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A  mod p  Hopf invariant (homomorphism ) H :  7 7 .2 p t  (s2 t+ i) Z p

is related to the double suspension E 2 b y  the exactness of the p-
components of the sequence

E 2H
7 .2  p t  2  (S 2 t - 1 ) 7r2 pt 

( S 2 + )
z  p

The homomorphism Hp  is onto if and only if there exists a cell
complex K =  S m  

e m - E 2 t ( p -  I) in which :  zp) Hin-F2tcp - i ) (K - , z p )

is an isomorphism.
One of the purposes o f this section II is to prove
Theorem  2.11. H p  i s  triv ial except f o r t  =p r . I f  H p  is onto

f o r t=p r,  then  it is triv ial f or t=pr+'.
It is known that H : 77-

2 p (S 3 ) - - -> Z p  is onto, then it follows that
H  p :  7 r 2p2 (S 2P+1 ) — - > Z p  is  trivial and E 2 : r 2p2_ 2 (S 2 P - 1 )  - ->  7 r 2 p 2(S 2P ± ')  is
an isomorphism of the p-components.

The above theorem is a consequence of an important theorem
(Theorem 2. 9) which will be applied in the next section to com-
pute the homotopy groups, in particular, to determine the p-
components (Z p  and Zp 2) of the stable homotopy groups 7r2p(p-1)-2
and 7r2p(p-1)-1•

In the case p =2 ,  112: 7 .1.4 t  (s2t+1) Z. is also defined and it is
onto if and only if the usual Hopf homomorphism H :  7 r 4 t - i ( S " ) - - - >  Z

is  onto. Then our theorem 2. 11 is a modification of Adames'
theorem (Theorem 2. 15).

The notations and results in the previous section [9] are used
and referred to such as (1. 3), Lemma 1. 3, etc.
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§  mod p  H opf invariant.

The mod p  H opf invariant (homomorphism)

(2. 1).H :  71-
+ „_,(Sm)-->Z p  , n  =2 t(P -1 )  ,

may be defined in terms of the functional reduced power opera-
tions (cf . [7 ] ) .  Here we introduce the homomorphism Hp  in the
following manner.

Denote by Er+' the unit (r+ 1 )-cube  and by ,S" the unit r-
sphere of its boundary. Choose generators (orientations) t E Htm (Sm )
and t' E H m " (E m + n , Sm " ') .  F o r  any element a of 7 _1 (Sm), there
is a cell complex

(2. 2). K  = S m "

such that the restriction f  I Sm of a characteristic map f : (E m ,
---> (K a  , Sm ) o f e''  represents a  by the given orientations

and L. It is easy to see that such complexes K c, of (2. 2) have
the same homotopy type.

Let t,n  E H'"(K„„ Z )  and t + „ E H m ' n (K„, Z )  b e  the generators
given by t and f *  t' respectively. Then the homomorphism Hp  is
defined by the following formula.

(2. 3). H P(a)t„,,„, n 2 t(p -1 ) .

The proof of the formulas

H p (a + )3) = H p (a) + H p (3) ,
H p o  E

is omitted.
L em m a 2.1 .  i ) .  Hp : z„ _,(Sm) -->Z  p , n =-- 2 t ( p - 1 )  is onto if

and  only  i f  there ex ists a  cell complex K e,==S m  en such that
: (K a„Z  p ) -- >11'+' Z )  i s  an  isomorphism.
ii). H :  7z- „ 1 (Sm) —>Z p ,  n = 2 t ( p - 1 )  i s  triv ial f o r m

Fo r m >2 t, H  p  is  o n to  i f  an d  only  i f  it is  on to  f o r m +1
( 71,2 p t (52 t-F1)

iii). I f  H : - - > Z  p  i s  o n to  f o r  n  -=2 t(P-1 ) , then
t =pi f o r some integer O.

Pro o f . i)  is easy. For nz<2 t ,  g 't  : (K, Z p )— >Ilm "(K , Z )
is trivial in general. For m -=2t, , ta=ceP=0, since a 2 c11 2"i(K ,Z )
= 0 .  By i) , it follows that H p  is  trivial for m 2 t .  It is known
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that the double suspension E 2 : 7 r m + n - i ( S P 1 - 4 7 r m + , . + 1 ( S n ' )  is  a mod p
isomorphism for odd m  and for m > 2 t  [ 4 ] .  Then the second
assertion of ii)  follows from i)  and from Hp  E = ± 1 1 p . Suppose
that p i< t < p r " .  By Lemma 1 .3 , ,V t(M l f , .  Thus ._7 t ( M t , 1 ,  in
particular, E M + , . S in ce  II" (K , Z  0 )=0  for 0 <i<n  = 2 t(p -1 ),
it follows that A li m (K , Z p ) Zp) = 0  for k =0 , 1 , 2, j.
Therefore MT+ , operates triv ia lly  on  lim(K, Z )  a n d  thus 9 "
operates trivially o n  it . B y i) , it follows iii). q .  e .  d.

Next an alternative definition of the mod p  H op f invariant
will be given.

Denote by n (X )  the space of loops in X .  Then there is an
isomorphism f2 : 7r1 (X) _ ,( n ( X ) ) .  Denote that f22 (X )=1202(x))
and 1-22 =  s-2  f2 : 7r1- 2(i22(X )). S" - '  is imbedded canonically
in S22 (S2 ' )  and we have the following commutative diagram

n e , + 1  (S2i +1)

E 2 / \ J
(2. 4). 1) (

E-2,2 szt-i)

i* i(1-22(s2t fi))

2(s2r -1) 7

where J-.=--- j *  f22 and E 2 =---EE is the double suspension. It is known
[ 4 ]  that

p
H ; ( 1 -22( s2r+1) , {  Z

0

Let

f o r i  = 2pt— 2 , 2pt —1 ,
otherwise f o r 2 t-1 < i< 2 (p + 1 ) t — 3  .

