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Introduction. Let (0, th) be a measure space and T  an inver-
tible measure-preserving transformation on 12. L e t  3(S2, ,a ) be
the set of all equivalence classes of measurable sets of 12, where
two measurable sets E  and F  are called equivalent if and only if
their symmetric difference E  e  F  has measure O. Then the set

th) is a  Boolean algebra under the natural Boolean oper-
ations and the measure th can be considered as a measure on this
Boolean algebra. (This Boolean algebra O(12, l c )  is called the
measure algebra associated with the measure space (f2, th).)
The transformation T  induces in  a  natural way a  measure-
preserving automorphism of the measure algebra OW, .  The
set o f all complex valued it-measurable functions f  (x ) for which

f(x)1 2 c/th(x) < D 0  forms a Hilbert space L 2 (f2, p ) ,  and the

transformation T  induces a unitary operator on L 2 (f2, t h) i f  we
correspond to every f (x )  E L 2 (1-2, ,u,) a  function g (x ) such that

f  (T  (x ) ) .  In this way an invertible measure-preserving trans-
formation T  on 12 can be regarded as a measure-preserving auto-
morphism of 8 (f2 , e, ,z) or a unitary operator on L 2 (12, t h ) .

Let us suppose that S  and T  are invertible measure-preserving
transformations on 12. To discuss relations between such two
transformations there has been introduced the concepts "similarity",
"conjugacy" and "equivalence". First, S  and T  will be called
(geometrically) similar i f  there exists a n  invertible measure-
preserving transformation Q  on 12 such that S  Q  'T Q  .  (In this
case we say that two transformations S  and T  are essentially the
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same as transformations on a measure space (2.) Next, S  and T
are called (algebraically) conjugate i f  there exists a  measure-
preserving automorphism Q  o f O(f2, , a )  such that S — Q'T Q,
where S  and T  are regarded as measure-preserving automorphisms
o f O(fI, , a )  respectively. (In this case we say that two trans-
formations S  and T  are essentially the same as automorphisms of
the measure algebra 3(S2, , Finally, S  and T  will be called
(spectrally) equivalent i f  there exists a  unitary operator Q  on
L2(f2, tt,) such that w h e r e  S  and T  are regarded as
unitary operators on L2(1-2, , u )  respectively. (In this case we say
that two transformations S  and T  are essentially the same as
transformations on the Hilbert space 1, 2 (f2, , g ) . )  It is easy to
observe that similarity, conjugacy and equivalence can also be
defined for pair of transformations that do not act on the same
domain ;  in this case the implementing transformation Q  will map
one o f th e two domains onto the other. In  an obvious sense
similarity implies conjugacy, and conjugacy implies equivalence.
But the converse is false for both these implications.

In the theory o f  ergodic transformations it is an interesting
problem to discuss the relation between two transformations from
viepoints o f  these concepts. J . von Neumann proved that an
ergodic measure-preserving transformation with discrete spectrum*
is conjugate to a rotation** on a compact abelian group. This is
an  interesting consequence which is called the representation
theorem. And this theorem reminds us of the following question.

"Under what conditions does it follow that an invertible measure-
preserving transformation T on a measure space (f2, c ,  ,a,) is sim ilar
to a rotation on a com pact abelian group?"

The purpose of the present paper is to give an answer to the
above question by proving three Representation Theorems (see
below ). In  th e  proofs o f  these theorems th e  results in  [4 ]
employ an important role. Incidentally we shall prove a theorem
that i f  a  Riemanian manifold £ 2  adm its an  ergodic measure-
preserving transformation which is also an isometric transform-

*  A transformation T  o n  a  measure space (LI, S, p )  is said to have discrete
spectrum if  there exists a  b a s ic  f j } of L2 (U, S, p) each of which is a  proper vector
of the induced unitary operator U on L2 (D, S, Ft).

* *  Let G  be a compact group. A mapping x---.ax (where a  is an element of G)
is called a rotation on the group G.
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ation of 12  on to  itse lf, th en  12 i s  a  to ru s . This m ig h t b e  an
interesting consequence.

§ 1. Group o f isometric transformations.

The following lemmas are easily deduced from the theorems
in  [4].

