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In the papers [1], [2] and [3 ]* we have discussed a  necessary
an d  sufficient cond ition  for the uniform boundedness and a
necessary and sufficient condition for the uniform ultimate bounded-
ness. In this paper we will discuss the equi-ultimate boundedness.

Now we consider a  system of differential equations,

dx  
, F ( t ,  x ) ,

dt

where x denotes an  n-dimensional vector and F (t, x ) is a  given
vector field which is defined and continuous in the domain

A : 0 < t < 0 0 , x  II < °°  •

The norm Hall o f a  vector a = ( a „a 2 ,••• ,a n)  represents I/ a .,=1
Unless otherwise stated, we adopt the notations and the definitions
in  [1].

The following lemma is clearly true.

Lem m a 1. I f  the solutions of  (1) are  equi-ultim ately  bounded,
they are equi-bounded.

At first we will prove the two following lemmas.

Lem m a 2. W e assume that every  solution of  (1) is  unique for
the Cauchy-problem. Then if  the solutions of  (1) are equi-ultimately
bounded, they are  locally uniformly ultimately bounded.

P r o o f .  We say that the solutions of (1) are locally uniformly
ultimately bounded when for points (t, -X- ) of a suitable neighborhood

*  Numbers in [  ]  refer to the bibliography at the end of the paper.

( 1 )



212 T aro Yoshizawa

of the point (to , x o ) we can choose a positive constant as T (t,")
such that for a certain positive number B  independent of the
particular solution w e  have Ilx(t ; ) I  < B  f o r  t > t + T (t,
Now we assume that H x 0 H _< c  an d  we discuss in the region such
a s  x H / 3 ,  where 13 (>ce) is a constant. Since the solutions are
equi-ultimately bounded, T connected with x(t ; x o , to)  is determined
depending only on t o and 3 .  We represent it by T(t 0). Now we
suppose that T (t) is not bounded in any neighborhood o f  (to , x0).
Then there exists a sequence of points (t„„ x,„) such that

(t„„ x„,) (t„ x0) ( m  pc')

and T (t,n )  connected with x(t ; x„„ t„,) tends to infinity as m
By the continuity of the initial value, for a sufficiently large m,
the solution x(t ; x„„ t,„) intersects the hyperplane t = t o and besides
x(to ; x„„ t„,) is near xo . Therefore it is sufficient that we consider
the solutions issuing from the set [t=-• to, xil < 3 ]  to  the right.
T  connected with these solutions is T(t0). This contradicts that

0 0 . The proof is complete.

L em m a 3 .  W e assume that every  solution of  (1) is  unique f or
the  Cauchy-problem . Then if  th e  so lu tio n s  o f  (1 )  are  uniformly
bounded and ultimately bounded, they are  equi-ultimately bounded.

Proo f. Let B be the bound for B  by the uniform bounded-
ness, that is to say, for every solution x(t ; xo , to )  such as 11x011‹ B
w e have Ilx(t ; x o , to )li < 13 ( B > 0 ) .  By the ultimate boundedness,
w e  have 11 x(t ; xo to) I < B  fo r  t> t o + T(to , x o ). W e  denote this
T(t0 ,x 0) by T o . We can choose suitable t, and B ', where ti> t o + To
and w e have II x(t, ; x0 , to) i = B '< B .  We put t, =  to+ To- On the
hyperplane t = t ,  we take a neighborhood V of the point x(t,; x0, to)
such as

V(x(t, ; xo , to)) (  E{ x : Ix
 t h e  uniqueness of the solution, for this V  there exists a

neighborhood U(x 0)  of the point xo o n  t = t ,  such that we have
x(t, ; x, to) E V  for x E U . Then for this solution we have lix(t; x, t0)11
<I-3" fo r  t>t ,-=t o +T o . Now fo r  each point x  such as  II x II<
c(ce>0 : arbitrary) on t = to we take such a neighborhood Ux as
the above-mentioned. Since the set E„{x a l is  compact, it
is covered by finite numbers o f Ux ,  say U1 ( l i < k ) .  I f  we put
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T  = max T i

where Ti (1 < i< k )  are determined by U1 ,  T  depends only on 10

and a .  And we have

x(t ; X , to) < (x E E„)

fo r t> t o + T .  Therefore the solutions of (1 ) are equi-ultimately
bounded for the bound n.