Hp  :  7 r2 p 1 ( s2t-1-1) H 2 p t  2 022 (szt+2) p

b e  the composition of S22 a n d  th e  Hurewicz homomorphism
7 ,

2p t _  2  (

D ,2

 ( S
2'

)  )
H 2 p t  2 (&-22(s 2t±,), z p ) .

Proposition 2. 2. g p : 7r2p,(S 2 t+1 )--->Z p is  o n to  i f  a n d  only  if
Hp :  n . 2 p t ( s2 t + 1 ) --->  Z,, i s  onto.

Pro o f . We used the notation of [ 8 ] .  Consider the case 2.
Let S';',11 b e  (p -1 )-reduced  product o f S 't  imbedded in  s2(s2i+1),

then the injection homomorphism : n " 2 p , _ 1 ( S - 2 ( S " ± ' ) )  is
onto. From the definition of fi,,, it follows that A, is onto if and
o n ly  i f  th e re  is  a  mapping g : ..52Pt - ' -4 S ,1 1 su c h  th a t  (ng)*:
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H2i ,t_2(S2 P - 2 ) - - >H2pt_2(n(SLI), Z p )  is  onto, or equivalently, such that
(12g ) *  i p p t - 2(f2(st_ i ) , H 2N -2 (s-22 (s2 t+i),  H 2 p t - 2 ( s 2 N - 2 ,

 Z , , )
 is

an isomorphism. Let S,;!_, ■Je2Pt  be a complex such that the attach-
in g  m ap  o f  e2P t  i s  g .  By Lem m a (4. 5) o f  [8 ] ,  ( n e *  i s  an
isomorphism if and only i f  .9 '(e ) =  0  f o r  a  generator e , of
H2t ( s i?) L I  e 2pt, z

p ) From the canonical mapping .S,L,x I
w e can construct a  mapping of a suspension S(S;,L, ve 2 Y ) o f
,S;r v e 2 Pt onto K„, S 2 t + 1 2 P 1 + 1  such that it carries the cells of the
dimensions 2t+1 and 2pt +1 with degree ± 1, where g  represents

,,.± 12(a) E 7r2p ,_,(S2(s 2t+1

 )) Conversely, since the injection homomor-
phism 7r2 p f _i(SL3.1—> 7r2 p t _1(12(S2 t ' 1 )) is onto, for arbitrary a  E  7 r2 p t (s2t+i)

there is a mapping g  having the above properties. Since g "  is
compatible with the suspension, it follows that .9 t(e ,)  * 0  if and
on ly if 9 t :  Z  p ) -->H 2 Pe+1 (K  Z,,) i s  an isomorphism.
Consequently we have from i) o f Lemma 2. 1 that the proposition
is true for t  2.

Consider the case t = 1 .  We prove that H,, and flp  are onto.
Let M k  be the k-dimensional complex projective space. Extend
the injection S2 C M p _i over a cellular mapping f :  M p _ 1 .  By
Theorem (4. 1) of [8], for the class a e 7 r 2 p - i ( M p - i )  of the attaching
map o f e2 P= M p — Mp _ „ there is an element /3 of 7r2p _i (S;,,) such
that f** ($) r c e  for some r + 0  mod p .  Let g  be a representative
of 13 and let a complex J 4 "  be given by attaching eg" by g.
Then f  is extendable over f : S ,  ie?— >M ,, such that eg" is mapped
to e2 P with the degree r. Since 9  '(e,) -= 0  in M p ,  it follows
that ,9 1 (e1) e7+  0  in  S _ , \  e g " .  Similarly to the above, we have
a complex K  from S(S,,■  _la )  such that .9 '  is not trivial in K.
Therefore H,, i s  on to . B y  (4. 3) o f  [8 ] ,  th e re  is  a  mapping
g,: .S 2 P- 2 - ->n (S _ ,)  such that a  : H 2 P- 2 (E2(S;,_,), Z p )--> H 2 P- 2 (S2 P ', Z,,)
is  an isomorphism. Let g : S 2 P- 1 - - - ->S , be a mapping (a suspen-
sion of g,) such that go n g .  That (ng )*  is an isomorphism implies
that Îi,, i s  onto, q. e. d.

Corollary 2.3. H p : 7r,p (S3 ) —> Z p  a n d  Hp : 7r,p (S 3 ) —>Z p  a re
isomorphisms of  the p-components.

P roposition  2 .4 . H i, : 7r2pt (S 2 t + i ) Z p  is onto i f  a n d  only i f
7, 2 p ,  2 ( 1 -2 2( s 2t+i) ,  s2t-1) is onto of  the p-components.

Proof . For the case t = 1 ,  this follows from Corollary 2.3
and from 7r2p _2 (S ') = 0 . For the case t 2, this follows from the
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commutative diagram

j *
7C2 p t  2 (122(S2t+1)) 71..2pt 2 ( f22(S2t+1) ,  y t - 1 )

T

2 "
-

//2 p t _ 2 ( f2 2 (S  t+ 1 )) H 2 p t _ 2 ( 1 -22( s 2t ri) ,  s 2t-, )

in which T  of the right side is an isomorphism of the p-com-
ponents by the relative Hurewicz theorem o f [6]. q. e. d.

Proposition 2. 5. L e t  t „  b e  a  generator o f  7r2,(S 2 `). Then
113 7 r 6 t ( s 2 t + i )  _ _ ) z 3

Pro o f . Assume that F t2 t ) 121- ) t 2 t i 0. Then we construct as in
[ 5 ]  a  complex MI 2H-1 u  e 6 1  -1  in  which ,g ) i s  n o t  trivial. By
Lemma 2. 1, 113 is  onto.

