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On the equiasymptotic stability in the large

By

Taro YOSHIZAWA

(R ece iv ed  F eb . 27, 1959)

In  the foregoing paper [3]* we have discussed a  necessary
and sufficient condition for the equi-ultimate boundedness of solu-
tions of the differential system. In this paper we will discuss the
asymptotic stability in the large by the idea in  [3].

Now we consider a  system of differential equations,

( 1 ) dx F(t, X ) ,dt

where x denotes an  n-dimensional vector and F(t, x ) is  a  given
vector field which is defined and continuous in the domain

L I :  0 t< 00, (x I < o o .

We adopt the notations in  [ 3 ] .  Moreover fo r  th e  purpose of
discussing the stability, we assume that

( 2 ) F(t, 0) 0 .

D efin ition . T he solution x(t) = 0  o f  (1) is  said  to  b e  equi-
asymptotically stable in the large if  there ex ists a positive constant
T(to , a, 8 ), def ined for any  8 > 0  and  any non-negative v alue of  a
an d  t0 0 , such  that Hx0 11< a ,  t 0 0  an d  t > t o + T(to, a, 6 ) imply
lix(t ; x,, t0 )11< 6 .

In the case where the solutions of (1) are uniformly bounded
and the solution x ( t ) a0  is uniformly stable, if T(to , a, E ) is deter-
mined depending only o n  a  and 6  and independent o f t„, the
solution x(t) = 0  is uniformly asymptotically stable in  the large
(cf. [1]).

*  N um bers in  [  j  r e f e r  to  th e  b ib lio g ra p h y  a t  the end  o f  th e  paper.
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When every solution is unique for the Cauchy-problem, if the
solution x(t)=-0 of (1) is equiasymptotically stable in the large,
it  is  stable in the sense of Liapounoff and hence it is equi-
asymptotically stable in the sense of Liapounoff. Moreover by
Lemma 1 in  [3 ] we can see that the equiasymptotic stability in
the large implies the equi-boundedness. Therefore we need not
add the stability and the equi-boundedness to the definition.

As a simple case, if F e ( )  with respect to x (cf. [2]) and the
solutions of (1) are uniformly bounded and T  is independent o f to ,
we can easily see that the equiasymptotic stability in the large
implies the uniform asymptotic stability in the large.

Now we will obtain a condition for the equiasymptotic stability
in the large. At first we have the following theorem which gives
a sufficient condition.

Theorem 1. We suppose that there ex ists a  continuous function
p(t, x) satisfy ing the following conditions in  the domain ; namely

1° P ( t ,  x)>0, i f  11x11+0,
2° X(I I x II) <P (t, x), where X(u) is a continuous increasing function

such that X(u)>0 f o r u > 0  and X(u) ,  D o  as CX)

3 °  p(t, x ) belongs to the class C, with respect to (t, x) and we have

DF p(t, x) lim  
1  

IP(t+h, x+hF)— p (t, x)} <— (t,  x) .
h

Then the solution x(t)= - -- --  0 o f  (1) is  equiasymptotically stable in the
large.

Proo f. For a given positive constant a , w e  put

max P(to , x0) M(to,

B y the condition 2°, there exists a positive number # (> a ) such
that

min p(t, x) >  M (t o , a).
II II

I f  we suppose that for some t, say t„  we have

Ilx(ti ; X 0 , 011 ----- 0,
we have

( 3 ) p(t,, x(t,; x„, to )) >  M(t"  a) (P(to , x0) .
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On the other hand, by the condition 3°, we have

( 4 ) (Mt, x(ti ; x 0 , to)) <  P(to, x0)

which contradicts (3). Therefore we have I x(t ; x 0 , t0) II < 0 .
Now in the domain

to < t < 0 0 ,

we consider a  function Ifr(t, x) such as

Alr(t, x) ---= etcp(t, x) .

It is clear that this function satisfies

( 5 ) x qr(t, x)
( 6 ) DAr(t, x)< 0

and belongs to the class C , w ith respect to  (t, x). If fo r some
& >() (8 : small), there exists a divergent sequence {t„,} such that
for some solution, we have Ilx(t„, ; x„ t0)11> 8 , we have

( 7)q r ( t . ,  x ( t „ , ;  x o , to )) et'nX(8) .

On the other hand, we have

( 8 ) Air(to, x(to ; x o , to)) < etoM(to , a)

and
*(t, x(tn , ;  xo , 4)) <  * (t° , x(to ;  x„, to)) (by (6))

and hence by (7) and (8) we find

ef-X(8) < eioM(t o , a) .

