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~ 1. Introduction.

Inthisnotewewillconsidersomeproblemsonthenon-linear

representationofstrictly stationaryprocesses. Theseproblems

weretreatedbyN.Wiener[1]andM.Rosenblatt[2], [3].

Tobeginwith ,weshallintroducesometerminologiesnecessary
forourrepresentationasanaturalextensionofthoseintroduced

forthelinearrepresentationofGaussianprocesses[4].

LetX=={X(t , cD) ， 一 <t< ∞] beastrictlystationaryprocess

onaprobabilityspacen(B,P). LetdB=={dB(t ， ω) ， -∞ <t< ∞}

beaWienerrandommeasure(abbreviatedhereafterasW.r.m).

Onaprobabilityspacen(B, P) ,whichmayormaynotbeidentical

withn(B,P).

Considerasystemoffunctionsf=={In , h==O.1 ， 2γ ・・}， where

eachInisasymmetricL2-functiondefinedonthenegativedomain

(-∞， oJn. Weassumethat~ n!IIfnll2 is finite , IIん II beingthe

L2-normofIn ・ In thispapersuchasystemfissaidtobelong

to~j{. Forf ε J(， wedefinetheprocessY=={Y(t ， ω) ， -∞ <t< ∞}

asfollows ,

Y(ム ω) ==剖二仁川l- t ， ..., t't-t)dB(九 ω) 仰n ， (V) (1)

wherethen--thtermistheorthogonaln-thMultipleWiener

Integral[1] ,[5]. ItisclearthatYisM2--continuousandstrictly
stationary.
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Definition1. IfYisaversionofX, thenwecallthestochasｭ
ticprocessoftherightsideof(1)a(non-linear)re ρresentation of

X, andthesystemfthekerneloftherepresentation.

Wedefinethedegreeofrepresentationby sゆい; I げ~II>O}.

IfIlfnll=0foralln, wedefineitsdegreeby-1forconvenience.

Definition2. Therepresentationiscalledρro ρerly canonical

ifandonlyif

L 2(dB, t)=L 2(Y, t) forallt.

L 2(dB, t)isthesetofallrandomvariablesmeasurablewithrespect

toBt(dB) , withzeromeanandfinite variance, Bt(dB)beingthe
completionofBorelfieldgeneratedby[{B(u ， ω)-B(v ， ω) ， U , v三三 t}

v{allnullsetinB}], andL2(Y,t)isthesetofallrandomvari-

abIesmeasurablewithrespecttoBt(Y) , withzeromeanandfinite

variance, Bt(Y)beingthecompletionoftheBorelfieldgenerated
by[{Y(s ， ω) ， sζ t} v{allnullsetinB}]. InL2(dB,t)aswellas
inL 2(Y, t)weidentifytwoelementswhichcoincicideuptomeaｭ
surezero.

Definition3. Therepresentationiscalledcanonicalifand

onlyif

L 2(dB, t) よ (L2(Y) 8L 2(Y, t)) forallt. (2)

whereL2(Y)=L 2(Y ， ∞).

Intuitivelyspeaking, thecondition(2)meansthatwedonotneed
thefutureinformationofthegivenstationaryprocessY toconｭ

structtheW.r.m.dB. Itisobviousthatanyproperlycanonical

representationiscanonical.

Tworepresentationsofaprocesswiththesamekernelareof

thesametype, namely , ifoneiscanonical(orproperlycanonical),
thenitissowiththeother. Thuswecanalsousetheterminology

suchas “ the kerneliscanonical(orproperlycanonical)"

Definition4. Xiscalledρurely non-deterministicifandonly

if

ハム (X ， t)={OJ and L2(X) 牛 {OJ .
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Anyprocesswitharepresentationispurelynon-deterministic

exceptatrivialcase. Furthermoreitcanbeprovedthatanergodic

andstrictlystationaryMarkovianprocess,providedthatifpet, a,E)

isthetra 凶on proba 削除 then ~ P (t, a,db)f(b)iscontinuousin

aforanboundedcontinuousfunctionf/) Toprovethisitis

enoughtoshowthatif ご(ω)ε ハ L2(X ， t) ,

lim.E( ごい) /Bt(X))===E( ごい))

andwecanassumethat~(ω) isoftheform

ご(ω) =f1(X(tp ω))f2(X(t2 ， ω)) ・・・ん(X(tn ， ω)) , (t1くんく・・・ <tn)

fibeingcontnuous, sincethelinearcombinationofthesefunctions
aredenseinL2(X ， ∞); infact

E( ご州 BlX)) = )OO·)fl(X1)!2ω /仏)P(tn ーん-1' x n-1,dxn)

P(t/-t, X(t， ω) ， dx1)

→~...~λ (x 1)f2(X2).ｷ..tμ川tn-tn-l'Xn-l'dん). ｷｷP(t2-tl'XI'dx 洲町)

===E( ご(ω))

whereψis theinvariantdistributionwhichisequaltothelimit

distributionofpet, a,E)ast →∞ by theergodicityofourprocess.

