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A ring will mean always a commutative ring with a unit.
When R is a Noetherian ring, a prime ideal p  of R is  a prime

divisor of an ideal a if and only if p Rp is  a prime divisor o f a Rp
and it is true that every semi-prime ideal o f R has no imbedded
prime divisor.

In the present paper, we give an example o f non-Noetherian
ring in which the above two are not true. We prove more gener-
ally the following existence theorem :

THEOREM. L e t {R,} be a se t of quasi-local rings which contain
a  common field K .  T hen there is a rin g  T  such that (1) f o r each
Rx , there is a m ax im al ideal ni x o f  T such that Tm x = R k ,  (2) i f  ni
is  a m axim al ideal o f  T, then Tm  is isom orphic to either K  or one
o f RÀ  and (3) the total quotient ring o f  T  i s  T  itself.

Consider the case where Rx are integral domains which are
not fields. B y  (3 ), every non-unit of T  is  a zero-divisor, whence
every maximal ideal o f  T  is  a prime divisor of zero. But, m x Ti i i

is not a prime divisor o f zero . Furthermore, that Tm has no nil-
potent element fo r  every  maximal ideal m  o f  T  b y  (2 ) implies
th a t T  itself has no nilpotent elements, and the zero ideal o f T
is  semi-prime. But, each m  is not minimal, hence is an imbedded
prime divisor of zero.

Thus we are to prove the theorem. Let A  be an infinite set
from  which there is a  map (f) onto the set {RA} and let B  be
another infinite set. Set C =A  X B .  Let 1-2 be the set of functions
f  defined on A u C  (disjoint union) such  that ( i)  i f  a E A, then
f(a) G 4)(a) and (ii) if c E C, then f(c) G K .  Let M  be the subset of
s2 consisting o f those f  such that (i) f(c) = 0 for every c E C,
f (a )= 0  fo r a ll but a finite number o f elements a  o f A  and (iii)
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f (a)  is  in the maximal ideal o f (10(a). Let K * be the subset of 12
consisting o f those f  such that f (a)= 0  for all a E A  and f (c )=0
for all but a finite number of elements c  o f  C . Elements k  of K
are identified with elements f  of n  such that f ( x ) =k  for every
x E A u  C . e a  is , fo r  each a E A , an element of s2 such that ea (x)
i s  1 or zero according to whether x E { a}  v ax B  o r  n o t . ec is ,
for each c E C , such that e ( x )  is  1 or zero according to whether
x  =c o r n o t. Now let T be the subring of f2  generated by M , K *,
K  and the Ke a . Note that ec E K* for every c G C .  Since M  and
K * are ideals of f2 , they are ideals o f T , and we have T =K +K *
.+M-H Kea . Assume that f  E  T  is  a non-unit in T  and w e are
to prove that f  is  a zero-divisor. f  =k + k* + m +1k a e a  w ith  k E K,
k* E K *, m  E M , k a  E K  (k a =0 except for a finite number of a). If
f ( x )  is  a  un it fo r every xE A u C , then f  is  a unit in  f2. From
our expression of f ,  w e see easily that f  i s  in  T . and f  is  a
unit in  T  which is a contradiction. Therefore f ( x )  is  a non-unit
for some x .  I f  x E C , then f ( x ) = O and f  is  a zero divisor (for
f e x = 0). Assume that x E A .  Then k +k x = O. S in c e  B  i s  an  in-
finite set, there is a b E B  such that, for c=x x b, k *(c)= 0, whence
f (c )=0 , and f  is  a zero divisor. Thus (3) is proved. Let ni be a
maximal ideal o f T  and let 0- be the natural homomorphism from
T  in to  Tm . Since a quasi-local ring h as  no non-trivial idem-
potent elem ent, we see that o- (e) is  e ith e r  1 or zero for each
x E ll\JC .

(0 )  The case where ec 0 in for a C E C : The set q of f  E T
such that f ( c ) =0  i s  an  ideal o f  T  and e„q =0, whence q is con-
tained in the kernel of Since T / q  K , we see that Tm =

( 6 )  The case where ec E m for all c e C but there is an a E A
such that ea  0 :  The kernel q ' of 0- contains 1—ea  and  all the
ex  (a-1- x E A v C ).  Let q  be th e  se t o f f  E T  such that f (a)=0 .
We want to show that q C q '.  Let f  b e an  arbitrary element of
q. f = k + k * + m + k a ,e a , (k  E K , k * E K*, n i  e M , k a , e K ,  a' E A).
Since 1— ea a n d  ex  ( x * a )  a re  in  q', f -- - k +m (a)+k a  modulo q'.
On the other hand, since f (a)= 0, we have k + m(a)+ k a = 0, whence
f --=-0 modulo q', i.e., f  E q' . Thus q C q '.  Since T / q  (1)(a) which
is a quasi-local ring, w e see that Tm =  T / q  (P(a).

(M )  The remaining case is  the one where ni contains all the
ex  (x E C ) .  Then o-(ex ) — O. T herefo re , o-(K* +  Ke a )=--0. Fur-
thermore, i f  c E C ,  th en  1— e ,  n i and  (1— ec )M = O. Therefore
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0-(M )= 0 .  Since T I(K *+M +I'K e a ) ---- ---K, o-(T)^-, K  and therefore
L---4 K.
Since the above three cases exist and since (/) is surjective, we

see that (1 ) and (2) are true, and the theorem is proved completely.
Remark. With the same notations as above, M +K  becomes

a quasi-local ring with maximal ideal M .  The total quotient ring
o f M +K  is M +K  itself. If th e  RA a re  integral domains which
are not fields, then the zero of M +K  is semi-prime and M  is an
imbedded prime divisor of zero.


