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I. Introduction

The relationships between solutions of an unperturbed system
and solutions of a perturbed system have been discussed by many
authors (cf. [ 2 ] ,  [ 3 ] ,  [ 5 ] ) .  Hale also has discussed asymptotic
behavior o f  solutions o f differential-difference equations by using
a  Liapunov functional for an  unperturbed system [ 4 ] .  Markus
has discussed the case where the perturbation term tends to zero
as t—> Do [ 8 ] ,  and Antosiewicz, Opial, Levin and Nohel have dis-
cussed the case where the perturbation terms are integrable [I],
[6 ] ,  [7 ] ,  [1 0 ] .  Recently the author has also discussed the asymp-
totic behavior of solutions of a perturbed system [11 ].

In this paper we shall discuss the asymptotic stability of a
set, and by constructing a  Liapunov function, we shall discuss
the relationships between solutions of an unperturbed system and
solutions of a perturbed system. As a special case of this paper,
some results concerning an autonomous system have been reported
at International Symposium on Nonlinear Vibrations in Kiev [12].

We shall discuss the stability of an arbitrary set and hence,
as special cases, the stability in the sense o f Liapunov and orbital
stability are included in our case. Moreover the perturbation term
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in this paper is a combination of the case where it tends to zero
as t—> 00 and the case where it is integrable.

Now we consider a system o f differential equations

d )(1 ) x' = F(t, x) _
dt

where x is an n-dimensional vector. Let M  be a set in  Ix  R ",
where / is the interval 0 <  t< 0 .  and R" is the Euclidean n-space.
In this paper we use the following notations : A  is  the closure
o f a  set A  and  7r ,  is  the hyperplane such that t =Œ. M (0 -)  re-
presents the set such that Mr\ 7r,.• M(o- , 6 )  is the 8-neighborhood
of M(o-)  in R " and d(x, A ) is the distance between a point x  and
a set A , that is, d(x, A)= i n f  x — all, a E A I  and Co (x ) is the class
of functions which satisfy locally a Lipschitz condition with respect
to x .  Let x(t ; x0 , to )  be a solution of (1) through the point (t o , x„).

W e assume that F (t, x ) o f  (1) is defined on Ix  R "  or in a
suitable neighborhood of the set M  and that F(t, x ) is continuous
in its domain o f definition.

II. Definitions

In this section we shall give the definitions o f stabilities of
the set M.

(i) M  is said to be a stable set of  (1), if fo r any 8>0, any
a > 0  and t, El, there exists a 8(4, 6, a) such that if d(x o , M(t0))< 8

and 11x, 11 < a , w e  have d(x(t ; x„ M (t ) )< 8  for all t >  to .
(ii) M  is said to be a uniform-stable set of (1) with respect to

t, (or a ), i f  a in (i) is independent o f t, (or a).
(iii) M  is said to be a  quasi-equiasymptotically stable set of

(1), i f  there is a  80(4, a )  and for any 8 > 0 , a > 0  there exists a
T(t o , 6, a )> 0  such that i f  d(x 0 , M (t0))< 8 0 and 11x0 ll< a, we have
d(x(t ; x o , to ), M (t ) )< 6  for to+ T(t o , 6, a).

(iv) M  is said to be a  uniform-quasi-asymptotically stable set
o f  (1) with respect to t, (or a), i f  8o and T  in (iii) are independent
o f to (or a).

(y )  M  is said to be an equiasymptotically stable set of  (1), if
M  is a stable set of (1) and a quasi-equiasymptotically stable set
o f (1).
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(vi) M  is said to be a  uniform-asymptotically stable set of (1)
w ith respect to  t, (or a), i f  M  is a uniform-stable set of (1) and
a  uniform-quasi-asymptotically stable set of (1) with respect to
t ,  (or a).

(vii) M  is said to be a quasi-equiasym ptotically  stable set of
(1) in the large, if fo r a n y  > 0 , and n >0  and any a > 0 , there
exist a 13(t0, 97, a )> 0  and a T(to ,S , 97, a) such that i f  d(x o , Mt0))

97 and 11x0 a ,  w e  have d(x(t ; xo, to), M(t)) 18 (t0, 97, a ) for all
t to and d(x(t ; x,, t,), M(t)) < 6  for all t  t o + T(to, 97, a), where
g  is a continuous function of t 0 .

(viii) M  is said to be a uniform-quasi-asymptotically stable set
of  (1) in the large w ith respect to  t, (or a) , if (3 and T  in (vii) are
independent o f t ,  (or a).

(ix) M  is said to be an equiasymptotically stable set of  (1) in
the large, if M is a stable set of (1) and a quasi-equiasymptotically
stable set of (1) in the large.

( x )  M  is said to be a  uniform-asymptotically stable set of  (1)
in the large w ith respect to  t , (or a) , i f  M  is a uniform-stable set
o f (1) and a uniform-quasi-asymptotically stable set of (1) in the
large with respect to t o (o r a).

In the case where the system is autonomous and M(t)---M(t')
for arbitrary t  and t ',  it is clear that the stability o f a  set M  is
uniform with respect to t0 .

I I I .  Hypotheses on M

M (t) is  a  set in  R "  and we assume that M (t) is not empty
for any tE  I. Clearly we have

( 2 ) d(x, M(t)) d(x, M(t)) .