Themainpurposeofthisnoteisthedeterminationofall

canonicalrepresentationsofastationaryprocesswhichhasa

properlycanonicalone. 羽Teshalldiscussthisinｧ2.

Inｧ3weshallclarifytherelationbetweenour(non-linear)

representationandtheordinarylinearrepresentationsincasethe

processesinquestionareGaussian. Aninterestingresultfrom

thisrelationisthatthedegreeofthecanonicalrepresentationof

Gaussianprocessesiseither1(linearrepresentation)orinfinite.

Inｧ4weshallmentiontwoexamplesofstationaryprocesses

inconnectionwiththerepresentation. Thefirstoneisasfollows.

Let {pet ， ら)，一∞ <t< ∞} bePoissonprocesswithparameterλ.

Thenyet, w)三pet， (v)-P(t-1 , w)-λis astrictrystationaryand

。 This wasgivenbyK.Ito.
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purely non-deterministic, but has no canonical representation.

ThesecondexampleisaMarkovprocesswhichhasaproperly

canonicalrepresentation.

Inconclusiontheauthorwishestoexpresshersincerethanks

toProfessorK.Itoforhiskindguidanceandvaluablesuggestions.

~ 2. CanonicalRepresentation.

FirstlyweshallgiveamethodtotransformaW.r.ffi.into

anewonebyarandomchangeofthesignofincrements.

Let'V (rr ， ω) bea(ヶ， ω)-measurable functionwhosevaluesare

either1or-1, andassumethatitismeasurablewithrespect
to Bヶ(dB) (三お [B(u ， ω)-B(v ， ω) ， u, vζヶJ) for each ヶ. Putting

BU, 0)-B(s,0)=~>恥岬川 (stochastic i同凶 [6]) ， we
have

Lemma1. dB=:{dB(t， ω) ， -∞<t<∞} isaW.r.m.

Proof. Considerfirstthesimplecaseinwhich 'l! (rr ， ω) isof

thefollowingform:

\Jf( ヶ， ω) = ai (ω) for rr i 三二ヶ〈ケ iiI' i=1, 2,… , no
、
、
，
，
J+

ケケ
r
E
L

εi'bwcurioF

P(B(t， ω)-B(s， ω)<clBs(dB))
=: P(的(ω) = 1 and B(t ， ω) -B(s ， ω)<cIBs(dB))
十 P( 的(ω) = -1 and B(t ， ω)-B(s ， ω)>cIBs(dB))
= P(似ω) = IIBs(dB))P(B(t ， ω)-B(s ， ω) <:c)
十 P(a i (ω) = -l/Bs(dB))P(B(t， ω) -B(s， ω):> -c)

=r1 e- Xル)，1
ー∞、 /2 方 (t-s)~ ~

Hence, itisclearthatdBisaW.r.m. , sinceB(t ， ω)-B(s ， ω) is

measurablewithrespecttoBt(dB).

GivenageneralW( ヶ， ω) ， thereexistsasequenceoffunctions

'1'n(rr , ω) ， n=1 , 2, · ・・ , of the form mentioned abovesuchthat

j:1E('I!'(ヶ， ω)-'l!n(寸， ω))2drr<::"--~. Usingthisfactwecaneasilysee
n

thatdBisthelimitofasequenceofW.r.m.'s. ThereforedB

isa 羽T. r.ill, aswewished.
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ThoughoutthissectionweassumethatX三 {X(t ， w) ， 一∞ <t

〈∞} isastrictlystationaryprocesswithzeromeanandhasa

properlycanonicalrepresentationwiththekernelg=(gl'g2' …),
namelyXhasaversionZsuchthat

Z(t ， ω) =会 [00'" ~~oo gn(t,-t , ..., tn一川(い) 仰mω) (1)

L 2(dB , t)=L 2(Z, t). (2)

WeshallnotethatifT, isashiftoperatoronL2(dB)definedby

TT(B(t ， ω)-B(s ， ω» = B(t+rr ， ω)-B(s+rr ， ω)

andifTTisonL2(Z)definedby

Tヶ(Z(s ， ω» = (S+T ， ω)

then(1)and(2)willimplyT,= T. , whiletherelation(1)implies

T,>f-r only.

