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§0. Notations and introductions
Let Q be a domain in (¢, %,, -+, x,)-space, which is bounded
by a lateral surface S and planes ¢=0, t=7. S is covered by
{V1} (anitey, and represented by (¢, x)=(¢, F(¢, ")) in V,. We denote
,=0nN{E=7}, QV=Qan{r<i<},
S.=Sn{t=7}, SI'=S8n{rt<},
and we denote by N(f, x) the inner normal direction at (¢, x)ES, in
Q,.
Linear case. We consider the problem: Find the solution #
satisfying the following conditions.

Lu=0u— 5 agt, x)(%)u — fithx) inQ,

vi<2s

)\ Bu = Zjb,.v(t,x)(%yu:f,(t, x)  onS (j=1,2 -0,

vi<r
u = ulx) on Q,,
where f, f;, u, are given data (0<r,<2b—1).
Assumptions (See [1], with respect to notations.)
i) ReAft, x;ic)<—8|c|? for cER”, (¢, x)€Q
(Aft, x5 io) = 53 aft, xXio)).

i) IR, x5 5, )| >8(1p1%+ 17DF7 (a=3p)



326 Reiko Arima

for Rep>0, n&R", n-N({, x)=0, (¢, x)eS

(R(t, 21 p,7) — det (ff B, (t, xo;(lt(n;-zg(;: z;))zk—ldz>jk> ‘

iii) Z|av|c’*+7(a)+2|b,v|c2” r +"”’(s>+2|F [ c2otkrvey, >+2
&r'c®p

= M, <+ oo (k=0,1,2, .+, O<y<1).

iv) | flerrr+ 23 cormrjrervesy+ o] carr v vigp < + o0,
J

where we assume that C*****'—class compatibility conditions on S,
are satisfied for ().
Hereafter we denote positive constants depending only on & and

M, by the same letter C,. Let L= 2 a"<6x> f, @, be fixed

extensions of L, f, u,, satisfying

|aulck+y((o mxr® S Crlay| oo
|f|c”+7<(o,T)xR » S Cilfler v

|ﬁ0|02”+"+y((o,1‘)xR") X Ck|“o|c2”+”+"<o )

ReI IZ aft, x)(ic) < —C,lo|® for o=R” (¢, x)e(0, T)XR",
v|[=2p

and we denote L, f, @, also by L, f, u,.

Quasi-linear case. Let us consider the problem:

0 4 . Do (p_) _ . Py :
at u Iv[gzbaV(t, x:D u) ax u f(t,x,D u) mn Q,

Y b8, 7 D’:"u)( ) — ft, x; D7)
e on S (j=1,2, -, b),

(P)

U = u x) on Q,,

where we denote
D7u(t, x) = <u(t %), u(t x), - (%)“u(t, x), ) lul <r.

Assumptions
i) ReHZ_”av(t, x; U)io) < —8(K)|o|?®
for oc=R” (¢, x)eQ, |U|<K.



Local solution for quasi-linear parabolic equations 327

i) (R, x5 0,75 U)| = S(K)(1p17+ |n])FTi77+
for Rep>0, neR” 7-N(t, x)=0, (¢, x)eS, UK.
iii) ;Iaulck”(g,K)’F |f|c”*7(Q,K)‘|‘j2 (;ijﬁczb”j*“ﬁs'K)

