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The structure of the Steenrod algebra ,V *  mod p  [1] gives
important tools for the calculation of the homotopy groups. In
this section, the exactness of the several .9'*-homomorphisms is
studied, and it will be applied to prove the triviality o f  mod p
Hopf invariant in the next section and also to verify the homotopy
groups in those sections which follow further.

§ Notations.

Throughout this paper, p  denotes an odd prime and ._7*
denotes the Steenrod algebra mod p  [ 1 ]  [3 ] .  , 7 *  i s  a  graded
Zp -algebra E  which is generated multiplicatively by the Bock-

stein operator A E .9" and Steenrod's reduced powers .9 t
 
E ,992t(p—o,

t-=-- 0, 1, 2, ••• .
For the simplicity of the descriptions, we shall use the follow-

ing notations.

(1. 1) .9 (A 5°, r„r ,  , , r„, A =
, 0, r 1 s 1 r 2

where 8 i and r i are non-negative integers. From the relation

=_—_ AA

the monomial (1.1) vanishes if one of Ei 2 .  I f  Ei = 0 , we may
omit A 'i in (1.1) since A° means the identity. I f  ei = 1 ,  we write

by A .  Also i f  r i =0 , then we may replace " ri ,  A 'i"  and
"A 'i - 1 ,9 " -, A e i "  by " ' i - ' i "  since g") is the identity.

A  monomial (1. 1) is said to be adm issible i f  Ei are 0 or 1,
r,, > 0 and if r i pri , i + 8 i f o r  1=1 , 2, ••• , n - 1 .  Then the admis-
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sible monomials form an additive Zp -base of ._.7 *  [1 ] [2 ].
Let A * be a  le ft  (resp. right) 9°*-module and let a be an

element of ,Y * .  We define a  homomorphism

a * (resp . a *) : A* —> A*

by setting a (a ) cea  ( r e s t . ce* (a) = aa), a E A * . 1 f A *  is  a  two
sided 9'*-modu1e, then a * (resp. a*) is a  right (resp. left) ,7 * -
homomorphism. Obviously

(a13 )* = a / 9 ,  ( 0 ) *  =  $ * *  a n d  a */(3* = 0*Ce*

for a, 9 E  ._ 7 * . In particular, we denote that

R(r) =  (r+1) A, 1 — r,9"A = (r +1) (A, 1) — (1, z ) ,

and we shall treat the induced homomorphisms

R(r) * a n d  R (r)* : -->

We denote that

ce A* = laa a E ce*(A*),
A* a =  {ace I a E -------- a* (A*) .

Since AA =0 , a le ft (resp. right) ,V*-module A* is a  complex
with respect to the coboundary operator A *  (resp. A * ).  Denote by

H,(A*) (re sP. H4 (A*)

the cohomology group of the complex (A*, A* )  (resp. (A*, A*)).
An admissible monomial (1. 1) is A* -cocycle (resp. A*-cocycle)

if and only if  60= 0  (resP. En = 0 ), and it is A* -cobounded (resp.
A*-cobounded). It follows

(1. 2) 1-14 (S7*) =- H4(.9'*) =  0, 1 -14 (A,V*) = 1/4 (..9 '*A ) =  {A }
and  II° (.5°*1 A S " ) = 114 (.7* 1 ,V *A ) = {1} .

It is convenient to regard that 9'*/.6.-9'* (resp. ,9°*/.9'*A) is
spanned by the admissible monomials (1. 1) o f 60= 0  (resp. 6,, =0).
Then we define two right -V*-homomorphisms

R' : .V*1 &V* +V*1 A..V* --> -V* ,
R : „V* ---> -V*/ A,V*+,V*/ A,7* ,
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by the formulas R'(ce, ,8) , - .9 1Aa+,6,,_9 1 A,e, a, OE ,c/*/A.9'* and
R(a)=.(9 '.Aa, — g' 1cx), E

§ Exact sequences o f righ t S7* -homomorphisms.