Lemma 1 . I f  a se t  M  is  a stable set of  (1), f o r any x, E M(t 0)
we have

( 3 ) x(t ; xo , M(t) f o r all to •
We assume that i f  (t, x ) and ( t ', x )  belong to any compact set

in /x R ", there is a positive constant K depending on each compact
set such that
( 4 ) I d(x, M(t))—  d(x, M(P))1‹ — .
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In  th is case, from (2 ) and M n z ,= M n z t ,  we can easily prove
the following theorem.

Theorem 1. If a set M satisf ies the condition (4), each kind of
stabilities of M  is equivalent to one o f  M.

Lemma 2 .  I f  d(x, M(t)) and d(x, M(r)) satisf y  the condition
(4), for any  6 > 0  we have

(  
5

 ) ( d(x, M(t, 6))— d(x, M(t' , 8))1‹ K it — t' I .

P roo f. It is clear that we have

( 6 ) d(x, M(t)) < 6 if x E M(t, 6)

and

(7 )d (x , M ( t) )  - -= d (x , M ( t ,  8 ) )+6 if x  M(t, 6).

In the case where x E 6 ) and x E 6), we have clearly

d(x, M(t, &))— d(x, M(t' , 6))1 = 0 <IfIt — t'

In the case where x 6) and x  M(ti, 6), we have

d(x, M(t, 6))— d(x, 6))I
= id(x, M(t))-8 —(d(x, M(e))-6)I (by (7))

M(t))— d(x, M(P))1
< K it— t'l

In other case, for example, we assume that x É- M(t, 6 ) and x E
M(r, 6) and then we have

d(x, M(t, 8))— d(x, M(t' , 8)) d(x, M(t))-6 .

By the assumption (4), d(x, M(t)) is  a continuous function of t and
w e have d(x, M(t))>& and d(x, M(e))<  8. Therefore there is a
t, such that t< t 1 < t '  and d(x, M(t i )) = E. Hence we have

I d(x, M(t, 8))— d(x, M(t' , 6 ))1
= td(x, M(t))— d(x, M(t 1 ))1
<  K it — t1 1
< K i t •
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Lem m a 3 . I f  f o r an y  6 > 0  w e def ine a  f unction G(t, , 6)
such that

G(t, , 6) = M(t, 6)) ,
we have

( 8 ) G(t, 6)— G(t' , 6')1< r)+  Kit— + 16 —6'1

where K is a positive constant when (t, (t', belong to a compact
se t in  Ix  R".

P r o o f .  We have

IG(t, 6)—G(t', r, 6')i
<1G(1, G(t, r, 6)1 +1G(t, r, 6)— G(t' , r , 6)1

+ 1G(t' , G(t' , r, 6/)1
6))— dcr, 6))1 + I d(r, 6))— 6))1

+ Id(r , 6 ) ) — d ( ' , 6 ' ) ) I
<  d g ",r )+ K tt — r1+1 6 - 6 / 1

I V .  Equiasymptotically stable set in the large

In this section we shall discuss the equiasymptotically stable
set in  the large. W e assume that F(t, x) o f (1 ) is defined and
continuous on Ix R " and that a set M  satisfies the condition (4).
Now we shall construct a Liapunov function for the equiasympto-
tically stable set of (1) in the large. We need the following lemma.

Lem m a 4 . L et A(t, 17, a, 6) be defined, continuous and positive
o n  0 < t ,  0 < n ,  0 < a ,  0 < 6 .  T hen there ex ist f o u r continuous
functions g(6), h(97), k(t), 1(a) such that g (6 )> 0  f o r 6=1=0, g(0) =0,
h(97)>O , k(t)>O , 1 (a )>0 and A(t , y, a, 6) > g(6)h(q)k(t)1(a).

By Massera's lemma [9], we can easily prove this lemma.

Theorem  2. W e assume that F(t, x) E Co (x). I f  a s e t  M  is an
equiasymptotically stable se t o f  (1) in the large and solutions o f  (1)
are equi-bounded, there ex ists a continuous Liapunov function V(t, x)
defined on Ix  R" satisf y ing the following conditions :

10 V (t ,  x )= 0  i f  (t, x)E M,
2 °  a(d(x, M (t)))<V(t, x), where a(r) is continuous increasing

and positive definite, a(r)—> co as  r—> oc,
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30 V ( t ,  x)E Co(t, x ) and

V'(t, lrn -

1i h  {V ( t  h, x +hF(t, x))-V(t, x)} < - cV(t, x) ,
h.+0

+

where c is an arbitrary positive constant.

P roo f. Let be a domain such that 0<t<o- , d(x, M(t))<97
and I I  x  < a .  I f  (to, xo) ES2 0 - . ,  there are three positive numbers
7(0-, a), j (0-, 97, a ) and T(o- , 97,  a, 6) such that II x(t ; x„ t0)1I <7(0-, a)
fo r  a ll t>  t„ d (x(t ; x o , to ) ,  M (t ) )< I3 (OE, n , a )  fo r  a ll t > t o a n d
d(x(t ; x o , to ) ,  M (t ) )< 6  for all t to+ T (0 - , 97, a, E). For a suitable
Eo >0  w e put

T(0, 77, a, E) = T(0 - , 97, a, E0) if & > 80 .