4 1y | gy ves go) + D FL [ amrirvgp+ 3 || = M(K)
1,j rl1gricavp
(k=0,1,2, ),

where, for a function g(¢, x; U), we denote

) G2 (o) 53 0,

| &l P> = , S
2bVy+VI+VIISB  (1,5)EQ

IWIKK

sup
B-26<2bvy+ VI+ VKB (8,9, (5,9EQ
TI<K,

) o) e - (2) () () e 530

_ ¢ |@®B-2bvy—vi—|v/D
lt—s| o

+ > sup
26V + v+ VI=IB1  (¢,%), (4,MEQ
U I<K
i”oi\'_a__)u' ) _<i>vo<_a_>v i)vl )
‘(w) (%) (o) 8= 0 (5, %) (3p) &t 0
x [x—y|F#
sup
2o+ VI+ DV I=IB1  (1,9eQ
WULIVIKE
?_vo—a_v—a_)u/ . _<—a—)vo<—a—>v(i>w ) ’
Xl(at) <6x) <8U &t % U~ g7 ) (5z) \aw) &4 %5 V)
|[U—- V|

iv)  Juy|czrrrvgy=Np< + oo, and C**#*'—class compatibility condi-
tions on S, are satisfied for (P).

Recently the mixed problem with general boundary conditions
has been treated by many mathematicians in linear case. On the
other hand, Eidelman treated the Cauchy problem for quasi-linear
equations in [3]. In the present paper, we consider the mixed
problem in quasi-linear case. We shall show that, by using the
results obtained in [1], we can obtain a local existence theorem.

In the following, we make some remarks in §1 and §2, and
show the energy inequalities in linear case in § 3 (Proposition 2).
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Finally in §4, we treat quasi-linear case. Our main result is

Theorem. Under the assumptions stated above, there exists a
unique (in C?) solution of (P) in Q(=QN {0<t< T7}), which belongs
to CPYEY(QY), where T depends only on |u,| b,y with respect to
the initial value uyx).

§1. Remarks on the fundamental solution

The fundamental solution Z(¢, x; v, £) of L has the following
property.

Lemma 1.

< Ck|f|Ck+y >

S dr S o 2 25T, Of(r, E)dE

czb+k+‘Y

St ds SR” Z(t, x5 5, 0S8, y; 7, E)dy

< Ck|f[6’;;‘7 .

By
Proof.
Z(t, x;57, E) =
Z{t—7,x—E; T, E)+S:d8 SR,, Z(t—s,x—y;5 9p(s, y; 7, E)dy,
ot x57, E) =
—(LZ)(¢t, x5 7, E)+ St ds SR,,(—LZO)(L x589S, y; 1, E)dy .

In order to show

S Cplflerers

lS dr S (LZ)(, x5 7, §)f(r, E)E

Ck+'¥

- < Cplfleesv,

[las @z, 35 0fs, 937, e)dy

let us see the principal part

g, 0 = ar | 2 (@t - asr, () 2t 7, 5~ 37, E)f(r, B0,
gt, x+A)—g(t, x) =
[ ez (aft, x+2)= afn E))(%)yzo(t—r, KHA—E;T, E)



Local solution for quasi-linear parabolic equations 329

xfr, dg-{ dr{SNat, n-atr, 0)(Z) 2t -7 1—Eim,8)

X f(r, Mg + 31 (alt, 2+ A)—anlt, ) | e

x S((%)“zo(t—r, X+A—E; T, Ef(r, E)E

v S'_'A‘Zbdrs 5 (@t, )—axr, ‘g‘)){(%)vZo(t—-r, Z+A—E;T E)

_<éa}>vz°(’ —nx=E;T, E)} f(r, £)dE .

The coefficients of the third term are equal to

S"'A'”dTS{<é%>”ZO(t—T, x+AE;T, E)—(%)vzo(f‘f» AL, y)’="}

[

t
0

Xf(T’ E)df-l— S —1A12 dTS<58§>VZO(t—T’x+A_E 5 t, y)y=x {f(T, E)—f(t’ x)}dg ,
because
S(é%)uzo(t—‘r, X+A—E;t, )y f(¢, x)dE = 0.

Thus we have |g(¢, x+A)—g(#, x)|<C,|A|"|f|lcr. In the same
way, we have |g|r<<C,|f|cr. Proof of the rest is shown easily.
Now let us denote

ot, x) = we)+ { dr | 28, 257, U, £+ Augr, B,

which belongs to C***¥**(0, T)x R") and is a unique solution of

(x8) { Lv = f(t, x) in (0, T)xXR",
. vt|=0= u(x).