Lemma2..IfaprocessYisaversionofX, thenwecan
constructaW.r.m.dB*fromYsuchthat

Y( げ) =会;二仁ふ (t 1 -t ，···， tn -仰*(い*)紗 (tn ， w*)

andL2(Y , t)= L 2(dB* , t)forallt.

Proof. Bytherelation(2), wecanconstructdBfromZ as
B(t ， ω)-B(s ， ω)= 人t(Z( ヶ， ω) ， T三 t). Henceitfollowsthat {!t.s(Z(rr ,
ω*) ， rr三 t) ， 一∞<s<t<∞} isalsoaW.r.m.sinceYisaversion

ofZ. Denotingthis 羽T. r.m.withdB* , weobtainLemma2at
once.

ForanysetE ε Bo(dB) ， wedefineχ E( ω) by

χE( ω) = 1 on E , -1 on E C
•

ThisrandomvariableχE( ω) canbeexpandedbyMultipleWiener

Integrals[5.Th.4.2]as

ち(ω) =剖 ~oo'" rアE.n(t 1 ， ..., tn)dB( い) ••• dB(い)

where'PE ,n isasymmetricfunction.
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LetrJidenotetheset {ヂ E=( 伊E.o' qJE.1' …); E ε Bo(dB)}.rJidoes

notdependonthe 羽T. r.m.dBbythedefinitionandiflpbelongs

torJi, thenーヂ= (-epa , -伊l' ・・・) doesalso.

Foranylp ε rJi andforanyα ， b ε eX， weshalldefinetherelation

α =bolpasfollows. Takea 羽T. r.m.dBanddefinedBby

B(t, w)-B(い) =剖河川)[仁仁川1-T， ん -T)

dB(い) 仰n削μn ， (v)〆川刈fω吋ρの)

dBprovestωo bea 羽w人. r.m.byLemma1. Ifi比t holdst出ha抗t

急 ;仁仁!:∞ ;仁仁o ∞fα州nバ(

=急 ;仁roo二∞ r二∞ bん , t心刈tんωnρ)d品仰8良(人九い川， (.0刈ω刈) 仰n引， wω刈) ,

thenwesaythatα =bolp. Thisdefinitionisindependentofthe

specialchoiceoftheW.r.ffi.dB.

ThusourmainTheoremreadsasfollows.

Theorem1. A necessaryanesufficientconditionforf ε JC.

tobethekernelofcanonicalrepresentationoftheprocessX

mentionedaboveisthatthereexistslpinrJisuchthatf=golp.

Proof. LetfbethekernelofacanonicalrepresentionofX.

Y( ム ω) 三言。 roo'" [,Jn(t,- t ,.", tn一川(い) ••• dB(い) (3)

isacanonicalrepresentationofX , sothat

L 2(dB , t)J_(L2(Y)8 L 2(Y, t)).

Using.Lemma2, wecanconstructdB 本 such that

Y(t ， ω)-2LLι (t 1 -t ， ..., tn-t)dB*(い)似(い)

andthat

L 2(Y, t) ニ L2(dB* ， t).

Thuswehave

L 2(dB, t) 上 (L2(dB*) θ L2(dB* ， t)) (4)
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ExpanddB*by お1ultiple 羽TieneIntegralas

B*(t ， ω)-B*(s ， (v)==剖二 r~ at ,s ,n(t" "', tn)必(t1 ， ω) 必(tn ， ω)

= r~At •s (巾)州巾) (5)

where Aんt. s(令ケい巾，バ川 Gω←》

.リ· dB(t んn 一 1け， ω) .

Ontheotherhandwehave, by(4)

;二 At れ ω) 制rr ， (1))==E(B*( い)-B*(s ， ω)/ Bs (必))二 o. (6)

andfors<u<v くt

E(B*(t ， ω)-B*(s ， ω) /Bv(dB))-E(B*(t， ω)-B*(s， ω)/Bu(dB))

==B*(v ， ω)-B*(u ， ω) (7)

Thusweobtain

B*川-B*(s ， cv)= ~: At 仇 ω)術， ω) (8)

by(5)and(6), and

~: Aんιtυ s(rr ， (1)) 似

by(5町) and(7η). Thisimplies

At.s(rr ， ω) ==Av . u (ヶ， ω) (10)

foralmostall (rr ， ω) in[u , v)xo. ThereforewecanextendAt.s
toa (rr ， ω)-measurable function φ( ヶ， ω) ， defined on R1X0 such

thatforanys<t

B*川一B*いω(s， (1))刈ω刈)二 tト:〉φ川d必B川 ο

It iおs obvious t出ha抗t φ(什ケ， ω吋) iおs measurablewithrespect tωo BT(似dB)

foranyfixed ケ.