L e t D „ , ,  be a  domain such that 0 < t <  cr+ T(0-, 97,  a, 6) and
d(x, M(t))<13(0-, 77, a). Since F(t, x)E Co (x ), there is a  L(cr, 97,  a, 6)
> 0  such that i f  (t, x) E (t, x') G x y (Œ ,  a ) and
I x' I I ̀ Li 7(0- , a), we have

F(t , x)- F(t, L(0-, 97, a, 8 )1 1 x  - II •
We put

m a x  F(t, = F*(o-, a)

and we may assume that F*(a ., a) > 1 .  Let K(0-, a ) represent K
in  (4), where 0 < t <  C T  and ILO < ry(OE, a). These numbers can be
assumed to be continuous. If we put

( 9 ) 97, a, 6) F*(o-, a) exp {(c+ L(Œ, 97, a, 6))T (0 - , 77, a, 6)1

+ K (o- , a) + 0 ( 0 - , 97, a) exp (c( T(0-, 77, a, 6) + 0-)) ,

A(0-, 97, a, 6 ) is defined and continuous on 0 < o- , 0 < 0 < a 0 < a
(a0 : a  suitable constant), 0 < &  a n d  moreover A (o- , 7/, a, E) is
positive. Therefore by applying Lemma 4 to 1/A(o-, 7i, a, E), there
are four continuous functions g(&), h(77), k((r) and 1(a) such that
g(E )>0 for E  I  0, g(0) = 0, h(97)> 0, k(0-) > 0, /(a)>0 and that

(10) g(&)A(cr, 97, a, E) < h(77)k(0-)1(a) .

For &= 1 /k (k=k o , k0 +1, •-• ; k o : a  suitable integer), we represent
g(6), T(0- , 97, a, 6) and G(t , 6 )  in  Lemma 3 by gk , T k (0-, Th a) and
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Gk ( t , '') respectively.
Now we define a function V,(t, x) as follows :

(11) Vk(t, x) = gh  sup Gh (t+q- , x(t+T ; x , t))e" .

Since M  is a stable set of (1), we have from Lemma 1

(12) Vk(t, x) -- ._ 0 if ( t ,  x) G M .

Moreover it is clear that we have

(13) gkGk(t, x)< V k (t, x ).

I f  (t, x) G 12, „, , , we have

(14) Vk (t, x) < g h le(0- , 71 , a) exp (cTk(Œ, 9), a)) e
l h(n)k(Gr)/(a) ,

because gk O(Œ, 97, a) exp (cT k (Œ, 97, a) ) <g h ic  A (o- , 97, a, 1/k) and we
have (10).

Next we shall show that Vk (t, x )eC o(t, x). W e suppose that
(t, x)E S2 ,„, (r , x ') E 12,, „, „ and t <  t ' .  Moreover we assume that
Vk (t, x )=g k Gk (t+T , x(t +7. ; x , t))e'r and that t-FT t'. I f  we put
t +1 -  =t' +7- ' , X = x (r ; x , t) a n d  if we represent T k (Œ, n, a) etc.
briefly by Tk etc., we have

Vk (t, x)— Vk (t', x ')
<gkGh(t+T, x(t+T ; x, t))e" —  gh Gh (t' - Pr' , x(ti + 7 ' ; x', t'))ecT'

<g k e r {Gh (t+T, x(t -F T  ; x, t))—Gh (C + T ', x (r -F T ' ; x', t'))}
+ gh Gh (t' + T . ' ,  x(ti + T'  ; X ' ,  t i ))(e c T  — e l . ' )

‹ gke "  11 X(t +7 . ; X , t)— X(r - 1- 7- '  ; XI ,  t ' )il ± gkOe c T 1  (e T  - i d )  —1)
(by Lemma 3)

gke'llx (t' ±  T'; X, t')— x(t' + T'; x', t') I I +gkRenec ( T - T ' ) —  1)

<gke c 'eL kT I I I X—  •X'  11 + gkOecT '(ec'' ' — 1) (T. —Ti = r — t)

lii X —  XII ±  II x — X'  11} + gkOec T kCe" V — t)____gk e (c-1-L,h )Tk (

< gke ( ' ± L k) T k {111.x —  x'  11 ±F * (t '  —t)} +cgweec( T k±") (t /  —t)
ghe( c+L k) T kIlx— x' II + g k fe cc-Fek )ThF*

h(97)k(0- )/(")[ II x—x' 1+ 1 t— t' 1] (by (9) and (10)).

On the other hand, in the case where t+ T <t ',  we have

+ cec( Tk±cr'lil (t' —t)
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V k (t, x)— V k (t' , x')
gkGk(t+T, x(t +T ; x, t))e'— g k Gk (t', x (t' ; x ', t'))
gkGh(t+T, ; x, t))(ecT —1)+ gk  {Gk (t , ; X, t))

X(t '  ; x', t'))1
gkii&(ec't ' —t) — 1) + K(t' —  (t +T))+ H x(t + ; x, t)—  x(t' ; x' t')H }

(by Lemma 3 and T < t ' —  t)
< gkOce r V  — K(ti — 0+ ilx(t+T ; x, t)— x(t ; x,

+ II x(t ; x, t)— x(t' ; x', t') II
< g k  frece"(t' — t)+ K U '  t)+F*(t' x '

gk ll x  —  x ' + gk {Rce'T k+ K + (t' — t)
< h(?1)k(o-)1(a) Ilx— x' II + It— t' 11 •