And we have

Proposition 1. Let C,=C(S, M,).

t
1) Jo—ucn- 1420, 1 x RS G, So (F—r) o] £ c%co,m x R™

+ |ty crn }dr  for 0<t<T (0<VE<y),
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ii) |v|c2"+”+7c<o,7‘>xR")<Ck(|f|c"+7<<o,r)xR")+ Iuo|cz“"”(k”>) .

Let us denote u=v-+w, then we have

f Lw =20 in Q,
(k) Bw = g; on S,
w=20 on Q,,

where g;=f,—Bw|. Now we denote
N

¢t = {rect; (B) At )| = 0, 0<m<[ag])
then g, belongs to C/*77i*#*%(S), and

|gj‘c2""j+’°”(3) < Cu{lfler+rept+ |fj|c2b";+*+7<s>+ |uo|c2b+k+7<ao)} .

In fact, for any #eC?*#+(Q), we denote

ot =0 2
and then

0 — AW . 2
(at) Auli0 A uy, uy, -, u;),
0

v ‘ . = (1)) .. )
(6t> B"u‘|=0 BI (u()) u“ Iy u,) .

If » satisfies i%u:AzH—f in Q and u=wu, on Q,, u,, %, =, U,

(m=[a(2b+k)]) are determined by
u = A%w)+f |,

wy = Ay, )+ (D)7 ),

m—1
um = A(m_l)(uO’ uly ttty um—1)+(_6_> f | .
ot =0

Then the compatibility conditions for (x) are described in the
following way :

B;(i)(“o, Uy, e, ui) = ((%) fj

on S, 0<i<[a@@b—r;+k)],j=1,2, -, b).
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Now, since Lv=f in Q, v=u, on ,, we have

o\ .
(a—t) o L=

_8_ : — (i) coe ) = <_a_)i
<6t> ij‘|=0 Bj (uOy U, ’ uz) ot ff
on S, (0<i<[a(20—7,+k)]),

which implies g;&Cz2~"i+4%(S).

and then

§ 2. Remarks on fractional powers

Let us denote £= (%) +(—A)?, where A is Laplace-Beltrami’s

operator on S,, and its fractional powers by £°(o : real). Then we
have

Lemma 2. £° is a one-to-one bicontinuous operator from
CE(S) (resp. CE(S, S)) to CE-°(S) (resp. CB25(S, S)), and its operator
norm is bounded by an absolute constant depending only on C,, o,
B, m, where B and (—2bc are numbers in (0, 2b+k+] and not
equal to integers, m and m+2bo are less than n—1+2b.

Proof. Since £ has the same properties as stated in Lemma 1
on L, and R°f=L1Q°+-V'QVf feC8 (I, positive integers, /'<f,
—1<o+!-0'<1), we need prove the case where —1<o<1,
0<B<2b. On the other hand, we have proved in [1] the case
where 0<B<2b+k—1+v. Here we only remark the rest case
where k=0 and 2b—1+vy<B<2b. We shall show the following :

Let o,=%av, then £°% is a continuous operator from C§(S) to
Co(S)  (2b—1—y<B<2b).

In fact, for fC8, we construct a mollifier f,:

ft, 2) = 2211, %2, 2)), [t %) = 2 2, %),
f{(ty x): Sgpe(t_'r’ x—E)f’(T, E)deE’ Ps(t, x):<p22"(t)¢e(xl)'"¢e(xn—1)’

RrR"

pi)=t (L) 0<pt<UtI<D), Ph=0 (1#]>1),

&/,
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o) =p(—1), [ ptdt=1.