LEMMA 1. 1. Let 12 b e  a  metric space and t h e  group o f  all
isom etric transform ations of  1 2  o n to  i t s e l f .  Fo r every 8 > 0 , an
arbitrary  positive integer n  and any  n  elements x„ x„ ••• , x„ of  12
we set
(1.1) U (e  ;  x „  x 2 , ••• , xn ) = {o- ; p(o- x , x 1 ) <  8 , i =  1, 2, n, o- E }

I f  th e  s e t  o f  all su c h  U (; x„ x„ ••• , x„) is tak en a s  a  complete
system  o f  neighborhoods o f  th e  identity  of  then b e c o m e s  a
topological group. (See Theorem 3. 7 in  [4 ])

It is easy to see that the topology which is introduced in  our
lemma coincides with the topology which is defined in  Theorem
3. 7 in  [4].

LEIVEVIA 1. 2. Let 12 be a compact metric space and t h e  group
a f  all isom etric transform ations of  12 onto  itse lf . L et us suppose
that S) is  topologized by  the  method o f  Lemma 1 .1 .  Then i s  a
compact topological group. (see Theorem 4. 4, Theorem 4. 8 in  [4 ])

LEMMA 1. 3. Let 1 2 b e  a  locally  com pact and connected metric
space and t h e  group o f  all isom etric transform ations of  12 onto
itself. I f  is  topologized by the method o f  Lemma 1. 1, then i s
a  locality compact and 0—compact topological g ro up . Moreover, there
exises an  8 > 0  such that the neighborhood
(1.2) U ( E  ; x) ;  E p ( Œ x ,  x) <
has compact closure f or every x E n. (See Theorem 4. 4, Theorem 4. 5
and Theorem 4. 8 in  [4 ])

LEMMA 1. 4. L e t 12 be a  m etric space w hose bounded set is
alw ays com pact and k ) the  group o f  all isom etric transformations
of  (2 onto itself . W e introduce a  topology in  Ss as in  Lemma 1. 1.
Then •Î?, becomes a  locally compact and 0—compact topological group,
and f or every 8 > 0  and every point x E 12 the neighborhood
(1.3) u ( e  ;  x )  =  ;  E p(,)- x , x) < 6 1

has compact closure. (See Theorem 4. 7 an d  Theorem 4. 8 in  [4])



344 Y oshimichi Mibu

REMARK. In  th is  §  w e had  not assum ed that the group
satisfies the condition (C 1 1 ) o f  Theorem 3. 4 in  [ 4 ] .  But our
lemmas are proved quite similary as in [4].

§ 2 . Some lemmas.

LEMMA 2. 1. L et G be a  locally  compact topological group and
H  an  abstract subgroup of  G  su ch  that H =G . I f  a  measure ik  in
G  i s  inv ariant under H ,  that is, the relation ,u,(aA )= ,u(A ) holds
for ev ery  a E H  and  every Baire set A .ÇG, then  a is a  Haar mea-
sure in  G.

The proof is easy and is omitted.
LEMMA 2. 2. L et G be a  locally  compact topological g ro u p . If

there exists an element a E G such that the cyclic group H = {a" ; n= 0,
± 1, ± 2 , •••} is  dense in G, then G  i s  a com pact abelian group or
a  discrete cyclic group.

For a proof o f this lemma see Lemma 2 in [2 ],  p. 96.

LEMMA 2. 3. L et 12 be a Hausdorf f  space and a  group of
homeomorphisms of n which satisfies the condition that

(2 . 1) f o r any  tw o  points x, y E 12 there ex ists a homeomorphisnt
(TE' s u c h  th at  c r X  y

L et us suppose that is topologized in  such a  manner that be-
comes a  locally compact and 0—compact topological group. For any
point x  E 12 we define a mapping iJrx  o f  onto the space 12 such that

(2. 2) 'kip, (0-) = 0- x

If  the  mapping 
- 'f r y

 is continuous and  the  space 12 i s  of the second
category, then the mapping qr„ is open.