Nextwewillshowthatq> 2(rr ， ω) ==1.

Firstwehave

~: E( φ2(rr ， ω)/B s附)drr ==t-s (12)
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comparingbothsidewith E{(B*( ヶ， ω)-B*(s ， ω))2/ Bs(dB)}by(11)

and(4). Furthermore, E(φヤ， ω)/Bs(dB)) isameasurablefunction

of(s , r ， ω) ， becauseitismeasurablein(ヶ， ω) foranyfixedsand

itiscontinuousinsforanyfixed(r ， ω). Fixingsarbitrary, we
obtain, from(12),

E(φヤ， ω)/Bs(dB))=1 (13)

foralmostall ωand for almostall T ε [s ， ∞). Appealingto

Fubini'stheorem , wehave

"E(φ2(S+T ， ω)/Bs(dB))= 1

foralmostallsandforalmostallω" . (14)

foralmostallr ε[0 ，∞). Itisclearthat , foralmostallω， φ2(r ， ω)

islocallyintegrableinrandhence

~: Iφ 2(r ， (u)- φ2(r +v ， ω) Idr •° as v • O

Ontheotherhand , wehave

~: Iφ2( ヶ， ω)-φ 2(r +v,uｻIdヶ三 2~仁::;:三)〉:J〉y〈φゲbザ胤2

forvsmall, andnotingthattherandomvariableoftherightside
belongstoL1(0)andusingtheLebesgueboundedconvergence

theorem , wehave

E~: I(1)2('r， ω)-φ2 山，州ケ→ 0 ， as v • O (15)

Let {ケ n' n 二 1 ， 2 ， ・・・} beaseqvenceofthosevaluesofr which

satisfy(14)suchthat 九→ o. Nowitfollowsthat

r， E11 -φ2 仏(t») Ids

=仁 EIE( φ2(S 十い )/Bs(dB))- φ2(S ， uｻIds

二;仁ν:〉E|E的(仲φい'T n ，い， (vω) 一〈φp2(S ， u»刷必 M

ζ斗;仁ド:〉 E引{似E釘(Iゆφゲ2穴い(

二引|的
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by(15) , whichimplies

φ2(U ， ω) = 1 foralmostallω (16)

foralmostallu.

Expandingφ(s ， ω) byMultipleWienerIntegralsandnoting

thatφ (s ， ω) ismeasurablewithrespecttoBs(dB) , (11)canbe
writtenas

B*附B*(t ，ペ叩勺(ο仏tムμ川，川ω刈) 一 B炉P附*ペ伶勺ミて令(い s ， (u川，〆川fω刈οの) =完記剖討I~: dB一d必訓B民(ωい川，川ω刈)[["c'" ~仁に!:∞fψι , tムん1Z -1' U

U仏ιい1いノ，0刈ω刈) ...d必Bい)] (17)

whereq伊フ n issymmetricon(ο仏tムl' ·い"'\ ， t九n 一 1). OperatingTァ ontheboth

sideof(17), wehave

B*(t+ ヶ， ω) -B*(s-トヶ， ω)

= ~， [TdB(い)[∞ 仁川1-h ，ん -rr ， U ーヶ)dB(t!'0)
...dB( ん-1 ， ω)

Replacingt+rrands+ ヶ with tandsrespectivelyinthisexpresｭ

sionandcomparingitwith(17), weobtain

仇(t l' ・・ ·， tn - 1 ， U)= 仇(t p -rr, ・・・ ， tn ー 1- rr ， U ーヶ)

foralmostall(t … t~_" u). Thereforewehave¥l' , vn-1' ノ

“仇(tl' ・・・ , ttZ-1'U)=仇(t1 -rr ， ・・・ , tn-1-rr , u-rr)

foralmostallrrandforalmostall(t} , ..., tn ー 1)" (18)

foralmostallu. TakingavalueUoofuwhichsatisfies(18)and

(16) , anddefiningψ n by

れ(tl-U O ， ・・・ , tn-uo)=仇 i 1(t1, ・・・ , tn , Un)

wehave

ψn(t 1-Un-rr , …, tn-uo-rr) =(PUl1(t" …, t 1Z , Un 十ヶ) (19)

foralmostallT andforalmostall(t l , ..., tn) , andtherefore

φ例(u仇附O汁+T ，川川fω刈οの) = 去剖)j;[::η rい7γ〉一べVι一、べV寸，べVψ'lψIF
.….い· dB(tんn' ω) . (20)
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foralmostallT andforalmostallω.