Now we assume that Vk (t', x ')=g k Gk ( r+ ,1- ', x(t/±9-' ; x', t'))ecr'
and that t' +Ti T. Then we have 7..>_T' and

Vk (t, x)— Vk (t', x ')
->-gkGk(t+T, x(t+T; x, t))e'— g k Gk (r+q - ', x (r+T ' ; x', t'))ecT'

> —  g ke'' x(t + T ; x, t)—  x(t' + T' ;
—gk e +q-' ; X , t')—  x(t' ±T' ; x', 011

 g k e c ' i eL k'' H X—  x' H
>  g ke (c+L k)T k

{II x  —  x '  +  I x
—

 x111
>  g k e cc_i_Lkyr k x  —  x ' il + F*(t' — t).}

— h(1)k(Œ)1(") [llx — x' II + It — •

Therefore i f  (t, x) E and (t', x ') E  f2 ,  „  , we have

(15) Vk(t, x)— Vk(r, x ' )  c  h(j)k (r)l(ci) I x — x' II +  I t— t' I]
If x '— x(t'; x, t) a n d  C =t+h  (h > 0 ), we have

Vk (t', x ')=  g k  sup Gk (t' + T ' , x (t' ; x',

= gk sup G k (t+ X (t+T  ; X , t))e cT e - ' h  ( t + T  =  t' +7')
< g k sup GIP - P T ,  X(t ; x , t))c'e - 'h

< V  k(t , x)e— ,

whence we have

Vk (t', x')— Vk (t, x) <V ,(t, x ) e c h  — 1  •hh
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Therefore if  h—>C1-1- w e  have

(16) Vk'(t, x) —cVk(t, x).

Now we define a  function V(t, x) as follows ; namely

1(17) V(t, x) =  E vk(t, x) .
k=k0 2k -  ko- 1

If (t, by (14) we have

(18) V(t, x) <  
1

—
c  

h(n)k(0-)/(c 1 1e) E h(v)k(o-)l(a)
k=k0 2 " 0 ± 1 C

and hence (17) is  convergent. Moreover 0-, n and a  are arbitrary
and therefore V(t, x ) is defined for a ll (t, x). From (12), it is clear
that we have

(19) V(t, x) = 0 if (t, x)E M.

We shall show the existence of a function a(r) which satisfies
the condition 2 ° .  First, we have

11V(t, x) Vko(t, x)
2

gko Gko (t, x) (by (13 ))2
1 gk o d (x ,M (t ,  1 ) )
2 ko

1 g ko ld(x , M (t))—   1   }
2 ko

and so V(t, x)--> 00 as  d(x, M(t))— 00. Second, if (t, x)E M(t, 1/k)
and (t, M(t, 1 /k + 1), we have

1  V(t, x) >.
2 3 

V k 2 (1
1? k  

1>  2 k _  k o + 3 g k „d(x, M(t, 1 1 e -1- 2))

1  kk+ (d(x, M(t, 1/k+1))+(  1 1  
k + 1  k +  2 1-

1 1 1  
2 "

) ± 3 g k + 2

( k + 1 k+2)

whence we can see the existence of a function a(r).
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From (15) and (16), when (t, x) E and (t', x') E ,f20..,,„, we
have

(20) I x )- x')1 h(97)k(c)1 (a) [ Hx-x'H+ I t—  I] (by (15 ))

and

V/(t, x)< — cV(t, x) (by (16)) .

Therefore this function V(t, x) is  the desired one and the theorem
is proved.

As a  special case, i f  M (t) is contained in a com pact set Q  in
R n  f or all t EI, there exists a sphere SE :1 4 1 1 ‹ such that M(t)C St
for a ll t E l and moreover for an y a > 0  there is an n such that
d(x, M(t))<97 contains the sphere 11.0 < a .  Therefore 8, 13 and T
in the definitions (i) and (vii) are determined independently o f a.
Thus in  th is case, the equiasymptotic stability of M  becomes to
the uniform-asymptotic stability o f M  w ith respect to  a. M ore-
over in  this case, necessarily the solutions o f  (1) are equi-bounded.
It is sufficient that w e take a domain 12,,,, such  th at 0 < t< a -,
d (x , M (t))<n  in place of I2Œ , in the proof o f Theorem 2. The
function A (o- , 97, a, 6) does not depend on a  and so we have three
functions g(8), h(77), k(8- )  such that g(8)A(cr, j , 8)S h(j)k(0 -). There-
fore i f  (t, x)E12,.., and (t', x')ES -2,,„, we have in place of (20)

(21) V(t, x)— V(t', x') I h(y)k(0)[11x-x'll + -

I f  a set M  i s  a quasi-equiasymptotically stable set of (1) in
the large, then  it is not necessary that V(t, x )= 0  i f  (t, x)E M.
Therefore we have the following theorem.