Theorem 1. W e assum e that F(t, x) in  (1) belongs to the class
C, with respect to x .  In order that the solutions o f  (1) are  uniformly
bounded and ultimately bounded (consequently they are equi-ultimately
bounded by Lemma 3), it is necessary  and sufficient that there exist
two positive continuous functions (Mt, x ) and  ,fr(t, x ) satisfy ing the
following conditions in the domain

: 0 < t <oo , 11x11 Bo( B ,  be a certain positive constant):

1° ce(I1x1I) x) 3((1x11), where a and  3  are positiv e conti-
nuous functions and “(11x11).—  00 as 11x11 - - . cc,

20 7 (1  xII)<*(t, x ), where 7 is  a positive continuous function,
3 °  both (Mt, x ) and  , !P(t, x) belong to the class C, with respect to

(t, x),
4° D ,p(t, x ) ,  lim  1  { (t +h, x --1-hF)—p(t,x)} O  ( c f .  [1]),h
5 °  D ot, x )<  -* (t, x ).

P ro o f .  At first we will show that the condition is sufficient.
The uniform boundedness of solutions is verified by the existence
of .99(t, x) (cf. [ 1 ] ) .  For the solution x(t ; xo , t0 )  such as Bo< I I xo I
< K , there exists 8>  0 such that II x(t ; xo, to) < 8(K ), where this
8  is determined by the uniform boundedness of the solutions.
Now we assume that Bo< II x(t ; xo, to)II < 8(K) for all t. Consider
the function fr(t, x(t ; xo , t o )) and then by the condition 2°

( 2 ) ot, x (t ; x ,, to)) X >  0 (X : a suitable constant).

On the other hand, by the condition 5°, we have

x(t ; x o , to))— *(to, x(to ; xo, to)) < — X(t — to) .

Therefore we have ,fr(t, x(t ; x„, to)) <  0  fo r  a  sufficiently large
t. This contradicts (2). Hence fo r  some t, say t „  w e have
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X() , t0)11= Bo . Then by the uniform boundedness, we have

x(t ; x 0 , to) I I <  8 (Bo)
when t> t , .  Therefore fo r a  suitable To depending only on to

and K , i f  t > to- T „ we have

x(t ; x 0 , to) I <  8(B0)

Namely the solutions of (1) are equi-ultimately bounded for the
bound 8(B0 ).

N ext we w ill prove that the condition is necessary. As we
have proved in the paper [3 ], the existence of the function p(t, x)
is derived from the uniform boundedness of solutions. Now we
suppose that the solutions of (1) are equi-ultimately bounded for
the bound B .  We consider a  continuous function G(n) for 97 0
which is defined as follows ;  namely

?7—B (77 B)
(0 < B) .

Since the solutions are locally uniformly ultimately bounded by
Lemma 2 , T(t, x) connected with the ultimate boundedness can be
considered as a continuous increasing function of (t,1411). Now we
put

( 3 ) 4r(t, x) =  sup [G( I x(t ; x, ;  0 ‹ T ] .

Then it is clear that we have

( 4 ) G(IIx II) 4r(t, x).

And G(1411) i s  a positive function f o r  x Bo , w h ere  Bo> B,
and hence qr(t, x )  h as the property 2 ° .  Particularly from the
uniform boundedness and the property of G(n), we can easily see
that the inequality

( 5 ) x) G(81I x II)) er"

holds good.
Since we have

IG(77) — G(97')I —

G(n)

the condition 3 °  can be proved in  the same way as one in the
proof o f Theorem 2  in [3].
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Let (t', x ') be a point on the solution issuing from (t, x) to
the right. Then w e have

Nt', xi ) = G(11x(r -1-71 ; x', t') 11)e
-= G(11x(t+T ; x, t)11)e t+T)
= G(Hx(t+T ; x, t)li)e'r•er'T
<  Afr(t, x)er'' .

