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In a paper [2] , we proved that if a  group G  acts on a ring' )

R  which is finitely generated over a pseudo-geometric ring K , and

if the action of G is semi-reductive, then for an y G-stable ideal a
of R , the set h (R /a) of G-invariants in R/a is  a K-algebra of finite
type under the following assumption: R  is graded, the action of G
preserves the gradation and the module of elements of degree zero
in R  i s  a finite K-module.

The purpose of the present note is to prove the result without
assuming anything on gradation, but assuming a condition on K
that i f  P  is  a normal local ring w hich  is a ring of quotients of a
K-algebra of finite type, then P  is analytically irreducible. We really
prove it under a weaker condition of the action of G.

1. Notation and the main result.

Let K  be, throughout this paper, a pseudo-geometric ring such
that every normal locality over a homomorphic image of K  is analy-
tically irreducib le. Note th a t an y  field or a Dedekind domain of

*) The work was supported by NSF Grant GP-3512.
1 )  In  this note, a ring will mean a commutative ring w ith identity. W hen K

is a ring, a K-algebra o f finite type means that it is a  finitely generated ring over
the canonical image of K in  th e  r in g . A  locality over K ' means that it is a local
ring which is a ring of quotients of a finitely generated integral domain over K'.
A normal ring is an integral domain which is integrally closed in  its field of quo-
tients.
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characteristic zero satisfies this condition. R  denotes always a K-
algebra o f finite type and G  a group acting on R  as a group of
K-automorphisms. For an element f  of R, a ( f )  denotes the ideal

(f' — f) R .  The notation /,( ) stands for the set of G-invariants.
a€G

W e say that the action of G has SR-Property if the following
condition is satisfied:

For every element f  of R , there is a G-invariant F  in R  of the
form f " +c i f '+• - • +c , ,  ( n > 1 ,  c ,  a (  f ) ) .

Note that semi-reductive actions have this property! )  Now we
can state the main theorem as follows:

Main theorem . I f  th e  ac t io n  o f  G  has SR -property , then
(1 ) IG (R ) is  a K -algebra of  f inite ty pe, (2 ) f o r each prim e ideal
1.) o f  I G (R ), there is a prim e ideal of  R  which lies over p, namely,
th e  natural m ap f rom  Spec (R ) in to  Spec (h (R ) )  is  surjective, 3 )
an d  (3 )  i f  a is  a G-stable ideal in  R , then f o r each element f '
o f  IG(R / a) ,  there i s  a  natural num ber n  such  th at f '  i s  in
IG(R )/(anIG(R )), hence, in  particular, IG (R la) is integral ov er
IG(R)/ (anIG(R)).

2. Proof of the m ain  theorem.

Lemma 1. I f  S  is  an K -algebra that there  is  an  over ring
R  (w hich is of  f inite ty pe by  our convention) w hich is integral
over S , then S  itse lf  is  of  finite type.

This is w ell know n and easily proved, and therefore we omit

the proof.
W e shall m ake use of the main result (Theorem  1) in  our

paper [3].

2) That SR-property is weaker than sem i-reductivity can be seen by the action
of the additive group Ga o f K  on the polynomial ring K [x ] defined by x--->x+b (for
each bEG.).

3) Note that this is also equivalent to that fo r  any ideal b o f  /G (R ) , b  and
b R rI /G (R )  have the same radical.



Invariants of a group under a semi-reductive action 173

Pro o f  o f ( 3 ) .  T ake an element f  of R  such that f  modulo
a = f ' .  Then a ( f ) ç a .  Then taking a G-invariant F =f " +c 1 f - 1

+• • • +c „ ( c ,G a ( f ) g a ) ,  w e  s e e  th a t  ( F  modulo a) =P G /G ( R ) /
(an h ( R ) ) .  This proves (3).