Theorem 3. W e assum e th at F(t, x) E Co (x). I f  a se t  M  is  a
quasi-equiasymptotically stable set of  (1 ) in the large and solutions
o f  (1 ) a re  equi-bounded, there  ex is ts  a  continuous non-negative
Liapunov function V(t, x) defined on IX R n  satisfying the following
conditions :

10 a (d (x , M (t )))<  V (t , x ), w here a (r) is continuous increasing
and a (r )> 0  f o r r +0, a(r)—> co as  r 00,

20 V ( t ,  x) E Co(t, x )  an d  V'(t, x) <  — cV (t, x ), w here c  i s  an
arbitrary  positive constant.
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Now we shall discuss the case where a set M  is  a  uniform-
asymptotically stable set of (1 ) in the large with respect to to and
solutions of (1 ) are uniformly bounded. In  this case IS and T  in
the definition are independent o f to and hence we can replace
0(a-, 97, a ), T(0- , 97, a, 8 ) and ( o - ,  a )  by $ ( ,  a ), T(n , a, 8 ) and 7(a)
respectively. Moreover by the uniform stability, we can assume
that $(77, a)--.0 as 97—> O. F ro m  (14), we have

(22)
Vh(t, gme(n, ce)ecTkol

, (6 )

< a)gkecTkobco

On the other hand, by (9 ) we have

F * ( 0 ,  a ) e
, T0,,c6,e)e i.(0,n,o,e)To,,&,) A(0 , n ,  a ,  8 )

and hence we have

(23) g kecT k'n .')  g kA(0, 97, a, 1 k) < h(n)k(0)l(a) ,

because F*(0, a)_.> 1 by the assumption and exp (L(0, 77, a, 8)T(n,
a, 6)) 1. From the definition o f V(t, x ), if (t,  x) E n,, ,„  we have

(24) V(t, x ) ‹  13(9 , a)h(n)k(0)l(a) .

The right-hand side o f  (2 4 )  is independent o f rr  and hence if
d(x, M (t))<97 and ILO< a , (24) is valid and moreover 13 (9 a )-->  0
as 97 —> O. Therefore we can see that there is a continuous function
b(r, , s) such that b(r, , s) —> 0  as r and that

V(t, x) < b(d(x, M(t)), 1411) •

Theorem 4 .  We assum e that F(t, x) E Co(x). I f  a se t M  is a
uniform-asymptotically stable set o f (1 ) in  the large with respect to
to a n d  i f  solutions of  (1 ) are  uniformly bounded, there exists a
continuous Liapunov function V(t, x ) defined on Ix R n satisfying the
following conditions :

10 V ( t ,  x )= 0  i f  (t, x)E M,
20 a (d (x ,  M(t)))_._ V (t, x ) b (d (x, M (t)), II x11), where a ( r )  is

the  same a s  in  Theorem 2  an d  b(r, s) is continuous and
b(r, s)—>-0 as  r—> 0,

3° V(t, x)E Co( t ,  x )  a n d  V i(t, x )<  — cV (t, x ), where c  is  an
arbitrary positive constant.
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In th is case, we can see easily from  the proof o f Theorem 2
that i f  (t, x)G S2t ,  and (t, x') E , w e have

V(t, x)— V(t, x')1‹ h(97)1(a)k(t) I x—xill

As a special case, now we consider the case where the Lipschitz
constant of F(t, x) is independent of t, that is , if 11x11< a , x ' Il<  a ,
d(x, M(t))<97 and d(x' , M (t))<n, there is a constant P(97, a) such
that

(25) x)— F(t, P(97,

fo r  a l l  t E I. A d d in g  th is  a s su m p tio n  to  th e  assumptions in
Theorem 4, w e  c a n  replace L  in  th e  proof o f Theorem 2 by
L(97, a ) .  Therefore A(0- , n , a , 6) is  rep laced  by F*(0- , a) exp {(c+
L(9), a))T(97, a, 6)} + K(o - , a)+ cie (9 7, exp {c (T(i7, a, 8) + OE)} . When
(t, x)E S2, ,  and (t, x')E „ ,  the Lipschitz constant of Vk (t, x)
with respect to  x is considered as g k e( " k(" ). Since we have

gk exP {(c Leib a ))T ")} gkA(0, 9), a, 1 1 k) < h(n)k(0)1(a) ,

we can obtain

(26) V(t, x)— V(t, x')1 <±:  h(7/)140)1(a)11 x — II •

This inequality does not depend on 0-  and therefore this inequality
is  v a l id  fo r  a l l  t  w h en  11x11<  a, x' I <  a, d (x, M (t))<_n  and
d(x' , M (t ) )_  97.

Remark 1 .  When a set M  is  a uniform-asymptotically stable
set of (1) in the large w ith respect to both to and a ,  0 and T are
independent of t o and a, and hence corresponding to (22) and (23),
w e have

V,(t, x ) < 0 (7))gke e lko ,

and

gke'Tk'n) < h(97)k(0)1(a0 ) .

Therefore in the sam e way in Theorem 4, we can see that there
i s  a  continuous function b(r) such that b ( r ) - 0  as r 0 and that
V(t, x) b(d(x, M(t))).
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Remark 2 .  In  th e  same way, we can obtain a  Liapunov
function for the uniform-quasi-asymptotically stable set of (1) in
the large w ith  respect to  t ,  and a .  In  this case, a Liapunov
function satisfies the conditions

1 °  a(d(x, M(t)))<V(t, x)<b(d(x, M(t))), where a(r) is the same
as in Theorem 2 and b(r) is continuous,

2 °  V(t, x)E Co(t, x )  and ITV, x )<  —c V(t, x), where c  is  an
arbitrary positive constant.

