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1. Introduction

To begin with, let us introduce some preliminary notions.

Given a stochastic process X(#), —oo<t< 0, B,(X) denotes
the least Borel algebra for which X(#) is measurable for every
t€u, v].
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The Wiener process (Brownian motion) is denoted by B(?),
— oo<t< o0, and we normalize it as B(0)==0. In case we consider
sevel Wiener processes at the same time, we shall write them as
B,(t), B,(t), etc. $B,.(dB) denotes the least Borel algebra for which
B(s)—B(t) is measurable for every (¢, s) with #<t<s<w.

The least Borel algebra that contains $,, $,, --- is denoted by
B, VB,V or \k/93k.

Given a stochastic process X(f), — oo<t< oo, and any fixed s,
we shall call the stochastic process

(1.1) Y(6) = X(s+6), 6<0,

the past process of X at time s and denote it by =/ X.
C_ denotes the space of all continuous functions defined on the
negative half-line (—o0,0]. C_ is a metric space with the metric

_ Ae-n 2l
1.2 (F = 2-n_ N " &ln
(1.2) p(f & 2 gl

where ||2]||,= max [/(t)].
-1t <0

Let a(f) and b(f) be continuous functionals defined on C_.
A stochastic process X(¢) is called a solution of a stochastic differ-
ential equation :

1.3) dX(t) = a(=,X)dt +b(=,X)dB(t) (— oot <o),
if
(1. 4) B X)VvB_..,(dB) 1is independent of B,.(dB) for

every t € (— oo, ),
and if

(1.5) X(8)— X(s) = S’a(m,X)d@Jr S'b(m,X)dB(e)

for —oo<s<t<{eo.

A solution X(¢) of (1.3) is called a stationary solution if X(¢)
and B(t) are strictly stationarily correlated, i.e., if the probability
law of the system

1.6) (X, dB)=(X(#), — oot oo, B(v)—B(u), — oo u<v<co)



On stationary solutions of a stochastic differential equation 3

is invariant under the time shift. A stationary solution is clearly
a strictly stationary process. We are here mainly concerned with
stationary solutions.

Consider a stochastic integral equation

(1.7) X(t) = X(O)+Sta(st)ds—l—Stb(nsX)dB(s)
with the past condition :
(1. 8) X(t) = X)), ¢<0

where X _(#), t+<<0 is a given process. Since a solution of this
equation satisfies (1.3) on £>0, it is called a one-sided solution.

Now we shall describe the outline of our paper.

In Sections 2, 3 and 4 we prove some facts on stochastic
integrals and on the topology of stochastic processes which will
be useful in the subsequent sections.

In Section 5 we shall prove the existence of a one-sided solution
under a condition which requires that the coefficients a(f) and b(f)
grows with f in at most linear order. This condition prevents the
solution from blowing up in finite time.

Our method is almost the same as Skorokhod’s [187] and uses
the Prohorov-Skorokhod theory of the totally bounded sets of
stochastic processes [13][17]. Though we are discussing the case
in which the coefficients depend not only on the present value of
X(t) but also on its past behavior, this generalization does not
create any serious difficulty.

In Sections 6 and 7 we shall find out some conditions for the
existence of a stationary solution in terms of the one-sided solution
discussed in Section 5. Roughly speaking, if the one-sided solution
has a bounded moment, then there exists a stationary solution.

For the proof we shift the probability law P of the joint
process of the one-sided solution Y and dB by —s to define P,,

then take the time average of P, to define Qs=s’ISSP,,du and
0
finally take a convergent subsequence of @, to get the probability

law governing the joint process of the stationary solution X and
dB. We can prove the existence of such convergent subsequence
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observing that {P,, s >0} and {Q,, s >0} are both totally bounded
in the Prohorov metric.

The shifting and averaging method is well-known as a tool to
find an invariant measure, but our method used here seems to be
new in that we applied it to the probability measure on the function
space to get a stationary solution.

In Section 8 we shall give some direct conditions for the
existence of a stationary solution in terms of the coefficients a(f)
and 0(f). Our conditions require that a(f) is of the form
—a(f)f(0)+a(f) where a(f) is dominant in a certain sense.
However, these sufficient conditions are far from necessary.

It seems to be an interesting problem to find out a nice weak
sufficient condition for the existence of a stationary solution, even
though it is not necessary.

The condition (1. 4) is the minimum requirement to make the
stochastic integral in (1.5) meaningful but it does not always imply

(1.4 Bt X) = B_.(dB) — oo < t< o0}
even a weaker condition :
(1.47) Bl X) = B_.(X) VB, (dB) — 00 < s <t <o

does not follow from (1.4). Therefore it occurs usually that in
order to solve (1.3) for a giveh Wiener process B(f), we must
enlarge the given probability measure space on which B(f) is
defined.

The relationship between $_..,(X) and B_.,(dB) is discussed
in Section 9, and the non-linear backward representation will be
also mentioned in this connection.

In Section 10 we shall treat the case that the coefficients
satisfy the Lipschitz condition. Even in this case we should impose
almost the same condition as in the general cases mentioned above
to prove the existence of a stationary solution. However, the
solution obtained satisfies (1.4”), or sometimes even (1.4’).

Sections 11 and 12 are devoted to the case that «(f) and b(f)
are linear in f.

In Section 13 we shall give a complete picture of the possible
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stationary solutions of a stochastic differential equation of the
Markov type (i.e., the coefficients a(f) and &(f) depending only on
the present value f(0)) under the Lipschitz condition.

In the last three sections we shall mention some pathological
examples in connection with the relationship between $_..,(X) and
B_...(dB).

We put the time parameter ¢ always in the bracket as X(¢)
and the suffix s used in X, or X/(#) is to be considered as a para-
meter to distinguish stochastic processes from each other. There-
fore X, means the process itself, while X,(¢#) means the value of
the process at time 7.

Acknowledgement. We thank Professor S. Karlin at Stanford Univer-
sity and Professor M. Rosenblatt at Brown University for their
kind support and valuable suggestions during our work on this

paper.
2. Inequalities Concerning Stochastic Integrals

Let U be a random Variable, Y(¢) and Z(¢) stochastic processes
and B(¢) a Wiener process, where the time parameter ¢ moves on
a bounded interval [«, v].

Suppose that

(2.1) BU)VvB.Y, Z, dB)
is independent of $,.(dB) for every ¢ €[u, v] and

2.2) gE[ | YI(s)]ds + S:E[Z(s)zj ds < oo
Now define X(¢) by
2.3)  X(t) = U+S’ Y(s)ds+StZ(s)dB(s), wu<lt<o.

X(¢) is well defined and we have B,(X)=B(U)v B.(Y, Z, dB).
Then we have

Lemma 2.1.
(2. 4)

E(X()) < E(X(0))+4{ ELIX(s7Y(s)| 1(ds+6 | E(X(sy Z(sy)ds

(Notice that both sides may be infinite.)
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Proor: Consider a random time
(2.5) oa =sup {t€[u, v]: sup |X(s)| < A};
s <t

if there exists no such #, then put s4=u. Since almost all paths
of X(¢) are continuous, we have

(2.6) (0.4 >1) € Bu(X)
and
2.7) P(oc4=v for sufficiently big A)=1.
We shall define Ug,, Ya(t), Za(t) and Xa(¢) as follows
Us=U(UILA), =AU>4), =—AU-4)

Yau) = Y©), Zut) = Z(®) (t<oa)
Yut) = Zat) =0 (t=o04)

X,(t) = Uy + S' Yu(s)ds + S Z.,(5)dB(s) .

The stochastic integral SZ A(8)dB(s) is well defined by virtue of

(2.6) and X ,(#)=X(¢) or = A according as {< s, or t=>0,. There-
fore it holds with probability 1 that '

(2. 8) I X)) <A, Lim XA(t) = X(¢) for every t.
*oe

Using a formula on stochastic differentials [4], we get
(2.9)  X,(o)

= U£+S [4XA(s)PY a(s)+6X 4(s)°Z A(s)2]d3+s 4X J(sVPZ A(s)dB(s)
By virtue of [X,(#)|<<A and the assumption (2.2), we can take
the expectation on both sides of (2.9) to get
(2.10)  E(XA(v))

— E(U} )+E< S

122

4

AX (s) YA(s)ds> + E< 6XA(s)2 Z(s)'ds)
— E(UH+E ( S:A4X(s)3 Y(s)ds) +E< S 6X(s)22(s)2ds>
< E(UY+E ( 524 | X(s) Y(s)| ds> + E(S 6X(s) Z(s) ds )

6,

— E(X(x)")+4 S"E( | X(sPY(s))ds+6 | E(X(s)Z(s¥)ds
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Recalling X(t)=£ir§ X,(), we have
EX@)) < }41_1103 E(X 4(v)")
< E(X(w)")+4 SNE( | X(sVY(s)|)ds+ GSUE(X(S)Z Z(sY)ds

Lemva 2.2, If g:E(|X(s)3Y(s)|)ds<oo, then
2.11)  EX@©))
< E(X(u)‘)+4S:E(X(s)3 Y(s))ds+6 S:E(X(S)ZZ(S)z)ds :
Proor: In (2.10) we get
E(X ()"
< E(U+AE ( S:“X(s)a Y(s)ds> +6 S:E(X(s)z Z(s)")ds

But
X(syY(s) = — | X(s)Y(s)|

| B Xy Y(s)ds < oo
and o, v as A1 . Therefore
lim E(S:AX(SYY(s)ds) - E( S:X(s)3Y(s)ds>

The rest of the proof is the same as in Lemma 2. 1.
Using 4X°Y<<3X‘+Y* and 2X°Z*<X*+Z* we can also derive
from Lemma 2.1

LEmMma 2. 3.

E(X(0)") < E(X(u))+6 S”E(X(sr + Y(s) +Z(s)")ds .

Using the Schwartz inequality, 4XYZ*< X*+Y*+2Z* and
2X°Y*<X*'+7Y* we can derive from Lemma 2.1
LEmma 2.4,

E(X()) < EX@))+8| VEXGY) VEXG)+ YE + ZEds -

3. Totally Bounded Sets of Stochastic Processes

Let S be a separable complete metric space with the metric p
and $B,(S) the topological Borel algebra of subsets of S, i.e., the
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least Porel algeara containing all open subsets of S.

A mapping X(w) from a probability measure space Q(%, P) into
S is called an S-valued random variable if it is measurable in the
sense that {w: X(w)€ B} €B for every Be€ B,S). The probability
law wy of X is defined as the probability measure

px(B) = P{o: X(w) € B} .

Given two probability measures w,, g, on S(B,(S)), the Prohorov
distance L(w,, u.) is defined as follows. Let &, be the infimum of
& such that, for every closed subset F of S

m(F) < o UF))+€

where U/(F') is the &-neighborhood of F. Define &, by switching
m and g, in &, and set

(3 1) L(/"u /‘2) = max (612' 621) .

The law-metric between two S-valued random variables X, X,
(whether or not they are defined on the same probability measure
space) is defined as the Prohorov distance between their probability
laws and is denoted by L(X,, X,). Notice that L(X,, X,)=0 means
that X, and X, has the same probability law.

Let X(S) be the system of all S-valued random variables. We
can define L-convergence, L-Cauchy sequence, etc. on X(S).

If X,, n=1,2, --- and X are all defined on the same probability
measure space and if P(p(X,, X)—0)=1, then X, is clearly an
L-Cauchy sequence. The converse is also true in the following
sense :

THEOREM OF SKOROKHOD [17]). If X,, n=1,2, --- (whether or not
they are definned on the same probability measure space) is an L-
Cauchy sequence, then we can construct a sequence Y,, n=1, 2, ---
and Y on the same probability measure space such that

LY, X,)=0 and P(p(Y,,Y)—=0)=1.

This can be also stated as follows.
If u, is a Cauchy sequence of probability measures on S(8,(S))
in the Prohorov metric, then we can construct a sequence Y,,
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n=1,2,--- and Y on the same probability measure space such that

lu'Yn = M,
and

P(p(Y,,Y)—>0)=1.

A subsystem J1={X,, a € A} of X(S) is called totally L-bounded
if every infinite sequence X, , n=1,2, .- taken from J] has an
L-Cauchy subsequence.

THEOREM OF PrROHOROV [13]. In order for D={X,, a€ A} to
be totally L-bounded in X(S), it is necessary and sufficient that for

every & >0, there exists a compact subset K, of S (independent of
@) with

3.2) P(X,eK,)>1-¢ for every a€A.

Let Si(p;), i=1,2, ---, n, be complete separable metric spaces.
Then the direct S=S,xS,x-.- xS, is also a complete separable
metric space with the metric

p(x, y)=gp.~(xs,y.~), x=(x, %), y=(, = ¥,)€ES

It is clear that X=(X,, X,, =+, X,)€X(S) if and only if X;eX(S;),
i=1,2, -, n.

Let 71={X,=(Xp1) Xu2> > X, ,), ®€ A} be a subsystem of
X(S). Using Prohorov’s theorem and recalling the fact that the
direct product of compact sets and the projection of a compact set
are also compact, we can easily see

Lemma 3.1. J1 is totally bounded if and only if J;={X,;;
a € A} (=X(S;)) is totally L-bounded for every i=1,2, -+, n.

Hereafter we are concerned with the metric spaces C_=
C(—o0, 0], C,=C[0, 0) and C=(—o0, ). The metric p_ on C_
was defined in Section 1, namely

_Ao-n &l
(3.3) p(f 8 = Z;Z m
[[21l, = max [h(¢)]
-1t <0

Similarly for p, and p with
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|||, = max |k(f)] or max |A{)].
0oLt -nLr<n

Using Kolmogorov’s idea, Prohorov [13] obtained a useful
criterion for 77cX(C) to be totally L-bounded. We shall state it
in a rather restricted form which will be useful in Sections 4, 5
and 6.

LeMMA 3.2. J1=X(C) is totally bounded if there exist ¢ >0 and
¢, >0, n=1,2, --- such that, for every X=(X(t), t € (— oo, ))€ T,
we have

(3.4) E[X(0)]< ¢
and
(3.5)  E[[IX@®)—X&)|]<ec,lt—=s*  for |t], |s|<n.

Similarly for C_ and C,.

The idea of the proof is as follows. Using Chebyshev’s in-
equality, Borel-Cantelli’s lemma and the usual technique of diadic
division, we can prove that, for every & >0, there exist (&) and
v.(€), n=1,2, --- (independent of X € J7) with

(3.6) P[IX(O)I_<_'7(6), sup B(LQ:X(—S”_<_'rn(<9)]>1—<‘5

—ngp<sgn |t_s|1/16

for every X € Jl.