Since X (8)> 0  an d  t,n —''C<D (n1 — >  °Q ), there arises a contradiction.
Therefore we have II x(t ; x0, 011 <6 for t>  to + log M U

"  .  This
X(&)

completes the proof of Theorem.
Next we will obtain a  necessary condition. Namely we have

the following theorem.

Theorem 2 .  We assume that F(t, x) in  (1) belongs to the class
Co with respect to x. Then if the solution x (t)-- -- - 0 o f  (1) is  equi-
asymptotically stable in the large, there exists a  continuous function
p(t, x ) satisfying the following conditions in the domain A ;  namely
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10 .99(t, x) > 0  i f  I( x11+ 0,
2 °  p(t, 0) —=0,
3° X(Ilx II)<P(t, x ), where X(u) is the same as one in Theorem 1,
4° 9 , (t, x )  belongs to the class Co with respect to (t, x),
5 °  11),99(t, x) < x).

Proo f. Let J  an d  X 5  b e  the interval 0 ‹  t < 97 and the space
11x11<97 respectively. And we represent the product space I„ x X„
b y  12„. Since the solution x(t)=--- -- -0  i s  equiasymptotically stable
in the large, the solutions of (1) are equi-ultimately bounded for
any positive number 8. Hence, by Lemma 2  in  [3 ],  th ey  are
locally uniformly ultimately bounded'". Namely for the solution
issuing from (to , x0) E n, to the right, there exists T(8, n) such that
w e  have Ilx(t ; x o , t0 )11< 8  fo r  t> t 0 + T(6, n). W e assum e that
T(8, n) = T(1, n) for 8 > 1 .  Then T(8, n) is defined in the quadrant
0<8, 0‹ 97 and it is non-negative. Moreover we can assume that
i t  i s  monotone increasing in  n fo r each  fixed  8 and monotone
decreasing in 8  for each fixed n and that it is a  continuous func-
tion o f (8, 91)(2 ).

By Lemma 1 in [3 ], when x(t)=---0 is  equiasymptotically stable
in  the large, the so lu tions o f (1) are  equi-bounded. Therefore
there exists /An) such as ilx(t ; x0, 4)11 3 (n )  for (to , x 0) E ( 3 ) , and
we can assume that 0(n) is a positive continuous increasing function.

If we put
max F(t, x)1( F*(n) ,

0 <  j <-21
o <11-ril f3(n)

(1) Even if  we do not assume the uniqueness for the Cauchy-problem, this lemma
is true.

(2) T (E, n ) is defined in the quadrant 0 <E ,a n d  it is increasing in n and
decreasing in  E. Therefore it is integrable in  0< a< E Sb, 0Sc< 17< d. Thus if we put

2 n+i
eT ( ( r ,  Oda- = I"(E, ?I) ,

t(E , n) is a  continuous function o f (E, n) and it is increasing in n and decreasing in E.

Moreover we have T(E, n ) .  Hence we represent this -T (E, n ) by T (E, 01) again.
( 3 )  We suppose that the solutions of (1) are equi-bounded (every solution need not

be unique for the Cauchy-problem). Then every solution issuing from (t 0 , x0) E S2n to
the right intersects the hyperplane t=o, and hence Ilx(t ; xo , to )  ( 0 < t n )  is bounded
by a  suitable positive number a ( n ) .  Since we can consider this solution as the solution
issuing from t=n, x11<a(n) to the right, by the equi-boundedness we have a suitable
positive number -y(n) which is the bound of Ilx(t ; xo , to );I on 77 < t< 0 0 .  Consequently
we can find a  suitable positive number 0(o,).
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F*(n) is continuous increasing and we may assume that F*(77) 1.
Moreover let De ,„ be the set of points (t, x) such as

0 t n+ T (8, n) , 0  <IIx II  g(77) •

Since F(t, x ) belongs to the class C o w ith  respect to x, there is a
positive constant L (6, n) such that

IF(t, x)—F(t, L(6, 77)11 x — ,

where (t, x) E D ,,,, (t, x ') E De m . We can also assume that L (8, n) is
a positive continuous function o f (E, 92) and that it is increasing in
n  for each fixed & and decreasing in 8  for each fixed 97(4 )•

Now we consider a function as follows ; namely

G( 6,  ) (0 < -  < 8 ) .

Then this is a non-negative continuous function defined for OS
0 < 6 and it  tends to infinity as co when & is fixed, and we have

( 9 ) I G(8 , 0 — G(8 , r) .
I f  we put

(10) F*(n) exp {(L(&, y)+ 1) T(&, 97)} +G(6, 13(n)) exp {T(E, 77)+ n}

114(6 , 77) ,

M(8,71) is  a positive continuous function defined for 0 < 6, 0S7).
1Since is also a positive continuous function, by Massera's

M(6 , 97)
lemma in  [1 ] there are two functions g(8), k(71) E C . in [0, + co)
such that k(n)>O, g(&)>0 when 6 >0, g(0)= 0  and that

1g(8)k (y )‹ .
M(8 , 77)

I f  we put —
1
--=h(n), we have

k(n)

(11) g(E) 114'(& , n) h(9)) .

