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§ 1. Introduction

Much progress has been made in the study of homotopy groups
of spheres since H. Freudenthal defined the "Suspension" in his
paper "Über die Klassen der Sphârenabbildungen", Composito.
Math. 5 (1937), 299-314. Though many topologists have studied to
compute the homotopy groups of spheres, the problem is still open.

The present paper attempts to define and study new general-
ized Hopf homomorphisms i l k :i ( S n ' ' )

i + i ( s k n + i )  ( k  = 1 ,2 , ••.).

The difference among the miscellaneous Hopf homomorphisms will
be studied. The higher composition than the secondary composi-
tion will also be constructed and its properties will be stated in
this paper.

Sections 2 and 3 of the paper are devoted to the contruction
of higher compositions. Their properties are stated in these sec-
tions. Main tool is the secondary composition.

In Section 4 we will give the formula of the Hopf homomor-
phism H  defined in [10] for the higher composition.

In Section 5 we define the generalized Hopf homomorphism
b y  use of the structure of the suspension space o f th e  reduced
product complex.

Section 6 is the application of Section 2 and the preparation
for the forthcoming paper [11].

In [11] the author will compute the (n+i)-th  homotopy groups
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of the n-sphere for i = 21 and 22.
In this paper we use the following notations ;

[X , Y ] : the set of all homotopy classes of maps : X
EX : the suspension space of X,
CX : the cone of X,
E f : the suspension of a m ap f ,
Ea : the suspension of a homotopy class a,

•
 (the set of) the extensions of a,

(the set of) the coextensions o f 4 (for the definition, see
[10]),

X V  CY  : the m apping cone attached by  a:

the loop space of X,
7r7 or n-i (Sn : 2) : the 2-components o f 7r1(S").

I would like to thank Prof. H. Toda who read the manuscript
and gave me the benefit o f many helpful conversations.

§ 2. The tertiary compositions

We assume given a sequence o f maps

a b

such that aob and boc are null-homotopic. According to [1 0 ], we
define a homotopy class {a, b, cl E [E D , A ] which is defined modulo
left multiplication by the subgroup a* [ED, B ] and right multiplica-
tion by the subgroup (Ec)*rEC, A ] .  This double coset will depend
only on the homotopy classes of a, b, c, and be denoted by {a, /3, 7}
where a, 4 ,7  stand for the homotopy classes of a, b, c, respectively.

We recall some properties concerning the secondary composi-
tions. (For the proof see [9 ], [10 ]).

Proposition 2. 1.

( 0 )  If one of a, 4, or y  is  0 , then { a, ,8, y} 0 .
(1) {a, 4, 7 }  .E 8  c  {a, 3, 708}
(2) la, le, 7.81 c {a, (3 07, 8 }
(3) {ce.13, 7, 8} C {a, R 07, 8}
(4) ce. {4, 7, 8} C fa.,8, 7, 81.
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P ro p o s it io n  2. 2.
—  {a, 0, 7}0E3 = ao te, 7 , 8 }

P ro p o s it io n  2. 3.
I f  sum s are defin ed , th en

(1)
(2)
(3)

{a, S,
{a, 0,7 }
{a, 0,

+ {a, R,
+ {a, 0',
+ /3,

D 4, 7+7'1.
= 0+0', 71,

7} D {a + a', 13 , 7},
7=E7'.
S =E R ', 7 =E7'.

Assume that we have a commutative diagram

„
4 - -  Li,

If ig 1hl i
A2B y  4 -

0  C 2  4 -  D2
a2N 2 72

where a 1 o0i =re i o7i = 0  (i=1, 2). Then we have

P ro p o s it io n  2. 4.

f*{ai, 7,1 and (Si)* {a2, 02, 72}  are equa l as double cosets of
a2 [SD 1 , B2] and (S71)* [SCi, A2].

Let a, 0  and 7  be same as a hove. Consider the commutative
diagram

A  4—  B V  CC 4- -  ED

AVC B 4---jEC ED
E7

where p  is  a mapping shrinking B  to a point (See Lemma 2. 7).