Setting

K ={rec; 7<), sup LOTOl <y o)

—ngt<sgn |t_3|1/1G

we can write (3.6) as P(X€ K,)”>1—¢&. On the other hand Ascoli-
Arzela’s theorem shows that K, is a compact subset of C(p). To
complete the proof, it is enough to apply Prohorov’s theorem stated
above.

Using the same technique we can prove the following lemma
which will be useful in Section 7.

LEmMMA 3.3. J1=X(C) is totally bounded, if there exist ¢_>0,
¢, >0, n=1,2,--- and A,€BC), n=1,2, -+ such that, for every
X=(X(t), te(— o0, 0))€ T, we have

3.7) E[X00y]1<c
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(3.8) E[IX()—-X()IY, XeAd<Lc,|t—s|® for |t], |s|<mu,
and

3.9 XA—-P(XeA,)) is convergent uniformly in X€Jl.

4. The Approximate Sum of a Stochastic Integral

In this section @(f) and &(f) denote continuous functions of
fE€C_(p_), A is a parameter set and [%, v] is a bounded interval.
For each a« € A we have a stochastic process X,=X,(#), — o<t < oo,
with continuous paths and a Wiener process B, such that

(4.1) B_..(X,)VvB,(dB,) is independent of B,,(dB,), ult<v.

Then a(=,X,) and b(=,X,) are continuous in ¢ with probability
1 and so

(4.2) I, — S a(z,X,)dt + S b(, X)) dBy(t)

is well defined.
Let L,(A) be the approximate sum of I, for A={u=u,<u,
<ou=}:

4.3) L&) = almu  Xa) (= t3)+ 23 b0y Xa) (Bultts) — Bo(t45.)) -

It is clear that I,(A)— I, in probability for each a as |[A||=
(u;—u;_,)—0, i.e., there exists 6=0(¢& a) such that || A||<8(§ a)
implies P(|I,(A)—1,|>>&)<é&.

LemMmA 4.1. If {X,, a € A} is totally L-bounded, then we can
take 8=298(8) independent of « such that

(4.4) A1 <T8(E) implies P(|1(A)—1,]>>&) <&

for every a € A.
To prove this we shall first prove

LEMMaA 4.2. If a(f) is bontinuous in fe€C, then a(=.,f) is
continuous in two variables (t, f).

Proor: Assume that {,—t,, f,—f,. Set I=sup (||, L], ).
Given any m fixed, we have
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H”t,,fn—”t(,fo”m
é || ”t,,f,,_”,,fo”m'F || 7rt,,fc~—7tt0f0”m
SN fumfullweit S0 IF(EHE)=Fl 1) =0 (n—co).

Therefore p_(=,,f,, =, f.)—>0 and so a(=,,f,)— a(=, f,)-
Now we shall prove Lemma 4.1. Since {X,} is totally L-
bounded, there exists a compact subset K(&) of C such that

(4.5) P(X,eK) > 1—% for every a€A

Since a(=,f) and b(z,f) are continuous in (¢, f) by Lemma 4.2,
they are uniformly continuous in #<ft< v and f€ K, namely they
exists 6=06(»)>0 for » >0 such that

[t—s|<8, u<t s<v, p(f, &< 8, f geK
implies
la(z, f)—a(z )| < n, |0(z:f)—b(=.g)| <,
in particular
|t —s|<_96, ult, s<v, feK
implies
la(z f)—a(m < n, |0 )= 07 )< 7.
Using a step function @,(¢):
Pat) = uiey  on wu, <<y,
I, (A) can be written in the integral form
148) = [ aleeo X)dt + | bmescoX2)dBAD)
and so
Iw_Iw(A) = S (a(”t(Xm) _a(”'wA(t)Xw))dt + S ‘(b(”tXw)— b(”wA(t)Xw))dBw(t)
Writing [¢], for @ truncated by 7, i.e.,
[l =2 (eI<n), =0 (lp|>n)

and setting

JA8) = | Tatw Xa) = almg o X1y dt + | [0, X) = boscoX) D dBu1),
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we can see that ||A||<8(») implies
P(JA) == [,—I(A) < P(X, ¢ K)< %
because |Pscy—£|<||Al|< 8(n). On the other hand, ||A|l< 8(z)
implies
B2 [ ndt [ +2 st < e

(¢ = 2(v—u)f+2(v—u))
and so

S it v =V,

Thus [|A[|<8(\/&/2) implies that for every a € A,
P([I,— 1) > &) < P(J(A) == I,—1(A))+P(|J(A)| > &) < €.

P(Ju(8)] > ) < ZE

5. One-sided Solutions

In this section we shall solve
(5.1) dX(t) = a(=,X)dt +b(=,X)dB(t) t=>=0)
with the past condition :
(5.2) X@t)=X0) (<0,
where X (¢), t<0 is a given stochastic process with continuous
paths and B(¢), — o<t< oo, is a Wiener process with B(0)=0.
To do this, it is enough to solve the stochastic integral equation
G.1)  X() = X(O)+S:a(7rsX)ds+S:b(n-sX)dB(s) t>0)
with (5.2) and

(5.3) B_t(X) vB,(dB) is independent of $,.(dB) for
every t>0

Let (8B, P) be the probability measure space on which X_(Z),
t<0 and B(#), —oo<t< oo are defined. We can assume that

Bl X)) VBAB) = B,

since this does not make any essential restriction.
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In order to solve our equation, it might be necessary to enlarge
OB, P), as we have explained in Section 1.
Let us impose the following assumptions.

(A.1) a(f) and b(f) are both continuous on C_(p_).

(A.2) There exist a positive number M, and a bounded measure
dK, on (— oo, 0] such that

)+ 100N < M+ [ IFlar).
(A.3) EX_(t)<c t<0

with a constant c.
(A.4) $B_.(X.) is indepenpent of B,.(B).
The assumption (A.4) is automatically necessary by (5. 2)

and (5. 3).

TueoreMm 1. (Existence of a one-sided solution). Under (A.1),
(A.2), (A.3) and (A.4), we can find a solution X(t) of the stochastic
integral equation (5.1) with (5.2), (5.3) and

(5.4) E[XH)]<ye (¢ =0),
where v is a positive constant.

Remark: As we can see in the proof given below, (A.2) can
be replaced by a weaker condition :
(A.2") There exist a positive M and a bounded measure dK on
(—o0, 0] such that |a(f)l“+|b(f)|“§M+So_mf(t)l‘dK(t).
We shall divide the proof into two steps.
(i) Approximate polygonal solutions. Take h>0 and define
an approximate solution X,(f) by Cauchy’s polygonal method.

(5.5) X)) = X_(2) <0
= X,(nh)+a(7z,, X,((t —nh)+ (=, X,)(B({)— B(nh))
nh<t<(n+Lh; n=0,1,2, -

Take the step function @,(%):
(5.6) @,(t) = nh nh<t<(n+Dh; n=012, ..
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Then X,(¢) satisfies

6.7 Xt = X0+ [ alr,co X ds + [ e, X)dBs)  (0)
LeEmMma 5. 1.

(5.8) clf)=sup £ [X@)1<ve™, t>0

with a constant v=v(M, dK, ¢) which does not depend on h.
Proor: We shall first show that

(5.9) ci(t) < oo —oo <t < oo,

Since c,(¢) is increasing, it is enough to show (5.9) for ¢=unh,
n=0,1,2, ---, by induction. It is clearly by (A.3) that ¢,(0)<c<eco.
If ¢, (nh)< oo, then c,((n+1)h)< oo, because we have, for nh<t<
(n+1)A,

E(X,(#)) < FLE(X(nh) + E(a(7 X)) B+ 3E(b(7 1p X)) 7]
< 3 [Len(nh)+(M+||K||c,(nh))(h* +3h*)] < oo
by virtue of (5.5) and (A.2’), where ||K ||=So dK(t).
Applying Lemma 2.3 to (5.7), we have, for #>0,

B < EX(0))+6 || ELX5)' + (0, X,)! +bore X, Tds

< o+6{ [eo)A+IIKI)+M]ds,
and so

c,,(t)§c+GS:[ch(s)(1+IIK||)+M]ds.

Since ¢,(t)< oo for all £>0, we have
() < @)+ MQA+ K < (e + ML+ ||K|[) T errrixne
by the method of iteration. Setting
v = max (c+ M1 +|[IKI))™", 6(1+IK])),
we get (5. 8).
LEMMA 5.2.

(5.10) E((Xu()— X,(5))) Z valt —s|**
0<s<t<n, n=1,2, -,
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where v, is a constant which does not depend on h but only on n,
M, ||K|| and c.

Proor: It follows from (5.7)
X0)=X,(5) = [/ almoyoXp) du+ || bomeyr X dBG)
Applying Lemma 2.4 to this, we have, for 0<s<t<n,
E[(X\@#)—X,(s))']

<8{ VEEm X601
VE[(X,(u)—X,(s))' +a(z, ;,Cu)Xh)4 +b(m, ;,(u)th] du

< 85: V EL(Xy(#) = X,(s)) 1V M+ ([ KII +16) c,(u) du

<8R+ 16)5¢™ || v ETE )~ X0y 1w

by Lemma 5. 1.
Using Lemma 5.1 again, we have

E[(X,(5) = Xu(s)T K 2 ELX,() + X, ()] < 20 pe™
0 s <t <n)

Putting this in the above integral, we get

E[(XB) - XN < va-t—s)  (O0<s<t<n)
with a constant vy,=vxM, dK, c) independent of % and putting this
in the integral again, we get

EL(X()— Xu(s)' ] < valt —s)”
with another constant v,=v,(m, dK, c¢) independent of #.
Applying Lemma 3.2 to the class of stochastic processes

X5, =(X,(#), t2>0); >0} (=X(C,)) in view of Lemma 5.1 and
Lemma 5.2, we can see that {X, ,; #>>0} is totally L-bounded.

It is evident that {X_,=X_: A >0} (=X(C.)) is totally L-bounded.
Since X,=(X_ ,, X, ,), we have

LemMa 5.3. {X,; >0} is totally L-bounded.

(ii) Finding a solution.
It is evident that {B,=B; £ >0} and {X_,=X_; h >0} are
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totally L-bounded. Since {X,: >0} is totally L-bounded by
Lemma 5.3, {(X,, B, X_): h>0} is also totally L-bounded by
Lemma 3.1, so that we can find an L-Cauchy sequence (X, B, X_),
n=1,2, .- with h(n)| 0. By Skorokhod’s theorem (see Section 3),
we can construct (Y,, B,, Y_,), n=1,2,+--, 0 on a certain pro-
bability measure space such that

(5.11)  L((Ya Ba, Y_ ), Xy, B, X)) =0 n=12, -

(5.12) P(Y,, B, Y_, )= (Y., B., Y_.)=1

where the convergence is to be understood in the sense of the
metric in CxCxC_.

Since L((B,, Y_.), (B, X_))=0 by (5.11) and P((B, Y_,)—
(B., Y_.))=1 by (5.12), we get

(5.13) L(B.,Y_.) (B, X)) =0.
If we can prove that
(5.14) B_.(Y.)vB,.(dB.) is independent of %,.(dB..),
(5.15) with probability 1,
Y.t)=Y_.¢), t<0,
(5.16) with proaability 1,
Yo(t) = Y.(0)+ S:a(ns Y.)ds+ S:b(n-s Y.)dB.(s), t<O0,
and
(5.17) E(Y.(@)) < e, t>0,

then we can conclude that X(#)=Y.(¢) is a solution of (5.1) which
is to be constructed, by identifying (B.., Y_.) with (B, X_) as is
justified by (5. 13).

B-.. (X)) VB(dB) is independent of B,.(dB) by the definition
of X, and B_.(Y,) v B(dB,) is therefore independent of %,.(dB,)
by virtue of (5.11) and so (5.14) holds by (5.12).

Since Y.(t) and Y_ .(¢) are continuous with probability 1, it
is enough for the proof of (4.15) to prove

PY.t)=Y_.#)=1 for each ¢<0.
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But this is immediate from (5.11), (5.12) and the definition of X,,.
By the same reason as above, it is enough for the proof of
(5.16) to prove for each ¢ that

(5.18) with probability 1,
Yo(t) = Ym(0)+Sta(7rs Y.)ds+ S’b(st,c)dB&(s) .

Set
(5.19) 1, = atz,Y,)ds + be, Y,)dB,(s)
(5.20)
1,08) = | atme, (&)Y, ds + [ Bl V) ABL(S)

B
Il
A1

= D a(mp, Y ) h+a(m,,Y,) - (t —mh) (mh <t (m+1)h)

k=0

m=-1

+ 23 00w Y,) LB((k+1) 1) = B(kh) ]+ b(zu Y ) LB(#) — B(m ) ]
* (n — 1’ 2’ e, oo)
Since P(p(Y,, Y.)—0)=1 by (5.12), {Y,, n=1,2, -+, 0} is
totally L-bounded and we can use Lemma 4.1 to get &) such
that |/|< 8(€) implies
(5'21) P(lln(h)_lnl>8)<8v n = 1, 2, ves, OO,
Since Y, ()=Y,(0)+I,(h(n)) by (5.7), (5.11) and (5.20), we
have
P(|Y.(t)— Y.(0)—1.| > 68)
= P(| Y.(t)— Y,(#)) = (Y..(0)— Y,(0)) — (1. — [(h(n)) | > 6€)
< P(|Y()— Y, ()| >+ P(|Y.(0)— Y, (0)| > ¢)
+P(|1.—L(h(n))| > 4¢)
and so by (5.12)
P(|Yo(8) = Y(0)— 1| >66) <lim P(| L. =L, (k(m))| > 4€) .
But it holds by (5.21) that
P(|1.—I,(h(n))| > 46)
L P(| .= L.(B)| > &)+ P(| L(h)— L(h)| > &)

+P(L(h)—1,| > &)+ P(|1,— L(h(n))| > €)
L3+ P(|I(R)—1,(h)| > €)
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for h=06(6)/2< 8(€) and n>n,E), where n(€) is the maximum
number # for which %(n)<3(é).

By (5.20), (5.12) and the continuity of a(=,f) and b(=,f) in
f (see Lemma 4.2), I,(h)— I.(k) with probability 1 as #»— < by
Lemma 4.1. Therefore ‘

lim P(| 1. —L(k(n))| > 4€) < 3¢

and so
P(|Y.(8)— Y. (0)— .| > 66) < 3¢.

Since € is arbitrary, this inequality implies (5. 18).
Using Lemma 5.1, we have (5.17) as follows

E(Y.(t)) < lim (Y,(¢)") = lim E(X,,(s)) < ve™ .

