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Introduction

As 1. G. Petrowsky has defined in his paper [14], the Cauchy
problem for a system of linear partial differential equations with
constant coeflicients, of evolution form

01 (2w -3 2 o(5) ()" (55) wn o

%p<"j

is said to be uniformly correctly posed in the interval [0, 7] with

respect to the space (B) (for the notations of function spaces, see
L. Schwartz [15]), if the following conditions are satisfied.

i) For each #,€[0, T) and for each system of functions

PPy, %,,) € (B)5, k=0, 1, -, n;—1, j=1, ---, [, there is one

and only one system of functions Ul(x, ¢)=(u,(x, t), -,

u)(x, t))e]lI(.‘B),,,, such that this is the solution of (0, 1) for
k
Lt < T and () u ) =0,

i) If Ulx, t,) converges to O in .T’I(EB).,;, then U(x, t) converges

to O uniformly with respect to ¢,, 0<#,<_7, in fI(%)x,,.

Petrowsky has shown that the Cauchy problem for (0, 1) is

uniformly correctly posed with respect to (%) if and only if the real
parts of the zeroes of the polynomial in A:

0, 2) det. (7\,":‘&].— |w|.2~1;[ a?’,(i«f,)‘”l (Z.’,tm)wm),mﬁ) ,

m0<n]»

1) We have announced the essential part of this paper in [16].
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(&,, -, £, being vector variable of real m-dimensional Euclidean
space E”, do not increase more rapidly than log (|&|+1) as |£|
tends to infinity. L. Garding, however, has remarked in [6] that
this condition is equivalent to the condition that the real parts of
the zeroes are bounded when £ runs over the whole space E”. He
has also noticed that the class of equations satisfying this condi-
tion contains other than hyperbolic equations, e.g. the parabolic
equation and the Schrodinger equation, and he has found that in
order to exclude these equations and pick up the so-called hyper-
bolic equations, it is necessary to change the function space (%)
to (8) in the Cauchy problem, that is, to evalute the variation of
functions on every compact subset of R”. His result, in the case
of a single equation, is as follows: the uniform correctness of the
Cauchy problem with respect to the space (§) is equivalent to the
statements that the equation is of Kowalevsky type (that is to say,
the highest degree in ¢ is equal to that in ¢# and & and that the
characteristic equation satisfies Petrowsky’s condition mentioned
above. Hence so far as we consider the equation of Kowalevsky
type we need not distinguish between the space (8) and (§). We
remark here that it is easy to extend Garding’s result to the case
of a system of equations in the following form: namely that the
uniform correctness of the Cauchy problem for the system (0,1)
of Kowalevsky type with respect to the space (8§) is equivalent to
the statement that the polynomial (0,2) is hyperbolic in the sense
of Garding (see also V.M. Borok [1] and P.D. Lax [9]). A
system with this property will also be said hyperbolic.

On the other hand, classically, in the case of a single equation,
many mathematicians have investigated a little more restricted class
called normally (or strictly) hyperbolic equations which are defined
by the property that the characteristic polynomial of the principal
homogeneous part of the equation has real and distinct roots in A
for any £==0 of E”. The equations of this category have one
main feature, namely that they are always hyperbolic for any choice
of the lower order parts (see Garding [6] p. 19). Conversely if a
single equation is hyperbolic for any choice of the lower order
parts, the characteristic equation of the principal homogeneous part
must have only real and distinct roots. Thus in the case of a
single equation, the property that the hyperbolicity does not disap-
pear by any change of lower order terms is completely characterized
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by the behaviour of the roots of the characteristic equation of the
principal part.

Then there arises a problem : in the case of a system of equa-
tions what are the corresponding conditions which characterize the
property that the hyperbolicity does not disappear by any change
of lower order terms.

It is very important and interesting to investigate the hyper-
bolic operator from this point of view, because several types of
hyperbolic systems treated up to the present have this property.
Indeed, equations of second order studied by Friedrichs and Lewy
[4], symmetric systems of equations of Friedrichs [5] and Lax
[8], and Petrowsky’s “hyperbolische Systeme” [13, 14] enter into
this category.? We call this property strong hyperbolicity as it
is more restrictive than the hyperbolicity in the sense of Garding.
In this paper, we shall be concerned with the problem of charac-
terizing strong hyperbolicity in the case of Kowalevsky system,
and we shall prove that the class Petrowsky has found in [14]
p. 64, is just what we seek for.

1. Notations and the reduction of systems.

In what follows we shall consider linear differential operators
with constant coefficients exclusively. Let R™ be real m-dimensional
Euclidean space, and =™ be its dual. We shall denote elements
of R” by x=(x,, -+, x,,) and those of =™ by &=(,, -, &), and
by S the unit sphere of E™, S={5: || =1}.