P ro p o s it io n  2. 5.
The set of a ll the compositions 00E7 co in cid es w ith  —i * {a, 0, 71.
Similarly, we have

P ro p o s it io n  2. 6.
For an extension 7-4 o f  /3, there exists an element X o f  [ED, A]

su ch  th a t p*x=a01.3. T he set of {X} of su ch  elem en ts form s a coset
of [EC, A ]oE7  w h ich  i s  a  su b se t o f  {a, 10, 7}. Furtherm ore, any
e lem en t X o f  {a, /3, 7 }  sa t is f i e s  the relation p*X=cx0 -0  f o r  some
choice o f R .
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Assume that a --0= 407 =708 = 0  in the diagram

X 4—  x  4 - - -  L  4 - -  LI 4- -  V.

Before defining the tertiary composition, we prepare

Lemma 2. 7. ( [ 7  ; Propositions 5. 11])
The follow ing diagram  is commutative

Y  4 -- Z\J  C U

Y V  CZ — E U .

Proof is given in [7].
So we obtain the commutative diagram

13
X  4 —  1  7 Z U  C U  4 - -  EV

(2.1)i x i 1 P 1E,

X 4- -  Y V  CZ 4- -  E U  4 -  E V  .
"Ce g - ES

We assume furthermore that
( i ) la, 0, 71 9  0  a n d  10, 7, = O,
or
(ii) 0 , 7}  =  0  a n d  {3, 7, 8} 3 0

The case of (i).
There exist a  and r i such that a."1= O. B y  Proposition 2. 6

there exists "ij such that ao/J=p*(Rori)= O. W e  have OA = 0  for
any 8 by the assumption 1/3, 7, 8} = O.
By Proposition 2. 5 we have

0E 8 E 7, = O.

Therefore we can define the secondary compositions

{a, R , 8}  a n d  {a, — , E8 }

B y  Proposition 2. 4 and (2. 1), these two secondary compositions
coincide as double cosets of
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(2.2)E i * [ E 2  V, Y  C Z ]  a n d  (E g )* [E Z  C E U , X ] .
My

We define the tertiary composition {a, /3, 7, 8} as {a, Tg, -8} =

{d, - 5 ,- , E8). which is the double coset of (2. 2) under the conditions
{a, 4, 7} 3 0 and {R, 7, 8} =O.

The case of (ii).
By the similar arguements, we can define {a, /3, ry, SI as double

cosets o f (2. 2).
Note that under the conditions {a, 4, 7} {13, y, 81 =0 the above

two cases coincide.

Proposition 2. 9.

( 0 ) I f  one of  a, /3, y o r 8 is 0, then
{a, R, 7, 8 } 0.

) I f  {a , R, 7} 3 0 a n d  IR, 7, 8081 =0,
or { a, 13, = 0 an d  {R, 7, a 0&} 3 0, then

la, 13, 7,81 0E28 c {a, 13, 7, &O.
(ii) I f  la ,  13, yl 30 an d  1R, 708, 0=0,

or { a, 13, 70■3} -= {a, R, 7}=0  an d  {13, 7, 808} 30, then
{a, 13, 7, 8061 C {a, 13, 708, 81.

(iii) If {oz./3, 7, 81 30 an d  {7, 8, 81= {407, a, 61 =0,
o r {a, /3.7, 81=0 a n d  (7, S, D 0, then

y, El c la, /3o7,
( i v )  I f  113, 7, 81 30  an d  {7, 8, 81 =0,

o r {13, 7, 81= laoR, 7, a} =0  an d  {7, a, 61 3 0, then
cyo ii3, 7, 8, 61 c iczoi3, 7, 8, 0.

Before we prove this proposition, we prepare the following

Lemma 2. 10.

( j )  10E 8 c  708

(ii) 130,)7 c go7

(iii) 13 1+ 2= R 1+ 132
The proof is left to the reader.

Proof of  Proposition 2. 9.
The proof o f (i) and (iv) is clear.
(0) a = 0 o r  (3=0, then the proof is similar to those o f (0)
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of Proposition 2. 1. Let 0=0, then in the definition of {r , /3, 7, 81
we may choose 0. By use of Proposition 2. 1, we can prove
the proposition. The case 7=0  is similar.

(ii) We have

{d, 5%, E(0&)} C id, 10E8, Es}
C {a, 7 .6, E&} b y  (i) of Lemma 2. 10.