Any monomial (1. 1) may be normalized to a sum of admis-
sible monomials (uniquely) by use of the Adem's relations [ 1 ]  [2] :

(r, s) (P 1) (r + i) if  r<ps ,r -

(1. 3) (r, s) ,  E (-1)r+i RS —  i ) (P 7 1) ) r+s—i ,i)\ pa
E  (_1)r-i+1 ((.9 — i)(p7i) —1

r —  — 1  — )._9 (r+s—i, z , i )  i f  r ps.

For the case 0 _ <r<p , we have from (1. 3)

s) = ±
r

s ) (r + s) ,
(1. 3)'

g  (r, s) (r+Sr—i) 
( A ,  r + s )

± ( r + s - 1 . )  , ,
s ',-9-(r+s, A)

In particular,9 ( 1 ,  s) -= (s +1)( s ± 1 )  a n d 9 ' (1, A, s)
= s g s + 1 )+ (s + 1 ,  A).
Proposition 1 . 1 .  The follow ing circular sequence is exact.

R(p- 2) 4.R ( 2 ) * R(1)*

,_y*/ A._v* .4_ _vs/ & v *

The groups H° of  the kernel-im ages are spanned by the classes
of  the following elements:

H 4 (R(r)9'*) : APi+P-rzl , (1 _.<_r p-2 )
H 4  (image of  R') : A,9iPi+1A ,
H° (image of  R )  :  (9PlA, 0), (0, ,

where i= 0 , 1, 2, ••• .

Pro o f . It follows from (1. 3)'
R (r),_9 (s ,t,•-)= (r+s+ l)g (A ,s+1 ,t,•••)— (s+1, t,•••) ,
R(r),9(s, A, t ,• -)-= (r+ s + 1 ),9 (A , s+1, A, t, —),
R(r) s, t, •••) = (r +1) „.9(z s+1, t, •••),
R(r) s, t, •••1 = 0 .
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I f a  monomial in the left side is admissible, then so is in the
right s ide. For the case 1  < r  < p -2 , the kernel of R(r) * is gen-
erated by the elements (r + s+1) (A, s, t, ...) — (r +1) ( s ,  A, t, ••.)
and .g '(A , s, A, t,•••). In particular, R (r +1 ) is  in the kernel of
R(r) * . T h u s  R(r) * 0R(r +1) * = O . S in c e  (r + s+1) (A, s, t,
— (r±1) g  ( s , A, t, ••.) =R (r+1) (s-1, t, ••.), and (r+2) (A, s, A, t,
• •-) =R (r +1 )  g s -1 ,  t, ••.), then the kernel of R(r) * is contained
in the image of R (r+1) * i f  1 < r < p - 2 .  Therefore the exactness
of the sequence

R(r-I-1)* R(r)*,_9a* ,_99* c7*

is established for 1  < r < p - 2 .  The exactness of the sequence

R' R( p - 2)*

follows from the above results on the kernel o f R(p —2) * and
from the first two of the following relations obtained from (1.3 )' .

R '(g (s, t, ••.), 0) s g s+1, t, •••) + g (s+1, t, •••)
100, (s, t, •••)) (A, s+1, t, •••)
R ' (s, t, • - • ) ,  0 )  = (A, s + 1 ,  A, t, • • • )  ,

R' (0, (s, t, • • • ) )  = -  O.

From these relations, it follows that the kernel o f  R ' is
generated by (g  (s, A, t, ••.), — sg (s, t, •••)) and (0, (s, A, t, •••,)).

Then the exactness o f the sequence —R follows from the
first two of the following relations.

R g (s, t, (s+1, t, • • • ) ,  — (s+1).9(s+1, t, • • • ) ) ,

R g  (A, s, t, ••.) --,--- (0, — g  (s+ 1, t, •••))
R g  (s , A, t, =  (0, — (s+1 ) g  (s+1 , A , t, •••))
R g  (A, s, A, t, • • • )  = 0 .