Let us consider a Kowalevsky system of partial differential
equations :

o\, =3 w<2>“°< Q,)“*...( 9,,,)‘”"’
4D (ét> uiln 1) = 23 20, 4\ 51) \ax, ox,) WD

m0<)x]
where a=(q,, ---, @,) and || = i}ak, and 7, >0, i=1, -, L
k=0
> Vute -3 3, w2 (2 (2"
: — : RSN R (x, 1),
<8t> uilx, =23 2 “”(at or, ox) %D

o<
i=1,-,1,
is called the principal part of (1, 1).

2) In the case of variable coefficients, see also Mizohata [11, 12].
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By Fourier transformation, this system goes over into a system
of ordinary differential equations of the form

(1,2) (z) vilt, §) = 2;,2 agy E)™ - (z'Em)‘”'"<%>%vj(t, 5,

i=1,-,1.
In this system we put

(Z.S)nf—k<6%>kvi(t’ ‘E) = j-k+1(t, E, s), k=0,1,--, ni_l ’

s being a real parameter. Then we get a system of ordinary dif-
ferential equations of the first order with respect to the unknown
functions v,,, **+, 01, Uy, ==+, =+, Upy, =+, Uy, Of the form

(1) 3) gvik(t: S, S)AZ.SU,'k_“(l‘, Ev S) = O; k:]-: Tty ni_l )

v,,,l(t & s)~st Z, a;",(i‘)wl (%)wmvmﬁ(t, £ s)

=1 |@j=n

=1 i s s is
or briefly, using a new notation for the unknown functions and

/
N:];":"

(1, 4) dtv*(t £, s)—sta ( %”)vj‘— ébij(g, ¥ =0.

We use also the matrix representation

d

(1.5) <Edt

—zsA( E) B(, s))V*(t, £ s)=0,

where E is the unit matrix, A< i >:<a,-j< i )) and B(, s)=(b;,/€, s)).

Remark 1. It is important to remark that A £ is determined

s
entirely by the coefficients of the principal part of (1,1). Hence,
when (1, 1) is a homogeneous system, B(, s)=

Remark 2. As is easily seen, every non-zero n€ =™ can be
written 5 =s&, £€ S, s being the length of . Hence when & varies
on the whole S and s over the real number field, » varies over
the whole E™, and so we consider A() only for £€€S. The
elements a;;(€) and b;,(£, s) are bounded functions in £€ S and [s|>1.
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The matrix of polynomials
(1, 6) Vidy— ST NN -+ (i) )
=7
where §;; is Kronecker’s delta, is called the matrix associated with
(1,1). We study for a while the relation between (1, 5) and (1, 6).
LEMMA 1. Let there be given a matrix of polynomials in \:

7\,”1+P11()\,) P12(>") """"" Pll(k’)\
Pﬂ()\,) A2 _|_P22()\,) ......... le()\,)
M) =| e
Py P\ - WP,

where each P, (\) is a polynomial in M of degree at most n;—1,
namely
PyM) = aff +afht o +afPN, k=120,

Imbedding this matrix in an (N,N)-matrix (N=$ n;) of the form

M) 0
MN) = | coeeevmrerineninniion, e ,
—1
0 .
-1
we associate with it another (N,N)-matrix
D VR |
) A —1
0
SO
a a® - Atafy alee-ee Alp? eeeees any
A =1
X —
M) 0 0
. ) . ]
a(211) a(zzl) ........ aé’i‘x) agz) e A + aégZ) e a(z"zl)
.1
aﬁll) a;zl) ........ a;”l’l) a;lz) ........ a;'z“z) ceeee A4 a;’;l)

Then there exist two (N, N)-matrices P(\) and Q(N) whose elements
are polynomials in N and whose determinants are +1, such that
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POOM,MQM) = My(N) .

Accordingly, if we denote the elementary divisors of M(\) by e,(M),
o, e,(N), then the elementary divisors of My(\) are 1, ---, 1(N—/ times),
ei(N), +++, er(A).

We omit the proof of this lemma, since it is very easy. In
the matrix M,(A) we call the rows containing a{} the main rows.

LeEmMma 2. Every (N—v)-rowed minor of M) belongs to the
ideal generated by all those (N— v)-rowed minors of M,\) which are
obtained by omitting v rows from among the main rows.

Hence the greatest common divisor of all (N—v)-rowed minors
of M,(\) is equal to the greatest common divisor of all those (N—v)-
rowed minors which are obtained by omitting v main rows. (Of course
it is also equal to the greatest common divisor of all (/—v)-rowed
minors of M(M\).)