N ex t assume that [t2t, [ 1 2 f ,  1 2 t ] ]  0. B y  (3 . 1) o f  [5 ],  3
[ 13f [12 f 12t]] -= O. B y  [10 ], E[12,  [ 12t 12t ] ] = " 0 . B y  (5. 1), b) of
[ 3 ] , E t2t [ 12t 

1
2 t ] ]  = E 7  fo r some E 7, 6 t  3 (s2t-1% .) These equations

show that the 3-component of the kernel o f  E 2 : 7,6t

z 6 t -1 (S 2 i+ 1 )  is not zero . From the exactness of the sequence (2. 4),
it follows that - 7r6t 2 (1-22 (S " ± 1 ) ,  S 2 t  - 1 ) is not onto of the
3-components. Therefore, by Proposition 2. 4, H ,  is  trivial if
E t 2t [ 12t 1 2 t ] ] 0. q. e. d.

As is seen in this proof, it follows from the exactness of the
sequence (2. 4) and from Proposition 2. 4 that there exists the
following exact sequence of p-components :

E 2H(0) ir 2 p t  2 (s 2 t-1 ) 2pt(s2t1 i) z  p 7 .1 .. 2 t
 3 (S

1 )

E 2

§  Iterated reduced join.

Denote by P  and ja  the unit q-cube and its boundary. is
the unit interval I = [0, 1] and each point of P  will be represented
by a sequence (t„ t 2 , - - , 4 )  of real numbers t i , t2 ,•••, 4  E I.

Let
(P ,  P) -->  (sq, yo)

be an identification which shrinks P  to  a  (base) point yo o f  Sq.
S q  is a q-sphere.

A  reduced join A * B  o f two spaces A and B , with respect to

is onto if  an d  only i f  [ 12t [ t 2t 12 t ] ]  - - -  0 .
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their base points a,E A  and b, e B , is  the image of the product
space A x  B  under an identification which shrinks th e  subset
A x b, ' j  ao x B to a point -X, G A * B . The image of a point (a, b) of
A x  B  will be denoted by a symbol a * b .  We take the point
ao *b o as a base point of A * B .  In the case B =S q , the reduced
join A *S q will be denoted by Sq A  and it is a q-f old suspension
of A .  In fact S A  and S'(S'A) are homeomorphic by the corres-
pondence : a* r,( t„ •• ., t ,_ „ to .(a* * ,_ ,( t ,, • ,  t o,_ ,))**,(t„) and
S 'A  is a suspension S A  (with some sigularities) o f A.

The q-f old  iterated reduced join A * A * •-• * A  will be denoted
b y  the symbol A m , each point of which may be represented by
a,* a,* •• • *aq  fo r  some a„ a,, • • • , a, E A .  Let 0- be a permutation
of q letters (1, 2, ql. Define a homeomorphism h o.: A (q)--> k g)
b y  the formula ho.(a,* a,* • • • *a,,) = aa-(1)*aG,(2)*•• • *ao.( , ) . Then it
holds the equality h o.oh i.= h „.

Consider the case A=--- S B =B * S '.  Let D  be a (closed) subset
of Am ------- (SB)(q) (B *  S ')(g )  which consists of the points

Z( b , *  * , ( t i ))* ••• * (b,_,* *,(t,_,))* (b,* A k,(t,))

su ch  th a t 0 < t, • ••  t q l 5 t ,  and b„ •••,b,_,, b, E B. Consider
the formula

(2. 5). k(z) (b1 * * 1 (tilt2))* ••• * (b * *1(t q)) •

Lemma 2. 6. T here ex ists uniquely  a  continuous mapping k :
(SB)(a) -- (SB )Cq) such  that the f orm ula (2. 5) holds on D and the
equality

k  -h 0. --=k

holds f o r all permutations (r. L et x o b e  the base point of  (SB) 0 ),
then the inverse im age le - 1 ((SB) ( q) — x,) i s  the union of  q !  disjoint
open subsets h a. (Int. D) each of which is mapped by k homeomorphically
onto (SB)(q) — xo . L e t k o be  a mapping o f  (SB)(a) on itself  given by
setting k0 lD =k 1 D  and  k o ((SB)(q ) — D).= x o ,  then k „ i s  homotopic to
the identity.

Pro o f . Consider a mapping g : P given by the formula

g(ti, t 2  7  •  •  •  7  t g ) I l f g ( t 1 t 2 • • •  t g ,  t 2  •  •  •  4 ,  • • • t g )

and denote that g(P) = A  and g(P).- -= 3.. g  maps I g - f g  homeo-
morphically onto A Then the formula k '(x )-=*,(g - '(x)), x E A,
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defines a mapping

: (A, (Sq, .Y0)

which maps A — i homeomorphically onto Sq—yo . The continuity
o f k ' follows from the compactness of P ,  h ,  operates on S a by
the formula

h g ( t • tg )) g(t a(1) f • t  C r (g ))  •

Since A  is the set of all the points qfq (t i  , t2 , •••, t g )  such that
t,t 2•  •  • g ,  it follows that

V  h,(A) = S ' .

z i is the boundary of A. A —A is the set of all Airg (t,, t,, •••, t g )
such that 0 < t i < t 2 ‹ • • • < 4  < 1 .  Then

h c,.(A )r\A C,.,

if 0. is not the identity. Consider a mapping

k :  (B cq)*  h-0=1-A , 13(a) * h-
o=13.) --> (B ) * S ,  x  *  yo)

given by the formula ii0.(x*y) = h a.(x)* v)), x E B(q), y E h; 1 A.
/3(q) x  h ;lA  is closed in  13(a) x Sa and B(q)*Sa has the topology of
the identification, then Bca)*h, 1 is closed in /3 7)*S 0 . Two mapp-
ings 'le, and k, coincide on the intersection Bo)* h V A  B ( q ) *h; 1 , 6 ••
For, y E h;ltS. n hVA implies h OE( Y) n and also 14(y) e
then ii,(x* y) = (x* y) = x o * yo . Therefore a  continuous mapping

k : 13(a)  * Sa --> 13(a) * Sa

is defined by setting -re I (B *  h ;') ,„.
Since h ,  and le' (A — 3.) are homeomorphisms, it follows that

k maps each subsets /3(q) * ho.A —B(q)  * 144 Int (B(q)*h o.A ) homeo-
morphically onto B ( q) *Sq— x o *y o . Consider a homeomorphism