Then the kernel o f  R  is generated by (s+1) (A, s, t, •••)
(s, A, t, ••.)  =R (1) g  (s-1 , t, ••.)  and g  (A, s, t, •••) =M (1 )

(A, s - 1, t, ••.). Since RoR(1) * 0 ,  we have the exactness of
R(1) * R

the remainder sequence
A  monomial is A*-cocycle i f  it is  o f a  form g , A ) .  Let

1 <r —2 and consider the generators (r+ s +1) g s+1, t, •••)
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- r 9 5 (s+1, A, t, and g  (A, s+1 , A, t , • • . )  o f  R (r) .9 ° * . Then
the A*-cocycles of R (r) („Y *  are generated by the elements of the
following forms :

(r+s+1) .9  (A, s +1, t, , A) (s+1, A, t, , A) ,
g(A , s+1, A, t, ••• , A) ,
g  (A, s+1 , A )  and r g  (pi - r ,

Obviously the A*-cocycles of the first two forms are A*-
cobounded in R (r)._7*. g '(A , s+ 1, A) is A*-cobounded if r+s +1 +0

mod p , since g  (A, s + 1, A) 1  ((r + s + 1) g (A, s+ 1) - (r+1)
r+s +1

g ( s + 1 ,  A )) A . T h e  elements g  (pi - r ,  A )  and g  (A, p i - r ,
1=1 , 2, 3, ... , are not A*-cobounded and their classes form a
Zp -base o f H ° (R (r) ,V * ) . T h e other results on  H °  are proved
similarly, q.e.d.

Proposition 1. 2. The following
 1c lg

,_5"*

two sequences are exact:

i)
g n *

ii) R(1) & V *,7*/ ,_,V * .5°*/ R(1),9'*/

H° (1 5 ° * ) =H 2 (g  P - 1 .9°*) =0 , H ° (W 1,9 '*+A .9°11 ,7 *)
i = 1, 2,
1=1 , 2,

Proof. By (1.

.9 (1) ,gs (s, t,

3, -} and
3,
3)',

=  (s +1)

H °((.q" - 1 ,9 7 *

(s +1, t, ••.) ,

+R(1) ,9 '*IR (1)9'*)

(1) (s, t,••-) ( s +1 ) g ( s +1 ,  A, t, ••-) ,
g (1 ) g (A , s, t, •••) =sg(A, s+1, t, •••) +,g (s+1 , t, •-•),
g (1) (A, s, A, t,••.) s g  (A, 3 + 1 , A, t ,•• .) .

Then the kernel o f g (1 )* is generated by g  (pi +  p-1, t, ••.)
= ,9 (p - 1),q' (pi, t, •.-), ,9  (pi +  p-1 , A , t, ( p - i ) , 9  ( p i ,  A, t,
•••), ‘9  (A, pi, t, (pi, A ,  •••) = , 9 5 ( p -1 ) (A, p i -p + i, t ,  . . . )
and  ,g  (A, pi, A, t, •••) = 9 ' ( p - l ) ( A ,  pi - p+  1, A, t,••.). A s  a
consequence we have the exactness of the sequence

(P -1)* •-q ( 1 )*

T h e  cokernel .51'*/,g (1) .9 7 *  o f  .9 (1 )* has a base which
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consists of the admissible monomials 9  (pi, g  (pi, t, •••),
(A, p1+1, t ,  - - )  and .9 (A , p1± 1, A, t, ••.). From (1.3)', it fol-

lows that these elements of the base are mapped by g  (p -1 ) *
t o  th e  elements .9  (pi + p-1 , t, ---), ( p i  p - 1 ,  A, t, •••),
pi + p, t, and .9 (1, pi + p, A, t, ••-) respectively. Thus 9  (p-1) *
maps ,V*/.9 (1) ...9°* isomorphically into 9' *, and then the exact-
ness of the sequence

g m *. 9 ( p - i ) *c‘ y *  SZ*
is proved.