Defining¥J!(r ， ω) asameasurableversionof

会I )~oo··· )~oo ~r n< tl -r, ...，い )dB( い) ••• dB(ル吋 we get

\]f (T ， ω) =φ(rr ， ω) foralmostallω. (21)

foralmostall T , andsince¥}I(T ， ω) isastrictlystionaryprocess

bythedefinition

P(\]J'(rr ， ω)=1or -l)=P(\j/(u o ， ω) =1or -1)=1. (22)

Hencethesystemψ=(ψ 。， ψl' ・・・) belongstotheclass0tintroduced

before, andwehavef=go ψ.

A.ssumetonverselythatf=go ψand put

YU, K2;L I/(t1-f, J71一川(九 ω) .•. dB(い) (23)

and

長(ム ω)-B( 日) =討 dB ヤ， ill) r~ 仁川 1- T ， ..., tn ーヶ)酬い)
...dB(t n ， ω) ,

weshallget

Y( 川) =剖 Lj:g(fl-fp み-f)dE( 九 ω) 必(い)

bythedefinitionofgo¢,andthisprovedtobeaproperlycanonical

representationofX , anditimpliesthat(23)isarepresentation

ofX. Itisthereforeenoughtoprove

L 2(dB, f) 上 (L2(dB) 8L 2(dB ,f)

inordertocompletetheproofofourtheorem.

TakeanyelementZinL2(dB)8L 2(dB , t). ThenZcanbe

羽Tritten as

Z=~ \η( 日)術，刈

whereη (rr ， ω) ismeasurablewithrespecttoBT(dB) ,sinceZ モ L2(dB).

SinceZ上L2(dB ， t)and

ZI三 r仁:二∞ 帆 ω吋)酌， 0刈ω叫) ε仏叫Lム2(似dBわれ， tのtの)

wehave, bythepropertyofstochasticintegral,
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o=E(Z'ｷZ)=r~ E(点 ω))dr

namelyη ('T， ω) ==0foralmostall(ヶ， ω)ε[- ∞ ， t]x0 , sothat

Z=rη川崎，ω) =rわ:〉η川v川必働ヤ

where、哩'1'(令 eケT ， ω叫) iおs measurablewithrespecttωoB ア(ωdB) ト. Sinceη(け'T， ω刈)

ismeasurablewithrespect tωoB ア(似dB) ， i抗t iおs a討Isωo measurablewith

respecttωo BT(似dB). ThereforeZisorthogonaltoanyelemntZ"

oftheform

ωTB
,a、

1

ノωケ
/
'
E、
、

ν
r『d

FEEZE-E

,v一
一

Z

bythepropertyofstochasticintegral, wheret( ヶ， ω) ismeasurable

withrespecttoBT(dB). SinceZ"isageneraletementofL 2(dB, t) ,
theproofisnowcompleted.

Inconnectionwiththistheoremtherearisesanopenquestion

whetherornotL 2(dB , t)isstrictlylargerthanL 2(dB , t).

~ 3. TheRepresentationofGaussianProcesses.

Inthissectionwewilldiscussthenon-linearrepresentation

ofGaussianprocesses. LetX beastationaryGaussianprocess,
continuousinthemeansquaresensewithzeromeanandfinite

variance. Lete.511(X, t)denotetheclosedlinearmanifoldspanned
by {X( 'T， ω) ， 'T 三 t} andpute.5U(X)==e.5U (X ， ∞). ReplacingL 2(X,t)
andL2(X)withe.5U(X, t)ande.5U(X)respectivelyinDefinition4in
~ 1, weshallintroducethe concept “ρurely non-deterministicin

linearsense". ItiswellknownthatX hasamovingaverage

representation(representationofdegree1)

。r
・

、
SB

J
U

C
U

4'bvg
P
B
E
E
-
E
E
-
u

一
一

OFL
4
'
uy (1)

ifXispurelynon-deterministic. ReplacingL 2(X, t) , L 2(X) , L 2(dB ,t)
andL2(dB)withe.5U(X,t)e.5U(X) , e.5U(dB ,t)andc.3rt(dB)respectively
inDefinitions2and3in ~ 1, weshallintroducetheconcepts

“ ρro ρerly canonicalinlinearsense"and“ canonic αI inline αr sense".2)

2) ThisdefinitionofcanonicalrepresentationisequivalenttoLevy'sonethatis

E(Y 仰9'J l(Y ， sトド h
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Itshouldbenotedthattheproviso“ in linearsense"isomitｭ
tedintheordinarytheoryoflinearrepresentationofGaussian

processes.