Then we have f,=C2*" (, where the suffix o is understood as
“comppact support” in ¢), and we can verify

|felo: < CECPf|ce (s=8),
|f_fs|c"< C‘~«;ﬂ_y|f|c"x (B_1<S’<:8)-

Let us fix s=2b+v/3, s’=2b—1+4+v. We know

|2 | cs-ar0 < Clfelcs
If:aof‘cs'-zbd'o < lelcs’ .

Now we have easily, for |»| <2b—1,
(2) @, 0| <cifie.
Next, for |v|=2b—1,
(&Y o, s+~ () @on .
—{(&) @ s+ 8) - (L) @ r—fo, o)
L) @yt w0~ (L) @orae, o) = 1L,

|LI< CIA 70| 2%(f— fo) | o# -0 < CLA[ 0| f—fol ot
S ClA|* %P | f] e,

| LI < CLAPT%] £% f [ cs-amo < CIAT7*%0| fil oo
S CIA[TT%E™C P f] 8.

Since € is any positive number, we take &€= |A]|, then
L]+ LI < CIAP27| flee.

Ho6lder continuity in ¢ is shown analogously.
Here we have Lemma 2, because

Lf = L77%(L%)f,

where / is the minimal integer such that 8—als,<26—1+1.
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§3. Energy inequalities

Let us denote
G/t 757 B) = Fen ]
where B;=a(2b—7;+k+¢€), 0<E<v, and denote
Git, x;7,8)

= Saylt, 06, (t—7, 7(t, )~ (1, 8); 7, E(r, D)es(r, E)Tgl(_“Ta

which belongs to C”‘i’.’;‘zl e (©,S). Then we have an extension

LG, of LG,, such that LG, belongs to CA¥,25_cuses (0, T) X R”, S).
Now we denote

Eft, x5 0)=Gt, x5 70— ds| 2t %35, 5)LC (.93 7, 8)dy,
then we have
B,.S v s Bt 157, )p(n, S = 5,2 gt )
+( ar Bt 237 Op(r, 1S

Where E belOIlgS tO Cﬁb_l:’,;bk-}-(}'b_r ;+E+e)—y (S S) szqq?;,_ez;,g =Y (S, S)-
When E Ecn 1+2b 208;—y> &Bi€ eCPetY, q)iecv (v'=v—€>0) the
following equations are equivalent :

t
gi(t: x) = $_Bi¢i(t) x)"‘; So dr SST Eij(t) x5 T, E)‘Pj(‘r) f)dS
t
2ig(t, ) = ilt, 1)+ 3 [[ar(, Bt 237, D, 1S
Now we denote
Kij(t) X5 g) = (_se’ﬁ'.Eij)(ty X5 T, E) ’
t
%57 8) = Kyt x5 m, 0+ 2 [ ds || Kt 555, 9)

XPyis,¥;, E)dS(ECzl—uzb_y)
8t 137, 8) = Gt, i O+ | ds | Gt 235,909,533 7, 8)dS.
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Here we have the solution of (k)

wit, ) = 31 ar [ 6t x5 7, O2ig,(r, 015

j
Then we have easily,

[w] cav+rrrregy < CI:Z_ |5£Bfgj|c7'(5) < Ckz |gj|c2”"j+"+7(s> ’
J J

We remark that the above constructions are also correct for
—1-9y<&<0, k=0 (then ®€C) 1,24 (S, S)). w is uniquely de-
termined for any &, because of the uniqueness theorem for ()
([2]). Let e=—1+v+¢& (0<&<1—v), then

t
|w|c”‘”7(05) <G, So (t_T)-a(Zb_E/) ;'gjl cz""j(spd‘f' ’
Let é=—1+&” (0<&”’<v), then
t
lwlcz”‘lmf)) < Co So (t_T)—m(zb—e//) ? |gj|czb—rj—l+7(sg)d’r .