6. Stationary Solutions (1)
Consider a stochastic differential equation:
(6.1) dX(t) = a(=,X)dt + (=, X)dB(t)

under the assumptions (A.1l) and (A.2) (or (A.2)) imposed in
Section 5. Since X_(¢)=0 satisfies (A.3) and (A.4) in that section,
Theorem 1 shows that there exists a one-sided solution of (6.1)
with the past condition :

(6.2) X#t)=0 <0
The solution constructed in this theorem satisfies
(6.3) E[X@)]<ye"  (¢>0)

with a constant v € (0, o).
No we shall prove

THEOREM 2. If the one-sided solution X(t) mentioned above is
bounded in the 4-th moment, i.e.,

) ELX#)]<a (=0)

with a donstant a € (0, ), then there exists a stationary solution
of (6.1). (See Section 1 for the definition of a stationary solution.)
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Proor: Write X, (¢) and B,(¢) for X(s+t) and B(s+t)—B(s),
respectively. Then we have
(6.3) dX(t) = a(=,X,)dt +b(=,X,)dBt) t> —s
(6.4) X, (#)=0 t< —s
and B, is clearly a Wiener process with B (0)=0.
Let P, denote the probability law of (X, B;) which is a

probability measure on C* (=CxC) and ¢, the shift operator on
C? i.e.,

(f,8) =01, &

if and only if f(#)=f(s+¢), g(t)=g(s+t)—g(s). Noticing that
(X,, B,)=0,(X, B)y=0,X,, B,), we have

(6.5) P(E) = P(0_E).

Since =,f is continuous in (s, f)€(— o0, 0)XC, it is easy to
see that P,(E) is Borel-measurable in s for every E¢€ B(C?.
Therefore

(6. 6) QHE) = %gjpsums

is also a probability measure on (C? B(C?)).

B, is clearly totally L-bounded by Lemma 3.2, because
E(B,(0))=0 and

E((B,(v)—By()") = 3(v—u) <3/2nlvo—u|*

for |u|, |v|<n.

To prove that {X,, s >0} is also totally L-bounded, we shall
verify
(6.7) EX#)<a
(6.8) E(X(0)— X (w)) < vlo—ul**

with some constant y. (6.7) is clear by (S). Since X (f)=X(s+1?),
it is enough to prove that

(6.9) E(X(0)— X)) <vlo—ul*.
Noticing X(¢)=0 for ¢<0, it is also enough to prove (6.9) for
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v>u—>0. Since X satisfies (6.1), we have
X(0)— X(u) = Sua(n,X)dt+va(yr,X)dB(t).

Using Lemma 2.4, we get

E((X(0)— X(u))")

=8 S VEX®— X)) VE(X({#)— X)) +a(z, X )+ b(z, X ) dt

<86 IKNa+M § VE(X® = X@)ydt .
But
E((X(#)—X(w))") < 16
by (S).
Replacing the integrand in the above integral with \/16a, we
get
E((X(v)—X(u))) <wv(v—u)  (v,= constant)

and replacing the integrand with \/4,(f —«), we have
E(X(v)— X(u))) < y(v—u)”* (v = constant).

Thus we have proved that both {X,, s>>0} and {B,, s=>0}
are totally L-bounded. Hence it follows by Lemma 3.1 that
{(X,, B;), s=>0} is also totally L-bounded. Therefore we can find
a compact subset K=K(&) of C* independent of s for every & >0
that P(K)>1—¢&, so that Q(K)>1—¢&. Since K depends only
on & {R;, T >0} is also totally bounded. Therefore there exists
T, t o such that @, converges to a certain probability measure
@ on C? in the Prohorov distance.

Let (X, B) be a C*-valued random variable whose probability
measure is €. Now we shall prove that

(6.10) B(t) is a Wiener process with B(0)=0,
(6.11) X(¢) is strictly stationarily correlated to dB,
(6.12) B_.(X, dB) is independent of $,.(dB),

and

(6.13)  dX(t) = a(w, X)dt + bz, X)dB(E)  (—colt<o0).
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Once we prove this, we can see that X(#) is a stationary solu-
tion which is to be sought, by identifying B and B.

Taking any bounded continuous function @ on the m-space
and observing

E[(P(B(tl): ) B(tm))]

~ tim L (" ELp(B,(1), -+, B(tm)]ds

= E[p(B(t,), -, Blt.))],

we can see that B(#) has the same probability law as B(f), so that
B(t) is a Wiener process with B(0)=0.

Observing also, for any bounded continuous ¢ and 4 and for
any fixed ¢,

E[@(X(t,+t), -+, X+ )W (Bo,4+1)— B(u,+1), -+, Blug+1)—B(up+1))]

= tim 2 | ELpO0 (40 - UB 40 = B0, =)1ds
= tim o [T BP0, ) $Bi0) = By ). )]s

= tim - | ELRUG(E), < VB 0)— B, ) ds

= tim L [ ELAGE), ) ¥Bw) = Bw), ~)1ds

= E[(])(X(tl)’ “')‘!’(B(UJ)—B(uI), )] )

we can see that X and dB are strictly stationarily correlated.
In order to prove (6.12) and (6. 13), it is enough to show that,
for every S,

(6.12) B_.(X)vB_s«(X, dB) is independent of $,.(dB),

—S<t< oo,
and
(6.13) X(t)= X( —S)+S'_sa(nu)2)du+S’_Sb(nuX)dB(u) ,
—S<t<

Use P, and T, determined above to define the probability
measures on C?:
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1 (7 |
6.14) Qs E) = ﬁg P(E)ds,  n>n(S)

where #,(S) is the minimum number # for which T,>>S.
For any bounded continuous function f on C°, we have

!‘LIE Scz f(co) Qs, T,.(da’)

1 (T
= tim | s Pdords

= tim -1 STSC f(@) P(dw)ds

— lim Scz F(@)Qr,(do)

nyoo

— | Ao

Qs,7,— € in the weak™® convergence and so in the Prohorov distance.
Using Skorokhod’s theorem, we can construct (Y,, 8,), n=n4(S),
ny(S)+1, =+, oo on a certain probability measure space such that
(6.15) the probability law of (Y,, 8,) in Qs r, for n=n(S),
ny(S)+1, --- and that of (Y., 8.) is @, and

(6.16) (Y,,B,)—(Y.,B.) in the metric in C?

with probability 1.

(Y..,B.) and (X, B) have the same probability law @ and
therefore 8., is a Wiener process with 8,.(0)=0.

8, in also a Wiener process with 8,(0)=0 for n>n,(S), because
we have for any bounded continuous function @(&,, ---, &,,),

E[¢(/8n(t1)v ) ﬂn(tm))]

1 Tn

= —]"—._S Ss E[?(Bs(h% Tty Bs(tm)):lds

= E[@(B(t,), -+, B(t,»))]
Now we shall prove

(6.12") B_.[(Y,)vB_s(Y,, dB,) is independent of B,.(dB,),

and
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(6.13") Y, (1) =Y, (—S)+ St_sa(m,Y,,)du+ S'_Sb(mYn)dB,,(u) ,

-S<t < oo
with probability 1.

Noticing that B_..(X,) Vv B_s(X;, dB,) is independent of $,..(dB,)
for —S<t<(oo as far as s>S, and observing, for any bounded
continuous (&, =+, &,, u,, =+, n4) and Y(&,, -+, §,) and for s,, -, s
<t, —=S<t,, -, t,<t and t<u,, -+, u,,

E{¢( Y,,(Sl), ] Y,,(Sp), Bu(tv t)v ot Bu(tq» t))\}/‘(/-'?n(t, ul)’ AR Bn(t’ u,))]

?»

- T,,l—s SSTnE[(p(XS(s,), v, B(t,, ), - )W(B(E, u,), -+-)]ds
= 7 1—S SST”E[(P(XS(SI), -, B((t,, ), ’)]E[\"(BS(L ), "')]dS
- —T,,l—s SST"E[@(XS(SI)‘ <o, Bt t), ) ]ds- E[Y(B,(t, u,), --+)]

— E[@(Y,(s,), - Bo(ty, 1), - VE@W (B, uy), )],

we can see that (6.12”) is true where 8,(#, v) and By(«, u) stand
for B,(v)—B,(«) and B, (v)—B,(u) respectively; in the computation
above, we used the fact that both B, and B, are Wiener processes
and so have the same probability law.

It is clear by the definition of (X, B,) that
6.17)  X(0) = X(-9)+| atwX)du+| bxX)dBw
with probability 1, as far as s<_S.

Noticing that both sides of (6.17) are %B(X,, B,)-measurable
by the definition, there exist Borel measurable functions @ and
defined on C? such that, with probability 1, (X, B,) and (X, B,)
are equal to the left and right sides respectively for each £ >—S,
as far as s >S. Therefore we have

Tﬂ
B #(Y0 8) =Y, B = 2 [ "E( (X, B)—(X,, B))ds =0
by (6.17). Thus o(Y,, 8,)=v(Y,, 8,) with probability 1 and so
(6.13”) holds with probability 1 for each #€(—S, ). But both
sides of (6.13”) are continuous in ¢ with probability 1, we can see



On stationary solutions of a stochastic differential equation 25

that the exceptional set of probability O can be taken indently of
t. Thus (6.13”) is proved.
Noticing (6.16), we can derive (6.12’) and (6.13’) from (6.12")

and (6.13”) respectively by the argument we used at the end of
Section 5.

7. Stationary Solutions (2)

We shall find another condition for the existence of a station-
ary solution of the stochastic differential equation (6. 1).

(A.1) and (A.2) are assumed here as in the previous section.
We can replace (A.2) by a weaker condition :

(A.27) ja®)|*+ 1601 < M+ F®IPdK(E)

with a positive constant M and a bounded measure dK on (— oo, 0].
Since (A.2") is stronger than (A.2’) (with different M and dK) in
Section 5, we can construct a one-sided solution X(¢) of (6.1) with
the past condition: X(¢#)=0, <0 under the assumption (A.1) and

(A.2) (or (A.2")), by virtue of Theorem 1 and the remark immedi-
ately following it.
Now we shall prove

THEOREM 3. If the one-sided solution X(t) mentioned above is
bounded in the second moment, i.e.,

S EX(#)<a t=0)

with a constant @, then there exists a stationary solution, provided
dK has a compact support.

Proor: Take o >0 such that the support of dK is contained
in [—o, 0]. The proof goes in the same way as in the proof of
Theorem 2 except in proving the fact that {X,=6.X; s >0}

(0, X(t)=X(s+1)) is totally L-bounded. To prove this, we shall use
Lemma 3. 3.

We shall start with two lemmas.

Lemma 7.1. There exists G=G(&, ) such that
(7.1) P( Ssx;p X)) >G) <L €& for every s >0.
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Proor: Introducing two processes
at) = a(=X) (¢=0), =0 <0
and
b(t) = b(=.X) (¢=>0), =0 (<0),
we obtain
X(8) = X(s)+ Std(u)du + S’B(u)dB(u) (= oo <t < o0)
Since
S= sup |X()]
sSLtS+!
s+7 t
<1X©)|+{ " a@w)ldu+ sup )S b(u)dB(u)’
s st s+HI s
(=U+V+W),
we have
G G G
P(S>G) < P<U>§>+P<V>—3—>+P<W> ?).
Using (A.2"), (S) and the property of stochastic integrals, we have

G\ _-3EWU)_3VEX(@sY) _-3vVa
P<U>?>§ G = G = G

)

P(v>2) <D < 2™ By dn

G
< %\/MHIK_Ha
and

P< W> g) < <%>2S:+1E(5(u)2)du < %(MJr 1K) .

Therefore we get

Ps>G)< % +%£ + —Bcii— (8;: constant)

and so we can find G=G(§, ) for which (7.1) holds.

LEMMA 7.2. There exists p=p(G, 1) such that for every s and
for every u, v€l[s, s+1], we have

(7.2)  ELX@)—X@), sup [X(O<C] < plu—ul”.
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Proor: We shall use a(f) and &(#) in the same meaning as
above. We shall define X;(¢f) by truncating X(¢) by G, i.e.,
X)) =X({#) or O
according as |X(¢)|<<G or not. Similarly we shall define as(¢) and
be(t) respectively by truncating a(¢) and &(¢) by az=+/ M+|K|G.
Now we shall consider the stochastic integral :

Lo(w, v) = | atyat+{ bot)aB),

and observe
E[L(x 0)'] < SE[( S:ag(u)dt)‘] + 8E[< S:aG(t)dB(t))']
E[< S:dc(u)dt>z] < at(v—u)

and
E[( S:Bc(t)dB(t)ﬂ <6 SE[( S:I;G(s)dB(s)>2BG(t)2] dt
(use Lemma 2.1)

< 6agS:E[( S:BG(s)dB(s)>2] dt

v

< 6az S S:E(i)a(s)z)ds dt = 3aL(v—uy .
Thus we get
E(Is(u, v)) < 8ag(lP+3)(v—u) (s<u<lv<s+/)
If sup |X(#)|<G, then we have X,=X(¢), ds(t)=a(t), 'BG(t)

. S-S+
=06(t) and so I4(u, v)=X(v)—X(u), as far as ¢, u, v € [s, s+/], because

the support dK is contained in [ —o, 0]. Thus we get
E[(X@)—~X@), _sup |X()]<G])
< E[I(u, v)] < 8ag(P+3)(v—u),

which proves Lemma 7. 2.
Now let us prove that {X_, s >0} is totally L-bounded. Using
Lemma 7.1, we have, for G,=G(27" 2n+0),

(7.3) P sup_|X()I<G)=P(_ sup_ [X()<C)<1-27".
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Using Lemma 7.2, we have, for u, v€[s—n, s+n]
E[(X®)=X@)': | sup_ |X(O)]<G,]< va—uf

((Yn = /"(Gn’ 2n+0)) »
and so, for u, v€[—n, n]

(7.9 E[XL@-X0), swp X0 <GCI< 70— u).
Writing A, for the set {]:é—C : _11_§Tt1<1)t<’l| NHI<LG,), we have
E[(X@0)— X)), X,eA,]1< 'Yn(v—;)z_ (w, vel —n, n])

by (7.4) and

P(X,eA,)>1-2"  (s>0)

by (7.3). It is clear by (S) that E(X,(¢)))<<« for every ¢ € (— oo, o)
and s>0. Thus we have proved that {X,, s >0} satisfies the
assumptions in Lemma 3. 3, so that it is totally L-bounded.