V .  Uniform - asymptotically stable set

In  this section we shall discuss the uniform-asymptotically
stable set of (1) with respect to both to and a .  In this case we
assume that F(t, x) o f (1) is defined and continuous in a domain

D: 0 < t < 00 , d(x, M(t)) < H  ( H  > 0  constant)

and that F(t, x) E Co (x).
B y the uniform stability, there is a  8(H)> 0  such that if

d(x„ M(t 0 )) < 8 (H ), we have d(x(t ; xo , to), M (t ))< H  fo r  a ll t >  to •
And let H ' be a positive number such that Hi<min (8 (H), 8 0),
where 80 i s  the positive number which appears in Definition (iv).
Then we can show the existence of a Liapunov function in the
domain 0 < t<  00, d(x, M (t))< H ' . To do that, it is sufficient that
we take ko sufficiently large and 97= H ' in the proof o f Theorem 2.
Therefore we have the following theorem.

Theorem 5. I f  all  the solutions of  (1) are  uniformly bounded
and a set M  is a uniform-asymptotically stable set of (1) with respect
to both t o an d  ce, there ex ists a  continuous Liapunov function V(t, x)
defined in a domain 0 < t <00, d(x, M(t))< H ' satisf y ing the follow-
ing conditions :

1° V (t , x )= 0  i f  (t, x)E M,
2 °  a(d(x, M (t)))<V(t, x)<b(d(x,M (t))), where a(r) is continuous

increasing, positive definite and  b(r) is continuous, b(r)—>0
as  r  0,

3° V(t, x)E Co(t, x )  a n d  V'(t, x)< —cV(t, x), w here c  i s  an
arbitrary  positive constant.
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V I .  Eventual stability

Now we consider a  perturbed system

(27) x' = F(t, x)+G i (t, x)+G 2(t, x) ,

where Gi (t, x) are defined and continuous on Ix R " or on D.

Definitions. A  set M  is said to be an eventually stable set of
(1), if for every 9>0  and every a__>ce, (a,>_0: a suitable constant),
there exists an S(s, a )> . 0 such that Definition (i) in the section 2
is satisfied for all those t0 S(8, a). Similar definitions apply for
eventual stabilities for (ii) through (x). For example, we shall say
that a set M  is an eventually uniform-stable set of (1) w ith respect
to  t„  if for any s> 0  and any a c Y 0 , there exist an  S(8, a)>
an d  a(s, a)>0 such that if x 0 H a, d(xo, Mt0))<a( 6 , a )  and
to S(s, a), we have d(x(t ; xo , to ), M (t))< 8  for all t>_ to . We shall
say that a set M  is an eventually uniform-asymptotically stable set
o f (1) w ith respect to  t „  if  M  is an eventually uniform-stable set
of (1) with respect to to and if for any s> 0  and any a > a0 , there
exist a  8 o (a), a  T(8, a ) and ,S1(&, a) such that if  d(xo M t0 ))< 30(a),

xo a  and t0 S1(8, a ), we have d(x(t ; xo , to), M (t))< 8  for all
t to -l- T(8, a) (c f . [ 4 ]).

Lemma 5. W e assume that F (t, x ) o f  (1 ) is  de f ined  on D,
F(t, x) E Co (x ) and all  the solutions of (1) are uniformly bounded and
that a set M  i s  a  uniform-asymptotically stable set of (1 ) with
respect to both to a n d  a . Moreover we assume th at Gi (t, x) o f (27)
are defined on D and that all the solutions of (27) are also uniformly
bounded, that is , fo r  any  a a0 0  th e re  is  a  7*(a ) such that
ilx* (t ; x0, to)11 < 7 * (“ )

 i f
 H x 0 I I a ,  w here  x*(t ; x o , to )  i s  a solution

o f (27).
I f  u(t ; xo , to )  i s  the solution o f  the equation of  the f irst order

= —cu+ h(117)47*(a))k(t)Egi (t, 7*(a))+ g2(t, 7*(a))]
(28) u(to) = V(to, xo)

where h(H')47*(a))k(t) is given in  (20), V(t, x) is  the function given
in  Theorem 5, d(x, M(t))< H' and g i (t, a)= max II Gi (t, x)II, and if

pHs.
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u(t ; x„ t o ) < a(H ') f or t  t o , where a (r )  is  th e  function given in
Theorem 5, then the solution x*(t ; x o , to )  o f  (27) such that 11x0 11<
satisfies the relation

a(d(x*(t ; x„ to ), M(t)))< u(t ; x o , t 0 ) f or to .

P roo f. I f  (t, x)ES -20. , , ,  and (t, x')Ec2 , 0 , w e  have by (20)

V(t, x)— V(t, h(97)k(cr)1(a)ll X —  II •

For this lemma, we may put 97 and x*(t ; xo , to )  o f (27) such
th a t 11x0 11< a  satisfies 11 x*(t ; x0, to) I 7 * (“ ).  Thus we consider
the function V(t, x) given in Theorem 5 in the domain such that
0< t <  x  .7*(a), d(x, M (t)) ,H ' and hence if (t, x) and (t, x')
belong to this domain we have

1V(t, x)— V(t, x')1 < h(H')47*(a))k(t)11 x — 11 •

Therefore it follows that

V'(t, x*(t ; xo ,  to))
< —cV(t, x*(t ; x o , to ))+ h(1-1')ley*(a))k(t) Ell G,(t, x*(t ; x„ to))II

+ x*(t ; xo, to)) H]
if d(x*(t ; x o , to), M (t))<H '. Thus, if u(t; xo , to) is the solution of (28),
we have V(t, x*(t ; xo , u(t ; xo , to). Since a(d(x*(t ; x,, to), M t)) )
<V(t, x*(t; x o , t o ) ) ,  we can prove the lemma.