This proves (ii).
(iii) We have

{a03, 1, C {a, $.1,
C {a, 3°7,

This proves (iii).

Proposition 2. 11.

by (ii) of Lemma 2. 10.

.

Proof.
(i) and (iv) follow immediately from Proposition 2. 3.
We have

Ri, 7, 8} + {a, 32, 7, 8 } =  {a, (31, -8} + {a, /32, -8}
= la, -1-3,+ 32, -81 by Proposition 2. 3
= {a, 131 + 32 , -8} by (iii) of Lemma 2. 10

= {a, /31-H3 2, 7, 8 }

So we obtain (iii). The proof of (ii) is similar. Q.E.D.
In the diagram

a 7 8 &
X

we assume that

{a, 4, 'y} = {'y, 8, E} =0 a n d  {,e, 7, 61 0  ,
o r  {a, /3, 7} 0  ,  {7, 8, El DO an d  {4, 7, = 0 .

(i)

(ii)
(iii)
(iv)

{a, /3, 'Y, + 82} C la, 8 , 7,

{a, S, 71+72, =  la, 3, 71,
13i+ 32, 7, 5} {a, 31, 7,

{a, a2, /3, 7, al C lai, S, 7,

8 }

+ {a, S, 7, 82}
+ la, /3,72, al
+ {a, 32, 7, 3 }
+ {a2, re, 7. 8 }
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Proposition 2.12.

Under the above conditions we have

— {a, /3, 7, 8} 0E 2 =  a. {13, 7, 8, 6} .

Proof.

{a, 13, 7, 8} 0E 2& = {a, 13, ^g}..E 2E

— ao -8, EO by Proposition 2. 2
= ao {,8, 7, S,

§  3 . Generalized Toda bracket

In  [1 ] M . G. Barratt defined a  generalized Toda bracket

{a, 1,,o" 1  under the relations aoR i =ceog,= R i oryi + (32 .7 2 = 0, where
f  72

/3/  %71
a /

X  Y

132 \  Z , I 7 g .

However this higher comptosition is a special case of the secondary
composition {a, A y } , where a G  Y, X ], /3=A-he2 E [ Z , Y ]= [Z 1 , Y]
+ [Z 2 , Y] and 7=71+72 E [u, zi ] + [u, z2] c [u, z] (z= z, V Z2, one
point union of Z ,  and Z2). So all the properties which hold for
usual {a, le, 7}  are true for this composition, e.g.,

( i )  { a l  + a„ 1( ; ta„ 7
7 1+ 11((59; , }

Ice ' 7y, } {a, ilisc "):,} la," ; , }

la' //Se': ";1(+ 771} {c e ' 7711+ Ice, 
/3,721

It is clear that this composition is a double coset o f a * [EU, Y ]
and (E71)*EX, EZ 1]+(E 7 2 )*[X , EZ 2 ].

§ 4. The Hopf homomorphism and the composition

Consider tertiary compositions for spheres :

(ii))
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E$  E y
Sns q  - - -  Sr s s St .

In the above we assume that {a, ETS) , Ey} 9 0 and {3, 7, 81=0,
or {a , E0, Ey} =0 and 19, 7, 81 0. Under these assumptions we
may define the tertiary composition {a, E3, Ey, Eg} as id, — El,
E 2 81 = {a, ET3, .6 - }. D enote by H  th e  generalized Hopf homo-
morphism defined in  [10] , th en  b y  Proposition 2. 3 o f  [10], w e
obtain

H{a, E3, Ey, Eg} = H{a, E13, E -8- }
((H a, E $, E -g}
= {Ha, E13, Ey, E } .

We have proved

Proposition 4. 1.

H{a, E3, Ey, ES} C {Ha, ER, Ey, E8}.

Next we assume that ao0=0.7 —708— 0 and {Ea, E$ , Ey} 9 0
and {E0, Ey, Ea} = 0, or {Ea, E3, Ey} =0 and {E3, Ey, Eg} 3 0. Then
we can define {Ea, E3, Ey, V } as {Ea, ES, E -g} = {Ea, —E, E 2 8}

Proposition 4. 2.

H{Ea, EIS', Ey, Eg} C  - 1 {ce, 0, yl 0E3 8 .