Next consider the sequence ii). Concerning the above images
of ,9  (1) ,  in the biginning of the proof, mod. by A.V*, we have
that the kernel o f .9 (1 )  : .5"*—>._c/*/A,V* is generated by the
element g  (pi+ p - 1 , • ( p - 1 )  g  (p i, t, ( s + 1 )  s, t,

A, t, ••.) =R(1).9  (s-1, t, and 9 (A , s, A, t, •..) =R (1 )
(A, s -1 , t ,  -• . ).  Then the sequence

.9 (p - i) *. 9 ( 1 ) *
-7*  ._7*/R(1) 

is exact. The admissible monomials .9  (p i, t, ••.) from a base of the
cokernel ._9°*/ (.9 (1) S'*+A.9'*). Since R(.9  (p— 1)) = (1, A,
p -1 ) , (1 , fi-1 )) =  (-9  (p, A), 0) and since ._9  (p, A) g 3  (p i, t, ••.)
= 9  (pi + p, A, t, ••.) mod A - V * , it holds (R0,9 (fi - 1)*) (Pt, t, ••.)

(p i+ p, t, ••.), 0). Then R o g ' (p -1 ) * maps */(9(1)
+A,V*) isomorphically into .9'*/A._7*+,5°*/A,7*. By Proposi-
tion  1.1, R  carries .9'*/R(1)._9'* isomorphically into 3, */.6,5°*

,V*/ AS"*. Therefore .9 (f i-1 ) *  maps „V*/ (._9 (1) ._7*+A,9'*)
isomorphically into .9'*/R(1) .9 ' *, and the sequence

._9 (1)*( p - i ) *_v* A y ,* */R(1) ,V *
is exact.

The factor group (9 ',9 '*+A .7*)/A ,9 '* is generated by the
classes of (s+1) ( s + l ,  t ,  • • . )  and .9  (s+ 1, t, ••.). As is seen
in  th e  previous proof, 1-14 (( 1 " + A ,V *)1 A -7 *)= -- {,9 (p i, A),
i = 1, 2 , •••} . From  the exact sequence ii), w e  have an exact
sequence o f A*_ c o m ple x e s :

0 --> ( 1,7*-i-A ,V *)/A ,7 *
-> ( 1 9 9 * +R(1)9' * )/R(1) ---> .

From the cohomology exact sequence associated with this sequence



p-primary components of  homotopy groups I. 135

and from (1. 2), there is an isomorphism

H 1 ((,9 ) P- ',9 '* +R(1) S7*)/R(1)

((g ) i,V *  A,V*)/ A,V*) +1-14 (,V*/,..\,Y*)

By this isomorphism g ' ( p i  p —1) corresponds to ( pi, A )  (for
i,>_.1) o r  1  (fo r  i = 0 ) .  Thus H . ° ((, ±R(1) ,V*) I R(1) ,V*)
= (pi +  p  — 1 ), =  0, 1, 2, •••}. T h e  proof of H 4 ( 9 '5 " * )
=L P P ',9 '*) = 0  is similar and easy, q.e.d.

Denote that

M t = P,V * pt (M o  =  A .-7 * ) •

L em m a 1. 3. i )  m t is  sp an n e d  b y  th e  admissible monomials
which are not o f  the  forms (aoPt , aiP t•  , at, •••), where

••• and  we om it ar P t  r  • • •  a t  • • •  i f  ar -=0.
ii) 9 (q1 , q 2 , ••• , qt _s ) M s IVI, f o r 0 s < t.
Pro o f . M o = • A ,V *  is spanned by the admissible monomials

(A, r, ••). From the proof o f Proposition 1. 2, it follows that
M o =  A ‘ V *  is spanned by the admissible mono-

mials ,g ) (s, r, ••-) and „q) (r, A, t, •••) such that s  I   0 mod p .  Then
i )  is true for M o a n d  .1111 . i )  implies that A) E M1. Thus