Proor. By lemma 1, it is clear that every (N—v)-rowed minor
of M,(\) is a linear combination, with polynomial coefficients in
A, of (/—v)-rowed minors of M(A). On the other hand, each
(/—v)-rowed minor of M(\) appears in the (N—v)-rowed minors
of M,(\) obtained by omitting » main rows. In fact, let an (/—v)-
rowed minor of M(\) be C (l;" ’f“), where k,, -+, k, and 7,

1 " Jy

-, J» denote the numbers of the omitted rows and columns
respectively. In the matrix M,(A), we take the (N—v)-rowed minor
j-1

which is obtained by omitting k,, :-- , k,-th main rows and IZ n;+1,
jy~1 i=1
ce«, > m;+1-th columns. Then this minor is clearly equal to

i=1

C (l;l’ ’?“) . The proof is complete.
1) y Jyv

Remark 3. If each P,; of M(A) in lemma 1 is a homogeneous
polynomial in A and s of degree #;:

P\, s) = aiys"i+a3s"i TN+ o +afP s\ kj=1,--,1,
then the same results as in lemma 1 and lemma 2 are valid, putting

1 ",
Sf”l(x i0;;+ P;;(\, 5))
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and
A —s
A —s
0
=S
30(111) 30(121) x+sa(") Sailz) ...... Sal”z’z) ...... sa(l”;l)
A —sS
M, s) — 0 —_—
. —S§ 0
sasy sagy ------ Sa$’ sasy - A4 SaspP - --- sagy
. ‘. /
Sagll) 561;21) ...... Sal(”llx) sailz) ...... Sal(!z‘z)...x_}_sa;";l) /

Remark 4. From lemma 1, we see that the reduction of (1, 1)
to (1,5) does not change the determinant of the associated matrix,
that is, the following equality holds identically in A.

(1,7) det. (\"i6;;— > a“(zé )% eee (2€,,)*mA%0)

el =
= det. (kE—zsA(E’)~B(E’, s),

where £E=s&, & €S.

Remark 5. The matrix ME—isA(€) has the same form as
M,, s) in remark 3. The elements of B(§, s) are 0 except for
those of main rows, namely

0
BY e pO0 D e paD e b \
(1 8) BE, s) — 0 .
DY oo bSO B oo DG e b
D pm0 pE e pAD e b /

2. Strongly hyperbolic systems and the main theorem

The Cauchy problem for the system (1,1) is said to be uni-
formly correctly posed with respect to () if:

given a system of initial functions @{’(x)€(§),, £=0,1, ---,

n;—1,j=1,--,1, there exists a unique solution vector U(x, )

— (%, B), -+, ui(x, 1)) €11(8),, of (1,1) such that



8 K. Kasahara and M. Yamaguti

(%)ku,-(x, 0) = p{(x)

and the linear mapping {@{*}—U(x, t) of the topological vector

space ﬁ(&’)x into the space Ill(é’)x_, is continuous.

We call the system (1,1) hyperbolic if the Cauchy problem
for this system is uniformly correctly posed with respect to the
space (8).

TaEOREM 1. (Garding [6])

The Kowalevsky system (1,1) is hyperbolic if and only if the
veal parts of the zeroes in N of the determinant of the associated
matrix (1,6) are all bounded as & runs over E™.

By virtue of this theorem, in order to examine the hyperbolicity
of (1,1) we have only to consider the behaviour of the zeroes of
the determinant of the associated matrix (1, 6).

Remark 5. Writing the system of operators (1, 1) in the matrix
form, we can calculate its determinant, in the sense of operator
multiplication. Then we obtain a single operator. If we call this
operator simply the determinant of the system (1, 1), then theorem
1 reads:

(1, 1) is hyperbolic if and only if its determinant is hyperbolic.

Now we define strong hyperbolicity.

Definition. A homogeneous Kowalevsky system

e RO (03 2 {5 (2" (2 e

@<"j

is called strongly hyperbolic, if for any system of operators of lower
degree

220 RU) = <|m§.j "?’@t‘)%('a%)% (’a%")w'")(f(x’ )

the system of equations
(2, 3) PU)+RU) =0

is hyperbolic.
Our purpose is to prove the following

THEOREM 2. A mnecessary and sufficient condition for a homoge-
neous Kowalevsky system (2,1) to be strongly hyperbolic, is that the
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Sfollowing conditions on the matrix A(E) in the representation (1,5)
are satisfied.

(I) Al characteristic roots of A(E) are real for any E€S.

(II) A(&) is diagonalizable for any E€S.

(III) There exists a positive number & such that for any E€S
we can find a diagonalizor N(&) of A(E), (that is to say,
NEAENE) " is a diagonal matrix), whose row vectors
are of length 1, and |det. N(§)| = 8.