To simplify the descriptions, we represent T(6, n), L(E, 71), G(6, )

( 4 )  c f . (2).



176 Taro Yoshizawa

and g(E) for — 1  ( n  =-- 1, 2, •••) b y  T „(n), L„(77), G„( ) an d
respectively.

Now we put

(12) 99„(t, x) g„ sup [GA lx(t+T ; x, t)I Der ; 0 5_ T ].

It is clear that we have

(13) gt, G.(11 x I I ) 5 99 „( t,

and

(14) 9)„(t, 0) =--= 0.

For (t, x) E ne , that is, for the solutions issuing from f2,7 to  the
right we have

0 „(t, x) < g„G„(0(97))eT.")

and hence by (10) and (11) we have

(15) p„(t, x) <  h ( ) .

Next we will show that p„(t, x) belongs to the class Co with
respect to (t, x). W e  suppose that (t, x) E (t', x') E . I f  we
put pn(t, x) g.G.(11x(t+T ; x, t)I1)eT ,

(73 .(t, x) — P.(t, x ') 5_ gn{G.(11x(t ; x , t) IDeT —G„(I x (t-p , ; x', t)10eTI
g neT x(t+T  ; x, t) — x(t+T ; x', t) (by (9))

gne II x —  x' I I eL n( n) T
S g„11 x—x'lleu,noofoT„Cn)

In the similar way we have

p„(t, x)—(p„(t, ea.„(,)+1,7.„(,)

Therefore by (10) and (11) we have

(16) P,,(t, x) — (P.(t, x') I h(n) II x — II .
Now we shall consider pn(t, x) — ,  x ) ,  where t < t ' .  If we put
(P.(t, x)=-. g.G„(11x(t+T ; x, t)I1)eT  and  we assume that t+ ,r t /  and
t+ T  t 1 -1- T', we have

p„(t, x)-9)„(t' , x)
g„{G„(Ilx(t+T ; x, t)11)e—G„(11x(r+T' ; x, t')11)e }
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< gneT x(t + T ; x, t)10—G„(11x(t' +T' ; x, 011)}
+ g„G „(lix(t' +7 1 ; x, 011)(eT —eT')

<  g neT ilx(t +7 ; X , t') — x (r ; x ,
+ gG,g(Il x (r +7' ;  .X9

< g n eTncn)II X— xlieLn( "T ." )  + gG„(13(71))eTnmen(t' —t)

where X--,x(t' ; x, t). Since II X — x <F*(n)(t' — t), we find

p n(t, x) - 9 ( e ,  x ) g n {e(L n01)+1)T „( fl ) F *( n ) G n(i9w ) e - n(n) +1. (t/

In the case where t+ T < t ',  we have

p n(t, x)—.9(t' , x)
< g„{G„(lix(t + T ; x, 011)e — G(11 x11)}
<g„G„(11x (t+T ; x, 011)(eT-1)+gG„(11x(t+T; x , 011)—g.G.(1(x11)
<g„G n (H x (t+T ; x , 011)(ef' - t--1)+gn lx(t+T; x, 0—xll (T<t' —t)
< g t ,G„([3(7) ))en(r— g„F*(91)(t' —t)
< g„{G n(R(n))en +F*(9))}(t'—t) .

If we put (1, „(t', gnG„(1x(t' +T' ; x, 011)er' and t'd -q -'-= t+ , we
have

p„(t, x)—(p„(t', x)
gn {G„(11x(t ; x , 011)e—G„(Hx(r+Ti; x, 011)er'l

> g neT {G(1 x(t +7 ; X , 01) —G„(1 x(t' + T' ; x, 0 1 1 ) } ( T > 7 - ' )
— gneT n  H x H ef - , .( 4 ) 7 ;=")

_ g n e cc.„(n)+1,T,,(n) "

r  *(n)(t' —t) .

In the end, by (10) and (11), we have

IP.(t, x)—q, „(r, x)I _ h(n)lt—t' I •

From this and (16) we obtain

(17) I P.(t, x)—P„(t', x')I < h(n)[ll x —x' II + I t—  I] •
Finally, if h >0, x' ---x(t+h; x, t) and T' is such that p„(t+h,x')

= g„G„(11x(t+hd-T' ; x ', t +h)10eT' and if 9- + h

cp(t+h, x') g„G„(Ilx(t+h+T' ; x', t+h) De'
g„G„(11x(t+T; x, t)11)eT•ei'r

<  9?„(t, ,
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whence
Pn(t+h, x)

p n ( t ,  x )
c " -1  

h h

and by letting h---> 0, we find

(18) 1),q9„(t, x) ‹ x) .