Nowweshallstatesomerelationsbetweentwokindsof

conceptsmensionedabove.

(A) Xispurelynon-deterministicifandonlyifXispurelynonｭ

deterministicinlinearsense.

(B) Intherepresentationofdegree1,fourconditions, (a)ρroρerly

canonicalinlinearsense, (b)ρroρerly canonical, (c)canonicaland
(d)canonic αI inlinearsenseareequivalenttoeachother.

Theproofof(A)iseasy. Wecanprove(B)byshowingthe

implications

(a) • (b) • (c) • (d) • (a) .

Weshallnowprovetheimplication (d) • (a) only, becauseother

加仰impliμIi 化cations canbeproveda抗t 0附 LetY川=r g仰(u 一柿似
beaproperlycanonicalrepresentationinlil1earsenseandlet

Z(t ムM川，川ω刈)= rf(u 一刷(仏い川 ω) bea cano山l 即esentation inlinear

sense. SincebothareversionsofX

E{E[Y(t， ω)/~T(Y)]E[Y(s， ω)/~T(Y)J}

==E{紅Z(t， ω)/~r(Z)]E[Z(s， ω)/c51T(Z)]} ('T 三二 t， s)

Becauseofcanonicalitywededucefromthis

r仰-帥一物 = r!(u-t)!(u- 机，

namely, g(u-t)g(u-s)==j(u-t)j(u-s)foralmostallu三min. (t ,s).

TakingEX 2
(0 ， ω)>0intoaccount,weobtainj(t)==og(t)foralmost

alltwithacenstant0equal to 土 1 ， whichcompletestheproof

of(d) • (a).

Itfollowsatoncefrom(B)thatif(1)isnotproperlycanonical

inlinearsense, asin Y(t ， ω)==B(t ， ω) -B(t-l ， ω) ， then L 2(Y, t) 三

L 2(dB, t).
AsaresultofTheorem1in ~2wecandetermineallthe

canonicalrepresentationsofaGaussianprocessX whichispurely
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non-deterministic. Let(1)betheproperlycanonicalrepresentation

ofXinlinearsense. Thenwehave

Theorem2. fisthekernelofacanonicalrepresentationof

X ifandonlyifthereexistsepin(1isuchthat

!n(t1 , ・・・ , ん)

=12g(ん)χC-oo ， tiJ Il - 叫ん , ti- 1 ,t｣+I' ・ ， tn) rpn-l(t1- ti ,
n ;=1

・・・ , ti-1-ti , t州 -ti' …, tn-ti) . (2)

foralmosteverywherein (-∞， OJ ぺ where χA( ・) istheindicator

functionofthesetA.

Using this, wewilldeterminethedegreeofcanonicalreｭ
presentationofGaussianprocesses.

Theorem3. ThedegreeofcanonicalrepresentationofGausｭ

sianprocessiseither1or ∞.

Proof. Becauseof

の
rg

1

一n
一
一

n
F
F
d

(3)

itisenoughtoshowthatifヂE==( 伊E.o ， 伊E.l' ・・ 1 伊E.N' 0, ・ー・・) for

finiteN, thenN==0.
Let {凡 ， n==1 ， 2 ， …} bethecompleteorthonormalsystemof

L2(- ∞， OJ. Then{ι (00)= r~On (t )dB( 川， n== は} areN(O , 1)ｭ

distributedandmutuallyindependentrandomvariables. Bythe

definitionofepE==(伊 E.o ， …, 伊E.N' 0, ・ー・・)， wehave.