Now we assume that Gi (t, x) satisfy the conditions

(29) k(t)11G,(t, x(t))11---> 0 a s  t

and

(30) k(t)11G2(t, x(t))11dt < c o  ,
to

where x(t) is  an arbitrary continuous bounded function defined for
t > t ,  and belongs to the domain o f definition o f Gi (t, x).

Theorem 6. We assum e that F(t, x ) o f  (1 ) is defined on D,
F(t, x)EC o (x ) and  a ll the solutions o f  (1 ) are  unif orm ly  bounded
and that a se t M is a  uniform-asymptotically stable set of  (1) with
respect to both to a n d  a .  Moreover we assume that Gi (t, x ) o f (27)
are  defined on  D , continuous and  satisfy the conditions (29), (30)
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and that all the solutions of (27) are uniform ly  bounded. T hen the
set M  is  an eventually uniform-asymptotically stable set of (27) with
respect to t o .

Proof. By the assumptions, there exists a continuous Liapunov
function V(t, x) satisfying the conditions in Theorem 5, and if
(t, x)E S2t , n i , „  and (t, x ') E we haveces

I V(t, x)— V(t, x')I < h(H')l(a)k(t)II x — x' (by (20)).

Let x*(t ; xo , to )  be a solution of (27) such that II x o ll < a .  Then
there is a  7 *(a) such that Ilx*(t ; x0, < 7 * ( a )  for a ll t > -- t0 .
Nowwe consider the equation (28) in  Lemma 5. By (29) and (30),
we have

(31) k(t)g1(t,7*(a))—  0 a s  t 00

and

(32) k(t)g2(t,7*(a))dt <

The solution of (28) is of form as follows :

u(t) = e - " - to)V(t„ e t  e " h ( H ') 4 7 * (a))k(s)[g1(s, 7 * (a))to
+ g2(s, 7*(a))] ds

From this, we have

u(t) <  c c " - tob(d(x „ liA to)))+ Je' t o ec sk(s)g,.(s, 7*(a))ds

+ Jet rt e00k(s)g2(s,7*(a))dsÇ

where J= J(H 1, a)— h(HT(7*(a)).
I f  corresponding to any 8>0, we choose 8(6) and S(6, a )  so

that

b(r) <a(36) , if r <8(6),

sup k(t)gi (t, 7*(a)) < a ( 8 ) c

3J

k(S)g 2(S 7*(a))ds <a(8)_
SCe. as) 3J

we have u(t) <a( 8 )  when d(x o , M ( t 0 ) ) < 8 ( 6 ) ,  I x 0 l l< a  and t >  to>
S(6, a) (cf. [4]). From Lemma 5, we have for to



and that if t 7'2(p, a),
we have

m a x  k ( s ) g , ( s ,  7 * ( a ) ) <

a ( p) c

.  F o r  t  m a x  T i6J
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a(d(x*(t ; x o , to), Mt))) u(t) <a(&) .

Therefore we have d(x*(t ; x o , t,), M ( t) )<E . This means that a set
M  is  an eventually uniform-stable set of (27) with respect to to.

B y  (30), there is a  p (a )> 0  such that k(t)g,(t, 7*(a))<p(a).
Moreover for an y  p > 0 , there a re  T i (p, a) (i=1, 2 ) such that if
t T ,(p , a),

a(p)c e  2  K „ .  

6Jp(a)

J e t  f t e"k(s)g,(s, 7*(a))ds < a ( P)

to3
because

Je t r ecsk(s)g,(s, 7*(a))dsÇ

1 ,t
—  J{p(a)e - T + max k(s)g,(s, 7*(a))} .

F o r a  fixed  6= S , w e put S(&0 , a)=S i ( a )  an d  a(&,) — 80 . Corres-
ponding to any p>0 , we choose S 2 (p, a) ->-Si (a )  so large that

k(s)g 2 (s, 7*(a))ds <a(P)
s2(p, co) 6J

and then choose T,(p, a)  so large that

exp {—c(S i (a)+ T a(p, a)— S,(p, a))). .ç:
(

. ) k(s)g,(s, 7*(a))ds < a
6
(  JP)  .

Then by following th e  proof of H ale's theorem in  [4 ], for any
to S i (a), t__> to+ To(P, a) we have

Je - ct e"k(s)g,(s, 7*(a))ds < 61(
3P)  .t,

Moreover there is a  T 4 ( P )  such that c 'c i - tob(d(x 0 , M(t0)))<a(P)I 3

for d(x o , M(t0)) < 5 0 and  t t0+ T 4 ( P ) ,  a n d  hence fo r any to  - .Si(a),
to + T(p, a ) and d(x o , M(to))<ao we have u ( t)<a(p )  from which

we have d(x*(t ; x,, to), M t))<P, where T(p, a)= max (T„ T2, T3, T4).
Thus the proof is completed.
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As a sufficient condition, we have the following theorem.