8. Stationary Solutions (3).

In the previous section 6 and 7 we presented some sufficient
conditions for the existence of a stationary solution of the stochastic
differential equation :

dX(t) = a(=,X)dt + (=, X)dB(t),

using a one-sided solution of this equation with the past conditions:
X(#)=0, t<0; the existence of a one-sided solution was discussed
in Section 5.

In the present section we shall use the results obtained in
Sections 6 and 7 to give sufficient conditions for the existence of
a stationary solution in terms of the coefficients @ and b.

We shall begin with three lemmas.

LemMa 8.1. If »(t) and &(t) are continuous on [0, o), and if
1) r)-r)< -8 radu+ [ swdn  ©<s <t <o,
where B is a positive constant, then

(8.2) ") < r(0)+S'e-B<f~“>§(u)du.
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Proor: Write r(¢) for the integral appearing in (8.2) and set
r(t)=r@)—r(t)—r(0). r(t) satisfies

ri(t) = —Brt)+&@)

and so
t t
r(t)—rs) = —BS ro(u)du+S Ew)du .
It follows from this and (8.1) that »,(¢) is continuous and
(8.3) r(t)—ri(s) < —Bgtrl(u)du and 7,0) = 0.

To prove (8.2), it is enough to prove that r,(¢)<<0. If 7,(£)>0
for some #, then 7,(0)=0 implies that there exists an interval
[s:, £,1<[0, o) with 7,(¢)>r(s,) and 7,(¢)>0 on [s,, ¢,], which
contradict (8. 3).

LemMA 8.2. Suppose that p(t) is continuous and satisfies
(8.4) pt) <a+b e ops)ds (0Lt o),

weere &, B and v are all positive constants. If

(8.5) y>8,
then p(t) is bounded ; in fact,

ay
(8.6) o)< 22

Proor: It is easy to verify that

8.7 po(t) = _ﬁ_(r),_/ge-cl—mt)
y—8
satisfies
(8.8) put) = a+B e ops)ds (0Lt o0).

Therefore p,(t)=p(t)—p,(t) satisfies
P <8 erop()ds  (O<t<on).

Hence it follows by the method of iteration that
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pl(ng’gn", max p(s)] =0 (4 oo).

Thus we get p(#)<p ()< ay/(y—~).

Lemma 8.3. Suppose that »(t) is continuous and non-negative
on [0, =) and satisfies

8.9) 7)< [ (~ar@+Bvrm N (0<s<t <o),

where «, B and v are constants and

(8.10) a >0, v >0.
Then v(t) is bounded.

Proor: It is clear that Q(0)= —a6*+B8+v< 0 on a certain
half line [§,, ). We shall prove that »(#)<<max (»(0), 2). If »(t)>
max (7(0), 83) for some #>0, then there exists an interval [7,, ¢, ]

[0, ] such that “r(t,)>>7(s,)” and “\/r(t)>0,, ie., Q(/7(t))>0

on [s,,#,]”. It follows from the second condition and (8.9) that

r(t)—r(s) < | QUv/ru)au <0,

which contradicts the first condition »(#,) >7(s,).
Now we shall use Theorem 2 to derive

THEOREM 4. Suppose that a(f) is of the form

(8.11) a(f) = —alf) f(0)+a(f)

with a(f) and a,(f) continuous in f€ C_ and that b(f) is continuous
iu feC_. Furthermore we assume the existence of positive constants
m, M, M, and M, and bounded measures dK, and dK, on (— oo, 0]
for which

(8.12) m<a(f)<M,
(8.13) a(fy <M+ rardr®,
and

0

(8.14) by <M+[ reraK.
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Then there exists a stationary solution of

aX(t) = a(=,X)dt + (=, X)dB(t),
provided

(8.15) m> ||K1||*“+%|1K2n‘/2.

Remark. (8.13) can be replaced by
a(<M+[ 1r@laE®
or
a (NP <M+| IFOraK W),

because each of these conditions implies (8.13) with different M,
and dK,. Similarly for (8. 14).

Proor: It follows from (8.11), (8.12) and (8.13) that
(8.16) a(f) < 8a(f) f(0) +8a(f)

<8MF(O)+8M,+8( f(tydK(®)
iy gw F@ydR@),

where M=8M, and dK=8dK,+8M*5, (8,=the 8-measure concen-
trated at 0). By virtue of (8.16) and (8.14) we can use Theorem
1 (and the remark immediately following it) to find a one-sided
solution with the past condition: X(¢)=0, <0 such that E(X(¢)")
<nve" (—oo<t< o) for some v >0. To prove the existence of a
stationary solution, it is enough to verify (S) in Theorem 2 for
this one-sided solution.
Write 7(¢) for E(X(¢)") and set

p(t) = supr(s).
s<s

It is clear that 7»(t)<p(t)<ve™. Now we shall prove that p(¢) is
bounded.
By an assumption we have

(8.17) Ela(=X)1< M+ K]l p(t),
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(8~ 18) E[al(”txy] £M1+”K1”P(t) ’
and
(8.19) E[(7 X)'] < M,+|IK| p(2) -

Applying Lemma 2.1 to

X(t) — X(s) = S:a(nuX)du+ S:b(”“ X)dBw —O0<s<i),
we get
E[(X()—X(9))]
<4 S:E[I(X(u)—X(t))sa(mX)l 1du+6 S:E[(X(u)_ X()) b X e
Using

(X-YPZ|<3X-Y)+2' < 24X +24Y*+ 2¢,
2X—X)PZ* < (X—Y)+2Z*<8X'+8Y*+Z*,

(8.17) and (8.19), we get
B[O~ X< [ rvedu
with some constants v, and v,, and so
[P —r(s)"]* < E(X(5H)—X())) < S:(% +v.")du .

This shows that »(#) is continuous in #>0.

By similar arguments we can easily see that E([ | X(«)’a(=,X)|],
E[|X(u)'af=.X)|], EL|X(ufa(X)|] and E[X(x)b(=,X)"] are all
bounded by a function of the form «,+v,e". Therefore we can
apply Lemma 2.2 to

X(t) = X(s)+S'a(mX)dqug'b(ﬂ,,X)dB(u)
to get
E(X(@))—E(X(s)")

<4 S' E[af(=.X)X(u)]du+4 S’ E[X(wfa,(z.X)]du

+6 S' E[X () b(.X Y] du
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t t 1
< —4mS E(X(u)‘)du-l-g E[3¢- X(w) + ~ a,(, X )] du
s s C

+3S'E[d.X(u)w%b(nuX)*]du ,

where ¢ and d are positive constants and will be determined later;
we used 4X*Y<3X*+4+Y* and 2X?*Y?’<X*+Y* in the above obser-
vation.

Using the results obtained above, we have

r(t)—r(s)

< —(4m—3c—3d)5:r(u)du +S:[k+<|”§‘”+3”52”> p(u)]du,

where k=M, /c’+3M,/d (=constant).
If we assume that

(8.20) 4m—3c—3d >0,
then we can apply Lemma 8.1 to get
(8.21)
! Kl
< | exp[—(4m—3c—3d)(t—u)]-[k+< :

Noticing that if &(¢) is increasing, then
1

[emeotisras =1=2a0)+ [ 124 s

B

is also increasing in #, we can see that the right side of (8.21) is
also increasing, so that the left side of (8.21) can be replaced by
7(s) for every s<t and so we get, with some constant £,

(8.22)

p(t)£k+(u_1%1|_|+3|lfi{2“) S'eXp[—(4m—3c—3d)(t—u)]p(u)du.
4 / Jo

Applying Lemma 8.2 to this, we can see that p(¢) is bounded,
provided

(8.23) m>%<3c+@) +2 (a+ 15

notice that (8.23) includes (8. 20).
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Setting ¢ =||K,||"* and d =||K,||"*, we can see that p(¢) is bounded
under the condition (8.15); in fact (8.15) is the best condition
among all conditions of the form (8.23).

As an application of Theorem 3 we shall prove

THEOREM 5. Suppose that a(f) and b(f) arve written in the
form :
(8.24) a(f) = al)f(O)+a(f), b(f) = bLF)f(0)+b(S)

with af), a(f), b(f) and b(f) continuous and bouhded in feC_.
Then it is sufficient for the existence of a stationary solution of the
stochastic differential equation :

dX(t) = a(=,X)dt +b(=,X)dB(t)
that there exists a constant m >0 such that
(8.25) 2a()+b(f) < —m
for every f€C_.
Proor: By our assumption we have a constant M which bounds
lal ), la(N)], |bLf) and |b(f)| from above. Therefore
(8.26) la(+10() < 2M+2M|£(0)] ,

and so the conditions (A.1) and (A.2) in Theorem 3 are satisfied.
To prove our theorem, it is enough to prove that a one-sided
solution X(¢#) with X(¢)=0, ¢ <0, satisfies the condition that
E(X(t)’) is bounded in £>0; we can assume that X(¢) satisfies
E(X(#))<ye" for some constant y_>0.

Using a formula on stochastic integral [4], we have

(8.27) X(tY—X(s} = 2S'X(u)a(n,,X)du+2§'X(u)b(nuX)dB(u)

+ S "Bl X Ydu .
Taking the expectations of both sides of (8.27) in view of
E(| X(w)a(#,X)|)+ E(] X(u) A=, X)|)
< 2ME(X(u)))+2ME(| X(u)|) < ME(X(u)'+1) +%ME(X(u)‘ +3)

5 3 5 3
2M+2MEX@)) < 2M+-2qe™,
Sz t5 ( (u))é2 57
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we get, for 0<Ts<t<Too,
(8.28) E(X())—E(X(s))
_2 S' E(X(w)a(z.X ) du+ S' b X ) du

— |/ EL@amX) + bm X P)X(u 1du
+2{" BL@ () + (e X) b X)) X() ) d
+| B X 1du
< [ [=mEQt@) + 2+ M) B X(0) 1)+ M) d
< S:[—mE(X(u)2)+2(M+ M) EX @)+ M*1du .
The continuity of E(X(¢)*) follows from

|E(X(¢)) — E(X(s))"|* < E[(X(t)— X(s))]
_2 S EL(X()— X(s))a( X )] due + S' E[b(=.X) ] du

which can be verified in the same way as above.

Therefore we can apply Lemma 8.3 to »({)=FE(X(f)") to see
that E(X(¢)’) is bounded.

As a second application of Theorem 3 we can prove the follow-
ing theorem which is similar to Theorem 4.

THEOREM 6. Under the same assumptions as in Theorem 4
except

(8.13) a(fF <M+ ftrdr e
(8.14) b <Mt FErdE)

instead of (8.13) and (8.14), there exists a stationary solution of
the same stochastic differential equation, provided

(8.15) m > K7+
and
(C) the supports of dK, and dK, are bounded.
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Proor: Since the integrability of the integrals appearing here
will be proved in the same way as in Theorem 4, we shall carry
out only the formal computations.

Using Theorem 3 in view of (C), we can see that it is enough
to show the boundedness of E(X(¢)?).

By virtue of a formula on stochastic integrals [4] we get

X(£Y— X(s) = 2 g’X(u)a(nuX)dt ) S’X(u)b(wuX)dB(u)+ S'b(”uX)Zdu
and so
E(X(£y— E(X(sY) = StE[2X(u)a(n,,X)+b(7ruX)2]du
< —2m S’ E[X () du+ S’ E[2X(w) ay(weX ) + b( X Y] du
< —2mStE[X(uY]du+StE[cX(u)2+%al(7qu)2+b(7z,,X)2]du
(c = K1)
Setting »(¢)=E(X(¢)’) and p(t)=0t2flsx’ r(s), we get
r(t)—r(s)
< —2m{ rwydu+{ [ (e + LUKII+ KN cl)+7 |
1
('7 = '(/‘—M1+M2>
= —2m | rwydu + [ (UK K )+ 1d
Hence it follows by Lemma 8.1 that
r(6) < | e LUK + K pls) +71ds
<L @K+ KD | e pls)ds
m 0

Now use Lemma 8.2 to conclude that »(¢#) is bounded if
m > || K|V + | Kl /2.

The following theorem is an immediate result from Theorem
4 and Theorem 6.

THEOREM 7. Under the same assumptions as in Theorem 4 except
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0

(8.13") eI <M+ 17@IdE®

(8.14) oA <M+ [ 1r@ldE®

instead of (8.13) and (8.14), there exists a stationary solution of
the same stochastic differential equation, if

(8.157) m> ||K1||+%||K2||2.

In case the supports of dK, and dK, are bounded, (8.15") can
be replaced by a weaker condition :

(8.15") m>> ||K1||+%||K2||2.

PrOOF: By virtue (X+ Y)2<<1+%>X2+(1+8)Y2 (6>>0) and

the Schwartz inequality, (8.13”), and (8. 14”) imply

1
&

(N < (1+ ) ME+ A+ OIKI | LFO KW,

A< (14 ) ME+ A+ OIKN | 1FO 1K),

(NI < (145 ) M+ QP IKIE | LA@ 1 aK D)
and
4 1 : 4 3 3 0 4
NI < (1) Mi+ (eIl | 17O dELD .
If (8.15”) holds, then we have
m > (L& + S (L+ £
ie.,

m > (L4 EP I +-2 L+ 71T

by taking small €2>0. Now we can apply Theorem 4 to prove
first part of our theorem.
The second part will be proved similarly by Theorem 6.



38 Kiyosi Ito and Makiko Nisio

9. Borel Algebras Related to the Stationary Solution

Let X(¢) be a stationary solution of the stochastic differential
equation :

9.1) dX(t) = a(=,X)dt +b(=,X)dB(t) .

We shall prove some facts concerning the Borel algebras related
to the solution X and the Wiener process B.
The following three relations seem to be interesting :

9.2) B (X)) B (dB) (—oco<lt< o),
9. 3) A B (X)) =T,

(9.4)  BAX)TB LX) VEBdB) (= ces<t<e0),

where J1 is a triuial algebra which contains only sets of probability
0 or 1.

It is evident that (9.2) implies (9. 3).

In the general cases discussed in the previous sections we
neither proved nor disproved these relations. In the next three
sections we shall discuss some special cases in which (9.2) is true.
In Section 13 we shall discuss the diffusion defined by a stochastic
differential equation with coefficients satisfying the Lipschitz con-
dition for which (9.4) holds but (9.3) does not always hold. In
Section 14 we shall mention an example for which (9.4) does not
hold. In Section 16 we shall give a two-dimensional stochastic
differential equation for which both (9.3) and (9.4) are true but
(9.2) is false.

If X is a stationary solution of (9.1), then X is strictly
stationarily correlated to dB. In the following Theorems 8 and 9
we shall only assume this property.