Proof of the Sufficiency

Though Petrowsky has proved the sufficiency of this theorem
in [14], we shall give another proof using the characterization of
the hyperbolicity in theorem 1. Take an arbitrary system of
operators of lower degree (2,2) and consider the system of equa-
tions (2, 3), which we associate with the matrix representation of
the form (1,5). We are going to show that the real parts of the
roots of the determinant (1, 6) are all bounded as & runs over E™.
Let M(£), j=1,---, N be the characteristic roots of A(§) and D(£)
be the matrix (Xj(f)‘éij). Then we have, by virtue of the equality

1,7),

(1,6) = det. AE —isA(&)— B, s))
= det. NE—isD(&)— N(&)B(¢&', s)NE&')™)

(2,4) LA LN S
= IO —ish/8)) — AR L1 (M —ish,(£)
— 20 Ak, k) g A—ish(E))— - — det. B, s) =0

where A(k,, -+, k,) denotes the principal minor of N(§)B(¢, s)N(&)™*
formed by k,, -+, k,-th rows and columns. By the condition (III)
A(k,, -+, k,) is bounded for & €S and |s|=1. Let o(§) j=1,,N
be the roots of (2,4) and put pjf)=Recy€) and v(&)=Imo (&)

Dividing (2,4) by 1L (A—ish(£)), we have

A(k) S A(k,,k,)

N
1= i@ TR i @O i) T

So, for any o (€)= ;) +iv ),
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N T | Ak, k)|
L= i, M| T2 Gy 8o, — ) [+ Ly 87— M) | T

T AR, v Ak, R,
e A PG S Y T

Since all the minors A(k), A(k,, k,), ---, are bounded, x (&) must
be also bounded for &#¢S and [s|=1. ,wj(é‘) is clearly bounded
for &€ S and [s|<{1, and hence the proof is complete.

Proof of the Necessity

The condition (I) is necessary because if we choose the zero
operator for (2, 2), then (2, 1) itself must be hyperbolic.

Necessity of (II). We are going to show that if the condition
(IT) is not satisfied, then there exists a system of the form (2, 2)
for which (2, 3) is not hyperbolic.

LemMma 3. If the equation

@9 (§) w0 - 2e(5)()" - (65, e 0

<N "
is hyperbolic, then for any fixed E€ S,
) N _ wfs, ... Eom 2\%/ 2 @+t
@6 () o) = 3 a2V (2) 0k,

@y <N
is a hyperbolic equation with respect to the two variables t and o.
Proor. Since (2, 5) is hyperbolic, the real parts of the roots of

AN 2 a‘”(i‘fl)“l vee (ifm)"’m).“o -0
wi=y

are bounded as & runs over E™. Now fix an element £€ S and
consider the straight line {s§: — oo <s< oo}. Then on this line,
the equation is

AN Z a® ?1 vee Ezm(z's)m1+...+mm)\.wo — O
le| <N

and the real parts of the roots are of course bounded. Hence
(2, 6) is hyperbolic.®

LeEmMA 4. (A. Lax [7]) For an equation of Kowalevsky type in
two variables t and o

3) The converse of this lemma is not true (see Courant-Lax [2]).
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(2) v = 2 a(2)(2) o0

i<N

to be hyperbolic, it is necessary and sufficient that, if we arrange the
equation as the sum of operators of homogeneous degree,

o 0 9 2 -
PN(@ , a_)ﬂ(o‘, t)+PN,1(92 , 2%_>z)(g—, H+-+Pp(o, t) =0

2 92\ . ... D e,
where P”(?i , é}) is a homogeneous polynomial in = and 56 of de
gree v, and if we have

PalM, 8) = (A=2y8)™ o (A=, 8)"

then N, -+, N, are real numbers and Py_,(\, s) contains the factors
of the form (A—N;s)™™ when m; > v.

We omit the proof.

Now we return to the proof of the necessity of the condition
(II). Suppose that the homogeneous Kowalevsky system (2, 1) in
question satisfies the condition (I) but not (II). Then there exists
an element &= (&, ---, &%) € S such that A(£°) is not diagonalizable,
that is to say, the minimum polynomial of A(£°) has a multiple root.

Factorizing det. AE—sA(£%), we have

det. AE—5sA(E%) = (A=21(E)8)™1 -os (A=A, (£%)s) "2 .
Then the minimum polynomial of sA(&°) is of the form
A=2(EY)8)fr o (A=A ,(E°)8)%p

where k,, .-+, k, are positive integers and one of them is larger
than 1, and without loss of generality we can suppose k, >1. It
follows that the greatest common divisor of all (N—1)-rowed
minors of AE—sA(£°) is

=M (E)s)™s 7R o (A=A (E)8)"7Hp

Now it is clear from the construction of the system (1, 3) that
AE—sA(&°) has the same form as M,(\) in lemma 1. Therefore by
lemma 2, all (N—1)-rowed minors obtained by omitting a main
row, have the form