Theorem 7. We assume that F(t, x) o f (1) is defined on D and
a ll the solutions of (1) are uniformly bounded. Suppose that there
exists a  continuous Liapunov function V(t, x) satisfying the condi-
tions in  Theorem 5 and that i f  II x11< "  and Ilx'11<a, we have

V(t, x ) -  v( t,  x') I 6 )(a)k( 1 )11 x x '

Moreover we assume that Gi (t, x) of (27) are defined on D, continuous
and satisfy the conditions

k(t)11G1(t, x(t))il —> O a s  t 00
and

k(t) H x(t)) H dt < 00
to

where x (t) is  the same in  (29), (30), and that all the solutions of
(27) are uniformly bounded.

Then the set M is  a  uniform-asymptotically stable set of (1)
with respect to both t o and a  and M  is  an eventually uniform-
asymptotically stable set of (27).

As a special case of Theorem 6, if we have the condition (25),
from (26) we have

1V(t , x)— V(t, x') I < h(1I')k(0)1(a) H x -
when 11x 1I < a ,  x '  < a ,  and therefore the conditions which are
satisfied by G i (t , x) are as follows :

(29') G,(t, x(t))—> 0 a s  t co

and r
(30') G2(t, x(t))11dt <00 •

to

R em ark . I f a  s e t M  is  a  uniform-asymptotically stable set
of (1) with respect to both to and a, and if M (t) is contained in a
compact set Q in R " for all t G I, then necessarily the solutions of
(1) in consideration are uniformly bounded. Moreover if we assume
(25), P(n, a) of (25) is determined depending only on v. Therefore
from (26) we have
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V(t , x)— V(t, x')I < h(H')k(0)1(a 0)11 x •

And the functions g , and g , in Lemma 5  are independent of a.
Therefore we do not need assume the boundedness of solutions
of (27).

V I I .  Asymptotic behavior of solutions of perturbed system

In  th is section w e assume th a t F(t, x) o f (1 ) is defined on
Ix  R", F(t, x)EC,(x) and that GP, x ) and G,(t , x) are defined on
Ix R" and continuous. Now we consider a perturbed system (27),
where G,(t, x) and G,(t, x) are perturbation term s. W e assume
th a t  a l l  the solutions of ( 1 )  are equi-bounded. Moreover we
assume that a set M  is  an equiasymptotically stable set of (1) in
the large and that Gi (t, x) and G2 (t, x ) satisfy the conditions (29)
and (30) respectively, where k(t) is  the function which appear for
the equiasymptotic stability of M  in the large.

Theorem 8. Under the assumptions above, i f  every solution of
(27) is bounded, every solution of  (27) approaches M  as t 0 0 .

P r o o f .  W e consider a solution x*(t ; x 0 , t o )  o f  (2 7 ) . Then
there is a positive constant y such that for all

x*(t ; x ,  t0)11 < 7.

Since the solution of (1 ) is bounded and approaches the set M,
we have a positive number N  such that the set II x  I < N  includes
at least one point of M(t) for every t E L  Therefore we can assume
that y  is  so  large th at the domain lix11<ry includes a point of
M(t) for every t E I. From the assumptions, there exists a  conti-
nuous Liapunov function V(t, x) defined on Ix R " satisfying the
conditions in Theorem 2. Now we consider this function V(t, x)
o n ly  in  th e  domain /x Sy  ( S : 11-x II < 7 ) .  I f  x E Sy ,  w e  have
d(x, M(t))< 27, and therefore by (20) we have

V(t, x)— V(t, x')I < h(27)47)k(t)11x — x' ,

i f  xE S, and x' E S , .  Thus we have

V'(t, x*(t ; x 0 , t„)) < —cV(t, x*(t ; x,, t o ))+ Kk(t)(g i (t)+ g,(t)),
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where K h(27)/(7) and g i (t)=  max II G i(t , x)I1

on Gi (t, x) and G2 (t, x), we have

k(t)g,(t)—> 0 as t — oo

and

By the assumptions

to

 k(t)g,(t)dt <00 .

If we le t u(t ; xo , t o )  be the solution of the equation

u' = —cu+ Kk(t)(g,(t)+ g 2 (t))
lu (t o ) V(t o , x0 ) ,

we have

V(t, x*(t ;  x0 , t 0 )) <u (t ; x o , to) for all t to .

In the same way in  Theorem 6, we can see that u(t ; x„ t o) --> 0 as
t---> 00, and therefore V(t, x*(t ; xo , to )) —> 0 as t—>00. By the condi-
tion 2° which V(t, x) satisfies, we have

d(x*(t ; x„ t 0 ), M (t))--. 0 a s  t —>

which implies that x*(t ; x„ t o )  approaches M  as t —> CX)

A s a special case, we have the following corollary.

C oro lla ry . W e assume th at F (t, x ) is def ined an d  continuous
on Ix  R " and that F(t, x ) satisf ies the condition (25 ). Moreover we
assum e th at Gi (t, x ) are  defined and continuous on Ix  R " and that
Gi (t, x) satisf y  the conditions (29') and (30'). I f  all the solutions of
(1) are uniformly bounded and every solution of  (27) is bounded and
if  a set M is  a  uniform-asymptotically stable set of  (1) in the large
w ith respect to  t„  every solution of  (27) approaches M  as t 0  0 .

In this case, we have by (26)

V(t, x)— V(t, x')1 < h(27)1(7)k(0) I x — I

and hence it is sufficient that Gi (t, x) satisfy the conditions (29')
and (30').
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