(q) M,
N ow  suppose that i )  and i i ) are true for Ms ,  s  < t .  Then it

is sufficient to prove that i )  and ii) are true for Nit + 1 .  We shall
verify the image /141 ,/ M 0 of ,q ) (pt) * . Since ,q 5 (p ')  m t_ i m t ,  it is
sufficient to compute ( p i ,  aoPt a l P t • " a t_1 , •• - ) mod M. L e t
s  < t and consider the relation

a p s - i )1 )  t+ i ( (aP s  l œp t.:)(Pp - i:  1) 1 ) ( p s± a r ,. 0

o f  (1. 3). I f  t h e  term i) is  n o t in  ms ,  then
ps+aps - 1 — mod p8 and i 0 mod ps- 1  b y  the assertion i) for
M . .  This is possible only i f  a =bp or a =bp ± 1 fo r  some integer
b, and then the non-trivial relations mod ms a re the followings.

, ( p 5  ,  bp') — ,--_ +1) ,qJ ((b +1) p') mod Ms  ,

,g  ( p s ,  b y  + p s - i) ‘9  ((b +1) p5, p5 - 1) mod M5 .
(1.4)

From  ii), w e rem ark that ce-==-- $  mod Ms  im p lies  ,_ (co pt,
, c0_5_1Ps + 1 ) ••• ct_s_iPs H ) 3 mod A .  Then repeating
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th e  re la t io n  (1. 4) a n d  concerning th e  r e la t io n  .9(1, A, s)
(s+ 1, A) mod Mo ,  it fo llow s that .9  (pt, a 0 t 1, ••• , at_„ —) is

not in  M , only if  it  h as  one of the following forms : (0 <r _<t)
( p t , b op '  p t - 1 , i p t - r + i  p t - r ,  b r p t - r , b,,p, 1) 1 , ..-)

(by +1) . ((b0 ± 1) Pt , ••• (b  r+ 1)  p t ' ,  b y b , ,  • . . )

(1.5) mod M, ,
,9 (fit, boPtb t _ , P +  1, A, b, , . . . )

g '((b 0 + 1 ) p t , •-• , (b, 1 ±1) p, b t +1, ..-) mod Mt .

T h e n  M r + i i M t
 i s  s p a n n e d  b y  the adm issib le monomials

,9 ( c 0pt, , c,_,P, c„ L ,  • • . )  such that one of c i is not divisible
by p  or 8 = 1 .  It follows from this and from the assertion i) for
M t that i) is  true  for Mt+1.

By i), A) E M , 1 and .9 (aP t+ 1 , Pi ) E Mt ,  for 0 < i< t-1 ,
then .9  (aP t+1 ) M t i l l t + 1 .  If q * 0  mod p "  ,  then .9  (q) E Mt a n d

(q ) 111, 1fft-ri • Thus .9' (q „  •  ,  q t_ s + ,) M = g (q1) qt_s j

(q,) and then ii) is proved, q.e.d.
Proposition 1. 4. T he kernel o f  the  homornorphism

,V* I M,
i s  i f f t  1 + 2 i , t  - 1  _ .9 47,1, 4 .  ( 2 g )pf pt -1 pt pt -1) .y , *

S l'LP f o r

Pro o f . Set B:=-- m ,„ +  ••• +,9)(P - 1) P %9; *. The following rela-
tions are verified from (1. 3) and by Lemma 1. 3.

p t - 1

( p t  
2 p ' 1 )

 E  * g , ( p t
i =0

mod M „

2 -g  (Pt , Pt  + .9  (Pt , Pt , 11- ')
p t - 1 [ i / P ]

= 2 E (2.pi +pf — i— 1, i) — E  E (2pt + pl – i i)
j -=0

2 ( Pt(P —01) — 1) (2p', r i )  +(P t  ( P —
p t

l )  — 1 ) (2p', p' - ') mod M t

=
p t -1

, - ( p t ,  (p - 1 )  p t ) (P' — i, 0

_ (P t  (P —
p )O — 1 )  (p1+1) , 0 mod M t

These and ii) of Lemma 1. 3 im ply that .9  (p t)  B cT Then
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it is sufficient to prove that ,7 * / B  is mapped isomorphically into
.9'''/ M1 by g ' (Pt ) .