PROOF. Let W  be an arbitrary open set of 5 .  F irst, w e sh a ll
show th at lk,( W )  contains an open set. W e select an open set
V  su ch  th a t its  c lo su re  V  i s  compact and t 7 W. S in c e  the
topological group i s  0---compact, there exists a countable set of
elements a n  , n = 1, 2, • • o f ‘ )  such  that the system  of open sets
6-„ V, n=1, 2, • • • , covers the topo log ica l group  2 . Suppose that
qrx (0-.„ V )=F„, n=1, 2, •••. Since every F„ i s  a  continuous image
of a compact set, it  is  a lso  a compact closed se t. From the con-

dition (2. 1) of the lemma we have \-/ F,, =12.12. Since the space 12
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is  of the second category, there exists at least one set F,, con-
taining an open set. Then the set F  =  (V  )—  x ( o -  n  V ) = cr; F
contains also an open set. Since V_Ç_ W, lJr ( W )  contains an open
set.

L et U  be a  neighborhood of the identity e E Then there
exists a  neighborhood W  of the identity such that W 'W Ç  U.
From what we have just proved Ifrx (W )  contains an open set W .
L e t  E W * and 0- an element o f  W  such that Ifrx(c)=P (0- v — P).
Then 0-- 1 W  is a neighborhood of the identity e which is contained
in  U. Consequently we have W )_ N rrx (0 --1 W )=
0- - '11f x ( W ) 0 - - 1 W * .  Since W * contains the point p  =  x (0-)(= 0- x),
the set 0-- 1 14/* is  an open set containing the point o-- 'p=0- - to-x=x.

The above argument asserts that i f  U  is  an  arbitrary neigh-
borhood o f the identity e E k), then Ifrx ( U )  contains an open set
which contains the point x .  Let D  be an open set of and o-  an
arbitrary element of D .  Then D  is clearly a  neighborhood of
the identity eE From what we have just mentioned the point
x  i s  a n  in n e r  p o in t  o f  t h e  s e t  k (o - ' D ) (7 - 1  Nit x (D ) .  Hence
a x = / r ( o - )  i s  an  inner point of the set ca- - 1 1/f ,(D )=11'Px (D ) .  This
shows t h a t  x (D ) is  open. Our lemma is completely proved.

§3. E rgodic transformations.

LEM M A 3. 1. L et 12 be a  m etric space and 1.6 a  measure in 1 2

such that every non-empty open set has positive m easure. I f  an  iso-
m etric transform ation a- o f  12 onto  itse lf  is  an  ergodic measure-
preserv ing transform ation on 12, then f o r every point x  o f  12 the
se t {0-" x ; n=0, ±1, ± 2, — } is everywhere dense in  1 2.

The proof is easy and is omitted.
LEMMA 3. 2. L e t 12 be a  locally  compact m etric space and

the  group o f  all isom etric transform ations of  n onto itself . W e
shall assume that the following three conditions are satisfied:

1) I f  we introduce a  topology in  12 as  in  Lemma 1.1, then
becomes a  locally compact and 0—compact topological group.

2) There ex ists an  element 0- , E and a point x 0 G 12 such that
the set {4 x 0 ; n=0 , ±1 , +2, •••) is everywhere dense in 12.

3) T here ex ists a positiv e number & such that a  neighborhood
U(8;x)— {0-; or E ST2, p(o-x , x )<& } has compact closure f or every point
X E
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Then we have
( a )  The space 12 i s  compact or discrete.
( 3 )  W e can def ine an operation in 1 2  which associates w ith

each pair o f elements x , y of 12 a third element z  of  1 2 , w ritten as
z = x o y , satisfy ing the following conditions:

(i) 12 becomes an ab e lian  topological group by the product xoy
and the original topology of 1-2.

(ii) The relation o-o x =a- o x o o x  holds fo r  every x  G 112.

PRO O F. Let H  be the cyclic group which is generated by the
element (To T h e n  R  is  c le a r ly  a  lo ca lly  compact and o - - -

com pact topological group and H  is  everyw here dense in H.
Hence by Lemma 2. 2 the group H  is  a compact abelian group or
a discrete cyclic group.

F irst, w e sh a ll assume th a t H  i s  a compact abelian  group.
W e define a  mapping Ifrx o  o f  k) into 12 such that 11,,0 (0-) =0-x 0 for
every o- E It is easy to  see that N'tx 0  is continuous. Since H  is
compact, * ( H ) =  {0- x0 ; 0- E H } is also  compact and closed. Hence
we have S2 *x 0 (11) = Ilt, o (H)D N'p x o (H ) -12, that is, Nir,o (H )= f2 . Let
N  be the set of all elements E R such  that crx 0 =x 0 . And let