Proof.
H{Ea, ER, Ey, = H{Ed, E28}

= A - '(ziory- ).E 3 8 by Proposition 2. 6 o f [10]
C z1 - 1 {a, $, y} 0E3 8 Q.E.D.

For the generalized Toda bracket, the following proposition
is obvious.

Proposition 4. 3.

ER, Ey rj„,E ry , 74/, P7 / }

§  5 . The generalized Hopf homomorphism

The reduced product complex of sn (n > 1 ) is  a  CW-complex
Sr_° with a cell structure
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S"■./e 2 "\J ••• vek -nv ••• ,

so there is one cell in every dimension which is a multiple of n.
We study at first the structure of the suspension space o f this
complex, E (S :).

Theorem 5.1.

E ( S )  is  hom otopy  equivalent to S " 4 1 .

Proof.

Set T \ki S " x • • • x S " x * x S " x • • • x S " , ( S " ) k — S " x • - • x S "  the

product o f k  n-spheres and (ST—  T k= eV the open kn-cell. Let f k
be the identification map : (S")k —>S7„ where S is the kn-skelton
o f Sio!„ and denote by j k the restriction of f k t o  T k, i.e.,

fk  Tk S : — 1 •

Consider the closed kn-cell E"= E, x  • • • x  En+ contained in etin,
where E"  the upper hemi-sphere of S" and the base point *
belongs to

Choose a  differentiable imbedding o f  Ah =  (S n )' —Int Et" in
Ek" - 1 , the closed (k n+1)-ce ll, so that 3A k -A k r\ S " -

S k n - 1 .  

Obvious-
ly T h  is  the deformation retract o f A k and we denote by r k  the
deformation retraction o f Ah onto T k •

Set F k  =Lor i, aA k : S k n- 1 --->S 7_„ then F h  is homotopic to the
attaching map o f e "  in S = S , v e " .

We want to show that

E F k  =  O: S "  E ( S T - 1 )  -

This is equivalent to that E Fk can be extended to E " ± 1 .
Let S " =E 'T v E ln ,  where Ek.," (Et" )  is the upper (lower) hemi-

sphere of Sk". Then we may divide E "+ 1 into two submanifolds
Vk.,"+' and 171"4 - 1 such that Vk.,"+1 (V " 1 ) contains El4n (Er') respective-
ly  and Vk_rin V !_`"+'=A k .

We define a  map G k :  Ak■ E(S1'_1) as follows :

Gkl Ala
= f o r :  A k ,

G k1S "  =  EF k  : S "  E (S7 —1) •
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Set E (S _ ,)=  V, V_, where V +  ( V_) is the upper (lower) half
of E(S i ). By the definition of the suspension of F k ,  we see that

Gk (A k  ■-/E?) C V+

and Gh(Ak \.../E )C .

GI,  can be extended to V '  (17!" - 1 ), as V, ( V_) is contractible.
The map thus obtained is an extension of EF k  to  Ek"+1. It follows
immediately the theorem. Q . E . D .

Remark.

This theorem is also obtained easily by use of Satz 20 of [8].
Hereafter we fix the homotopy equivalence between E ( S )  and

sin+1 (preserving orientations).

Let j :  S 'e t 12S 1 be the canonical injection, n o be the one to
one correspondence : 7z. i , ( Sn+ 1 ) —> 7r1(f1S n + 1 )  and p k  be the projection :
\J  Q i n + 1 ,  Skn-1-1 .

Y
Now we define generalized Hopf homomorphisms T-1 k  (k=1, 2,

•••) as follows :

H k  =  p k 4 ,0E04'0E2 o : 7ri .„(S"+') 7ri + I (S k"+ 1 ) .

Proposition 5. 2.

=  identity.
H k oE  = 0 (k  >  2) .

Proof.
We have the commutative diagram :

n i (S") i,(S" rl)
/

i \  /no
z i (S2S')

where i' : S" —>S2S ' is the natural injection and the relation ilS" —1'
holds.

For an element Ea E '7r 1 ,(Sn+ 1 ), we obtain

(E 04'0(2 0 )(E a)  ( E 0 4 ' . 4 ) ( a ) by (5. 1)
= Ea E 7r i+ ,(Sn + 1 )

(5.1)
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Hence
f i,(Ece) = Pi * o(EoiVo,f2o)0Ea

13,*(Ea)
= E a

and 11k(Ea) = Pk * 0(E.4 101-200Ea
Pk (Ea)

= 0f o r  k >  2 .