The following theorem will be used in Section 16 and a similar
fact for the discrete time parameter case was discussed by M.
Rosenblatt [14] [15] [16].

THEOREM 8. Assume that X is strictly stationarily correlated
to dB.

(i) If (9.2) holds, then
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9.5)  E[IMX@®)—E[MX()|B:(dB)]I1-0  (#— o)

for every bounded Borel measurable h(€) defined on R'.

(i) If (9.5) holds for one bounded wmonotone function h (for
example WE)=arctan ), then (9.2) holds.

Proor: It is enough to observe that Lévy-Doob’s theorem
shows

(9.6) E[N(X(0))|B-.(dB)] = lim E[(X(0)|B_.(dB)]

with probability 1 and that the strictly stationary correlation be-
tween X and dB implies
9.7) E[|h(X(#))— ELI(X(#))|B.(dB)]I]

= E[|(0)—E[A(X(0)|B-,(dB)]I].

As an immediate result from the definitions we get

THEOREM 9. Assume that X is strictly stationarily correlated
to dB. If (9.2) holds, then there exists a Borel measurable func-
tional F on C_(B(C.)) such that

9.8) X(t) = F(=,B)
where
9.9) 7. B(s) = B(s+1t)—B(t), s<0.

Furthermore, if E[X(0Y]< oo, then X(t) can be expanded in
multiple Wiener integrals (see K. Ito [5] [6]):

9.8) X(t) =3 S [ =t t—t,, o, i—1,)dB(,) - dB(L,) .

izo .
(g ln
We shall call (9.8) a backward representation of X(t) and
(9.8") a backward representation by multiple Wiener integrals (see
N. Wiener [19]).
The representation (9.8) or (9. 8") is called properly canonical
(see M. Nisio [12]) if it holds that

(9.10) B_odX) = B_.(dB)  (—oo<t<o0)

By a theorem of Doob on stochastic integrals we can easily
prove
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TueoreM 10. If X(t) is a stationary solution of (9.1) satisfying
(9.2) and if 6(f)>0 (or at least P(b(=,X)>0)=1), then X(t) has
a properly canonical backward representation. Furthermore if
E(X(0)*)< oo, then X(t) has a properly canonical backward representa
tion by multiple Wiener integrals.

Proor: It is enough to prove that
B(t)— B(s) = Stb(nuX)“dX(u)
following Doob (see page 448 in his book [17]).

10. Lipschitz Conditions

In this section we shall discuss the stochastic differential
equation :

(10.1) dX(t) = a(=,X)dt +b(=,X)dB(t)
in case a(f) and b(f) satisfy the Lipschitz condition.

Let C(dK,dK,) denote the subspace of C_:

{rec: [ irwarm+|_irwdrm <o)

and B, (C_(dK,dK,)) the Borel algebra of sets of the form
C_(dK.,dK,)ANB, Be€®, (C_). Notice that C_(dK,dK,)=C_ in case
the supports of dK, and dK, are bounded.

We shall first discuss one-sided solutions.

THEOREM 11. Suppose that a(f) and b(f) are measurable in
FeC_(dK,dK,) with respect to B, (C_(dK,dK,)) and satisfy the
Lipschitz condition :

(L. 1) ) —a@r < | _IrB—egdK®
and
(L.2) BN-uP< | 1FH—g@)IaK D)

with bounded measures dK, and dK, on (— oo, 0]. Then there exists
one and only one solution of (10.1) with the past condition :
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(10.2) X=X (@) t<O0,

where X_(t), t<<0, is a given stochastic process independent of
Boo(dB) and is bounded in the second order moment, i.e.,

(10. 3) E(X_(¢yY]<a (a = constant)
Furthermore this solution satisfies
(10. 4) B_od(X) T B_oo X_) vB(dB)
Remark 1. (L.1) can be replaced by

(L.1) aN-a@I< | _IfO—e®IdR D),
because (L. 1’) implies (L.1) with dK,=||K,||dK,. Similarly for (L.2).

Remark 2. 1f dK, and dK, are concentrated at O, then a(=,X)
and b(=,X) can be written as a(X(¢)) with B8(X(¢)) with «a(¢) and
B(£) satisfying the usual Lipschitz condition. This case was treated
by K. Itd6 [8] in connection with the construction of diffusion
processes attached to the infinitesimal generator :

G- a(&)j—&-k%b(é)z‘%;.

Since the method of the proof for this special case will work in

our present case with no essential change, we shall give an outline
of the proof of the existence only.

Proof of the existence part of Theorem 11. It is enough to
solve the the stochastic integral equation

(10. 5) X(t) = X(O)+Sta(7rsX)ds+ | bz, X )dB(s)

with (10.2). To do this, we shall use the successive approximation.
Let us define a sequence of approximate solutions X, (¢), n=0,
1,2, - as follows:

(10.6)  X(#) = X_(t) (t<0)
= X_(0) (t=0)
(10.7) X, () = X_(9) (t<0)

= X (O)+ (' a(w X, yds+{ b= X, )dBs) ¢ =0)
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The existence of the integral in (10.7) and the following in-
equality will be proved by induction :

(10. 8) E[|X,.<t>—X,,-,<t>|2]g%f—1£”—" (>0, n=1,2, ),

where v, and v, are some constants determined by «, ||K\l|, [|K.ll,
|@(0)| and |b(0)] (O in a(0) and b(0) stands for the function identi-
cally equal to 0 on (— oo, 0]).

Using the property of stochastic integrals, we get

P(8up | X)X, (9)] > 26)
< P([ latmX)—atz.x, lds >e)
+P(sup | (b, %)~ b X, B | >¢)
< et Bl X,) - a(zX,-)f1ds

e B0 X0 — (0. X,, ¥ 1ds

E g, s+ 1)
(n+1)!

with some constant v, >0.
Setting é=7"" and t=log n in this inequality, we get

(10.9)  P(_sup | Xi($) = X(8)| = 2n7%)
0Ls ogn

<Y v3+ ! (log n)**' w*(1+1log n)"*'

D) (v, = constant >0)

It is clear by Stirling’s formula on 7! that the right side of (10.9)
is the #n-th term of a convergent series. Hence it follows by
Borel-Cantelli’s lemma that

P(3 sup [ X,u() =X, ()| <o) =1,
n r<s<logn
which shows that, with probability 1,
X,(6) = X{8)+ D (Xi$) = Xos),  n=1,2 -

is convergent uniformly on every bounded subinterval of [0, o).
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Therefore the limit process X(¢)=Ilim X,(¢) exists and is continuous
in ¢ with probability 1.
(10. 8) implies that

2ELX ()= X, () T]7 oo,
so that

(10. 10) E(X()—X,(t)f >0  (n— o).

Letting # tend to oo in (10.7) in view of (10.8), (10.9) and (10. 10),
we can conclude that X(¢#) satisfies our stochastic integral equation
with (10. 2).

Since B_.(X,) =B_.(X_)VB,..(dB) by the definition of X,,
(10. 4) is obvious.

Now we shall discuss stationary solutions.

THEOREM 12. Suppose that a(f) is of the form:
(10.11)  a(f) = —cf(0)+a,(f) (¢ = positive constant)

and that a(f) and b(f) are measurable in f€C_(dK,dK,) with
respect to B, (C_(dK,dK,)). If following Lipschitz conditions are
satisfied for a, and b:

(L.1) a(N-a@l <[ 170-g)1*aK @
and

(L.2) GG W GEFOIR @0
and if

(10.12) C>IIK,II’/2+%IIK2|I+%(IIK:|I2+8||K1H‘/2IIKZH)”Z,

then there exists one and only one stationary solution of the stochastic
differential equation (10.1) with
(10.13) E(X(0)") < oo

This solution satisfies B_..( X)ZB_..(dB) and has a backward
representation by multiple Wiener integrals on dB (see Section 9 for
the definition of representations).
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ProoF :
(i) Existence. Consider the stochastic integral equation:
(10.14)  X(t) = S' e‘“"s’al(nsX)dS—i-St e Oh( XVdB(s) .

oo

Any solution of this equation satisfies (10.1), because it follows
from (10. 14) that

X(t) — e‘“"”X(s)+e""Ste"“al(er)du+e‘”Ste"“b(nuX)dB(u)
(s<C1),

so that a formula on stochastic differentials [4] shows that
dX(t) = —ce~ @ X(s)dt —cedt | ¢ a(m, X)du+ ot e 0w, X )

—ce 'dt St e (7, X)dB(u)+e “tet b(x, X )AB(t)
= —cX(t)dt+a,(=,X)dt + (= X)dB(t)
= a(=,X)dt +b(=,X)dB(t) .
Therefore if we can find a stationary process X(#) which statisfies
(10. 14), then it will be a solution of (10.1).

In order to solve (10. 14) we shall use the method of successive
approximation. Define X,(¢), »=0,1,2, --- as

(10. 15) X(t)=0,
(10.10) X,(1) = |’ e“'“"")a,(nsX,,_l)ds+St o=t p(r X,_)dB(s) .

oo

Let 6. be the shift operator on the space of all random vari-
ables measurable with respect to $(dB) that is determined by

(10.17) 6.B(s, t) = B(s+, t+7)  (B(s, t) = B(t)— B(s))

The precise definition of 0. was given in Section 9.
We shall easily verify the existence of the stochastic integral
in (10.16) and the following properties of X, (¢) by induction :

(10. 18) B_.(X,) = B_.(dB)
(10.19) 0.X(#) = X,(t+7)

and
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(10. 20) E[(X,(#)—X, ()] <o

Setting p,=E[(X,()—X,_.(t))’], noticing that p, is finite by
(10.21) and independent of ¢ by (10.21) and using (X+ Y)Y <(1+é&)X?
+(1+&1Y*? and the Schwarz inequality, we get

Pres = E[(Xy i) — Xo(D)F]
<e{a+o) [ et X)-atwX, Nds|]

t
~o

t
<[A+E(A) KN +A+EN)(2e) K], (€20)
Setting &=(c||K,||/2]|K,||)"* to get the best estimate:

(e[ [ e X~ e X, )aB) |

1 1 2
n 1<<_ Kx 1/2+ 7 Kz > 7>
P S\ P:¢] \/chl Il)e

we obtain

10.21)  prn <A (A= KIS IK)

It is easy to see that “A<1” is equivalent to (10.12), so that
p, tends to O exponentially fast under the assumption (10C. 22).
Noticing

sup | X, +,(8)—X,()|
n<r

S e*T ST e T a(w,X,)—a(w(X,-,)|ds

oo

+¢°7 sup {S e ST (b(m, X,) — (e, X)) dB(S)] »

—otLT
we can easily see

P( sup |X,()—X, ()| >n A7) <yA7"p, <o AP,

Isl< log”
(v = constant) ;

we should use here the fact that

P[ sup H; Y(s)dB(s)I> e] < 8'2S:E(Y(t)2)dt

s<tLT

is true even if S= — oo, which can be easily seen as a limit of the
usual case that S™> — oo,
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Since > yA*p, < o> and DI n*A"*< o, we can use Porel-

Cantelli’s lemma to see that with probability 1, X () converges
uniformly on every bounded interval and that the limit process X(#)
is a solution of (10.14).

It follows at once from (10.18), (10.19) and (10.21) that
Bl X)=B_..,(dB), 0.X(t)=X(t+7) and E(X(0)*)< o, so that X(#)
has a backward non-linear representation by multiple Wiener
integrals.

Uniqueness. Let X(t) be the stationary solution obtained above
and Y(¢) any stationary solution. Using a formula on stochastic
integrals [2], we can verify

X(t) = e X(s)+ S'e-f“-‘”alz,,(X)dH S'e-“f‘”b(”,,X)dB(u)

and the same equation for Y(¢), from which we get

(10. 22)
Y(t)— X(t) = e~ Y(s)— X(5))+ S'e-“f-” (a7 Y)— (=X )] du

+{ e b, ¥) e X0 1dB@) 5

S

notice that the integrals are meaningful, because $B_.,.(X, Y, dB)
(=38...(Y, dB)) is independent of %,.(dB),
Ella(m¥)~a(mX) < [ LI V(o) = X(u+0) 1 dK @)

< 2|IKILE(Y(0))+ E(X(0))]
and similarly

EL|0(7z,Y)—b(=,X) "] < 2]1K,/| LE(Y(0))+ E(X(0))] .

Using (10.22) and the same method as in the proof of (10.21),
we can see that r(¢) = E[(Y(#)—X(#))’)] and p(t)E§1<1p 7(s)
(K2LE(Y(0)) + E(X(0))]< o) satisfy -

r(t) ge-<f-”p<t)+<1+e>§nKlnp<t>+<1+e-'>21—c||K2||p<t>

(t>>s, €0).
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Now letting s tend to — oo in this inequality and taking the same
& as before, we get

r(t)SAZI)(t) (AE%‘HK1“1/2+\/L2—CHK2”1/2<1>

and so
r(s) < Alp(s) < APp(t)  for s<#,
ie., p(t) < A%p(t).
Since A<(1, we get p(¢#)=0, which shows P(Y(¢)=X(t))=1 for
each ¢. Hence it follows that
P(Y(t) = X(¢) for every t)=1,

because Y(¢) and X(#) are continuous, in ¢ with probability 1.
This completes the proof of Theorem 12.

The following theorem which will be useful later is an im-
mediate consequence of Theorem 12 by virtue of the Schwartz
inequality.

TuEOREM 13. In Theorem 9 we can replace (L.1'), (L.2) and
(10. 14) with the following conditions

(L%.1) a(N-a@)l < | 170-gwlaK )
(L*.2) -t < [ 170-gwiar
and

(10. 14%) C>IIKIII+%IIK2H2+%[HK2||“+8HK1IIIIKzHZ]"z-

11. Linear Coefficients (1).
In this section we shall solve the stochastic differential equa-
tion :
(11. 1) adX(t) = a(=,X)dt +b(=,X)dB(t)
in case a(f) and b(f) are linear, i.e.,
a(f) = M+ | roar,
(11.2) o

b(f) = M+|FdE®),
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where dK, and dK, are bounded signed measures on (— oo, 0].
a(f) is defined for every Borel measurable function f integrable
on (— oo, 0] with respect to the total variation measure |dK,|
of dK,. Similarly for &(f).

It is obvious that

)l < 1M1+ IFoIIdE®I

(11.3) ;
LIS ARS RRVONE O
and
()@l < | _1F®)-g®IIdK W],
(11.4) -

o) -wel < |17 -g®lldK @I .

Since the Lipschitz conditions for a(f) and &(f) are satisfied
by (11.4), all the results obtained in the previous section hold here.