=M (E)s)"17F1 oo A=Ay E)s)" s s P (T (N, $)

where 7, j and » denote the same suffixes as those of the elements
of the main rows, and the polynomials ®{Y(\, s) have no common
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factor. Hence there exists a polynomial ®{’9(, s) for which we have
%)(x s, s)y==0.
Let B(¢) be an (N, N)-matrix whose elements are 0 except for
the element bf;?:, in the same position as (/D,f:g;, where we put b("O’

<§;>”j°_vo, &, being a coordinate for which &55=0. Then B(£) has

the same form as (1,8). Clearly the matrix AE—isA(€)— B(€)
corresponds to the following Kowalevsky system :

BV _ (2% (B \m
2,7 <a¢> FZI,MZn ""(at) (87:) (axm> “ir
for i4=i,,

Ve “ 2\% [ D\
<a’t’> i =23 2, “'°’<at) (8x1> <8xm) “i

G
fe) ox, o

On the other hand, as a polynomial in two variables A and s,

det. \E — sA(E°)— B(£"))
= A= (E)8)"1 -os (A — M(f°)8)"‘p—b“°’(7t A, (E0)s)™F
A= AHE)S)™s Hop PN, $)

does not satisfy the condition of lemma 4, since the second term
of the right hand side of this equality is the homogeneous part
of degree N—1 and k, >1, while q>j:g;(7t, s) has not the factor
A—27,(8s. Then it follows from lemma 3 and lemma 4 that the
determinant of (2, 7) is not hyperbolic, that is, by virtue of remark
5, (2,7) is not hyperbolic.

Necessity of the condition (III). Supposing that a Kowalevsky
system of the form (2, 1) satisfies the conditions (I) and (II) but
not (III), we shall again add to it a system of operators of lower
degree (2,2) such that the whole system (2, 3) is not hyperbolic.

Before we proceed to the proof, we describe its outline. First,
we take a sequence &,, n=1, 2, ---in S such that the determinant
of N(,) tends to zero as n—oo. Let B be a matrix whose elements
are 0 except for (i,, j,)-th element. Then, denoting the (i, j)-th
element of M) by n;() and that of N(&)™' by n:}(€), we have
NE,)BNE,) " = (n1:(E)biy jn54(E4)), and so

(2, 8) det. WE—isA(£,)— B) = det. AE—isD(&,)— N(&,)BN(E,)™)
= 11 On =i () — 2 by 7 E) TL O~ (E,)

+
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In order to make the real part of a zero of this polynomial
in A tend to infinity as #n—co, we should modify the suffix (i, j,)
so that a coefficient @,(£,)=n4:(§,)b;,;,n54E,) tends to infinity, since
if not the real parts of zeroes would remain bounded, by the same
reason as in the proof of the sufficiency.

This modification is easy when A\(&,), ---, An(E,) are distinct.
We merely find a non-bounded #j;(§,), and among the coordinates
of k-th row vector of N(§,) we take an n4:,(€E,) which does not
tend to zero as m—oco. This is possible since the length of each
row vector of N(,) is 1. Then [ay£,)| = |n4:(E)bii,n50E,) | tends
to infinity. But when X\ (£,), ==+, An(£,) are not distinct, say A, (&,)
=XN,(€,), the equation is

det. NE—isA(,)—B) = ZHI(X—isX,-(E,,))

— (@) + N} IO =i\ (£) = 33 auEn) LL (L~ (£,)

and hence, even if we may modify the suffix (i, j,} so that «,(£,)
tends to infinity, the value a,(£,)+a,(£,) may not tend to infinity.
We can get over this difficulty by modifying ME,) so that the sum
a(&,)+ay£,) has only one non-zero term.

There is another difficulty: the matrix B which we wish to
find must be of the form (1, 8), that is, the unique non-zero element
b;,i, of B must belong to a main row. This problem will be solved
by virtue of lemma 2.

After these modifications, we shall prove that the real part
of a zero of (2,8) tends to infinity if we choose a sequence of
vectors 7,=0,&, in E” and let n— oo,

Now we show the detail of the proof. Since the condition
(III) is not satisfied, there exists an infinite sequence £,€ S, n=1, 2,
-+, such that for any method of construction of N(,), |det. N(,)|
tends to zero as n—oco. By taking a subsequence, we can assume
that £, converges to an element &=(&, .- ,£%)€ S and the multi-
plicity of the characteristic roots of A(£,) remains invariant for all ».
Hence we can write

det. AE—isA(E,)) = A —ish(E, )™ -« (M —ish ,(£,))"»

where m,, ---,m, are independent of .
As is well-known, a row vector of the diagonalizor M§) is
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an eigenvector of A(£). Therefore in order to construct a diagona-
lizor we must solve the equations

(2) 9) (xn ety xN)A(En) = )‘i(gn)(xlr Sty xN)v i = 17 A )p .

