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For the global Cauchy problem of wave equation, the existence
of an a priori estimate of the solution is very useful as we have
shown recently in  another report [1] [2] fo r  one special type of
the non-linear wave equation :

,32 .„ a„ „

 —  + f ( u )  +g(u )ax2 at2 at
under relatively weak conditions.

Here, w e note that a  priori estimate is also obtained for
wave equation o f a  little different type with more than one space
dimension which is identical to the equation treated by Konrad
Jorgens [3] in the case of 3 dimension and without damping term.

A t first we shall treat the case in which the space dimension
is 2. Our Cauchy problem is the following : Find the solution of
the equation

( 1 ) a2u a 2 u a2u (au+ — + f F g(u)a x 2 a y 2 at2 at
satisfying the following initial conditions.

f
2

u(x, y, 0) uo (x, y)
( )

1 ut (x, y, 0) u,(x, y)

where uo(x, y ) belongs to C3 and ul (x, y ) belongs to C2 .
Here we do not solve this problem, but we obtain an a priori

estimate for the solution of this problem assuming uo(x, y) and
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u,(x, y ) have compact carriers" under conditions for functions f
and g :

Conditions

i) f (u) and g  (u ) a re  continuously differentiable in  — co < u <

ii) sgn u f(u)> 0  and G(u) g(u)du> 0 f o r  u >M .
0

iii) f (u )>  —  k (k  is one positive constant)
g' (u) <Polynomial o f  u

Before we proceed to write our results, we define two generalized
energies E 0 (t) and E 1(t ) for our solutions u(x, y, t ) of (1) and (2).

( 4 ) E0 (t) = 5[G (u) + 
 1  (  au  y  + 1  (au   )2 + 1 (   au )

idxdy
2 \at 2 \ax 2 \ay

Ç5
f (r  a 2u +  a 2 u  \  2 +  a 2 u  \ 2 + 2 (  , 2u) +( 5 ) E 1(t) = — ( a2" ) 21dxdy

2 ) 3 L atax) atay) a.x2) \ay ax \ay2/ A
and we see

( 6 ) E 0(0) = [G(u o ) +  1  (u,)2 +  1  (

a u y
 +   1 

2

dxdya u °) 21
2  ax 2 \ay / J

( 7 ) E 1(0) — f f  1  r(au iy± (attiv± (a2u0)2+2(  a2 tto  )2+(a2uoyidxdy
J . ,  2 L \a x  / \ay / \  Fix 2 / \axay/ \  ay /

where always integrals are  taken in  whole x, y plane which is
possible, because, ui (x, y ) and uo (x, y) have compact carriers and
u(x, y, t ) also.

Now we estimate the energy E 0 (t) of the solution by the initial
energy. First we transform (1) and (2) into a system of equations.

aua u
P = q =Fix ay

au —  v
Fit
a v  

= —

a p
+ —

aq
— f (v)— g(u)

Fit ax  ay
ap a v  
Fit ax
aq av 
Fit ay

( 8 )
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v(x, y, 0) = ui(x, y)
u(x, y, 0) = uo(x, y)

p(x, y, 0) —  

au ° (x, y)
ax

q ( x ,  y ,  0 )  —  

au
° ( x ,  y )ay

and

(10) E0(t) = (u)+ —2
v2 + P

2
2 + xdy

Differentiating (10) with respect to t  and Considering (8), we have

dE,(11) [g (u)v + v a v + p aP +q -

a--q]dxdy
dt at at at

= 5 [g  (u)v + v  aP + v aq +p au + q av —f (v)v g (u)vid x d y
ax a y ax

= dx dY (v)] dxdy
1, 1 1d

<L[v  +-P2 + +G (uddx dy +L 01 ,
2 2  2

(12)
d  E  0 (0

 <  LE 0(t) + L ol 0 t < h  ,
dt

where 1 is the area of the carrier of uo (x, y ) multiplied by 2h.