First we consider the image of g (2 p t -1 )*  : ,9-°*—.9-°*/Mt ,. By
Lemma 1. 3, A), 9(2p 1 ', P 1) E Mt _, for 1=0, 1, 2, •••, t - 3 .
T h en  . (2pt-- ') Af1_2 m1_1. T h us th e  im a ge  o f .(2 p t - -1 ) *  in
-9 ° * /Mt is generated by , (2pi --1 , a0pt - 2 , • • • , a1 _2 ,•••) mod M t _, where

a,... 2 . Consider the relation g"(2P s , aPs - ') = E *.g '(2p s
+aps - i— i, i), 0 <2ps - 1 , o f  (1. 3). Then, by Lemma 1 . 3 , the
non-trivial relations mod M , are

(2p3, bps) = ( b  4
2

- 2 ) ,9 ((b ps) mod M ,

(2p5 , bps -1-ps -1 )  = ((b +2) ps, ps - m o d  M,
and . 9 (2p8 , bps 4- 2ps - ') =-- ((b + 2) Ps, 2p5 - 1 ) mod M5 .

Analogous discussions of the proof o f Lemma 1. 3 lead us to
the following (1. 6) from these relations and from (1. 4).

(1. 6) 1111 _1 + (2pt - 1 )9 '*  is spanned by  the adm issible monomials
w hich are  n o t o f  th e  forms ,9 ( b 0pt +r i , • • •  , b t _,p+ 1, A , • • • )  and

(b opt + pt-1 ,, b r  i p t-r}-1 p t -r , b r p t - r , b t _i p, where 0 < r t
and bo bi ›. •••

B  was given by

B  M 1 _1 + (2pt - 1 ),9 '* + (2,9' (p i — g) (pt , pt - ')) s.v *
+  ((p  — 1) p f) .5 °*

and let C  be a  subm odule o f  ,7 *  spanned by the admissible
monomials

(bo pt+pt ,b ,1 P + 1 , A, b1,-.)
and( c o p ' ••• ,

re± p t - r x r p t - r , ,  e t ,  . . . )

such that co +1 ••• , c5 + 1 - 0 ,  cr + 1 + 0  mod p  and c.,+ 1 = ••• c r
for some 0 . ‹ r  S t ,  s < r .

B y (1. 5), it is verified easily that  9 ( p t ) *  maps C isomorphic-
ally into .9 '*/M1 and also onto M 1+1 /M1 . Therefore, for the proof
of the proposition, it is sufficient to prove the equality

B+C .

Or, b y  (1. 6 ) ,  it is su ffic ien t to  p rove that an admissible
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monomial .9  (copt+Pt-r-i, 1pt-r-1-1 +pt-Y , C t , '. . ) belongs
to B+ C  i f  it satisfies one of the following three conditions.

a) 6.3 +1  j   0, cr  +1 0 mod p and c s > c e f o r some O s < r , ,
b) c5 -1- 1 0 and c e +1---- - - - 0  m odP  f o r some 0  s < r
c ) ,ce_1±1--=-0 and c r ±1-=---0 modp .

For the simplicity we set Q 5 = 2  (P 5

 pS- I ) ( p5 p5 By

(1. 3) and by (1. 6), we compute the following relations :

Q9 (bps) (b +2) ((b + 1) ps ps) — ,q )  ((b +1) ps , ps 1 )
mod M.,_, +.9 (2ps - ),V* ,

(bps + ps- +  ps - 2 ) —= ( ( b  + 1 )  Ps + Ps
mod M,_, +  (2ps - 1) 5 5 * .