We construct its solution vectors as follows. Take a characteristic
root of A(£,), say M(&,), then again choosing a subsequence of &,
if necessary, we can find an (N—m,)-rowed minor A(&,) of M (&,)E

—A(£,) such that for any other (N—m,)-rowed minor A(£,), ﬁ—((%')j
o\°>n
is bounded as n—co. Moreover, by lemma 2, we can assume that
A(&,) is constructed by omitting m, main rows, say »,-th, -+, v, -
th rows of A(§,)E—A(,). Then an easy calculation using the
well-known Cramér’s method shows that m, linearly independent
solution vectors of (2,9) are given in the following form :

(2, 10)

— All(fn) Alz(gn) ...... PR | TP AIN(S_")
X1 - (:t AO(E,,) ’ + AO(S") ’ ’ 1, > 07 > 0) ’ == AO(E;«,) )
(LB ARG L N T e 4 Aan(E)
Xo= (225 =35 O b 0w )
— émnl(E") Amﬂ(f") vee 0, eee O, eeenns 1, «- AmlN(E”)
Xm1 - (:t Ao(én) y :t WA'O—(E;)‘ ’ ’ I) ) I) ’ 17 ) :t —A"ozén) )
v~th v,-th, ---, v, -th coordinate

where A;(&,) are (N—m,)-rowed minors of \(£,)E—A(,). The
length of X;,

is bounded as n—co, so when we normalize these vectors as

’_‘ 1 . .— XY
(2>11) Xi - lXi'X” 1—1,2, ymy,

the v;-th coordinate of the vector X; does not tend to zero as #— oo,
while the other »-th,---,», -th ones are 0. We construct all
eigenvectors of the other characteristic roots A,, -+, A, in the same
manner. A diagonalizor N(&,) is constructed by rearranging these
vectors. We use ME,) thus constructed in the sequel exclusively.

Since det. N(£,)"! is not bounded by the hypothesis that det.

N(&,) tends to zero as n— oo, there exists an element n,j)io(fn) which
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tends to infinity as n—>co. Take the k,-th row vector of N(,).
This is an eigenvector of some characteristic root of A(£,), say
N(£,). We can suppose then that it is X}, in (2, 11), whose v, -
th coordinate does not tend to zero, and whose other vy,-th, -+,
v,,~th ones are 0. Put {,=v, and let B(£) be the matrix whose
elements are 0 except for the (7,, j,)-element which takes the value

b(“%’) , where b is a constant to be determined later, &, is a co-

ordinate for which &J(p-th coordinate of &) = 0 and « is an integer
to be determined so that the matrix

(2, 12) AE—isA(§)— B(é), £es,

corresponds to a system of partial differential equations, as was
done in the proof of the necessity of the condition (II), which is
possible since B(£) has the form of (1, 8)

Now we shall prove that this system is not hyperbolic. First
we calculate the determinant of this system.

(2, 13) det. AE—isA(E)— B(&))

= det. (N(E)(MNE—isA(E)— B(E))N(&)™)

= det. ANE—isD(&) — N(§)BE)NE)™) .
From the construction of N(&,), it follows that n,;(£,)=0 for
1<k<m, k=k,, and so the first m, diagonal elements of
NE,)BE,)NE,)* are zero except for the k,-th element and
[74:,En)n3 3 (Ea)| tends to infinity as #—>co. Moreover, since

N(&,)B(E,)NE,)™" is a matrix of rank 1, any minor of degree larger
than 1 is 0. Therefore

(2,14)

, IT (A — ish (E))")
2, 13) = 1}1(x—isxj(£))mj—bS:-n,,o,-o(E)nyg,,o(E) =1

A —ish (&)
J »
» 3m 1L (L — dsh, (£))™
—bEg Z_lz { ;: n"fo(g)njol”(g)} = A— IS /{:) .
R Somitl 7

= {IL v isn @)} T v i, (8) — 3 @) IT (v—ish ()

where we put
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a,(8) = b-Eneyi (E)n3h (&),
a, &) = b-&; 21 Nyt EMTME), =2, ,p.

J—
X

It is clear from the construction of #;,£) that a.(§), k=1,2, -+, b,
are homogeneous functions in £€ E” of order 0, and |4,(,)| tends
to infinity as #—oco. But there may be another @,£,) which tends
to infinity more rapidly than a,(&,). Let a; (£,) be the most rapidly
increasing term of all (&), k=1, 2, .-, p. Here we determine the
value of the coefficient & so that the real part of Tar ol Z’: 02‘?’;'
Jo\°on

tends to 1.*® Consider the equation
»
215 ML= isn @)= 31au) L (v—ish,(E) = 0.