Since i f  t' = t+h, T'-9- is equal to — h, we have

x) 
< * ( t ,  x )

e-h —1
h h

from which we can obtain D F *  —*-
From the proof o f Theorem 1, it is  c lear th at the function

qr(t, x) satisfies the inequality

G(11x1()__ x)___G(8(11xlMeT"'"x11).

Moreover G(11x11)—> 09 a s  11x11—> Do . Since there exists tb(11x11)
such as T(t, IIx II) P(11 xII) when the solutions of (1) are uniformly
ultimately bounded, there exist té(11.0 )  and /3 (11x11) for which we
have

( 6 ) re(11x11) <*(t, x) <4(11x11)

and ik(11x11)—> 0 . as 11xll—> c.). From (6) and the condition 5 0 it
follows that the solutions of (1) are uniformly bounded. Therefore
it is right that the condition in order to be uniformly bounded and
uniformly ultimately bounded is only the existence of p-(t, x).

The condition for the mere equi-ultimate boundedness is  as
follows.

Theorem 2 .  W e assume that F(t, x) in  (1) belongs to the class
C, w ith respect to x. Then in  order that the solutions of  (1) are
equi-ultimately bounded, it is necessary  an d  suff icient that there
ex ist a  positive num ber B  an d  a non-negative continuous function
(p(t, x) satisfy ing the following conditions in the domain z : namely

10 a(1411>< (Mt, x )  f or w here a(97) i s  a  continuous
function w hich is positive increasing for 97> B  and tends to
infinity  as  97 00 ,
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2° x ) belongs to the class C o w ith  respect to  (t, x),
3 °  DF (p(t, x)‹ —cp(t, x).

P ro o f. We will show that the condition is sufficient. Namely
we will prove that the solutions are equi-ultimately bounded for
the bound 13 such as :1-3 > B .  It is clear that the solutions are
bounded. Now if  we put

Ik(t, x) = efp(t, x) .

x ) satisfies the following conditions :
1° ' ct(11x11)et 1r(t, x) fo r  HxII B,
2 ° ' qr(t, x ) belongs to the class Co with respect to (t, x),
3 ° ' DAr(t, x)‹ O.

W e suppose that for a certain solution, say x(t ; x„ to) xo I < K ),
we have

ix(t„, ; xo , to)(i > /-4

for the sequence {t„,} such as t —> cc (m—> co). Th en  w e have

Ot„„ x(t„, ; xo , to )) a(.13)ei m .

On the other hand, by the conditions 2°' and 3°', we have

,N t„„ x (t„,; x „ to )) ,kir(t.„ x(t„; x,, to)) •
I f  we put

max *(t 0 , x) 3(4)

we have

( 7 ) ce(.13)e'm/ 3 ( t , ) .

Since a(r3)>0 and t,— * co (m-- 00), there arises a contradiction.
Therefore we can see that the solutions are equi-ultimately bounded
for the bound B . The T  connected with the equi-ultimate bound-
edness is determined by (7).

Inversely we suppose that the solutions are equi-ultimately
bounded for the bound B .  In the same way as one in Theorem
1, considering the function G(97), we put

( 8 ) cf)(t, x) =  sup EG ( ( x (t+  ; x, t)11)eT ;  0 71.

By Lemma 1, the solutions are equi-bounded and consequently
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they a re  locally uniformly bounded and moreover by Lemma 2,
they are locally uniformly ultimately bounded. Therefore in the
sam e way as o n e in  Theorem 1, we can see that this (Mt, x) is
the desired.
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