Proposition 5. 3.

H k (ce.E,e) = H k (a).K 8 .

Proof.
We have the formula

no(a)°4 •

Therefore we obtain

IT1k (a.E13) = (Pk*.EolV o1o)(a.E13 )
= Pk*((E°i,V)°(f2 0a°l9 ))

Pk*(4 1(1-2 0a)°E4)
= H k (a)0E13. Q.E.D.

I. M. James defined in [6] the Hopf-James homomorphism Hk

as follows :

H k= S -2V 0 4 0  h k* oi 1 0  f20 : n- i _, I (Sn + 1 ) ---> i , ( S k " ' )

where hk i s  the map (S 1,t, S " , * )  and S — S ,  is
mapped onto Sim —* by degree 1 by h k •

We will study the differences between two such homomorphisms.
Let us consider a condition on a map that

(5. 2)k : it  is  a m ap: (E(S 7,t), E(S ), E(S _ 1)) ,(E (S !,n), E (S ), *) and
E(S)— E(S 1)  is m apped hom eom orphically  onto E(S) — *
by it.

Obviously the map Eh k  satisfies the condition (5. 2)k.
Let h'„ and h'; be maps : (S'et, S ", *) such that

Eh', and satisfy the condition (5. 2)k . Then  w e have the
following commutative diagram :
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(5. 3)

Tri+ ,(S n+1 )

1120
7ri (S2S"4 1 )

1 1*
r 1( S )

h'k*, 114

7ri(SicT)

I i*
7ri (s-2S"± 1 )

112
0

7ri+,(S k n + i )

r1,(E12S n +1)

(Ei) *

7ri , ( E S t )

I(Eh )* , (Elz n *

zi+i(EStn)

I (E i) *

z i , ( E 1 2 S k )

 

/a k

where ak is  the natural map : ES2S"+'_,. S k n

We have the following exact sequence (see PI :

P* i *
[E (S t I S7), E S "][ E S , ,  E S "],  E S ] .

By use of (5. 2)k  we obtain that

— { Eh'} ) =  0 i n  L E S , E S ] ,

whence there exists an  element 7  o f [E(S:s/SZ), ES] such that
P*7 = {Eh}  —  {Ehn ,

i.e., {Eh}  — E p*[E (S 7JS ),  E S '] .

Accordingly, for an e lem en t E  i ( S )  we have

(5.4) { E l ek } 0E -a— {E11:} °Ea =  ( —  { E hP).E a

E E V E St1 .7 -ti+ 1 (
k+1

Define homomorphisms H and H :  i+1 (S " + 1 ) e+i(Sk ' )  as
follows :

= S2Voi* .h4oiVon,
H ; = 12V 11;* . tiV .

Then for an element a  of 7r 1+ ,(Sn+1 )  we obtain by use of the com-
mutative diagram (5. 3) and (5. 4)
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T h e o re m  5. 4.

(a) mod f4,7r1+1( V ,

where f  is  a  map : S in + 1 _> Skn±1 .

Similarly we get

T h e o re m  5. 5.

kÏ ( c )  H k (a) mod g * n . i+ i

w h e re  g : V  SmTh+1 * Sk+ 1.

C o ro lla ry  5. 6.

H k  H k i f  i  <  ( k  +1 ) n  .

Next consider the Hilton-Hopf homomorphism H o : 71- 1 , ( S n ' ) ,

The following correspondence defines the Hilton-Hopf homo-
morphism :

f2P .±
1-2,S"+' S2(Sn+1 y S ')L S  x  nSn+ 1 x S2S 2 " I x  S S 3 n±' x

w here p  is  the map : sn+i vs"' which pinches the equator
o f S"+1 ,  j  is a singular homotopy equivalence and p  is the projec-
tion on the third factor.

It is well known that P*VV°4 2 (Pn+i)*
Since j : S 2S 1 i s  a  singular homotopy equivalence, there
exists a  map h:S F „ , "  such that h * : I ,k (S7.) ( S " )  and
S2VO4.17* .iJ0S-20 — H o : 7r i -F i (S "± ') , 1+1( s 2 . +, , .) It is easily verified
that E h  satisfies the condition (5. 2)2 .