Here, together with Prop. 1, we have

Proposition 2.

t
i) '“_uolcz”“‘”(n{,) <G, So (t_"')_m(zb_s/){lflc"m{,)

+;|f,-lczb—r,.<s;>+ [ty 2ecop}dr  for 0<t<T (0<&'<1—v),

i) Ju—tnleviap < G | @=n) 1 fl g
+ S gz rvespy+ |t cvgp}dr for 0<E< T (0<E” <),
i) Julesrrrg < CollFlertve+ 2015 coo-r jraevess + luo|c2"+"”(no>),
where C,=C(8, M,), C,=C(5, M,,).
Remark. If T varies in 0<T<T,, C(8, M) does not depend
on T, it depends only on T,.

§4. Quasi-linear equations

Lemma 3. Let
gl(t’ x) = g(t, X, U(t’ x)) ’ g”(t) x) = g(t’ x5 V(t) .'X)),
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where
lUl, |VI<KK, |U|c"+"<n)» | V|c"+"<n) < K,
|glcr+ram < M (h=0,1, 2, --).

Then

i) gl <C,
ii) 18— 8" < ClU— V| o for h=0,
g — 8" ch-1+7¢qy < ClU— V|ch-1+7¢p for h>1,

where C=C(M, K’) (independent of T).
Proof. Let h=0.
i) |g¢t 2)l=I\g@ x; Ut x)I<|glc,
|8/t + Ay, x+A)—g'(t, x)| =g+ A, x+ A5 UE+A,, x+A))
—g(t, x; Ut, x))| <|glt+A,, x+A; Ut+A,, x+A4))
—g(t, x; U+ A, x+A)| + g, x; Ut+A,, x+4))
—gt, x; Ut, )| < (Iglev+ gl Ul (| Aol ™+ [A]Y),

i) |(g—g")¢ %) =18, x; Uk, x))—g(t, x; VI, x))|
<lglel U, x)— Vg, 2)1,

Let k=1.

. 0 , . ) ' —2‘

D o &%) = gt x; UG )+ 2 gult, x5 U, 2) 52 Uk, ).
‘%}g’(t, X)’ < |g|cl—|— |glcl| U|c1 ,

’a gt+A,, x+A)— 0 g, x)l<{|glc‘”+|g|cllUlcy

0x; 0x;
+(1glawr+ 12| AN UINI UL+ gl UL} (18 + (A1),
|8/t + 0, 2)— g/, D) < (18lcr+ 1 gles| Ul )| A%
i) (¢—g 0 = 3| gudt, 13 A=)V, 1)+0U¢, DAoL, 2)
- V#(ty x)) = ; <P#(t» x)(Ul'-(tr x)_ Vi"(t’ x)) ’
|¢F(t7 x)l < Iglcl )

lpult+ A, 2+ A)—pult, 2)| <{lglaer+ g1 Uler+ | Vien}
X (1A' + [A]7).
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Cases when k>2 are shown in the same way.
Hereafter we fix K=2|u,| ", and denote &=5(K),
M,=MyK).

When # satisfies the conditions :
(Hk) |u|c2”'1+7(m <K, || cos+rrvegy < Ky
we say that u satisfies (H,) in Q. We denote

a'\(t, x) = aft, x; D*'u),  a’(t, x) = a(t, x; D* '),
bt x)=b,(t, x; D"i7'u), bt x)= by, x; D7),  etc..

Then we have
Corollary. Let u, v satisfy (H,_,), then we have
y k
) Claller+r+ 11+ 23(2 |b/jv|c2""i+"+"/+ |f/j|c2”",'””7)
v i v
< M/ (Mg, K-y »
ii) (vZIa,’,—a;’ | 0+ |f'—f”|c°)+j2 (g|b/ﬁ,—b”jv|c2b—ri—l+‘l
+ |f/j—f”jIC2b_'j_l+y) < MM, K)|lu—v| -1
In fact, since
|ID*'u|< K, |D2b—1u|c’”’7 < K, ,,
|\D"i"u| < K, |Dri—1u|czb—rj+k+‘y < K,_,,
we can use Lemma 3, only remarking
|D*'u—D* |0 < |u—v]|cas-1,
|Drj—1u_Dr‘j-1v|c2b—rj—1+*/ < |u—v |c2b-1 .