If the supports of dK, and dK, are bounded, then a(f) and
b(f) are defined for every f € C_ and the condition (A.2) (or (A.2)
is satisfied, so that the results in Section 5, 6, 7 and 8 hold here.

The following theorem for the stationary solutions holds only
in our case of linear coefficients.

THEOREM 14. If x(t) is any stationary solution of the stochastic
differential equation (11.1) with a(f) and b(f) linear in f and if
Yo=E(X(0)")< oo, then Y(t)=E[X(¢)|B(dB)] has a version with conti-
nuous paths which is a stationary solution of (11.1) and has a
backward representation by multiple Wiener integrals.

Proor: We shall use the following facts on the conditional
expectation :

(C.1) if E(X*)< oo, then E[E(X|C)l]<E(X?),

(C.2) if DD, if 6 is a measure preserving set transformation
(up to measure 0) of C onto itself (¢ denoting also the transforma-
tion of the space of C-measurable function onto itself induced by
the set transformation ) and if X is C-measurable and integrable,
then

E(6X|0D) = 0E(X|D),
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(C.3) if X is C-measurable and integrable, if C v is independent
of 8, then E(X|D vE)=E(X|D).

(C.1) and (C. 2) follow at once from the definitions. To prove
(C.3), let Y be bounded and D-measurable and Z bounded and
&-measurable. Then

E[EX|DVv8)YZ] = E(XYZ) = E(XY)E(Z)=E[EX|D)Y]E(Z)
= E[E(X|D)YZ]
which proves (C. 3).

Since E[X(t)]=E[X(0)]=v,< oo, we have

(11.5) Ela(zXy]1<v, E[=X)]<7

by (11.3); v, 7., --- stand for positive constants in this proof.
Using (11.5) and

(11. 6) X(6)— X(s) = Sta(nuX)du+ S' b(re, X ) dB(x)
(— oo st o),

we get

(11.7) E[IX(#)—X($)1"] < v.lt—s] (It—s]<1)

with some constant v, and so
(11.8) Ella(=X)—a(zX)I"] < v.lt—sl;
ELIN(7 X)—07 X)) < v,lt—s]  (lt—s]<1),

by virtue of (11.2).

Since E[X(t)"] = E[(X(0)]=7,<loo, Y(t)=E[X(#)|B(dB)] is
well defined and so
(11.9) ELY(#Y]1 < ELX(#)T] = v,
(11.7) ELIY(®)— Y] < vt —s|

by (C.1) and (11.7), so that Y(¢) has a measurable version which
we shall denote with Y(¢) again. Because of

B{[ | _imv©)iaxs) |}
UKl | ECY(+PY 1BAS) S 1Ko < o,
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7, Y(s) is integrable with respect to |dK(s)| for every ¢ and i=1, 2.
Therefore a(=,Y) and b(=,Y) are well defined and we have

(11.10) a(=,Y) = E[a(=,X)|B(dB)], b=Y) = E[b(=,X)|BdB)]

by (11.2).
Using (C.1) and (11. 10), we can derive

(11.5) Ela(zYY1<v, E[W(=Y)]<v
Ella(z,Y)—a(zY)|*] < vslt —s]

11. 8 B .
W8) b, V) — b, )T <t —s) IS

from (11.5) and (11.8). This completes the proof of Theorem 14.

Setting X=X(t), C=3B_.(X), D=B_.(dB) and €=3,.(dB) in
(C. 3), we have

(11.11) Y(t) = E[X($)|B-..(dB)],

so that Y(¢) is measurable with respect to B_..,(dB) and $B_..(Y, dB)
is therefore independent of $,.(dB). Thus we can see that
(11.12) (Y)= S'a(”uY)dH S'b(nuY)dB(u)

is well-defined.

Let I(X) denote the right side of (11.6), I,(X) be the approxi-
mate sum for I(X) with respect to the division A=(s=u,<u,<
-+ u,=t) and I,(Y) that for I(Y). Then (11.8) and (11.8’) imply
that, as [|A||=max (4;—u_,)—0,

(11.13) E[|I\(X)-I(X)|*]—0,
(11.13) E[|I(Y)-KY)|"]—0.
Observing the forms of I,(X) and I,(Y), we get
(11.14) INY) = E[1,(X)|B(dB)]
and so

(11.15) E{[INY)—E(X)|8(dB)) ]}

< E[UIANX)—IX)y]—0

by (C.1) and (11.13), as ||A]|—0. Hence it follows by (11.13)
and (11. 6) that
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I(Y) = ELI(X)|8(dB)] = E[X()—X(s)|B(dB)] = Y()— Y(s).

Since X and dB are strictly stationarily correlated, the shift
operator 6, on B(X, dB) is measure preserving and 6.(¢f)=X(t+7T)
and 0.8(dB)=%5(dB). Hence it follows by (C.2) that

Y(t+7) = E(X(t+7)|B(dB)) = E(0.X(t)|0.8(dB)) = 6,Y(¢),

so that Y(¢) has a baceward representation by multiple Wiener
integrals by virtue of B_.(Y)=B_..(dB) and E(Y(0)*)<co.

Now we shall combine Theorem 14 with Theorem 8 and
Theorem 13 to prove

THEOREM 15.  Suppose that a(f) and b(f) are of the form
(11.2) and set

(11. 16) —c¢ = the jump of dK, at O
(11.16') =" 1arwi, o= 1armr.

Then there exists a stationary solution of (11.1) with a backward
representation by multiple Wiener integrals integrals in each of the
cases :

(i) c>cl+%c§ and the supports of dK, and dK, are bounded,
(ii) c>c,+%c§+%(c§+8qc§)"2.

In the case (ii) this solution is the only ome solution of (11.1)
with sup E(X(t)")< .

Proor: The assertion in the case (i) follows at once from
Theorem 8 and Theorem 14; notice that a(f) and b(f) are conti-
nuous with respect to the p_-topology, since dK, and dK, have
bounded supports. The assertion in the case (ii) and the second
part of our theorem follow from Theorem 13 and Theorem 14 (see
also Remarks 3 and 4 at the end of Section 10).

12. Linear Coefficients (2).

In this section we shall discuss the case that a(f) is linear
and b(f)=1. Then our equation turns out to be
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(12.1) dX(t) = [,u+So_wX(t+s)dK(s)]dt+dB(t).

Before stating our results we shall examine this problem
heuristically.

First of all it should be noted that once we get a solution
with a backward moving average representation, then it should be
canonical, i.e., B,(X)=%8,dB) by virtue of Theorem 10.

Let X(¢) be any stationary solution of (12.1) with E(X(0)*)<oe.
If we assume

(12.2) p= S dK(s) =% 0,

then the stationary process

(12.3) Y(t) = X(t) +%
satisfies
(12.19) dy(t) — ( S:Y(tJrs)dK(s)) di+dB() .

Using the properties of stationary random distributions [7] we
can write (12.1) as
(12.1) DY (@) = S ¢(t)g Y(t+s)dK(s)dt+ DB(p),
where D is the Schwartz derivative and ¢ moves over the space
of all C*-functions of compact support.

Express the stationary process Y(¢) and the stationary random
distribution DB in the Fourier transforms:

(12. 4) Y() = c+ jle”’dM(k)
and
(12.5) DB(p) = ﬂ: Fp(\) AU

where dM(\) is an orthogonal random measure with
(12.6) - [" Eriamoyn <o,

dU(M\) is a complex Gaussian orthogonal random measure with
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E(ldUN)|? = Lax
(12.7) 27
U(A) — O(=R)

and J@(A) is the Fourier transform of ¢:

(12. 8) Fp(\) = r e p(\)dX .

Then it is easy to see that

DY(p) = rm Fp(\)indM(N)

and

(12.9) rqu(t) Sw Y(t +5)dK(s)dt

_ S Fp()FKO MO +e-k |~ p(nydt,

53

where JK(A) is the Fourier transform of the signed measure dK:

(12. 10) FK(\) = S eMAK() ;
notice that FK(\) is bounded:
(12.11) 1K) < S |dK(t)| = k,< oo.

Putting (12.8) and (12.1”), we get

S Fp(\)irndM\) = S Fp(\) FKON)AMN) + ck S P(t)dt + S Fp()dUN)

ie.
ckgqa(t)dt=0 and so ¢=0,
INAM(N) = FK(\)dM\)+dU)
and so
(IAN—3K\)dM) = dUN).
If
(12.12) IAN—FK\) =0,

then we get
dM(\) = ((A—3K(\)'dUN)



54 Kiyosi Ito and Makiko Nisio
and it is conceivable that our solution X(#) is expressible in
(12.13) X(t) = _% +S°° ™ (in—FK(\)) U

In order for X(#) to be a stationary process, we need the as-
sumption :

(12.14) S” lin—TR(\)| dN < oo .

The following Lemma will give reasonable sufficient conditions
for (12.14).

LemMma 12.1. If

(K. 1) - S dK(t) <0
and
(K.2) ko= lIdK®I<1

then H(”):i”_so e dK(t) (Im v<<0) has the following properties :

(H.1) H(v) is continuous in Im »<<0 and analytic in Im »<0

(H.2) H(»)==0 in Im»<0 and Sw |HA+iv)|?dN is bounded in
#<0
(H.3) The inverse Fourier transform of H(\) vanishes on t<0.

Proor: (H.1) is clear. To prove (H.2), denote the real and
imaginary parts of H(A+ip) by R(A, #) and I(\, ) respectively.
Then

RO\, ) = —#—S" cos Me M dK(t)
and

IO\ 1) = x—S" sin Me* dK(f) .
It holds for <O that

R _ —1+S° £ cos MeHdK(t) < —14k, < 0

Op

1) These conditions, (K.1) and (K.2), were sought by our conversation with
J. McGregor.
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and

SO t sin MeMdK(t)| <k,

so that

|HA+im)| = R(\p) = R(N, 0) = R(0, 0)— kM = —k—k(D)
On the other hand

| HOv+ip) | = [ I )| 2= IM (1—ky)  (by [sin M2[ <[\ [2])
Taking a combination, we get
1+k

2

This proves (H.2). (H.3) follows at once from (H.1) and (H.2)

by Paley-Wiener’s theorem.
Using this Lemma we shall prove

1H<>~+m)|zlgkw—k—klmw |>»|(1—k,)=1—;ﬁ<—k+|x|>

THEOREM 16. Under the conditions (K.1) and (K.2), there exists
one and only one stationary solution of (12.1) with E(X(0)*)<eo.
The solution has a canonical linear backward representation [10]

(12. 15) X(t) = —%+S' g(s—1)dB(s),
where g(t) is a real valued square summable function vanishing on
t>0 and is given by

(12.16) g(t):Zi?rlj;gx.SfAe-f*'H(x)-ldx (HO\) = in—FK(V))

Proor: The proof of the first part of the theorem is included
in the above explanation. The only point we should check is the
equivalence of (12.1”) with (12.1’), but we can prove it by noticing
that (12.1’) means

Y(£)— Y(s) = S'duf Y(u+v)dK () + B(t)— B(s)

and (12.1”) means
0

S:Y(u)¢'(u)du — S:¢7(u)g wY(u+v)dK(v)du+SlB(u)cp’(u)du
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which can be expressed as the limit of the Riemann sum over
(k/n, k=--+—-2,—-1,0,1,2, .--) as n— oo,

We can also prove the second part by the usual argument
except the fact that g(¢) is real and vanishes on #>0. g(¢) is
real because

H(—2) = —ix—ge-de(t) — H)

and g(¢) vanishes on #>0, as we can see from (H. 3) in Lemma 2. 1.
We should mention one word on the continuity of almost all
paths of the solution X(#) obtained above. For any given pair
s<_t, we have
(12.17) X(t)— X(s) = S' <M+ 3 X(u-+0)dK(@)) dU+B()—~ B(s)
with probability 1, but the usual argument will show that X(¢#) has
a version with continuous paths for which, with probability 1,
(12.17) holds simultaneously for every pair s<(¢.

13. Diffusions

In this section we consider the special case that a(f) and &(f)
depend only on the value f(0), i.e.

(13.1) a(f) =a(f0),  b(f)=B(f(0)

Therefore our stochastic differential equation will be of the form:
(13.2) dX(t) = a(X(t))dt+B(X(t))dB(t) .

We shall assume the Lipschitz condition

(13.3) la(§)—a(n)] + |BE)—B < KIE—n] .

The one-sided solution of this equation was treated by K. Ito
[8] in connection with the theory of diffusions. Now we shall
discuss its stationary solutions.

Before entering our problem, let us examine the nature of the
one-sided solutions, using Feller’s theory of general one-dimensional
diffusions.

Let P: be the probability law governing the solution X(?),
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t>>0 with the initial condition X(0)=§, where § is a real constant.
Then the system (P, £ € R') defines a diffusion (=strict Markov
process with continuous paths) on KR!, the domain D(&) of its
generator & contains the space C: of all twice continuously differenti-
able functions of compact support and

L g
(13.4) Gu(§) = —2—6(5) y §?+a(é) i uec.

(see K. Ito [8], K. Ito and H. P. McKean, Jr. [9] and E. B.
Dynkin [2]).

Our diffusion does not exhibit all different behaviors of Feller’s
general diffusion ; for example, no shunt of the reflecting boundary
type can occur, as we can see in

THEOREM 17. Denote the path of our diffusion (Pg, & € R') with
x,. Then we have the following cases.

(1) If BE)==0, then & is a non-singular point, i.e.
Pix,™>& and x,<& for some t, s >0)=1.

(ii) If BE)=0 and (a(E)>>0, then & is a strict right shunt, i.e.
Pyx, >& for every t >0)=1.

(iil) If BE)=0 and «(§)< 0, then & is a strict left shunt, i.e.
Pi(x,<E for every t>0)=1.

(iv) If BE)=a(E)=0, then & is a trap, i.e.
Pyx, =& for every t>0)=1.

Proor: As we mentioned above, P; is the probability law of
of the sample path of the unique solution of the stochastic integral
equation :

(13.5) X(t) = E+ S:a(X(s))ds-l—S:B(X(s))dB(s).