Proo f  o f  ( 2 ) .  W e have only to show that i f  111 , •••, hs are in
1G (R), then every element f  o f (E h1 R) fl 1G (R ) is nilpotent modulo
E h. 1G ( R ) .  W e shall prove th is by induction on s. When s=1 ;
f = h i r  ( rE R ) .  Since f  is  G-invariant, —r e 0 : h i R  (a E  G ) .  Thus
a (r)h i = O. T a k e  G-invariant r'''+ c i r" - - 1 + • • • + ( c ,  G a ( r ) ) .  Then
f '= h 7 r" = k ; ( r ' c i r ' - ' + • • • h i . [ G ( R ) .  When s > 1 ;  Let 0  be
the natural homomorphism from R  onto R /h i R .  Then 0 ( f ) e

Ei= 2 ( h i  R ) .  Therefore, by induction assumption, ffi( f 1 ) G E 0(h.)
IG (0(R )). Considering f  instead of f ,  we may assume that f = E h 1 r1

with 0(r.)E IG (O (R )) for i> 2 ,  hence in particular, for i = s .  Then
there is a natural number u  such that b ( r )  is in O (IG (R )). Then,
considering f "  instead of f ,  we may assume that rs E IG ( R ) .  Then
f — hsrs is  in ( ;:1 2 ,R ) n I G ( R )  and, by our induction assumption,
we have f — h sr, is in the radical of h. / ,(R ). This proves (2).

Pro o f  o f ( 1 ) .  Assume for a moment that there is a pair of R
and G such that I .G(R ) is  n o t a K-algebra o f finite type. Choose
such a pair so that the Krull dimension (= altitude) of R  is smallest
among those R .  Thus we may assume that:

(A) For any other pair of R  and  G , say  R ' an d  G ', if the
K ru ll dimension of R ' is  le ss  th a t th a t o f R ,  then  h , ( R ')  i s  of
finite type.

Next, take the set of G-stable ideals a of R  such that h (R /a )
is  n o t o f fin ite type . Since R  i s  noetherian, th ere  is  a maximal
member, say a*. Then , considering R /a*  in s te a d  o f R ,  we may
assume furthermore that:

(B) If a  is  a G-stable ideal of R  and if then I G (R /a)
is  of finite type.

Under the circumstance, we have the following
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Lemma 2. I f  c-T O  i s  a G-stable id e al o f  R ,  th e n  I G (R ) /
(arlic (R ) )  is  a K -algebra of f in ite  type.

P ro o f .  I G ( R / a )  is integral over  I ( R ) / ( a n / ( R ) )  and i s  a

K-algebra of fin ite  type. Therefore we prove the assertion by
Lemma 1.

Now we go back to the proof o f  (1) .
Case I). Assum e that there is a non-zero element h o f / G (R )

which is a zero-divisor in  R .  Set a=0 : h R .  Then ci is  a G-stable

ideal a n d  a *O . By Lemma 2, both A i— IG (R )/(hR nIG (R )) and

A,— IG(R) / (a n IG (R )) are K-algebra of finite type. Therefore there
i s  a subring A  of I ( R )  w hich  is o f  finite type and such that
A i ---A / ( h R n A )  and A2— A gar- 1A). S ince I G ( R / a )  i s  a  finite

module over A , ,  th e re  is  a module basis fil, ••., b, fo r  the module.
Let b1,•••,b2 be representatives o f them in R .  W e shall show that
I G (R )  A [h b i , • • • , hb,[. Since b —b, E a  fo r every o- E  G  and since
ha=0, we see that each hb, i s  G-invariant. Therefore we see that
A [hb i , • • , hb i] I G ( R )  .  Take, conversely, an arbitrary element f  of

/ ( R ) .  By our choice o f A, there is an element a o f A  such that
f — a  hl?( - 1IG (R ). W rite  f — a  h b  ( b  R ) .  S ince f — a  i s  G-

invariant, we see that b"—b for every crE G .  T h u s  —1) modulo

a belongs to /G (R/a). Therefore fi=  c,b, w ith  c, G A .  Set b '=
E c,b,. Then b— b'E a and h b = h b '.  Thus f  — a=hb'EA [hb,,•••,
hb i ]. Thus I G (R )=-A lhbi,•••,hb ,] and th is is o f finite type, which
settles the case.

Case II). N o w  w e  assume th a t th e re  is  no non-zero element
o f /G(R ) which is a zero-divisor in R .  Hence, in particular, / G (R )
is  an integral domain. Let  z  b e  the radical (=maximal nilpotent
id ea l) o f  R .  Then z  i s  G-stable an d  rnIG(R ) = 0 .  Therefore if
z*O , then we see that IG(R ) is  o f finite type by Lemma 2 .  Thus
we assume that r =  0 .  We show furthermore

Lemma 3. I G ( R )  is  noetherian.