9) : /3(q)* Sq -->  (SB)a .

given by the formula p((b,* • • • * b q ) * ,frq (t„ •••, tg)) =( b 1 * * i( t i ) ) * - -
* (bg **,(t g )). Then D 9)(B (q)* A) and the composition k  q )  0  0  p - 1

satisfies the conditions of the lemma. The uniqueness o f  k  is
obvious.

Next define a  mapping :  (Sq, (S", yo) b y  s e tt in g
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Vo l k ' and Vo(Sq—A) =y,. It is easy to see that k ' is a mapping
o f  degree 1. Then there is a  homotopy : (S g ( S g  y o ) ,
0 < t < 1 ,  such that is  the identity. Consider the formula

(x * *  Y ) ,  x  E B " ) ,  yeS a . = g 3  (S B) ) --> (SB)ca)
is a homotopy satisfying the condition that ko lD= k  ID, ko ((SB)")— D)
= x o  and k , is the identity. This completes the proof, q. e. d.

Let K -=.S m ue"" be a cell complex which consists of cells ea,
e ,  and e ,  of the dimensions 0, m  and m +n  respectively, where
m>0, n>0, Sm -= eo  v e ,  and e2 = ern" .  The q-fold product (Kr =
K  x  K x  •••x K  o f K  is a cell complex of the cells e,x  e„x  •-• x  e , q

for 4 , j,, • • •, 7=0, 1, 2. The iterated reduced join If(g) is the image
o f  (K )g under the identification i : (K )' - —  K(q) given by i(x „ x „
• • •, x,* x,* • • • *x q . Then K(g ) i s  a  cell complex of the cells
xo e o * eo  * ••• * e, and

e„* e, 2 * ••• * i( e „x e „x  • - •  x e i g ) ,

for 4, 4, • • i, = l  or 2. The homeomorphism Ii„ maps ei i * ei ,* • • •
* e i q  o n to  ei q „,* e i ,.( 2 ) * • • • Denote by er+rm, 0 r q ,  the
cell e,* • • • * e,* e2 * • • • * e2 =-- err) * . Then the cells of the dimen-
sion qm +rn  in Km are h o.(er " " )  and the number of the different

(qm +rn)-cells is ( rq ) =  q !/r !(q — r) !. Denote by e r+ " ,  e rr" ,  • ••,

eg n " - r n  the different cells of the dimension q m  +rn . Then we have
0.)

a cell-decomposition :

K '"  = x o + E E .

Taken orientations on e ,  and e2 ,  the orientations in (K )g are
given by the cross products. The cells e r + "  o f K " ) are oriented
such that the identification i  preserve the orientations.

Now we suppose that m  and n  are even. Then the homeo-
morphism ho. preserves the orientations.

Also we suppose that K  is a suspension S B = B * S ' o f a  cell
complex B = e such that eo =  e'o*Yo, = e i * ( S 1 — yo) and
e2 =-- (S' —ye). It is remarkable that the mapping k: K ( q)--> Kcq)
and the homotopy k , : K ")--> Km in the proof of the Lemma 2. 6
are cellular.

Let x  be a point of e r + "  and consider the local degree of

k I egi '"+ " , j  =1 , 2, •••, (qr )  about the point x .  B y  (2. 5), le-'(x)r\D
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is  a point, say  x i E  e r + r " .  From the homotopy k „ it follows that
the local degree of k I er" r" n D about x  is  1 . T h ere  are r !(q— r)!

q! A rq )  points of k - 1 (x ) in e " '  each  o f which is mapped

by some orientation preserving homeomorphism h , to  x 1 . There-
fore the local degree of k Ie m r " about x  is  r !(q— r)! (m, n: even).
Also considering suitable h „, it fo llow s that the local degree of
k l e r  r n  a b o u t x  i s  r !(q—  r)! for every  j =  1, 2, •••,

 ( i ) .

 T h e n
w e have a formula

(il
(2. 6). k* 61 '  r  ! ( q —  r ) !  E " , 0 q, 1 ,

--1

where k* is  the endomorphism of H q " r " ( K ( q ) )  induced by k  and
where we use the following convention. A cohomology class of
H 2 (K, G) represented by a  cell (cocycle) e5 C K  will denoted by the
same symbol e5 E H 5 (K, G) without any confusions.

Shrinking the subset S -  o f K  to  a single point y o ,  we obtain
a mapping P ': (K, S'") (E n '  .Y.) which maps ern  " homeomorphi-
cally onto  S m — y o .  D efin e  a  mapping

P :  K C q) ---> Sm+"K(q - ') -= K(q - 1 ) * S""

b y  the formula P(x,* • • • * xa) = (x,* • • • * x q _,)*P' (x q).
Denote that

otra4-rn e 1 ' * yo ), 1 r  < 1 _<

then we have a cell decomposition

S'"  " I f °  - 1 ) x g  *  Y 0  +

q —1\
r —1) '

If 4 '4 1 " * e„ then P  m aps e r " "  homeomorphi-
ca lly  onto " O m '.  Then we orient O r ' s u c h  th a t  P A '  pre-
serves the o rien tations. If er"  -= e ''"r" * e„ th en  P  maps
er "  i n t o  th e  ((q —1)m +n)--skeleton o f  Sni -i-n K ( q - '). It follows
easily that the induced homomorphism