九(ω) 二割 LL 叫ん , tn)必(t1 ， ω) ...dB(t n ， ω)

Morepreciselyahdexpressingthisbyι(ω) ， n==1, 2, …we get,

山) ==言。札i-Rtor--ftlHρν(J玄~n(ω)) (4)
Weshallexpand ら(ω) asapowerseriesof 久(ω) :

χE(ω)== 2J Cν(~lω) ， ~3(ω) ， ・・・)釘(ω) (5)

Henceforfixed(ム (ω) ， 乙(ω) ， ・・・) itbecomesapolynominalofと1(ω)



142 MakikoNisio

ofdegreeN atmost. Sincethevalueoftheleftsideof(5)is

either1or -1, thedegreeofthispolynomialmustbeO. Thus

χE( ω) =CO(乙(ω) ， ~3(ω) ,…) (6)

Using(4) , Cocanbeexpandedasapowerseries of 乙(ω) again ,
say ,

ら(ω) = 2JC~ 刊と 3(ω) ， ~4(ω) ，・・・)包 (ω)

Bythesameargumentweconclude

χE( ω) = C61)(~3(ω) ， ~4(ω)，…) .

(7)

(8)

Repeatingthismethod, weobtainthatχE( ω) isthefunction

ofι(ω) ， ι+/ω) ，… for anylargen, andthereforeχE( ω) isaconｭ

stantbythe0-1low. ThisimpliesthatN=0aswewanted.

~ 4. Examples

Example1. LetP三 {P(t ， ら)， -∞ <t<: ∞} beaPoissonproｭ

cesswithparameterλand put

Y(t ， ら) = P(t， あ)-P(t-l ， ら)-λ.

WeshallshowthatYhasnocanonicalrepresentation. Firstly
weshallnotethatBT(Y)=B ,(dP). AlmostallsamplepathsofY
arestepfunctionswhosejumpsareeither1or-1. Denotewith

Dm thesetof

い :m> 可>-m ， P(t, to)-P(t-O， ら) = P(t-1 ， ら)-P(t-1-0， ら) = I}

Thenwehave

Dバ Q{('O;mよい叫 p(~ ， w)-p( 平サ二 I~ 0,

p(k~n ， ("())_pk-:ーし))=i~OJ・(1)n /

BytheindependenceofPoissonprocesseswehaveforn(>2).

刷会サ -p( 早か= 0, p(k~nの-P勺-1 ， (0) キ o}
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Thereforetheprobabilityofthen-thsetoftherightsideof(1)is

lessthan2(m+1)n(1-e 一入 /n)2. HenceP(Dm)=O,sothatP(VDm) 二 0.

Remarkonthecanonicalre ρresentation

Thisimpliesthatforalmostallsamplepathsthereisnovalue

oftsuchthat

P(t ， ら)-P(t-O ， ら)=P(t-1 ， あ)-P(t-l-0 ， の) = 1.

Foranyfixedsandt , consider

Zn( あ) -~ [{Y( 寸;，ぬ)- Y( 円-1' w)}vO]

寸三 s-1-~(i二り
n

(3)

Theinverseinclusion

ItisclearthatZn( あ) increasestoP(t, (v)-P(s , (v)foralmostall

ら as n →∞. HenceP(t,(v)-P(s, ill)isameasurablefunctionwith

respecttoBt(Y) ,namelyL 2(dP,t)CL 2(Y,t).
relationisobvious.

Itfollowsfromthisfactthat

(4)E(Y(t, (71)/Bs(Y))= P(s， ら)-P(t-1 ， あ)-λ(s-t+1)

E[{E(Y(t ， ら)/Bs(Y))-E(Y(t ， 白)/ B s,(y))}2/ Bs,(Y)J

=λ(s-s') (5)

re-canonicalaY hadthatsupposeNowfort>s>s'>t-1.

presentation, say

Z( ム ω) 二割二仁川 l- t， ..., tn一細川) ••• dB(い)

=仁F(t， u ， ω)酬い)

SinceZisaversionofY, weshouldhave

t>u>t-1

u<t-1

forー
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一
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using(5).

UsingthesameargumentasweusedinLemma1,theprobability
lawofZ(t ， ω) wouldbeN(O ， λ) ， whichisabsurd.
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Example2. ConsidertheMarkovprocesswithgenerator

ト A(x-B)24:+(DX+E)fL
αx- ax

Itisknownthatunderthecondition

(x>B).

A>O , DB+E>O , D<A (6)

thereexistsoneandonlyoneinvariantmeasure,whichhasdensity
functionρ， [7J.