Hence we obtain the following theorem, as H 2  defined in the
above is the Hopf homomorphism H  defined in [1O].

T h e o re m  5. 7.

H (a)= --- -
 o ( a )  mod f  i + i ( V  S'n + 1 ) f o r  a  E  n- i + 1 (Sn+ i)

-2 3

where f  ' : V  S .' 1 S 2 n±' .

In particular,

C o ro lla ry  5. 8.
I f  i < 7 n ,  then

f2 s 2  +  ,
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H (a ) H 0( c )  mod ±  f k * 7ri + ,(S " )
k=3

w here f  k  : S2"1.

Remark.

For the higher Hilton-Hopf homomorphism Flk  defined in [2 ],
the similar result to Theorem 5. 5 holds. (Pt= HO-

Lemma 5.9.

E l -10(a° 3) ----- E llo (a ) . E l + En ao EP ceo EHo(3)
f o r  a E n p ( S " )  an d  3  G 7-c 1( S P ) .

This is  the conclusion from Theorem 6. 2 of [2 ] and Theorem
1 o f [3 ].

Corollary 5 . 1 0 .

If  i  < 7  n  ,  p<  3n  an d  i < 3 p ,  t h e n  f o r  a E 7ri , „ ( S n ' t )  and
E 7-c1, 1(S P - ')

H (a . / 3 ) =  H (a ). +  En a. EP a 0 H(R)

mod f k*v i+i(S" - 1 ) f  K e r  (E: r1 (S 2") k=3
w here f  k  : S2" '.
This follows immediately from Corollary 5. 8 and Lemma 5. 9.

Problem 5 . 1 1 .

Is it true or not that

H ( a .  =  H ( a ) 0  +  E '  a. Ev - i a 0 H (3 )?

Hereafter the notations of generators o f 74+ ,  are refered to
[10].

Example 5 . 1 2 .

1A cr' 0 0)14) = Y13° 0 )14 6413 f or G 7rI4 an d  (014 E

Proof.
Let n =6, p=13 and i =29 in  Corollary 5. 10, then

H(0-'.(0,4 ) H(0-'). (0, 4 + Oa! .E"0-' 0 H ( c 0 i 4 )  m o d  G
= 9713°0)14+ 40 °V27 by Lemmas 5. 14 and 12.15 of [10]

where G = f 3*7r 30(S") + .1.44,7r30(S2 5 )  + K e r  (E : v 2 9 (S ' 2 ) r30(S 2 ))
=  { v L q  =
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and 40-T3 .2.,2 7 = O.
By Proposition 3. 1 o f [1 0 ] we have

9
74

6)
1 4  —  

7
/16

°C°
17 16"1 3 2

&t.5 by Lemma 12. 15 o f [1O].

As E 3 : 7r3 0 (S`3) — ›  z „ (S " ) is a monomorphism, we obtain

TAGI O(014) = is
This relation will be used in [11].

§ 6. Some elements given by the higher compositions

This section is an application of §2 and §4 and the preparation
for the forthcoming paper [11].

In Lemma 12. 18 o f [10] Toda obtained the element X o f 741
such that

H (X ) =  1 1  an d  E 3 X-2vt, A u „

by use of Lemma 11. 17 o f [10].

23 ,Consider the secondary composition {7)2 0 , 2 7 2 6 12) I,  which is well
defined since the order of v  2  for n > 5 .  By (3. 10) of [10]
{7.)20 21)23 1.'26} and ( —1)  12 20t) 23 

2
26,1) 1  h a ve  a  common element.7  —  

We have

{
2

1
)
20 7 

1)
2 3  

2
1
)
261 C 12v20, 21)

23 7 1)261 by Proposition 2. 1
=  E 17&' by the definition o f 8 ' in [10]

— 2(1)2°0623) by (7. 10) o f [10]
=  o by (7.20) o f  [10]

Therefore we have

{ 1)20 7 2 ,  V 2 6 }  —  0  mod {v20°0-23} = 0 .