In this proof ¢, c,, --- stand for positive constants and ¢ and s
move only on [0, 1], unless stated otherwise. For example,
F(t)<c,G(¢t) means that there exists a positive constant ¢, such
that F(£)<c,G(¢) for every t€[O0, 1].
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Case (i). B(&)==0.
Consider a Gaussian process Y(#):

(13.6) ¥(t)=é+| :a<s>ds+ S:B(E)dB(s) — Era)t+BE)B().
Then it is clear that

(13.7) P(Y(t) > E+a(&)t+ |85 |t)
=P(Y(t) < E+a(E)t— |BE) |/

_ \_/12._; g“exp(—y’/z)dyzcl>0-

1

If follows from (13.5) that
(13.8) E[(X(t)-&y]1<cit
as we saw in Section 10, and so
(13.9) E[(X(H)—-YR)]1 <t
by virtue of the Lipschitz condition. Hence it follows that
(13.10) P X(#)—Y(#)| >t <.
Using (13.7) and (13. 10), we get

P(X(t) > E+a(E)t+ |BE) |t — ) > ¢, —ct'*
and
P(X(t) < E+a(E)t— |BE) B+ > 0, — it

By taking £>>0 so small that
t<1, |BE)t > |a@)|t+t and c¢,—ct* >0,

we get P(X(+)>>£)>>0 and P(X(t)< £)>0 for some ¢, i.e., Pix, >&)
>0 and P(x,<E)>>0 for some t. Therefore £ is a non-singular
point and

Pyx,>& and x,< & for some ¢, s >0)=1,

as is well known in the theory of diffusions (see E. B. Dynkin [2],
and K. Ité6 and H. P. McKean, Jr. [9]).

Case (ii). B(§)=0, a(§)>0.
Consider the same Y(¢#) as in (13.6). Since B(£)=0, Y(¢) is a
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fixed linear function :
(13.6") Y(t) = E+a(é)

(13.8) can be sharpened in this case by virtue of B(§)=0.
As we saw in Section 10, we have

EL(X(t)—&r]<cit
as before and
Ela(X@)]1<c,
E[BX()Y]1=ELBXE))-BEV]I K E[(X(t) -] <ect.

Hence it follows that
(13.8") E[(X($)—&)]
<2 S:E[a(X(s))”] ds+2 S:E[B(X(s)y] ds
<L2c¢t’+ct’ = cif?.
Writing X(¢) in the form:
(13.11)  X(t) = Y(t)+(X()— V(1))
— £+t + | (@(X(e)— a®)ds + | (XN —BENaB(s)
=E+a)t+1,)+1,1),

we shall examine the behavior of X(¢) near #=0.
Since a(X(s))—a(&) (€| 0) with probability 1, we have

(13.12) |1,(8)] <§a<f)t 0<t <,

where =, is a certain positive random variable.

Now we shall estimate I,(#) by means of (13.8"). Writing L(¢#)
for sup |I,(s)|, we get

0<s<t

PU)>8) < & E[(BX(s) - BE)F1ds
< &K> S'E[(X(s) —&y]ds
< 8“2K205§— c &2

and so
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PUL() > 1) < e
Hence it follows that
2 P2 >27") < 3e27" < oo,

so that we can apply the Borel-Cantelli lemma to get a positive
random variable » (which is finite with probability 1) such that

L2 <2 for n<v.
Then we have
(13.13) I(t) < 247 for 0<<tC2™¥;
in fact, taking m=m(t)<v with
273D L L2797
we can get
L(t) < I(27™) < 279 < 20274 mr b < 2,

Setting 7,=min (37°2 % «a(&)’, 27*), we have
(13.14) LIS L) <280t < 2003t < %a(&)t

for 0<¢t<w,.
Putting (13.12) and (13.14) in (13.11) we get

P(X(t)>§+%a¢(&)z‘ for 0<t<min(r,m) =1,

a fortiori
(13.15) Pyx, >§& for sufficiently small #_>0)=1.

By the property of the one-dimensional diffusion (see [9] or [2]
for example), (13.15) implies the conclusion of (ii).

Case (iti). B(&)=0, a(£)< 0. The same as (ii).

Case (iv). BE)=a(§)=0. Since X(t)=¢& satisfies (13.5), P: is
concentrated on the single path identically equal to &.

Thus Theorem 17 is completely proved.

Now consider the set of all non-singular points. It is a finite
or countable sum of disjoint open intervals I,=(i,,j,), n=1,2, ---.
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Each I=1I, is the maximal non-singular interval on which Feller’s
scale ds and speed measure dm are given as

(13.16)  ds() = e "VdE,  dm(E) = BE) T OdE
with
(13.17) 76 = |, atn)Bi) 2 dy

where ¢ is any point assigned arbitrarily in 1.

In the discussion of the stationary solution of our stochastic
differential equation (13.2), a non-singular interval I=(i, j) of
positive recurvent type is important. It is characterized in terms
of the scale ds and the speed measure dm as

(13.18) des=oo, Sst=w, Sidm<oo.

In case both i and j are finite, (4, j) is of such type if «(i)>0
and a(7)< 0, but not so if either «(i)< 0 or «(j)>0.

From now on we shall denote all non-singular intervals of
positive recurrent type by J,, J,, -+ and the scale and the speed
measure on each J, by ds, and dm, respectively.

Let P(t, £, E) be the transition probability measure of our
diffusion (Pe, E6(— oo, 0)). A probability measure w on the real
line called an invariant measure, if
(13.19) wE) =" Pt & E)au®).

Hereafter we denote the set of all traps with 6. Take any
trap 6. Then the é-distribution concentrated at 6 is a trivial
invariant measure and X(¢#)=#6 is a trivial stationary solution of
our equation (13.2).

Take any non-singular interval /=], of positive recurrent type.
Then the probability measure dv=dv, proportional to its speed
measure dm=dm, is the only one invariant measure concentrated
on this interval.

The following lemma 13.1 which will be useful here follows
easily from the eigen-differential expansion of P(t, & E) due to
H. P. McKean, Jr. [11].
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LemMmA 13.1. Let J be a non-singular interval of positive re-
curvent type and dv its invariant measure.

(i) Given any € >0 and any compact subinterval J' of ], there
exists a compact subinterval J'=]"(& J') such that

Pt & ) >1-¢

for every t >0 and every €.

(i) Given any € >0, any bounded continuous function h defined
on J and any compact subinterval J', theve exists t,=t (&, h, J') >0
such that

| #on P g = nonasn| <2

for every t >t, and ever E€ .

LEmMMA 13.2. Let J be a non-singular interval of positive re-
current type, J' a compact subinterval of J and Y(t) the solution of

(13. 20) Y@t) = £+ S:a( Y(s)+ S:B( Y(s))dB(s) .
Then
(13.21) E(|arctan Y¢(¢)—arctan Y¢ (¢)]) — O

uniformly on (§,,E,)€J X]J as t—oo.

ProoOF: Since Y¢(t) can be approximated by successive appro-
ximation, Yg(t) is B, ,(dB)-measurable. Take £ <&, in J. Let o
be sup {t: Y (s)<Yi(s) for s<t}. Using the strong Markov
property of the Wiener process B(f) and definition of stochastic
integral, we can see that with probability 1, either oc=o0 or
(13.22) Y(t+0) = Y(o)+ | (Vs +o)ds+ B(¥(s +0)dB.(5)
for Y=Y, Y:,, where B,s)=B(s+o¢)—B(c); we can prove by
routine argument that B,(s), s=>0 is a Wiener process and that
[V B(Yds+0))]vB,(dB,) is independent of B,.(dB,), so that the

0o<s<t

stochastic integral in (13.22) is meaningful.
By the uniqueness of the solution of the stochastic integral
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equation and the fact that Y; (o)=Y (o) if o< oo, we get from
(13.22)

(13.23) P(either o = o or Y (f) =Y () for t>0)=1;

see the remark at the end of this section.
Since Y(#)>Y:(?) for <o, we get

(13. 24) P(Ye () >Ye(t) for every ¢>>0)=1

Since Z(x)=arctan x is continuous, bounded and increasing, it
follows from (13.24) that

ELI(Ye, ()= WY (0)]] = [ELA(Ye,(£)]1— ELA(Ye(#))]]

for £ <£,. Noticing the symmetry of & and &, in this identity,
we can see that it is true for (£, £,) € JxJ, a fortiori for (£,,&,)€ )
xJ'. To complete the proof, it is enough to observe

|ELA(Ye ()]~ ELM(Y ()] = ‘ th(E)P(t, £, dE)— Sjlz(E)P(t, £, dE)
<3 ‘ SJh(E)P(t, £, dE)— S/ h(g)d,,(g)l

and to use Lemma 13.1 (ii).

Using the equivalence in law of (B(¢), t=>0) and (B(t—T)—
B(—T)) and the fact that the one-sided solution of our stochastic
differential equation is determined by successive approximation, we
can derive the following lemma immediately from Lemma 13.2.

Lemma 13.3. Let J be a non-singular interval of positive re-
current type, J' a compact subinterval of J and X «t) the solution of
(13.25)  X(t) — £+ S' a(X(9)ds+ S’ B(X(:)AB(s)

Then
(13.26) E[|arctan Xy, (t)—arctan X, (¢)|]— 0

uniformly in (&, E)€J X]J as t —oco.
Now we shall discuss the stationary solution on a single non-
singular interval of positive recurrent type.

THEOREM 18. If J be a non-singular interval of positive re-
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current type, then the stochastic differential equation (13.2) has one
and only one solution whose sample path is confined in J with
probability 1.

This solution satisfies

(13.27) Bof(X) = B..(dB) —oo<t< 0.

Furthermore if the invariant measure on J has finite second
order moment, then this solution has a properly canonical backward
representation by multiple Wiener integrals.

ProoF :

(i) Existence. We shall consider the process Xz gt), t>—T,
introduced in Lemma 13.2. Take a point ¢€J and fix it. The
limit of X7 ¢(¢) as T— oo is supposed to be a solution.

First of all we shall prove that X, .(¢) converges to a certain
random variable X(#) in probability for each ¢.

Take S and T with —S<7—T<¢{. Then
(13.28) Xolt) = Xs o~ D)+ | aXsands+| AXs()aBCs).
Since X5 ¢(— T) is independent of $B_r,.(dB), we can obtain X ((¢)
by replacing & in X, with Xs— T) by virtue of the uniqueness
of the one-sided solution and the Borel-measurability of X, o)
in (£, ») on the product measurable space RY(B(R"))x Q(B(dB)) (see
K. It6 [8]). Noticing that X, ,(¢) is B_,.(dB)-measurable, we get

E[ |arctan X ((f)—arctan Xx ¢(£)|]
- [JP(XS,;( — T) € dE)E[ |arctan Xp (f)—arctan Xz ()]

= g P(S—T, ¢, d§)E[ |arctan X1 ¢(¢)—arctan X, ((£)]] .
Jr

Using Lemma 13.1 (i) and Lemma 13.3, we can easily see that
this tends to 0 as S”>T-—>oo. Therefore the limit in probability of
arctan X, ((¢) as T— oo exists, so that X, () tends to a certain
random variable X(#) in probability as T—co. It is clear that X(¢)
is B_..,(dB)-measurable, so that (13.27) holds for X=2X.

To prove that X(#) has a version with continuous paths which
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is a stationary solution of (13.2), we shall express X(#) by the
limit of another sequence of one-sided solution.

Take a random variable A which is governed by the invariant
distribution » on J, by extending the basic probability measure
space if necessary. Let X, 4(t), t= — T, denote the solution of

(13.28) X = A+ a@Xyas+| aXe)aBe).
It is easy to see that if S_>7, then

(Xs,a(t), t=>—T, B)-Bw), v>u=>-T)
is equivalent in law with

(X7a(), t=—T, B@)—-Bu), v>u=>-T)

because A is v-distributed. This is a nice property of X 4 which
Xr¢(t) did not enjoy; on the other hand X t) was B_r,(dB)-
measurable, while X1 4 is not so.

Now we can prove that for each ¢, X, 4(#) also converges to
X(t) in probability as T— oo, by observing, as above,

E[ |arctan X1 a(¢)—arctan X ¢(2)|]
= S]P(A € d§)E[ |arctan X1 (t)—arctan X, «(¢)|]

= S/ v(dE)E[ |arctan X () —arctan X1 ¢(£)|]
-0 (T — o0),

by virtue of Lemma 13. 3.

Take any time points #,<¢,<-.-<{f,. Then the joint dis-
tribution of

(X(tl)’ "ty X(tn)r B(tZ)_B(tl)’ ) B(tn)_B(tn—l))
is clearly the weak* limit of that of
(XT,A(tl)’ Tt XT,A(tn)’ B(tz)_B(tx)’ Ty B(tn)_B(tn—l))

as T—oco., But the latter one is independent of T as far as
— T<t, because of the nice property of Xr, mentioned above.
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This means that any finite dimensional joint distribution of the
system

(X(#), B(0)—B(u), — oo <t < oo, — o0 u< <o)
is the same as the corresponding joint distribution of
(X7,4(8), B)—B(u), — o0 <t < o0, — oo u<v<0)

for big enough 7T which depends on the time points referred to in
the joint distribution.

Since X, 4(t), t= —T is continuous in ¢ with probability 1, it
is strictly stationarily correlated to dB(¢), t=>— T, and it satisfies
(13.2) on t>—T, we can use routine argument to prove that X(¢)
has a version X(#) with continuous paths and that it is a stationary
solution of (13.2). It is clear that X(¢#) has also the property
B_.(X)=B_.(dB) as a version of X(¢).

Hence it follows by Theorem 10 in Section 9 that $_..(X)
=%B_...(dB).

If » has finite second order moment, then E(X(#)*)< oo, so that
X(t) has a backward representation by multiple Wiener integral
which is properly canonical by B_.,(X)=%_.,(dB).

(i1) Uniqueness. Take any stationary solution Y(¢). Then it is
clear that Y{(#) is v-distributed. Since it satisfies
t t

(13.29)  Y() = (—T)+S Ta(Y(s))ds+S _B(Y(s))dB(s)

and Y(— T) is independent of B_r.(dB), we get
E[|arctan Y(¢)—arctan X1 ¢(t)|]
= S v(dE)E[ |arctan X1 ¢(t)—arctan X1 ¢(t)| ]
J

as above. This proves that P(Y(#)=X(¢))=1 for each ¢ and so
P(Y(#)=X=(t) for every t)=1 by virtue of the continuity of the
paths.

Take any invariant probability measure w. It is easy to see
that » can be uniquely decomposed as a convex comaination of the
extremal invariant measures introduced above :
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(13.30) o) = | 3 )aMO+ kv,

where dk>>0, k,>0 and [ dKO)+ Sk, —1.
Je

For the convenience of notations, we shall take a point ¢,
from each J, as a representative, and write (13. 30) as

(13.30) w(-) = [ o)k,

where II={¢{,, &,, -}, k# on ® is as in (13.30), k({&,})=k,, and
ve=0; or v, according as £€0 or ¢{=¢,. The expression (13.30)
is called the canonical decomposition of u and dk is called the
coefficient measure.