P*H q m  F r n  ( s n v i  K(q —1)) 11 e rn  -F r  (K(q))

i s  an  isomorphism into such that P* elm+ rn  o m +  fo r  e m =
e r l ) m-" r - i ) " * e 2 . Let
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P  k :S " " K ( q - "

be the composition of k  and P .  Then from (2. 6),

(2. 7). K*êy'rn r !(q—  r) ! Eem4,  1 1 ( 1) •

Suppose that (e, e H p (K, Z )  an d  e, E H m + n (K , Z n ))

,g te, e ,  (mod p) , n 2* —1) ,

in  th e  complex ■.] em . T hen in  th e  product complex
(K )q  K x  K x  • •  •  x  K , it follows from the Cartan's formula , k(x x y)

E  ( 1x y) that
1-1- 1=k

x • • • x e i ) E ei , x • • • x ei g  (m o d  p)

where the summation runs over the indices (i„ •••, i q ) such that
, • • i q  1 ,  2  and i, + • • • +i q . - - - q + r .  Since the identification homo-

morphism 1 * : H *  (K ,  Z  p ) -->H *((K )q , Z )  is  an isomorphism into,
it follows

(7)
(2. 8). ter  E e m " , ( m o d  p) for 0 r  q .

Similarly
(Qv)

(2 .  9 ) . r t ê T r a - i  n ,,,qm+(r+ 1)re ,

j l
(mod p) for 0  .5 .r S q - 1  .

Identifying K ( q) v S " " K " - "\JK(q ) x / by the relation (x, 0) = x
and (x, 1) =K(x), x E K ,  a  mapping cylinder L q  o f  K is obtained.
L q  i s  a  cell complex by the natural cell-decomposition :

L q  K ( q) + Sm±"K( q) + xo x (/--1) + E E er+rn x  (1 — .

By setting h,(x , (h ,(x ) , t ) , x E K " ) ,  t  E I ,  we have a trans-
formation (homeomorphism)

: (L q ,  K ( q), En+"K " - ')) (L q ,  K " ) ,  En " K ( q- 1 ))

such that -1-1,1K(q)-----.11,. The restriction h ,IS 'n '" K " - ') is the identity
since c , h ,- =P o k o h ,=P o k - - - - K .  Obviously h ,- -h , = = h „ .  Consider
the following commutative diagram :

(2. 10).
i* 8* .1*••• —).H 1'(L q , Z p )--411k (K "), Z p )--. Hk+J(L q , K cq), Z ) --o Hk+1 (L e , Z ) —).-••

't r* /K* \ ..4 i'o'' II r*
Hk(En±nK ( ' ) ,  Z ) H k + 1 ( E n ± n K " - 1 ) ,  Z  p ) ,
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where i ,  i„,  j  and jo are injections and r  is a retraction given by
r(x, t) =K ( x ) .  Since i ,  and r  are homotopy equivalences, and
r* are isomorphisms.

L em m a 2. 7. Suppose that m  is  an  even positive integer, p= q
is an odd prime, n -= 2 t ( p - 1) and that .9 0e1 =e , mod p in the complex
K =e,\.Je l v  T hen w e hav e the following pro-
perties in  the diagram  (2. 10).

i). i*r9velf:" n  =  " d " "  _ ter  (mod p).
ii). j*  : H P'""'(L p , KcP), Z p ) --> HP'"")(L p  , Z )  and 8* : HPcm+n)

(K r"', Z ) p, Kr»',Z p ) are isomorphisms. The Bockstein
homomorphism A : H "  " ) (L p , ICP ) , Z p )- - >H P '" " ( L  p , ICP) , Z )  i s
an  isomorphism and it carries j* - '(,_ cP- 1 )tr*eT "n) to 8*(9 "ter).

iii). L et 1 .517-____>  p - 1 .  I f  an  elem ent a o f  a*HP--s"(K(P), Z )
satisfies the equality -Id a =c  for all the permutations 0-, then a =O.

Pro o f . i) follows from (2. 7) and (2. 8).
H P'"")(K ( P), Z )  and HP'±n ) (L p  , Z )  are generated by e r ' 0

and r* -eira-") 0 respectively. By (2. 8) and (2. 9), e r 4 -")=.9Ptern
and r*el,'( '"" )  =r* 4 - 1 )tel' n  e 'e r ' . By (2. 7), i* (r*J3'" ) ) =
tc*J1)("" )  p! ern") =  0  (mod p). Then i* : HP@"+")(L p , Z p ) -->
HP( "n)(K ( P), Z )  i s  triv ia l. From the exactness o f th e sequence
(2. 10) and from HPcm±")'(K(P), Z ) =HP'm" 1 (L p , Z p )= - 0, it follows
the first assertion of ii). Denote that = e ' " ) x  (I— I) and orient
the cell such that 8eV"'+' e. In the integral coefficient, by (2. 7),
/-1 -6y("̀ ").-----K m +")+p!er+" ) . Since eeri'' ' )  is  a cocycle, it follows

& e r n ')  — p!aer"- .) = —  p!e. Then — (p— me =e mod p.

T h u s  A  (
7.* e r + n )  ,  A cir  éra+90) 8*  e (m+,.) 8 *  m e in.