Let a cell complex K = S ' e "  have the characteristic class 22)2 3 o f
e2 7 . By Proposition 1. 7 o f [1O], there exists an extension Ext (v20)

E  [K , S2 0 ]  of v2 o ,  and a coextension Coext (1)2 0 ) E 7r3 0 (K )  o f 1,2 6 , such
that Ext (u2 0 ).Coext (v 2 6 ) = 0 .  B y Proposition 2. 6, there exists an
element 7  o f 71-2 7 (S 13 )  such that P* 7 = Œi3 °Ext (v 2 0 ). The set {7 }  of
such elements forms a subset of 2 0  —4 ? . )  2 , •7.) It is easily checked- 23

that secondary composition al3 7 2 0  —4 L. 2 23.1, 1  contains 0. Thus thes 
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following tertiary composition is defined

{ a „ , Ext (v2 ,), Coext (v„)} = 1)20, 2 2 3 , 1.,2 6 1 C  re„(S ") .

By Lemma 4. 2,

11{ 0-„, 1
)
2 0  2 1

'2 3  •  
P

2 7 }  =  A - 1 10 - 12, P19, 2v221 ° 2' 2 8  =  14 5

since we have

H { Cr12 V 1 0  
2 1

.'22} 21 .'23 HA V20 •

So we choose an element X, from this tertiary composition
2p2 3 , 2)26} •

As H(X 0 ) =H (X )= As , we obtain

(6. 1)
X, mod E n 'a  =  { 1 3 ° . 1 4 le „ ,  2X, 77 a  ,

Lemma 6.1.

H(X) = H(X 0 ) = A5.

{ (7 1 3  •  
V

20 •

There exists an element a of 7-i16 such that E a=- --  97,0k, mod
+ 4 3 0/c1 3 , H(ce)---,./c„ and 2a=0.

Proof.
We choose an element a  from {1.4, 2 6

1 1 1  / C 1 1 } •  
We have

H ( a )  E  H { ,, 2 t,i,

= — A - 1 (v2.2t„)01c 1 2b y  P r o p o s i t i o n  2. 6 o f [10]

2)9°K12 mod 2volc12 = 0

and 2a E  {14, 2 6 n, 02126

— PR° 12 1
11 , 2 6 251 by Proposition 2 .2

3 5°1C °?/ by Corollary 3.7 of [10]

= 1)2°97110K12 by (10.23) o f [10]
= 0 by (5. 9) o f [10 ].

That is 2a=--.0 m o d  .27rN + 1407rgo2t 2 , =  O.
By the definition o f r79 w e  have

17807e9 E  278 0  v „  Ext (n.), Coext (ici3)}

=  {978, Ext ( 2712)} 
o c o e x t

 (K .)

,

by Proposition 2. 2

C2 t „ ,  
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since we have by Lemma 5. 12 of [1 0 ]

{ 978 ,E x t  ( 9 7 1 2 ) }  I S 14 = {978, ni21 = 14 •

Therefore we obtain

977
0 k 8 E  {v 1 ,  2c„, ic„}

E {14, 211 2 , K1 2 } .
In the exact sequence

13 6 7
71-29 71'2

we have by Proposition 12. 20 and Lemma 5. 14 of [1 0 ]

,A7rB = {A(013°P20)} = {A (n i3 o P 1 4 ) }  =  { (A .1 1 ) (Œ 'o P 1 4 ) }  =  O •

So E  is a  monomorphism and we obtain

n60 , 7 E 114, 2 6 12, fc121 • Q.E.D.

Choose elements ty*"  E a * "  E  7z-N , a * '  E 7t a P 6  E 7-c111 from
the following secondary compositions

u { a n ,  1) 19, 2 2 } 1

( 7 28, 1a * "  E 8(721,

a * '  E  {(71.5 4 u 2 2 , ° 2 9 } 1

and (44.5 E  {am , 20'23 , 3 9 } 1 •

Denote that 0-,4,̀  —En - 1 6 0-t, for n > 16 and  a* = E

Lemma 6.2.