Let ® be the mapping: ®v(\/J,) —® vIl defined as

(13.31) D) =¢ (£e€®), =¢, (Lel,).

Let X (¢), £ € ® VvII denote the extremal stationary solution we
introduced above, i.e.,

(13.32) X.(t)=¢ (te®)
= the stationary determined for J, in Theorem 18
(& =2¢,e1).

Now we shall prove the following theorem which gives a
complete description of stationary solutions.

THEOREM 19.
(i) Let X(t) be any stationary of (13.2) and set Z=d(X(0)).
Then
(@) P(Z=d(X(t)) for every t)=1
b) BZ)= /f\SS_N,(X ) (=the remote past Borel algebra)
(¢) Z is independent of B(dB).
(@) w has a canonical decomposition with the coefficient measure
k(-)=P(Ze€-):

WE) = PX(MEE) = |w(E) (PZedp)

(e) PX(@#) = X&) for every t)=1
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(ii) Consider any invariant probability measure w and decompose
it as (13.30°). Take a random variable Z which is independent of
B(dB) and k-distributed by extending the basic probability measure
space if necessary. Then X(t)=X,(t) is a stationary solution of
(13.3) with P(X(t)e E)=u(E).

Furthermore if w has finite second order moment, then this
solution has a backward representation by multiple Wiener integrals
whose integrands contain Z as a parvameter. If and only if wm is
extremal, X has a properly canonical backward representation by
multiple Wiener integrals.

Proor of (7).

(a) 1is clear by the definitions.

(b) follows at once from (a) by virtue of Theorem 18.

(c) follows at once from (b), because B_.,(X) is independent of

B,o(dB).
(d) is clear by the definition of ®.
(e) Consider the solution X (#) of
t
Xrit) = 6+ aQrusNds+ | BXra9)dB(s)

If £€@, then X, (t)=6=Xi(t). If £€],, then X;;—Xt) in
probability as we proved in Theorem 18.
Since P(Ze®v(\/J,))=1 and Z is independent of $B(dB),

X1 2(t)—>X,(t) in probability as far as > —T.
It is also clear that X,y r(¢)=X() (¢=—T). Observing

E[|arctan X(#(—arctan X1 ()]
= > E[|arctan X7 x..r,—arctan X7z, X(— T)e].]

= DV E[ |arctan X7 xc_py—arctan X7 ¢ (8)], X(—T)€],]
= 51| P T)ed)Ellarctan X, ;—arctan Xz, (]
i In
=3 S #(dE)E[ |arctan X ¢—arctan X7 ¢, | ]
nJn

= k,,j v(dE)E[ |arctan X ¢—arctan X ¢, ]
" In
-0,
we can see that X(¢)=X,(2).
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ProoOF of (ii).
Using the process X7 «(t) as above, we have

X,(¢) = lim in probability X, ..
T>co

Consider a random variable A which is u-distributed and indepen-
dent of B(dB). By the argument used above, we get

E[ |arctan X, o(t)—arctan X ,(£)|] — 0

as t—oo, and so
X(t) = lim inA probability X, ().

The rest of the proof is the same as in the proof of the existence
part of Theorem 18; notice that X,(¢) is already continuous in ¢
with probability 1 by the definition.

The statement for the backward representation is now easy
to see.

Remark. Let us give a detailed proof of (13.23). Since Y(¢)
is a function of &, ¢, B, we shall write it as f(&, ¢, B). Because of
the uniqueness of the solution of (13.20), it is clear that, with
probability 1,

(13. 33) f(éy S+t; B) - f(f(&) S, B)) t) Bs)
where B(t)=B(t+s)— B(s).

Since f(§, ¢, B) is B,/(B)-measurable, the event (¢<t), is also
B,.(B)-measurable. Approximating o with discrete-valued random
variables o,=[#n-0]/n as we usually do in deriving the strict
Markov property from the Markov property in the Feller process
(see [9] or [2]), we can easily see that for any fixed & with
probability 1,

(13' 34) f(é) o +t, B) = f(f(§> g, B)y t» Ba') (t 2 O)

by interpreting both sides as oo for convention when o=co. There-
fore with probability 1,

(13° 35) f(fn o+t, B) = f(f(‘fu o, B)’ £ Ba‘)
= f(f(gz» o, B)v t Bo-)

= f(‘fzv o+, B),
which proves (13. 23).
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14. A Modified Girsanov Example

In the general cases treated in Sections 6, 7 and 8 we neither
proved nor disproved

(14.1) Bk X) S B_o(X)A By (dB) (s <)

for the stationary solutions obtained there, while (14.1) was true
for the special cases discussed in Sections 10, 11, 12 and 13.
Let us consider the equation:

(14.2)  dX(t) = WX(@)dB(t)

_ _I&I” et 1
(ﬁ(f) = trEet |€], a = positive constant < 2)

and call it a modified Girsanov equation. We put an extra term |§|
in /(&) in the Girsanov equation [3] in order to be able to get a
stationary solution without any essential change of A(§) near £=0.

First of all we shall consider two solutions of the stochastic
integral equation :

(14.3) X(t) = Stlz(X(s))dB(s) .

One is the trivial one X°%¢)=0. The other one is a Girsanov
solution X'(#) which corresponds to the diffusion with the scale
ds=dE and the speed measure 2/(£) *d& ; Girsanov also constructed a
solution which corresponds to the diffusion with the speed measure
21(E)*dE+c-8, for every ¢ >0, but we will not use this here.

Now we shall combine these two solutions by Ikeda’s method
(see Ikeda’s example [9]).

Take two random variables +° +' which are exponentially dis-
tributed with mean A’ and A' respectively.

Take a countable number of copies (X}, B, 7)), n=1,2, - of
(X4, Bi, i) for i=0,1. We shall also assume that B(X,, B,, ™.),
n=1,2,---, i=0,1, are independent.

Let T'(¢) be the local time at O for the process X,.. It is clear
that Xi(T*(£:)=0. In view of this fact, we shall define (X., B)
as follows:
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X.(t) = X1(@), B(t) = Bi(?),
0<t<);
X, (t+7) = X\@), B(t+79)—B(r}) = Bi(t),
O<t < T (D) =7D);
44 X (hrtanl) = XU, Blt+ri+7h)—Bl+71) = BYD),
O0<t<r9);

X (f+r0+7l+00) = XXb),
B(t+70+ 7 +79)— B(r)+# +79) = BYt),
0t T (m)=7})

and so on. Then B(¢) is a Wiener process and (14.3) holds for
the pair (X, B).

Because of the property of the non-singular diffusion, the set
of zero points of X.(¢) is non-dense for every n=1,2,:--. There-
fore ¢, 73, .-+ are determined as the lengths of the successive zero
intervals of X.(¢), so that B(X,)D>B(+}, 75, ---). On the other hand
the construction (14) shows that $B(r?, +3, ---) is independent of
B(dB).

Noticing that the probability measures P(X,(¢)€ ), t>>0, form
a totally bounded set, we can apply the shifting and averaging
method used in Secrion 6 to our pair (X,, B) in order to get a
stationary solution X of (14.2).

After the shift the lengths =%, =3, -+ of zero intervals [0, <)
of the solution are independently and exponentially distributed
with the mean A° and independent of the Wiener process B, so that
this fact remains to be true even after the averaging. This means
that we have, for the stationary solution X obtained iu such a way,

B X) = B_ oo X) D B(71, 73, )
and
B(r), 5, --+) is independent of $,.(dB),
so that
Bl X) F B_oeo X) v Bone(dB)

This implies that (14.1) does not hold for any pair s<¢,
because X and dB are stationarily correlated.
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15. A Deterministic Example

Since we did not require &(f)==0 in our stochastic differential
equation :

(15.1) dX(t) = a(=,X)dt +b(=,X)dB(t),

even the deterministic equation (differential-difference equation):
(15.2) dX(t) = a(=,X)dt,

. X

ie. d—dit—) = a(7,X)

lies in our frame.
Take an example

dX(t) < 7z>
15.3 2= X (-2

( ) dt 2/

The one sided solution is uniquely determined; in fact, if X(¢) is
given for t<C0, then X(¢) is determined for 0<{¢{<#/2 by integra-
tion and then for #/2<<¢t<z and so on. Besides the trivial
stationary solution X(¢#)=0, we have another stationary solution

(15.4) X(t) = sin (0+t+a) (a = constant)

where o is a probability parameter moving on Q=[0, =/2] asso-
ciated with the uniform distribution. This stationary process is
ergodic.

16. A Two-dimensional Example
Consider a two-dimensional stochastic differential equation :

dx = éﬁdt—Yde
(16.1) v R=vX+7:<])

. dx = (\%—%) dt+<X—%f_) dB,— YdB, e
U ar = (\/_YF—%) dt+<Y—%)dBl+Xde -
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We can easily see that the coefficients satisfy the Lipschitz
condition in the whole plane, so that the one-sided solution can be
determined uniquely by successive approximation.

In order to fined out a stationary solution, we shall write the
equations in the polar coordinates (R, ®). (16.1) and (16.2) are
transformed into

(16.3) dR = R-dt (R<1), dR=\/Rdt+(R—1)dB, (R>1)
(16. 4) d® = dB, (mod 2x)

Observing the form of these equations, we can easily see that

(16.5) ©(t) corresponds to a Brownian motion on the unit circle,
(16.6) R(t) corresponds to a one-dimensional diffusion,
and

(16.7) R(f) and ®(¢) are independent processes.

Using Theorem 17 in Section 13, we can easily see that for
the diffusion R(¢),0 is a trap, every point in (0, 1] is a strict right
shunt and (1, «) is a non-singular interval of positive recurrent
type.

If (X(¢), Y(#)) is a stationary solution of (16.1) and (16.2),
then the corresponding R(¢#) and ®&(¢) should be stationary solutions
of (16.3) and (16.4) respectively. Therefore either R(¢)=0 or R(¢)
is a unique stationary solution with the invariant measure du(7)
proportional to the speed measure of the non-singular interval (1, o).

R(t)=0 corresponds to the trivial stationary solution (X(¢),
Y(#))=(0, 0).

The second stationary solution R(¢) corresponds to a stationary
solution (X(¢), Y(¢))=(R(¢), ®(¢)) with the invariant measure du(r)-
df/2= concentrated in the outside of the unit circle.

We shall verify for this stationary solution

(16. 8) NANBo X, Y)=T (=trivial algebra)

(16.9) B_.(X,Y)TB (X, Y)VB,(dB,, dB,) (—cos<t<o0)
and

(16.10)  B_.AX, Y)E B_.(dB,, dB;) (—oo#< o)
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The transition probability of R(¢) tends to its invariant dis-
tribution as t—oco, and a similar fact holds for ®(¢). Since R(?)
and @&(¢) are independent, it is also true for the joint process
(R(t), ®(¢))=(X(t), Y(¢)). Using this, we can verify (16.8) easily.

(16.9) follows at once from the fact that the one-sided solution
can be uniquely determined by successive approximation.

To prove (16.10), it is enough to prove it for t=0 by virtue
of the stationarity. If B_.(X, Y)=B_.,(dB,, dB,) holds, then we
have

EH)@—E(X(”

R(2) k(1)
as t—oo by Theorem 8 in Section 9; notice here that R()>1 and
that | X(¢)/R(#)|<1

(o

Bu(dB.dB))|[~0 R = v

Bo(dB,, dB, )) = E[cos (8(0)+ B,(t)— B,0))| B,(dB,, dB,))]

= zi S“cos (6+B,(t)—B,(0)do = 0;

T

recall that ®(0) is independent of $B,.(dB,, dB,). Therefore we get

|20 @=e,

and similarly
2| zal] -0
R(2)
and so E[(|X(#)|+|Y(#)])/R(#)]—0 in contradiction with | X|+ | Y]
>R. Thus (16.10) is proved.

Department of Mathematics, Stanford University
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Division of Applied Mathematics, Brown University

BIBLIOGRAPHY

[1] J. L. Doob: Stochastic processes, New York 1953.

[2] E. B. Dynkin: Markov processes, 2nd Vol. Moscow (1962), English translation
to be published by Springer, Berlin.

[3] I V. Girsanov: An example of non-uniqueness of the solution of the stochastic
equation of K. Ité. Th. Prob. Appl. 7 (1962), 325-331.



On stationary solutions of a Stochastic differential equation 75

[4]
(5]
L6]
7]

L8]
Lol

[10]
(1]
[12]
[13]
[14]
(15]
[16]
[17]
[18]
[19]

K. It6 : On a formula concerning stochastic differentials, Nagoya Math. Jour.
3 (1951), 55-65.

. It6 : Multiple Wiener integral, Jour. Math. Soc. Japan 3 (1951), 157-169.
It6 : Complex multiple Wiener integral. Jap. Jour. Math. 22 (1952), 63-86.
. Ité : Stationary random distributions, Memoirs Fac. Science, Kyoto Univ. Ser.
. Math. 28 (1953), 209-223.

Itd : On stochastic differential equations, Mem. Amer. Math. Soc. 4 (1954).
. Ité and H. P. McKean, Jr.: Diffusion processes and their sample paths, to
be published by Springer, Berlin.

K. Karhunen : Uber die Struktur stationiren zufilliger Funktionen. Arkiv for
mat. 1 (1950), 114-160.

H. P. McKean, Jr.: Elementary solutions for certain parabolic partial differential
equations, Trans. Amer. Math. Soc. 82 (1956), 519-548.

M. Nisio : Remark on the canonical representation of strictly stationary processes,
Jour. Math. Kyoto Univ. 1 (1961), 129-146.

Yu V. Prohorov : Convergence of random processes and limit theorems in pro-
bability theory, Th. Prob. Appl. 1 (1956), 157-214 (English translation).

M. Rosenblatt : Stationary processes as shifts of functions of independent random
variables, Jour. Math. Mech. 8 (1959), 665-682.

M. Rosenblatt : Stationary Markov chains and independent random variables,
Jour. Math. Mech. 9 (1960), 945-950.

M. Rosenblatt : The representation of a class of two state stationary processes
in terms of independent random variables, Jour. Math. Mech. 12 (1963), 721-730.
A. V. Skorokhod : Limit theorems for stochastic processes, Th. Prob. Appl. 1
(1956), 261-290 (English translation).

A. V. Skorokhod : On the existence and uniqueness of solutions of stochastic
differential equations (Russian), Sibirsk. Mat. Z. 2 (1961), 129-137.

N. Wiener : Non-linear problems in random theory, Cambridge, Mass. 1958.

R PR R