P ro o f .  Let b be an arbitrary non-zero ideal o f  I G ( R )  and let
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b  be a non-zero element of b. T h e n  bR rlIG(R ) = bIG(R ) because b
is not a zero-divisor. Therefore Lemma 2  shows that /G(R)/b/G(R)
is  o f finite type, hence is no e the rian . Thus b  h as a finite basis,
and i G (R )  is  noetherian.

Now we go back again to the proof o f ( 1 ) .  Let Q  and Q G  be
the total quotient ring of R  and the field o f quotients of / G (R)
respectively. Since non-zero elements of / , ( R )  are not zero-divisors
in R ,  w e see th at Q G  is contained in Q .  Let R *  b e  the integral
closure of R  in Q  and let R 1 be the ring generated by R*fIQG over
R .  Since R  is pseudo-geometric, R *  is  a finite R-module, hence R i

is a lso  a finite R -m odule . Furthermore, since R 1 is  generated , as
a module over R , by a finite number of elements of Q G , we see that

Lemma 4. There is a non-zero element h of I ( R )  such that
hR i c R .

Now we extend the action of G on R i . Then we claim that

Lemma 5. The action of G on R i  has SR-property.

Proof. Take an arbitrary element f  of R i . We consider ai ( f )
-- -.E ,G ( f '— f ) R , and also a ( h f )  (h being as in Lemma 4 ) .  Since
h i s  G-invariant, w e see th at ha i ( f )  =a(h f )R i . Since the action
o f G has SR-property on R , there is a G-invariant (h f ) "+c i ( h f ) " '
+•••+c „ w ith  c, G a(hf )`g  k a i ( f ) '.  T hus w e have a G-invariant
f '  +  f " - ' + • • • + with c:= c,h - i E a i ( f  ) i, and the lemma is proved.

Now, since IG(R i )  contains R *nQ G , we have IG (R i)=R *n QC •

Therefore, by virtue o f (2 ) ,  Lemma 3  (applied to RD and by the
main theorem o f  [3 ] ,  w e see  th a t I G (R i )  is  a K-algebra o f finite
type. Let a b e  an arbitrary element o f /G(R i ). Then, with h in
Lemma 4 ,  w e  se e  th a t ha E R n Q G = / ,(R ). Hence, in particular,
h a" E I ,(R )  for every natural number n .  Since 10( R )  is  noetherian
by Lemma 3, w e see that a  is  in tegra l over / ( R ) .  Thus h(R i)
is integral over /G (R ). Therefore I G ( R )  is of finite type by Lemma
1. This completes the proof of our main theorem.
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3. Supplementary remarks.

T he la s t s tep  o f  our proof of the m ain  theorem proves the
following:

Proposition 1. A ssume that a  group G acts on R  and also
a ring  R ' containing R  f or which there is an element d  of  I ( R )
such that d R 'g R  and  d  is not a zero-divisor in  R '.  I f  Ic(R ) is
noetherian, then I G (R ')  is integral ov er I G (R).

We shall prove here also the following :

Proposition 2. A ssume th at the action of  G  on R  has SR-
property . I f  a l  an d  a , are G-stable ideals in  R  such that al+ a2
= R ,  th e n  th e re  is  an  f e I G ( R )  such that f e a ,  and  f - 1 e a 2 .
T herefore the natural m ap  Spec (R)--).Spec (/G (R ) )  giv es a  one-
one correspondence between the set of  all m in mal G-stable closed
sets in  Spec (R )  and the set of  all m axim al ideals in  I G (R).

Pro o f . ai + a, = R  im p lies th at th ere  is  a  g  in  al  such  that
1 — g E a, .  a (g)— a (1 — g ) .  Therefore a (g) g  a in a 2 . Take G-invariant
f = g - +c ig '+•• •+c „ (c ,E  a (g)). T h en  w e  se e  th a t f E  a ,  and
f —  E a,. This proves the assertion.

Harvard University and
Kyoto University
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