(13) E0(t) < eLh E (0) + eLh L o lh = eLh (E 0(0) + L o lh)

Next, we proceed to estimate Ei (t). We write

E 1 (t) =  2
1[ ig+1) 7

2
) + A +13;2,+e+ q]dx dy  .

Differentiating (8) by x and y, we have :

avx  _  aPx + aqx _ fi(v)v x — g'(u)Pat ax ay
apx

at ax
aqx a v x

at ay

( 9 )

(14)
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avy  _  aPy ±agy_Rovy— e(u)qat ax ay
a p y avy
at ax
ag y  _  avy

at ay

And we obtain,

( 1 5 )  d E ,  _  f  r  av ,  +1) a V y  + p  ap x ± q  aq x  + p  ap y  + 0 ,
dt J J Iv

-  at Y  at x at atY a ty
aaqt Y  lrIXdy

= f'(v)v — g '(u)pvx — f'(v)4, — g '(u)qvy ]dxdy

[k(1),+4,)— g'(u)pv x —  g'(u)qv y ]dxdy

We consider the integral :

=  55g'(u)pv Idxdy .
By the condition (iii)

11u1 a 1PlIv.,1c/xdy</a l u l z V̀ d x d p a e ,d x d y

<. (51u1 4 c1xdy) 1 / 4P4dx dy )1 /4(5  v ,dx dy )
6,2

< c h 5  (p2+,72)dxdy •E 1(t)

<c E 0(t) 2E 1(t)

[log E i (t )] c E o (trodt+h ,

t E0 ( i . )
1 2 dT C )h  E0 ( T r i 2d7-1- k

E l (t) < E 1(0)e ° < E,(0)e °

Then we obtain by the Sobolev's lemma

u(x, y, t) <C E 0(t)+E 1(01
<C I(E 0 (0)+L olh)eLiz

1/2

+  E i ( 0 ) e
c

(

E0
(
0)+ L0mr/2eLohh+k}

This is our desired results.
We proceed to show that similar results can be obtained for the
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case of 3 space dimension under more stringent condition. We
replace condition iii) by,

iii) f '(u) —k,< c lu
Our equation is the following :

a2u  a 2 u  a 2u a2u (au(16) + + — +f  — )+g(u)ax 2 a y '  ae ar at
We can estimate the energy Ea(t) by the same argument of the
preceding case, where E 0(t) is defined.

(17) E0(t) , IG(u)+ 1 -1  (v 2 + p)}dy

5u au au auwhere v=  a ,  p -
 ax— , p2=—ay , p3= a—z .  Then we have

(18) E0(t) < eL"{E,(0)+ Moll 0 < t < h .
E1(t) is the integral :

{14,-1- pL+ A n + pL,} dV

We obtain by the condition iii).

d E t)  < (v)v +E 3u2p1vx dV
dt

<k E f f lv ! - F E M 3 u 2 ipivx  dV  .

We treat the last term by the similar inequality as we have used
in (15)

u2p i vx d V.

< teAdvi v4v] 
1 /2

tecivrn AdvYTH vNvi 
1 /2

<(1. ç u6dvy M p N v y /TMe,ci'vr
M .Ç(Pi - FP2H- PN)dlin (p ?,.+A +p p d V r[f f le .

< E o(t)E,(t)

1 /2
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Just similarly we can estimate other terms. It is easy to see
that the maximum norm o f U(x, y, z , t) for 0 < t< h  is majorized
by E0 (0) and E1 (0) 2 .

NOTES

1) We assume also that the solution u(x, y, t)  and its derivatives
o f  3rd order with respect to x, y and t  are square integrable in
xy space for all t. By the Sobolev's work [4], we can find always
this solution for sufficiently small t , for our Cauchy data.

au2) We could not find the bound for —  by E
°
 (0) and E1 (0), there-

at
fore the existence of a global solution of the Cauchy problem is

not proved for the equation (1) and (16). But if f ( ' )
 is linearat

fo r  
au

, we can easily prove the global existence of the solutionat
of the Cauchy problem.
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