We are going to show that if we take some sequence sé=7,, n=1, 2,

- in E™, the real part of a root of (2,15) is not bounded as
n—co, Put

tn = |aj0(£n)' and Sp = r?iilklx](én)_)‘k(gnﬂ'

Then t,—o and s, is bounded as n—>00. Next, consider the se-
quence of vectors

g=E =12 .
Sy \

in E™, which means that z, has the same direction as &, and

its length is ;j Then (2, 15) is

n

TLO—i B0 (E) — Sl E) T —i P (E,)) = 0.
Sy k=1 ik S,

j=1

We denote the roots of this equation by o(7,)= /{7, +iv{n.),

4) Of course aiO(E")«, n=1,2, .- is not a convergent sequence on the unit circle

Iajo(En)l
in the complex plane in general, but we can assume its convergence by taking a
subsequence of &,.

5) If all the coefficients of A(¢) are real, then we merely put b=1.
6) Choosing again a subsequence of £, if necessary, we can assume that £, and
s, are monotone sequences, and |a;(¢,)|SM-t,, j=1,-,p.
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j=1,2,--,p. Dividing this equation by #2, we have
I)-..__t” _ﬂ - ...—.t” -
216 MO—i ME) - DaE) IR~ 0 &) = 0,

where X:% and dk(f,,)zﬂég”), |Gu(E,)|< M. the roots of this

ll'j("]n) -i;(ﬁn)
t, h

ProrosiTiON. There exists a one-to-one correspondence between

equation are & [(7,)=jt;(1,)+15;(n.)=

iégxf(gn)) j‘__ly 27 Tt p and &("]n)a j:ly 21 Ty p, such that) denOting

the corresponding values by the same suffixes, &j(n,,)—i?xj(f,,)
are bounded as #n-—> o, i

Proor. There exists n, such that M. p<%” for all n=n,. Hence
we can find a number p, M-p<p<%" for all n=wn,, which im-

plies |@ &)< M<%, and

1.4, .t .
p< ) ,z;’tx,.(&,,) i@ | ik,

for all n=n,, since

ity ) — it (E,)
Sy Sy

- i M ED) =Ml [ = 2,

for all j and %k, j==k.
Put

fule) = Tz —itn6)
and

g(2) = — JlaE) 1 (2—ifn ).

We compare their values on the circle C, with centre ¢ %M(E,.) and

radius p in the complex plane, v=1,2, .-+, p. On this circle

ful2)| = pI [ z—inn (&)
iFvi Sn

and
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|g,.<z)|£p2|ak<§>|r1{ z-its |av<é>|H| ~its
+v
<p2 —i2
k.;:\‘ J:tle ;:r_v
+v
<pﬂ1 z—il» — 1))

Hence by Rouché’s theorem in function theory, the number of
zeroes of f,(z) and that of f,(2)+g.(2) coincide in the interior of

C,. But the only zero of f,(2) in this domain is ii_"x,.(é,,).

Therefore there exists one and only one root &,(n,) of (2, 16) such
that

while zlx +(En )~z—”)n

- 1,
Uv(’?n)_lg v
The proof of the proposition is thus complete.

Put Bv(m)z&xm)—z‘i—'—'xv(é,,), v=1,2, -, p. Since

jl:[l(X—z (M) — Eak(f )H< —P)“ &, )> = -I:II(X_&"(””))

is an identity in A, we can substitute z—”h (€, for X (j, being

the suffix |a; (£,)| =¢,), and then we have

= () 11 (70 B 10 E)) = — ) 1 (i) 5500))-

i%io itio

Thus

aE) (1 A (m)
(2.17) Biy(1a) — iio tm, )i "x A

In this relation, |8,{5,)|< p, |ad;(€,)| =1 and

iS:xjo(E,,)——iSn y >, — as n— oo,

Therefore the right hand term of (2,17) tends to 1, and so we
have

llm B}g("]n)

=1
i @5 (E,)
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Since the imaginary part of @;(£,) tends to zero, the real part of
Bj,(n,) cannot tend to zero, which means that the real part of

=c>0.

Hence |pj(7,)|—c0 as m—oo. This completes the proof of the
necessity of the condition (III).

j,(n,) does not approach zero, that is, |z, (7,) ] =

1
Tnlu’]'o (ﬂn)

3. Examples
1) Single operators

THEOREM 3. A homogeneous equation of Kowalevsky type

(Gun = 2B (2 (2 o

ay<n
is strongly hyperbolic if and only if the polynomial
(3,1) A — |‘T=“ a®Epr - Eqmi® = 0

@y <n

has real and distinct roots in N for any E€S.