(mod p ), and then the second assertion of ii) follows.
Let 3 ---=- Eb i e r + "  be an element of 1-/Pn+s"(KcP), Zp ) such that

8*3 ---, a .  Since the homomorphisms induced by i. commute with
the sequence of (2. 10), it fo llow s that *(h/3_/3)/ 3 )  =  a —a =0.
Thus IC  —  3 E i*HP'"+ "(L p  , Z P ). By (2. 7) and by ic* i* o r* , it
follows that i*HP'sn(L p , Z )  is generated by the element E e rn '.
Therefore

WS' E E (bi + c , )e r '"

for some integer c ,  which depends on For two indices i  and
j ,  there exists a permutation 0- such that h ,(e y 's " )=- - -e r"  and
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h o.(er' - ' 3 1  = e r + " '.  Thus and mod p ,  and
mod p .  Since p is an odd prime, mod p  and then

= bi  E er+ 3 " E i*HP"?+"(L p , Z ) . Therefore a =8*i3 E 8*i*HP'

(Lb , Z )  =0 . q. e. d.

§ Theorems.

We shall construct a  space TY,1.' having the following pro-
perties:

{
Z f o r  i = N ,

7r1 (MY) --,:-.', Z p f o r  i ---- N +2pi(p -1 )-1 , 0  j < r  ,
0 otherwise,

Pi HN(W, Z )  = 0  f o r  0 .<_. j< r .

W4v. is  an Eilenberg-MacLane space of a  type (Z , N ). If a
space W,'.v. is given, we may imbed W rN into an Eilenberg-MacLane
space X  of a  type  ( Z ,  N+2pr(p — 1 )) such that the injection
homomorphism maps a fundamental class o f HN 'P r (P- "(X , Z )  onto

pr  u is a  fundamental class o f HN(W ,N , Z ) .  L e t  KY+ ,
be a  space o f the paths in X starting at a point and ending in
W,.N. Then WPr+ , satisfies the above properties. Asscciating to
each path of W ri,v, i  its  end point, we have a fibering

fr : .W 1 — > M `T

whose fibre F r  =---- n(X) is an Eilenberg-MacLane space of a type
(Z p , N+2pr ( p - 1 ) - 1 ) .  Let (k <2N-1<2N +2pr ( p - 1 ) - 2 )

8* i* 8*
(2.11) ••• Hk(W 71Y , Z  p) Hk ( W 71•V r+1 7 Z p) Z ) •  •

b e  the cohomology exact sequence associated with the above
fibering. We choose a fundamental class Ur  o f  HN+2 Pr (P- 1 1 (Fr , Z p )
such as 8*/47..- -= , P r u. (u  ( f  0 -• • - f t ) u )

In  the following, we take N  sufficiently large such as the
exactness o f th e  sequences (2. 11) holds in  our considerations.
Then, from [2], there is an -9'*-isomorphism :

Hk (Fr  , Z )  H k  (Z  p , N+2pr 0-1)-1 )

(for sufficiently large N).

_ p ,

The homomorphisms of (2. 11) are .9'*-homomorphisms, may
be different in sign. Then the image of 8* is pr follows
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that the image of H* (W  , Z )  in H* (M." , Z) under f • of 't  is
u ± v ' 1  + • • • + Pr-lu). Then the

kernel o f 8 *  is clarified by Proposition 1. 6 and Proposition 1. 7,
and the following proposition is verified by the exactness o f (2. 11).

P ro p o s itio n  2. 8. There exists an element b r + , of  H N + 2 P r + 1 ( P - 1 - 1

(W 14 1 ,  Z ) such that PrCP 1) Ur • E 11 4 n  1 ,  Z ) ,, k <2N — 1,

is  an ..7*-m odule generated by b r ,,  and elements of dimenszons less
than N+2(2pr -Fpr - i) (p-1) (less then N +4(p-1)+1 f o r r=0 ) .

Now our main result is stated as follows.
T h eo rem  2. 9. Suppose th a t  th e  mod p Hopf homomorphism

Hp :  7 r 2 p t (s2t+1)_____> z p  is onto for t:----pr. T h e n , f o r sufficiently large
IV , th e  elem ent L 1b,—  .9 P r +  u  b e lo n g s  to  an .9'*-subm odule
E Z ), N <k  .5N +2(pr +1) (p-1).

By Corollary 2. 3, our theorem is valuable for r ---= 0, and the
result is stated as follows.

T h eo rem  2 . 1 0 . Hk(WPT, Z ) ,  k < 2 N - 1 ,  i s  a n  9 9 *-module
generated by elements u, a and b , of  dimensions IV , N  +4(p-1) and
N +2 p (p -1 ) -1 , respectively, such that i*a =- R,u 0 =  'Auo —  9 ' l uo
and i*b i =  P ' u o . There are  re latio n s  u  ,g 5 'te =0 , R z a =0 and
A b ,=.9Pu +.9P - 2 a.

This follows from Proposition 1. 6, the above Theorem 2. 9,
the exact sequence (2. 11) and from the fact that i*Ab i = A g  P  u o  =-
9 'P - 2 1-2,uo =z *9'P - 2 a. (See also the proof o f Theorem 2. 9.)

Suppose that H :( s 2 t + is onto for and for
t =pr -" .  By Lemma 2. 1, there is a  cell complex K =S "
n=2pr -" (p -1 ) , such that 9 i  P t + 1  is not trivial. Let f  :S m - - >W7+).
be a  mapping representing a  generator o f  7 r . ( W ; ' 4 - 1 )  Z .  Since
7t.+._,(W74-1) =0, we can extend the mapping f  over whole o f K.
Consider the induced homomorphism :

f* : H*(1/V;ni .1 , Z ) H *(K , Z )..

By Theorem 2.9, 9 'P r + 'u is a sum of elements o f ._99 *Hk(TV7., 1 ,
Z ) , N <k <N +2p r+ 1 ( p - 1 ) .  Since f*-1-P(W;n+i, Z p) = 1 1 k (K, Z p) -=

f * P r + l u = 9 ' P r ± i f * t€ =  0. Since f *u-t - 0, this contradicts to the
non-triviality of

 9 ' " r + 1

 in  K .  Therefore the following theorem is
established.