IN  be the factor group o f f l  b y  the closed normal subgroup N.
T h en  it is  eas ily  seen  th at the mapping Jr x o  can be regarded as
a mapping o f HI N  onto the space 12. Moreover, Afrx o  i s  a one-to-
one continuous mapping of the compact space HI N  onto the space
12 and hence a topological mapping. We associate with each pair
o f elements x ,y E f2  a third element z  e 12 such that

(3. I) z  = .yrrx ,(* ;0
1(x) . * ; o

1(Y)) •

Then it is evident that 12 becomes a compact abelian group which
is isomorphic with the topological group H I N .  Let x  be an arbi-
trary point in 112 and cr an element o f H  such that 0-x 0 = x  (notice
that lk,c0 (11)=12). T h e n  it  is  e a sy  to  s e e  th a t  Ilf;e'( x ) =G - N . On
the other hand ..q/. 1(a-0 x 0 ) =(70 N .  Hence by the definition o f multi-
plication o f th e  group 12 w e have o- o X, 0 X  ro ('Ir7 o1 ((ro  xo ) "fr;o1 (X ))

=  li1 xo ( 0 - 0 N-G- N)---- -kkx0 (0-00- N )--(ToŒx0-0 - 0 x .  The assertions (cc) and
(3) are thereby proved.

N ext, we shall assume that H  is  a discrete cyclic group, that
is, Fi = H .  In the first place, w e shall show th a t  p- 0 ( ) =1I. L e t
x be an arbitrary point in n . Since the set {oi;x 0 ; n = 0 ,  ± 1 ,  ± 2, •••}
is everywhere dense in f2 , w e  can  select from  the set foi;x„ ; n
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= 0 , ±1 , ••• } a  subsequence G-g1x0 , 012x0 , ••• , OIXO , ••• which con-
verges to the point x .  Let c9 be a positive number as in the con-
dition 3) of the present lemma. There exists a positive integer J
such  that p(carxo, 0- P xo) < 6  for every i J. H ence it ho lds that
p(xo , o r)x o) < 6  f o r  e v e ry  i T h is  im p lie s  th a t  CT "

E U(6 ; x0), that is, ci'ji G 0T  U(&;x o ) for every Since the neigh-
borhood U(& ; x0) h a s  compact c lo su re  w e  can  eas ily  see  th a t

xo (Œgr ; x 0)) U(8; xo)) [closure o f th e set lo- =x0 ;

H ence we have Ilrx 0 ) = 1 -2. Let N  b e  the set of those elements
0- E •t■ fo r which crx0 = x 0 . From the condition 3 ) of the lemma it
is easy to see that N  is a compact subgroup of I f  there exists
an integer n > 0  such  that cr'jx 0 = x 0 , then 12 consists o f at most
n  points x o , 0- 0x0,••• ,c44 - 'x o .  In  this case our assertion is  trivial.
Hence we assume that

(3.2) 0 - 3 . r o   I  x ,  f o r  n  0 .

S ince Nr■H =e (identity o f •D), N  i s  compact and H  is discrete,
w e can  easily  p rove that there ex ists a  neighborhood V  of the
identity e E s u c h  th a t

(3.3) V N V ' r \ H  e

Let D„=*.,, o (o); V ), n = 0 ,  ±1, ••• . By Lemma 2. 3 the mapping iir,o

is  an open mapping of onto ( 2 and hence every D„ is  an open
set containing the point cr̀jx o . W e shall show th a t  Dn r \A n -0 ,
n  I  m .  Assume the contrary. T hen  there ex ist tw o  elem ents
9- 0 , T 2 e V  such that a-',; Ti x o =  0 1  xo . This implies that TY' cecrm T 0
= x 0 . H ence we have T 'o - " T1 E N , that is, ciì rm

Thus we have arrived at a contradiction (see (3. 2), (3. 3)). Conse-
q u e n t ly , w e  h ave  D n r\D„,= 0  fo r  n + m  and D„ D  X , .  Since
1/r

z 0
( V )= D 0 i s  an open set containing the point x „  there exists a

positive number 8  such  that Ix  ; p(x o , x ) <8 1  ÇBoo . According to
the isometry o f every  transformation 0-3 w e can easily see that

; p(0-,3x „ x )<81 =0-{ x  ; p(x o , x )<8} Ça-b° D0 =  D „ . From this we
can easily prove that the closure of the set {(7,; x0 ; n =0 , ± 1 ,  ± 2, •••}
coincides with itself. Hence we have f 2 =  {0-,Ix o ; n= 0, ± 1 , • • • }.  In
th is case it  is  q u ite  easy  to  see  th a t the assertions ( a )  and (,d)
are valid. Our lemma is thereby proved.

