xt (s) (Ns, co) dYs (co)0
with the same expression, then we have

c2P [01%  5 % s  (I)(s, co) dYs (co)l _ c]<Eq)*(0 )) 2

P r o o f .  P i :  I t  is clear that for almost all co', E S ( i )  0.
Since there are subsequence {n i } such that for almost all w'

El S„,(63) — P * (w) 12

we have Ey9*(w) 0 .

(c >  0)
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P 2: W e use S ( ;  (13 )  for Random Riemann Sum  to specify
the integrand function (1).

W e have

ES„(co ; (Pi) S„(c7) ; ( Pa) = E (PNX„(t, co') co) (13 I(X„(t, 6!), (0) dt
0

for alm ost a ll (0'. If we take subsequence { n ,} such that

V E [qn (X „ , (t, w'), (0) —(1),(t, (.0)]2 dt 0 , Sn, (co- ; (ID — '(w) 0
0

=  1, 2 , 00 ,

for alm ost a ll (0', w e obtain  P2  b y  the property of inner product.
P 3: K eeping in m ind  tha t S„(c7)- ; X,(1))  is  the only finite sum

for alm ost a ll (7), w e have for a lm ost a ll (0'
-

c2P( sup  IS ( i  ;  VP) c) < E(I)*(X„(t, , (0) 2 dt0 
ost<0.,

c213 ( s u p IS  (c,-3 ; VP) —S,„(c7) ; %I)) c)n

< E(4)* (X„(t, , co) — (L.* (X„,(t, , (0) 2 dt

b y  Kolmogorav's inequality in  infinite sequence.
Therefore for some subsequence In i l  w e have

su p  S 1( ; X i cD) —Sni  (65 ; Xt (P) I 0  andoi < co

E[cD* (X„,(t, , (0) —(1)(t, (0)T dt 0  f o r  ni , n ; 0 0

for alm ost a ll (7).
S o  i f  w e take  the sequence {S„,((, ; X i (I)) } ,  w e can prove P3.

-

Rem ark. For alm ost all (0, (*) X1 (s) (I)(s, (0) dY0 (0)) is continuous.

Consider the modified Random Riemann Sum ;

g„(6) ; 96,(15) (D(ril (61) , (0) (Y(F4 1 ((0') , Y(t7((0'), co))
+ (lo(t,j (co') , co) (Y(t, co) —  Y(t(o./), co))

f o r  r(c0') < t .

For alm ost a ll (7), g„((.7) ; X'1)) is continuous in  t. Furthermore

e l l (  s u p  g n ((7) ; Xi (13) _ g m ( ; xt 4))1>

<  0 E[(13* (Xn (t, , (0) —(1)*(X„,(t, w)]2 dt
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for almost all 0'.
--S o  b y  the analogous calculation a  subsequence , „,(c,5 ; VID)

tends to  a  stochastic process whose sample functions a re  con-
tinuous with probability one.

On the other hand the following estimation

n ((-6 ; X,(E)) — n ((-0 ; X,(1?) 2 < (s, (0)(t — e- nc s) nd s 0
0

f o r  n Do ,

shows that g n and  Sn have the same limit for each t. Therefore
our integral is continuous in  t  with probability one.

Now  w e shall show that our integral coincides with Itô's
stochastic integral.
Theorem 2 .  For almost all co, q)*(0)--=-(p(a)).
P ro o f.  Taking s, appropriately as in  th e  proof of the existence
theorem of p((0) [1 ], w e have

E [S n ((-0) —  E  (1)(.30 +  k  , m, (0)(Y(s o + k  + 1  , (0) —Y(s o +—mk  , co))1
so + —>0

== E'
 10

(X n (t , w'), (0) 4J(4),n (t — so) + s„ (01]2 dt

where g),n (t) - -- --  (k -1 )/m  for (k -1 )Im < t< k lm , k = 0 , ±1 , ±2 •••

2E'1 -  EN)* (X n (t, (0'), (0) —4)(t, (0)] 2 dt
0

+2 EN) ((b ,n (t — so) + s„ (0) — (I) (t , (0)] 2 dt 0  f o r  n, m 00 „

So E (cp* (w) — =  O.

In conclusion the author wishes to express her sincere thanks
to Professor K. Itô  for his kind guidance.
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