We are now going to obtain the desired function. If we put
- 1p(t, x ) = E n(t, x) ,

p(t, x) is a continuous function defined in A ,  because p ( t ,  x )  < h ( )
when (t, x) E f2  and hence the series is uniformly convergent in f2,7

and moreover 7) is arbitrary. W e can see easily that we have

(p(t, x) 0  a n d  p(t, 0) 0 .

For x such a s  
1 1

<1411<
n - 1

,

P(t, x) x) (11x

and for x  such a s  1411>1,

1  
— 1 1n+1 —2"+' n(n+1)

1(t, x) -gi(11x 11 - 1)
— 2

and •hence there exists a  continuous increasing function X(u) such
that X(u)>0 when u>0 and X(u) ,  00 as u—> co  and X(1( x11)‹  p(t, x).

This function p(t, x ) belongs to the class C, with respect to
(t, x). For (t, x) E I- 2 , and ( t ',  x') E ,

P(t, x) — (19 (e, x')

= =  2  1 P.(t, x) — 2  1- (Pdr,2" 2"

= 1 {P.(t, x) — cf).(e, x')} I2n

-
‹  E

1
I

n
(t, x)—P„(t', x') I2"  

2 1 h(97)Elix-x ,  1+-  
- 1h(n)EI I x—x' II + E —
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Therefore we find

P(t, x)-- (Mt', x')1 < h(97)[ x — x '  +
that is, p(t, x) E Co.

Finally, we have

DF (p(t, x) l i m   1   IP(t+h, x +hF) — P(t, x)}
11- 1) h

= l i m i t  2 p n (t+h, x+hF)— x)}
h - * 0  h 2"

 — 1= lim E
1  { (t+h, x+hF)— (p a (t, x)}

s - ) 0  n = ,  2" h
—  1 1E -  -  Ip„(t+h, x +hF)— p n (t, x)} ( 5 '

2" h

< 1  ( ço„(t, x ))= _2 1 p n (t, x) — (t, x ) ,

whence we obtain

DF p(t, x) <  —P(t, x).
Therefore we can see that this function rp(t, x) is the desired.
Then we have the following theorem which gives a necessary

and sufficient condition.

Theorem 3. W e assume that F(t, x ) of  (1) belongs to the class
C , w ith  respect t o  x .  I n  order that the solution x(t)=---0  of  (1) is
equiasymptotically stable in the large, it is necessary  and  sufficient
that there exists a continuous function p(t, x) satisfying the conditions
in  Theorem 2 in the domain A.

( 5 )  For instance, if f ( h )  is continuous in 0 < I h -  < I ,  and the series E f ( h )  is

uniformly convergent (this condition is not essential) and lim f ( h )  is convergent,
we have

11-1 h-).a

lim f (h )  5 2 l im  f „ (h ) .
n=1 h-).(7

In our case, since for (t, x) E .Q.,7 an d  (t', x')E Cln , we have I ço„(t, x)-y9„(t', x') Ih ( n )
[  x - x' II +It - 1'1] and for a sufficiently small h l, we m ay assume that both (t, x)
and (t+h, xd-hF) belong to LIn fo r  a  suitable 17, we have

—
1

1-49 ”(t+h, xd - hF) -  V>.(t, x)} —
1  

h(o7)[lhillFll +I hli (77)h lhl
and hence we can regard

1
- -

1 

"Iço (t±h  x-l-hF )-ço„(t, x )} as f„(h ).
2" h 
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Remark 1. As a sufficient condition, we need not p(t, 0)=0.
As a necessary condition, we obtain g)(t, 0)=0 , but if we take the
function qt(t, x ) such as

qr(t, x)=-- p(t, x ) +e ' ,

this function qr(t, x )  i s  positive for a l l  x  and k (t, x) E C, with
respect to (t, x) and we have

x(11x11) x),
D,*(t, x) < — *(t, x)

and hence qr(t, x) has the same properties as those of 99(t, x) in
Theorem 1. Therefore we may consider that the function p(t, x)
in Theorem 3 is  positive.

Remark 2 .  When, without assuming (2), we consider the case
where x(t)-->0 (t ,  on) under the condition in Definition, we can
follow the proof o f  Theorem 3. But w e  have not necessarily
p n (t, 0)= 0  and hence we have not necessarily ça(t, 0)=0.
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