Now we shall show (P) is solved by the method of successive
approximations. At first we consider

—a— — s D26t (i)v = . D2b-1 :
6tu ST at, x; D* ') % u = f(t, x; D* ') in Q,

lvi=2s

(#) 23 bu(t, x5 D7) (i)vu = f,(t, x;D"i"'v)
vi=r; 0x

on S (j=1,2, -, b),
Cu = u(x) on £, & )

where v is given and satisfies
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|v| ceb-147g < K,
and C®*’-class compatibility conditions are satisfied. Then we
have
| — o] cas-1+7¢08, < C(8, M, K)t* for 0<i<T,
|| cev+veqy < C(8, M,, N,, K).

In fact, by virtue of Prop. 2 and Cor. of Lem. 3,
|M—uolczb—1+‘v(né)<C(8’ M/(M’ K))St(t_T)_m(zb—a/)d_r{M/(Mo’ K)"‘%K}
] vy < C(8, M'(M,, K){M'(M,, K)+ Ny} .

Now we restrict the interval (0, T) to (0, 77), where

cG, M,, KYT*' = %K,

and we denote O'=QF, S’=SZ’. Then we have
[ulcz”'”y(n') <K, |u|c2””(o’) <K,.

Now let #,=u,(x) and, for m=1, 2, 3, -+,

_8_ _ . 2b-1 (i)v — . D2b-1
6t um [\IIE-'—-Zb a"‘(t’ x ’ D um—l) ax um f(t’ x b D um-—-l)

, in Q/,
(Pm) HZ'bj.,([, X; D'j"lum_l) (%) U, = fj(t, x; D u,,_,) on &
’ (j=1’ 2, "':b)’

U, = U(x) on ,.

Then C?**'-class compatibility conditions are satisfied for every
(P,), and
| %, | 2o-1+7a> < K, [ty | 2047y < K, .

Therefore a subsequence of {w,} converges to u in C*»*V(Q)
(0<9’<7%), and # belongs to C¥**¥(Q)’). On the other hand, let
Upir— U,=1,,, then

9., _ . P21 (g)*zm .,
5 U lvéb aft, x; D*'u,,) 3z) O F™(t, x) in Q/,

v
3 bt 55 D) (D)0, = Bt ) on S (=1,2, 0, 8),
v=rj

v,=0 on Q,,
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where
F™(t, x) = ME__]%,J {a,(t, x; D*'u,)—a,(t, x; D* 'u,, )} (aa—x)vum
+{f@ x; D*'u,)—f(¢, x; D* ', 1)} ,
F"(t, x)= — MZ%. {0,(t, x; D57 'u,,)—b(t, x; D75 'ty 1)} (:—x)vum
+{fft, x; DYi"'u,)—ft, x; D5 'u,, )} .
Since, by virtue of Cor. of Lem. 3,
| F™ | oty < Clop,y| g1t s
| F;™ [ gav=rj=1+1csty < Cl0pi] 20100

we have, by virtue of Prop. 2,
t
|l iy < C [ =0, | iapdr (0<I<T),
(1]

then we have
Cm

|0 | cp-100) < TATaem)’

Therefore {,} converges to # in C*~(Q’) and u satisfies (P) in
Q.

Let # and v be solutions of (P), belonging to C*(Q)’), then we
have in the same way
Cm

>0,
T+ at”’m) m—soco

lu—v| o1 <

therefore u=v in Q.

Finally with respect to the regularity, it can be seen that
belongs to C**#%(Q)). In fact, since » satisfies (P) and belongs
C*+(Q)’), we have, by virtue of Prop. 2 and Cor. of Lem. 3,
that # belongs to C**'*(Q)’), and so on. Thus we have Theorem
stated in §0.
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