REPRESENTATION THEOREM 1. L et f2  be a com pact metric space
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and T  an ergodic measure-preserving transform ation on a measure
space (12, e, p,) which satisfies the condition that
( A )  e i s  the  class o f  all B orel se ts  o f  12 and p, is  a countably

additive measure on such that p(D )>0 f o r every non-empty
open subset D  of  12.

I f  T  i s  an  isometric transform ation of  12 onto itself , then T  is
sim ilar to a rotation on a compact abelian group.

PROOF. Let b e  the group o f all isometric transformations
of 12 onto itself. W e introduce in a  topology as in Lemma 1. 1.
By Lemma 1. 2 ,t) i s  a compact group. Hence the conditions 1)
and 3) of Lemma 3. 2 are satisfied . W e select an arbitrary point
x 0 E 12. By Lemma 3.1 the set {  x 0 ; n =0 , ±1, ±2, — } is every-
where dense in 12. Hence the condition 2) o f Lemma 3. 2 is also
satisfied. By Lem m a 3. 2 we can define the product xoy for every
pair of points x, y  of 1 2  satisfying the conditions (i) and (ii) in
Lemma 3. 2. In this way 12 can be regarded as a compact abelian
group and the m apping T  i s  a rotation on the compact abelian
group 12 such  that Tx— Tx o . x .  Let H  be the cyclic subgroup of
12 which is generated by the element Tx, of the group 12. Then
it is  easy  to  see  that the measure p  is  invariant under H  and H
is everywhere dense in n .  Hence by Lemma 2. 1 the measure p
is a Haar measure in the compact abelian group 12. Our theorem
is thereby proved.

REPRESENTATION THEOREM 2. L et 12 be a  locally  compact and
connected metric space and T  an ergodic measure-preserving trans-
form ation on a measure space (n, e, p )  which satisfies the condition
(A ) . I f  T  is  an  isom etric transform ation of  12 onto itself , then T
is sim ilar to a rotation on a compact abelian group.

PROOF. By using Lemma 1. 3, Lemma 2. 1 and Lemma 3. 2
we can prove quite sim ilarly as in Representation Theorem 1 that
T  is sim ilar to  a rotation on a compact abelian group or a trans-
lation* on a discrete cyclic group. Since 12 is connected, T  can
not similar to a translation on a discrete cyclic group. Hence we
have our theorem.

REPRESENTATION THEOREM 3. L et 12 be a  metric space whose
bounded set is alw ays com pact and T  an ergodic measure-preserving

*  Let G  be a  discrete group. A  mapping x--.ax (where a  is an element of G ) is
called a translation on G.
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transformation on a measure space (n, c, I.G) which satisfies the con-
dition ( A ) .  I f  T  is  an  isometric transform ation of  12 onto itself ,
then  T  is  s im ilar to  a  rotation on a com pact abelian group or a
translation on a discrete cyclic group.

This theorem  is proved quite sim ilarly as in  Representation
Theorem 1 by using Lemma 1. 4, Lemma 2. 1 and Lemma 3. 2.

THEOREM. L et n be a  R iem anian m anifold and iz  a  measure
in  12 such that every non-empty open set has positive m easure. I f
there ex ists an  ergodic measure-preserving transform ation which is
also an isometric transform ation of  E2 onto itself , then 12 is a torus.

PROOF. By using Lemma 1. 3, Lemma 2. 2 and  Lemma 3. 2
we can easily prove that 12 is regarded as a  comact abelian group
or a discrete cyclic group. On the other hand 12 is connected and
locally connected. Hence we have our theorem.

REFERENCES

L . Pontrjagin, Topological groups, Princeton (1939).
A. Weil, L'intégration dans les groupes topologiques et ses applications, Paris,
1953.
P. R. H alm os, Lectures on ergodic theory, Publication of the Mathematical
Society of Juapan, 3  (1956).
Y . M ibu, On measure invariant under given homeomorphism group of a uniform
space, J. Math. Soc. Japan, 1 0  (1958) pp. 405-429.