Applying these relations and (1. 4) to  Qt .9 ( ( e 0 - 1 )  p t  + p t -
+ pt-2 ,( c s  1 _1 ) pt-S+I +pt-s +pt-S -1 , (C 5 -1 ) p t - s, c s + i p t - s - 1 +1/ - 2,

c „ .• . )  we have the following relation
( 0 < s < r _ t )

(c5 +1)( c oP i  p t - ' , . . . ,  c sp t - s + Pf - r c t  , - . . )
( c ,  + 1 )  g '  (co ps + p t- s ,  C,P t - S , (C 5 +1±1 ) P t - S - ' ,

(C + 1) P t , Cr l P t 1 , Ctm o d  B.

Consider an admissible monomial satisfying the condition a) in
which we may suppose that cs >c s , , and that c, = cs i f  q < s  and
Cq + 1 0  mod p .  Then the last relation shows that the monomial
is equivalent mod B  to an element of C, and it belongs to B + C . It
follows directly from the last relation that an admissible mono-
m ial satisfying b) belongs to B (B ± C .

By (1.3) and by (1.6) we have a relation mod Ms _i + (2ps- i),v*
( ( p - 1 )  p 5 , bps +p5) —  1 (bp 5 ' + (p -1 )  p 5  ± p 5 1, (p—  1) p 5 - 1 ) .

In the case c), we compute the following relation from the
above one.
g s ( c o pt + pt-1 ,c r  i pt-r-F, + p t - r , c r p t - r  c r 4  i p t - r  -1 ,c t  . . . )

((p - 1) p t) ((co— p +  p t , • • •  ,  ( c „ , — p +  P t - r + 1 ,  (C r
—  p + i )

p t - r ,

C ± i P t 1,
, c i  , . . . ) ( c o p t  +p t - 1, ... , C r  1 pt - r- F • •  t -  r-Fp (ce - 1 )

pt-r +pt-r-1 , (p  1 )  p t - r - 1) (c r  i p t-r -I ,c t  . . . )

mod M t _, + 9 (2p' - i) ,
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Since (c o p' +p , • • •  ,  
c r _ i p t - r 1 - 1 + p t - 9 ,

 (C r  l )  p t - r + p t - r - 1 , ( p _ 1 )

p t - r - 1 ) satisfies b), it belongs to B .  Then the last term of the
above relation belongs to R.99 * = B .  Therefore the relation shows
that an admissible monomial satisfying c ) belongs to B B  -C.

Consequently we have proved B + C  .9 2* and then the pro-
position is established, q.e.d.

§ Exact sequences o f le ft  ,V * - homomorphisms.

Let
c  : ._5°* -->-

be the anti-automorphism (conjugation) o f [ 3 ] .  c  is determined
by the following properties.

(1. 7) c(c43) = ( - 1)" c(i3 ) c(a) , a e r E s

C (A) 4  =  0  a n d  E  .9 1c(.. -7) =0 , t > 0 .
i± j= t

First we remark that (1. 7) implies

(1. 7)' c21 ( c - 1 a n d c(, 1) g 3 i =0 , t>0 .

P ro o f .  Obviously c2 (A) = A  and c 2 ( ') = ' .  B y (1. 7),

E E E = 0.
1-1-j=t 1+:7=r

Then the equality c2 ( —  ,9" =0 is proved inductively. Since
c2 is  a ring homomorphism, it follows that c2 = 1.

Next the second equality is true for t = 1 .  Suppose that it
is true for t < r .  Then

E E  c( ) Er-1 (  E c(q")
1= 1  i+ k = - r  - 1

=  E  c( ) gk c( ,')— c(,9 " )
i ±k±l=r

E  .9kc(. 1)) O.
k+1=r-i

Thus the equality E  c(,9 )= 0  is proved by the induction,
j = ,

q.e.d.
By (1. 3)' and by (1. 7), we have easily

(1.8) c ' =( -1Y  g i r  and c(,9P+ r )=(-1 Y + ' ._ Pg 'r  f o r 0  <r<p
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Also w e have that c(R (r))= (r +1) c(A 9à 1) — (r + 1)
Then we denote that

c(R(r)) , --- (r+ 1) e 1'. — r 9 ' .