T h eo rem  2 . 1 1 . I f  H p :  p 1 ( s 2t pG  is onto for t =fir, then
Hp  i s  triv ial for t =pr+1.
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By Corollary 2. 3,
Corollary 2. 12. H : n -

2 p 2(S2P+1)--->Z p  i s  trivial.
By Proposition 2. 5,
Corollary 2.13. I f  [ 12, F, 1 2 , =-- 0, then [1 2 p ,, [L I P ,, t, p , ]]*  O.

In particular [1„ [1 6 , t o]] *0 .
Proof  o f  Theorem 2. 9.
From the definition of H 1,, it fo llow s that there is  a  cell

complex K _ S m J e m 4 f l ,  n =.2pr (p -1 ), such that .9 Pr e, = e 2 (mod p).
Here we may suppose that, taking suspensions if it is necessary,
K  is  a suspension S B  and m  is  even  and sufficiently large.
According to the previous §, we construct the iterated reduced
join  K(P) ,  the mapping ,c: K (P) -->S ""K (P - "  and its mapping
cylinder L p .

Put N =p m , and consider spaces M .v  X  such as in the
biginning of this §. Since 7r 1 (147PT) =  0 for i + n - 1 > N + 2pr -
(p -1 ) -1 ,  there exists a mapping

go : If ( P) ---> WPT ( X

such that g t u =  em fo r  g :  HN (W r, Z  p )--JIN (K `P ) , Z 1,). A ls o
there exists a mapping

g 1 : S m ±"K ( P- 1 ) X

such that g lu ' = —ern  where u ' i s  a  fundamental clase of
HP'n"(X , Z 1,) such that i*u' -----g P r u. Consider the composition g 1 OK,

then we have the equality (g1 0 tc)*u' = e u ' .  Since X  is an Eilenberg-
MacLane space, the mapping g,C' K and go are homotopic to each
other. Let et : K 1, — ' X  be a homotopy such that 4= g ,  and

g i  0 K. Then the formula g (x , t)  =g (x ) , x  E K ( P) , defines a
mapping

g: ( L 1,, I f ( P ) )  - - ->  ( X, Will

such that g I If ( P) = g o and g I  n =  g , .  Now it will be proved

(2. 12). g  ho. g : ( L 1,, K ( P)) ---> (X , M y ).

We shall construct a homotopy G : (L p x  I, If(P) x I) ,  (X, M.')
as fo llow s. Put G(x, 0) = g(x ), G(x , 1) =g(h,(x )), x  E L p . Since
hod S 'n+nK c") i s  th e  iden tity , w e can  put G(x, t) , g ( x )  for
x E Sm + n K ( 1 , - 1 ) . Since h ,  preserve the orientations, G is extended
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over (x, I  in to  W . S in c e  7r1 (TCY)=0 for i.:>_.pm+nlp, G
is extended over K(P)x I such that G(K(P)x VIT,7. By the natural
cell decomposition of L p x I, there are no cells of the dimension
pm+ n 1 = N  + 2pr ( p — 1) +1 in  L  x  I —(Lp  x I  (K (P) S "'"If (P-  ")
x I). Therefore G may be extended the whole o f L p x I  into X.
This completes the proof of (2.12).

Consider the following commutative diagram.

i*
Hk(M.v+ i , Z o ) Hk (Fr , Z p )

f V ISS I \S*
/ * i* \

H k (FV , Z,,)

g *

H k--> (X,

I

MY, Z )

g *

8*
lik (K ( P), Z,,) (L p  , K(P), Z,,)

Hk+1(X, Z,,) - -> H k ±i( W, Z,,)

I g * g *i*
Hk 4 4 (L p , Z,,) -- >H k ÷1 (K ( P) , Z ),

where S  are suspension isomorphisms of contractible fibre spaces,
and we choose S and 8* of (2. 11) such that the above diagram is
commutative. Then Su,. = u'. P u t  SCP,.,, = b E H m  "(X , W ,  Zp),
then j* 6 = c ,(7 (P - ')Pru'.

Remark that the case r = 1  does not occur, since the assump-
tion of the theorem fails for r =1 by Corollary 2.12.

Consider j* (Ai)) = A c,9 ( P- 1 ) Pr  u' = — c(,, ( P- 1 ) Pr A ) u '.  B y  (1. 3)',
' ((p -1)p, A ) = ,9  (1, (p -1)pr -1) + ,9  (A, (p -1 )p )  f o r  r 2
and g  (p -1 ,  A)=-- R ( 1 ) 9 ( P - 2 ) .  Then by (1.7) and (1. 8),

for some E 5° *. By Propositions 1.5 and 1.7, i*A itt' =-
i* Au' = i* R i d =-- O. Then there are elements w, E HP'"+ "4 1 (X, MY, Zp),
w, E H m "  ' 2(P +1) ' (X, MY , Z,,),2 ,  and w o  E HP' 1 (X, W ,  Z,,)
such that j*w i -= Au', j*w 2 = - A .951 / /  and Yip° =R i te'. It follows from
i * (Ab— a1w1— ce2w2)=- 0, r 2 and i* (A6- -  crow0) --= 0 that

A6 Ice
1
w

1
+ a

2
W

2
+ 8*X

aoW0 ± 8 * X

r 2,
= 0

f
cei Ati' + ce2A g "u ' i f  r 2,
cfo k u 'i f  r  =  0

for some x E HP( " " ) (W ,  Z,,). B y  Proposition 2. 8, x = reu +E Ri y,
for some /3, E / *  and yi  E HP m f k i(TC. Z,,), 0 < k

1
 <n =-- 2Pr(p —1).
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Obviously 3;  0  i f  r = 0 .  In 8*H*(Mv, Z) ,  there is a relation
Mr+18 * u  =0 . It fo llow s from  Lem m a 1. 3 a n d  (1. 9), i) that
a*Ru=38*u=d9Pr+ 18*u for some integer d. Then we have

(2. 13). a— Pr+18*u I c e iw 1+ a2w2+ E
aowo

r 2,
r = 0 .