ρ(y) ==co 凶 (y- B)D 山川- DB+E 斗 (y> B). (7)
¥ A y-B/

ThenthereexistsastationaryMarkovprocessX=={X(t ， ω) ，一∞ <t

<∞} withgenerator~λX hasfinitesecondmomet, provided

D<O , -D>A>O. (8)

Hereafterwewillassumethecondition(8). FromXwecan
constructaW.r.m.dB[8Jsuchthat

X(t ， ω) =Xes , UJ)+~:阿T， UJ)+E)d'ヶ+ ~:α附， ω)-B)似T， UJ)
(9)

where α= 、/2A. Thisimpliesthat X(t ， ω) ismeasurablewith

respecttotheBoreldfieldgeneratedby {B(u ， ω)-B(v ， ω) ， s三u三

uζ t} andBs(X). Accordingto[2.Th.3Jweshallshowthat

X(t ， ω) ismeasurablewithrespecttoBt(dB). Considertwoproｭ

cessesXaandXbstartingaandbattime 0, (α>b>B)， which

satisfystochasticintegralequation.

不幻初(ο川t

Z==α仏， b. (10)

respectively, putting Yet ， ω) ==Xa(t ， ω) -Xb(t， ω) ， Y satisfies the

followingequation, fort>O

rt 十~ r
Y(t+ ヶ， ω) ==Yet ， ω)+ ¥ DY(s， ω)ds+ ¥ Yes， ω)dB(s， ω) .

Solving(11), wehave

Y(t ， ω) ==(α -b) exp[(D-A)t+ α(B(t ， ω)-B(O ， ω))J ｷ

(11)

(12)
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Hence

EIXa(t ， ω) -Xb(t ， ω) I-==Ib-aIeDt. (13)

Ontheotherhand, solvingthestochasticintegralequation

η川=州 G司)+斗+ ~:例
(14)

where η(ρ0 ， あめ) isindependent tωo {仰B(似u ， あめ) 一 B(切u， ω吋)， °三三 V<u} ， we

getaMarkovprocess i'lJ (t, w) , t>O}anditisseenthatηis a

versionof {X(t ， ω) ， t>o}. This implies that X(0， ω) isalso

independentof {B(u ， ω)-B(v ， ω) ， °ζ v< u}.Using(13),

limEIX(t ， ω) -Xa(t， ω)I=limE[(IX(t， ω)-Xa(t ， ω)1/X(O ， ω))] =0.

(15)

DenotingwithBco.o(dB)theBorelfieldgenerated{B(u ， ω)-B(v ， ω) ，

O三v<u 三 t} ， weget

E\E(X(t ， ω) /Bco.o(dB))-Xa(t， ω)1ζ E[E(IX(t， ω)-Xa(t， ω)1/

Bco.o(dB))]=EIX(t， ω)-Xa(t， ω)1 →° • (16)

Combining(15)with(16)concludesthat EIE(X(t ， ω) /Bco.o(dB))

-X(t ， ω) Itendsto0, whichwastobeproved.
Usingequation(9), weobtaintheexpansionofX (properly
canonicalrepresentation),

n

、
E
ノ

α
ω

<'

n

ん
ハ
白
、

引

B

ら

d

八一
、

E
，
ノ

t
1
ω

D

f

n

ト

戸

駅

‘
Bd
+

E
一D

f
r
'
I
1
1
¥

♂
一
，
似

β
E
E
E
E
E
E
E
U

F
'
E
E
Z
E
E
-
w

∞2
日

E
一D

一
一

。'
t

4'uv

J'E1

、X

MathematicsDepartment,

KobeUniversity

REFERENCES

[1JN.Wiener, Non-linearproblemsinrandomtheory(1958).
[2] M.Rosenblatt, StationaryProcessesasShiftsofFunctionsofIndependentRandom

Variables, Jour.Math.andMech., 8(159), 665-681.
[3JM.Rosenblatt, StationaryMarkovChainsandIndependentRandomVariables,
Jour.MathandMech., 9(1960) , 945-950.



146 MakikoNisio

[4] T.Hida, CanonicalrepresentationofGaussianprocessesandtheirapplication,
Mem.ColI.Sci.Univ.Kyoto, 33(1960) , 109-155.

[5] K.Ito, MultipleWienerIntegral, Jour.Math.Soc.Japan, 3(1951) , 157-169.
[6] K.Ito, StochasticintegraLProc.Imp.Acad.Tokyo, 20(1944) , 519-524.
[7JH.Tanaka, OnLimitingDistributionsforOneｷdemensionalDi 妊usion Processes,
Bull.Math.Stat.7(1957) , 84-91.

[8] ].L.Doob, StochasticProcesses, NewYork.J.Wiley(1953).