Define two left 5°*-homomorphisms

R *  :
,7 * 1 ,7 * A +,7 * 1 -7 * A -- ->

b y  th e  fo rm u las R* (a) = E and  'R* (a, 0)
a, E - 99 */..V*A.

Proposition 1. 5. The following circular sequence is exact.

RT,90* yg* yg*
R*

*1,7*-1-1-.9'*19 7 *A

The group H , of  the kernel-im ages are spanned by the classes
of  the following elements:

H4 (.9ç*R r ) Ac( Pi+P-r) , A c(.9Pi+P - r) , ( 1 ,
HA im age of  R *) : A c( PH-') , Ac(9Pi+ 1) A ,
H,(im age of  R *) : (A c ( P1) , 0) , ( 0 ,  c(„ 1))
where i =0, 1, 2, ••• .

Pro o f . The form ula -e(a, () =  (c(a), c( $ )) defines a n  anti-
automorphism of ,7 * / ..9 '* A  + ,9 °* / ,7 * A . Then c  and Z. define an
anti-isomorphism of the sequence of Proposition 1. 1 onto that of
this proposition. It follows from Proposition 1. 1 that the sequence
of this proposition is exact. The kernel-images are the image of
those of Proposition 1. 1 under c  and Z.. c  and -e induce isomor-
phisms of H ° onto 114 . Then the proposition is established, q.e.d.

Similarly, the following proposition is obtained from Proposi-
tion 1. 2.

Proposition 1. 6. The following two sequences are exact.
(q)1)* (,qp-1)* ( 1)*

_V* _ I , _V* )_ V *  ,

2
-
1

- :  ,9'*/
(g&13-1)* (,q41)*> 5 "  < 1 , 7 * R ,  
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114 (,9'* ) -= H4(.7* O, 1-14 (( 9*  .9 i +
=-- {LIc(,9"i) , i  = 1, 2, 3, •••} and 114 (( *._q P - ' +°*R ,)1._7*R i )

, i  =  1, 2, 3, ••.} .
Put IW +.99*c( ') + ••• + ..9°*c( Pt  1 ).
By Lemma 1. 3, ._7 < M ,  and also ,7 <  for K i < p t .  By

(1. 7)' , 0  =  (i) (Pt) 4.c . -q' (P t )  mod /14; a n d  mod
M p . Thus we have the followings.

i) (Pt ) — cg  (p i) mod M t  a n d  mod M ?.

(1.9)
iii) (c.g P t )* =  —  (g P t )* :
iv) (2pt) c( 9  (2 p ')) mod M ,  a n d  mod /147 .

The la s t  relation iv) can be verified  a s  fo llo w s . B y  (1. 7),
g (2pt) + ,_q (p t) c (p') (2pf) 0  mod M , .  B y  (1. 3), g (pt)

9 (p') 2 9 (2p') mod A lp. Then g  (pt) (pt) — (p )  c g  ( p t )
(pt) — 2eg (2p t) mod M ,  an d  th e  re la tio n  iv )

follows.
Then operating the anti-automorphism c, it follows from Pro-

position 1. 4 the following proposition.
Proposition 1. 7. The kernel of  the homomorph ism

(.q 11 *  : . 9 "  

i s  M 1  4 . *.9 2 p t  - 1 ±  ,9 2 * c ( 2 ,gipt+ f i t-1 g 5 p f 4 ,c ( (1,-1) pf)

f or

§ A  remark on Steenrod algebra A *  mod 2.

It was proved in  [4]
Proposition 1. 8. (Negishi) L e t  M ,  S q 1A * + • • + Sq 2 t - 1  A*,

Then the kernel o f  the homomorphism

(Sq2 t )*  :  A* A* I M,

is  M t  +  A *

Then by use of the anti-automorphism c, it follows
Proposition 1.9. L e t  A V ' A *Sql + • • • + A *Se - 1 , t h e n  t h e

kernel of  the homomorphism

(Sq21 )*  : A* A* I IVI*
is M l_ i + A *Se
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