Proor. Necessity. Reducing the equation to the form of
(1,5) we have

AE) AfE)er AL (E)

From the condition (II) of theorem 2, A(§) must be diagonalizable,
that is, the minimum polynomial of A(§) has no multiple root.
But the minimum polynomial of A(§) is equal to (3,1). Hence the
roots of the equation (3, 1) must be distinct.

Sufficiency.” It will suffice to show that the conditions in
theorem 3 imply the condition (III) in theorem 2. Let us denote
the distinct real roots by (&), -+, A,(§). Then, since they are con-
tinuous in &, there exists a positive number ¢ such that for any £€ S,

IME)—NE) = if i

7) See also Leray [10].
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A diagonalizor N(&) is given as follows :
M) A(E) T e 1 1
AE)"T AYE)TE e 1 A 1 0
N¢) = A Al 1

NaE) NG (E)H 2 e 1 A, (E) A, fE)ereereens 1
Since each term is bounded as £ runs over S, we need not normalize

row vectors of N(£). We see immediately

|det. N(§)| = ~1<I- IMAE) — i) | = L2 ~0.

2) Hermitian operators

Suppose that we are given a system of first order operators

3,2) Zb ut:iﬁ%aumm i=1,n.

ij 8! 7 i=1 k=1

where the constant matrix B=(b;,) is hermitian positive and A(&)

:(Z at£,) is hermitian for any £€S. One of the most familiar
k=1

examples of this type is the system of equations of Maxwell (see
Courant-Hilbert [3] p. 377):

5O . _OUs | Oty  OU, _  Ou, Oty
715t ox, ox, ot ox, ox,’

5,0t _ O, _Ouy  Ous _ _Ou,  ou
gt ox, ox,’ Ot ox, ox,’
J P _ _Bu, | Ou,  Ou, _ Ou,_Ou

S ot ox, ox, ot ox, ox,

Now (3, 2) can be written
2 A
ngmn_Agﬁwmn
and so we have
) -
«QUMJL_BfwaﬁUuJL

We shall show that B 'A(§) satisfies the conditions of theorem 2.
Since B is hermitian positive, there exists a unitary matrix V such
that
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o,
VBV* = ’
On
where o, -+, o,, the characteristic roots of B, are real and positive.
Put
1
Vo,
Q =
1
Vo,

Then we have clearly @*=@Q and QVBV*@Q*=E. Since the matrix
QVA()V*Q* is also hermitian, we can find a unitary matrix U(&)
such that U&)QVAE) V¥Q*U(£)* is a diagonal matrix whose elements
are all real. Put NE&)=U#)Q'V. Then

NE)BAE)NE) ™ = (UE)RQVBV*Q*UE*) N UE)QVAE) V*Q*U(E)*)

= E-U&)QVAE) V*Q*U()*
is a diagonal matrix whose elements are all real. So B 'A(§)
satisfies the conditions (I) and (II) of theorem 2. The condition
(IIT) is clearly satisfied since each element of U(§) is bounded and
|det. N(§)| = |det. Q| = o, =+ o] .

Hence the system (3, 2) is strongly hyperbolic.

3) Petrowsky’s example

Petrowsky has shown an example which satisfies the conditions
(I) and (II) but is not strongly hyperbolic. (see [14], p. 67)

Oy - 9, 9,
ot ox, " ax, e
o __ o _ 9
ot = axzu’ axzu“
o, _

é?ua—o.

The associated matrix is
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7\4—51 ‘fz 0 = A - 51 _52 0
& N § A —&, 0 -§
0O 0 X A 0 0 0

The characteristic equation takes the form

MM —EN—ED) = 0.

The roots \, = %(514' VE L 4ED), \,= —;—»(51— VE 1 4£%) and \,=0 are

real. If &,=-0, these three roots are distinct, so A(£) is diagon-
alizable. If £,=0, A(§) is itself diagonal. Hence the conditions (I)
and (II) are satisfied. We calculate the diagonalizor N(§) for every
£eS. If £,=0, we can take N(§)=E. Assume that £,4-0 and we
have

M &8
E & N\E
N§) = n, & g |, where &=vE+38.
e & _xzs/
\ 00 1
_1&IVE +4§2t ds t .
Hence |det. N(&)| £ 3 ends to zero as §,—0.

Remark. As was seen in 1), there are some cases where the
conditions (I) and (II) imply (III). For example, systems of two
equations of first order, namely

= au 2y OV
= b;
Ea, ox; 2 ’ax,-
u
1 dl
;c ox; + 2 ax

come into this case. Another example: in the case of a system
of equations of first order, if m, the dimension of R™, is 2, and if
there exists a £=(£,, £,) such that det. ZE— A(£)) has only one N-

ple root, then the conditions (I) and (II) imply (III). The details
are left to the reader.
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