By operating S-1 , it follows that A b ,— d ,_ P r + 1 8*u E E ,V *H k

O f r+ 1 f Z )  f o r  N =p m <k S pm +n+2 (p -1 )=N +2 (p r+1 ) (p-1).
Then it is sufficient to determine the coefficient d  such a s  d-=-1
mod p.

Consider the image of each term of (2. 13) under the homomor-
phism g * .  Since 0 <k  i<n , g ** y1 = 8* g* y e s*I-Pr±k,(K(P), Zi,),  0.
Since 1<2(p-1 ) +1<n  for 2, g*w, E HP ' " + "P- " +1 (L p , K cP) , Z )
= 0 .  Since j* g*w, E H"±"' (L p , Z p ),  0 and j* g* E 11P n " - 2 n + 1  (I p
Z p) - =  0 ,  the elements g* to, and g*w o are  the im age o f 8 * • By
(2. 12), h(g*w,)=--- g*w i  a n d  14(g*w 0)=g * w o f o r  a ll o . T h en  it
follows from iii) o f  L em m a 2 .7  th at g*w i =g*w o = O. Next
j* g*b= g* :14= g*cg(P - "Pr u' = c g " - "Pr g*u' = cg" - "Pr r* er",
and  then g* -6=-- j* - 1 cg'`P - "Pf r*er+". Consequently the following
relation is obtained from (2. 13) :

A( i* - 1 c,9 ( P - 1 ) P r r*ér' n) g*Afi g * e lg ' P r+ 1 8*u d 8 * ,9  Pr+ 1 ern .

Compairing this to the relation A( j* - 1 ,_9 ( P- "Pr e é r + n )=8*P r + l er
o f  Lemma 2. 7, ii), it fo llow s from  th e  following (2. 14) the
required equality

d 1m o d .  p ,

and this proves the theorem.

(2. 14). Suppose th at  n =2p , (p— 1) and th at HN±k (Y, Z )  = 0 f o r
k 4 0  mod n. Then ,9rP t ee=(— 1 ) r C,9) r P t Ce f or a E HNY, Z )  and for
0 —1.

This is obvious for r = 0 .  B y  (1. 3), for 0 s_i<p,
ipt

(jpt)ce = E * ((i + — k) ( k ) cz
k

----- ( - 1) i ( i P V  Titl )  — 1 )  g  « i .i)P t )cf -Y ) «i- F.DPI)a
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Suppose that (2. 14) is true for r < s . < p - 1 .  Then by (1. 7),
s p i

0  = E (spt— (i)ce = ((s— i)P9c. (..1P9a
J -0

E(— 1)]._%3  ((s — pt),9 (..1P9a —  ( -1 ) s ,q ' sPi + c g s P f ct

Thus (- 1 ) 2  g s P t a—C,g5 sPi a (-1 .)i ( S.) .9 s P r a =  O. B y  the in-
,-0

duction, (2. 14) is proved, and then the proof o f th e theorem is
accomplished, q. e. d.

§  The case p =  2.

The mod 2 Hopf homomorphism

112 : 7 -rt n 1 (Sm) --> Z2 , n =2t ,

is also defined similarly by using Sq" in place of g
M eny properties o f Hp  are established for H , replacing g "  by

s e t .  The exceptions are the followings. ii) .o f Lemma 2. 1 has
to be rewritten such as
ii). H ,: 72',, ± n _ i ( S m ) - - 0 Z 2 i s  triv ial f o r m < n .  F o r  m n  H ,  is
onto if  and  only i f  it is onto f o r m = n (:

Instead of Proposition 2. 5, we have

(2. 16). 1 1 2 : 7r2n _1(S") - - >Z2 is onto if  and  only  if  Et.-1, .

W,LY is defined also for p= 2. Then
Proposition 2. 8'. T here ex ists an  elem ent b „  o f  11N + 2 r + 2 - 1

(M g., Z2) such that i* b , -= S e r + l itr• E  ( MY+ , Z2), k < 2 N -1 , 15

an  A*-module generated by  b ,  and elements of  dim ensions less
than N + 2 ' +  2 '.

Regarding the proof o f  Theorem 2. 9 , for the case p =2 , it
is seen that the only difficulty is to use Proposition 1. 9 in place
of Proposition 1. 7. Then, in the proof, we take the relation
S e + 1 .5q1 = S e S e r ± 1 - 1 +Sq'Sq 2 r + 1

 
in place of , ( 1 1 - 1 )Pr A = • • • . To be

contained Sq2 and Sq' in the kernel o f  (Se r + 1 )* :  A* —> A* I
i t  is necessary to hold 2. Then the modification of Theorem
2. 9 is stated as follows.

Thorem 2 .1 4 . S uppose that 112 :71- 41 _1(S 2 t ) - -> Zy is onto f or t =2r
and 2. Then for sufficiently large N, the element Sq1-6,—Sq2r+2u

7 r 2 . - i (S") - - -  Z 2 ).
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belongs to an  A*-submodule EA*Hk(W,`Y+1, Z ,), N < k N+ 2' +  4.

It follows from this the following
Theorem 2 .  1 5 .  (Adarnes [1]). I f  1 1

2 : 4 l  - 1 ( S
2t ) Z  2  i s  onto

f o r  t >. 4, then H,: 7r8 ,,(S 4 )--->Z 2 i s  trivia l.
Finally, as is seen in  [ 7 ] ,  1 1 2 4t -1 (S

2t ) Z  2  is onto if and
only if the usual Hopf homomorphism H : 7-1-

4 1 (S2 t) - -> Z  is onto.
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