(1) H(o.*")----== - 2, mod 2 2 3  and 80-'1' P0.
12

°
. 1 9  mod 12°, 19

(2) H (a * ")=47+22270s28 and  20-*"-----p 1 4 .(72 ,  mod a14.E4,2+7 -cgo2a29

(3) H(o-* / ) = 0 29 +  & 2 9  and 26* i  ==- Ea*" mod cri ,..En-N + n iS ° 0  3o

(4) H(016)=-=- 0.3 1 mod 2a„ , 2crt --=--- Ecr*' mod a„0E7-111+ 7r3T°Œ31

an d  1 6 4 6 = 2n- P- 15 ° .  23 •

Proof.
By Proposition 2. 6. and (7. 21) of [1 0 ],  we have

1I(0-*/ ")  E 19v t- )

— 1(crii°1J18)°23

.-23 mod 2 2 3 .
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And 80-* G { a 1 2 ,  1)
19 1 

°8 6
34

C
r
12

°
E  {  

v
18 

'.
21 8 1 3 2 } By Proposition 2. 2.

Consider the stable secondary compositions <y, 8'.>.
For an odd integer x,

x <8t, y, n = <8t, y ,  <8t, 11, CT» see p. 90 of [10]
= <<8t, y, 8t>, y, o->+<8t, <v, 8t, y>,
= <8t, 8o-, os> by Lemma 5. 13 of [10] and G4 = 0

4p.

Next we have

<<20-, 8t, v>, 8t, v> <20-, <8t, v, 8t>,
— <2o-, 8t, <v, 8t, v>> 0 mod 0,

whence 8t, v> = 16p.
B y use of these relations and Jacobi identity for the stable

secondary composition, we have

<8t, v, <v, 8t> + 8t, v> 0  mod 8G1 5

so <y, 8 t >  < 8 t , === 4p mod 8G1 5 .

Thus we have proved the relation

8a*"' 4o-12 °P19 m o d  8°-12 P19 •

By the definition we have

H (a*") E  H {c r , 4 , 8
6 2 1 ,  G

r
2 8 }  1

=  — A - 1 (0- 13°80-20)°(729 by Proposition 2.6 of [10]

= '/2 7-C129 by (10. 10) of [10]

-  v 7 + 5727°&28b y  L e m m a  6 .  4  of [10].

by Proposition 2. 1
by Proposition 2. 1

Thus p14 .0.2,-=-20-*" mod a l ,. E7rN + irZ;L°2(729.
Similarly we have

We have

20-*" E 10-„,

C {a,„
) 10,4 ,

3 P14  °°

8(72 1 ,

8a2„

80-21 ,

29 •

cr„). 1 021,
2a2 2 }

2t281 .029
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H(0-* / ) E Hio-„, 4 a  a- 22 7 29, 1

— A  103.14 °LI-0'20°63o

— 97290 0-30

=  P
29 

829

20-*' E {a, 5 , 40-33, 0 '
29} 1

0 2 6
37

C  {
6

15 ) 8 0 - 3 2 ,  a 2 9 } 1

D E {(7,4 , 80- 31, Œ28}1

by Proposition 2. 6 of [10]
by (10. 10) of [10]
by Lemma 6. 4 of [10],

by Proposition 2. 1

D Eu*" .

So we obtain Ea*" ---=20-* '  mod 0-1 5 0 n i3  7 rg o a „.

1-1(4 6 ) = - a3 1 mod 20-„  is obtained in the similar way by use of
Proposition 2. 6 of [10].

We have

2 4 6 E { ° - ,  2 0-23, 63511°2 4 31

C 7  
4 0-23, (73311 by Proposition 2. 3

D E {0 - 15 , 40-23 , .7291

9 Ea ' ,

whence 2aP6 = ----E 0 -* ' m od  a 1 6 0 E v i4  v g ° 0 - 31

i°
16

0
P 2 3  e r i 6 ° 2 3  Pisca3i,

Also we have
Aa331 •

1646 D { 0 .1 6  2 0 -2 3 ,  ( 7 30} 1 0 1 6 6 38

- a16
° E  {2 032, a 29 ) 

1 6 6
36} 1

C  (7 16 0  {20 23 7 '
7

30 7 1 6 t3 7 } ,

C 0- 1 6 ° {0-33, 20-30 • 1 6 6 37}1

D 2o- ° y  2 0 - 3 3 ,  86
37} 1

2 a
16

°
P23

by Proposition 2. 1
by Proposition 2. 1

where the indeterminacy is o- T6 0E743 + o- ,6 04 .1 6 6 , 8 = 0,
i.e., 16016 = 20- 16 °

1 23 •
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