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Scattering for the Schrodinger operator
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§1. Introduction.

This paper is a continuation of or supplement to [6], in which
we have discussed the eigenfunction expansion problem connected
with the Schrodinger operator H,= —A+g¢ in an exterior domain
of R®, where ¢ denotes the operator of multiplication by a func-
tion ¢(x). More precisely, let 9Q be a bounded closed surface
of class C? in R? Q the (unbounded) domain exterior to 9Q, and
o its (bounded) interior. Let D be a dense linear subspace of
L,(Q) characterized as follows :

(1.1) D= {feL(Q): feH,Q), f is continuous in O,
f|an = 0} ’

where O denotes the closure of Q and H,Q) is the totalit‘y of
L(Q)-functions whose distribution derivatives up to second order
are all in L, (Q). The formal differential operator —A+4¢ equip-
ped with D as its domain of definition becomes a self-adjoint
operator if ¢(x) satisfies appropriate conditions as will be stated
below. The operator thus obtained will be denoted by H, (D(H,)
=D"), while the whole-space counterpart (0= R°®) of this operator
with ¢=0 will be designated by H°.

We have assumed in [6] and shall assume throughout also
in the present paper that

1) The domain and range of an operator A will be denoted by D(A) and R(A)
respectively.
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g(x) is a real-valued L,(Q)-function locally Holder-continu-
ous in Q except at a finite number of singularities, and
satisfy the inequality |g(x)|<C|x|*"* for |x|>R,, with
positive constants C, # and R,.

(A)

Results in the following few paragraphs are quoted from [6].

It has been shown that under the above assumption on ¢g(x)
the spectrum of H, is divided into two parts: The whole positive
real line is occupied by the absolutely continuous spectrum of H,,
ie., (E{\)f, /)L is, as a function of A, absolutely continuous
with respect to the ordinary Lebesgue measure for A >0, and for
any feL,(Q), where E,()\) is the right-continuous resolution of the
identity associated with H,;® the negative part of the spectrum
consists of discrete eigenvalues, i.e., isolated eigenvalues of finite
multiplicity. We should remark, however, that the origin 0 is
somewhat ambiguous; E,\) may or may not have a discontinuity
at 0, although this does not give rise to any complication in
formulating the eigenfunction expansion theorem.

Now H, admits, besides L,(Q)-eigenfunctions ¢, (n=1, 2,
.+, N; N may be o) corresponding to the non-positive eigenvalues
u?, eigenfunctions ¢,(x, k) associated with positive eigenvalues
|k|2 (ke R? k=+0) such that, though not in L, (Q), ¢.(x, k) satisfies
the Schrodinger equation

(1.2) —Ap+q(x)p = k|’ in Q
as well as the boundary condition

(1.3) Ploa =0,

and is bounded, continuous in x{Q) for each fixed £+0. In terms
of these eigenfunctions ¢, and ¢/ (x, k), an arbitrary feL,(Q)
can be expanded in the following sense: Let Z, and Z, (the
adjoint of Z,) be defined by

2) The inner product and norm in a Hilbert space 4 are denoted by (,) g and
Il 9 respectively.
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L4 Zgk) = (2z)7**1im. S%(x, ky*g(x)dx  (g€L/(Q)),”

(1.5)  Z/g(x) = (2z)*1im. Ssoq(x, k)g(k)dk  (g€L(R?),
and let

(1' 6) gq(”) = (g» 9qu))Lg(o) (gELz(Q)) .

Then all these definitions make sense, and Z, is isometric on
(A1—EL0)L,(Q) to L(R*,” while the mapping: g—g," is unitary
from E,(0)L,(Q) onto /, (dim /,= N=dim E,0)L,(Q)), and we have

{f = qu qf+2fq(")¢q(n) ’
f= Zq/ qf (fe(l_Eq(O))Lz(Q)) ’

the summation being taken in the L,(Q)-topology. Moreover, Z,
maps onto L, (R®) and hence Z,/ maps L,(R®) isometrically onto
(I_Eq(o))Lz(‘Q)’ and

(1. 8) Z,Z, =1.

1.7)

[Otherwise, Z,” is merely known to be a contraction from LJR?®)
onto (1—E,0))L,(Q).] To the properties of {p,x, k)} that are
displayed by the second equation of (1.7), and (1.8), we refer as
completness and orthogonality, respectively.

In [6], however, we have remarked that the orthogonality of
{px, B)} is not a simple consequence of the completeness that
seems easier for us to handle, and that the orthogonality, which
is, in fact, in a close relation with the unitary character of the
scattering operator to be explained below, could be established
with the aid of the time-dependent scattering theory. One of our
purposes is to give a complete orthogonality proof along this line.

In passing it should be noticed that some of the notation

3) (2r)-¥2 is a normalization factor so that Z; be isometric, which entails the
asymptotic behavior of ¢,(x, k) being such that ¢,(x, k) —exp (ik-x) =0(1) as |x|—>oo.
By lim S is meant the limit in the mean for R— oo of -ee O e,

B0, R B0, RINQ

as the case may be, where B(x, ) denotes the ball of radius » about the point x.
2* means the complex conjugate of z.

4) Irrespective of spaces under consideration, we denote by 1 the identity
operator not distinguished in symbols from the numeral 1.
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introduced in this Introduction will be used in the sequel without
further reference.

The scattering problem here consists in: Constructing the
wave operators that relate the (system characterized by the)
operator H, to the (system characterized by the) operator H® which
has a very simple spectral structure; defining, in terms of the
wave operators, the scattering operator that connects the asymp-
totic states of the H,-system in the remote past and in the distant
future, and proving that the scattering operator thus defined is
unitary. In doing so, a little care must be taken in that we have
to deal with operators acting in different Hilbert spaces; other-
wise, the reasoning will not be essentially different from the one
due to Jauch [7], Kato [8, Chap. 10] and Kuroda [9] among
others.”

The problem presented above is also connected with the per-
turbation of continuous spectra of elliptic operatbrs with variable
boundaries and boundary conditions. For this we refer to Birman
[1], where the invariance of absolutely continuous spectra is
discussed in terms of what we have termed wave operators.

We should note here that there is a range of works on scat-
tering theory related to the (hyperbolic) wave equation in exterior
domains. The wave and scattering operators are defined in
essentially the same manner as ours, though there may be noticed
some seemingly different approaches. In this case, however, if
g(x) is present, various energy estimates will require a stronger
restriction on ¢(x). Eigenfunction expansions similar to ours can
also be obtained in the framework of this theory. For this type
of approach to scattering theory, we refer to Lax-Phillips [11],
Schmidt [147], Shenk [15] and Thoe [16].

In §2 we shall prove a decay principle for wave packets that
has a feature similar to the limiting amplitude principle and the
energy decay for solutions of the wave or (time-dependent)
Schrédinger equation (cf., e.g., Eidus [3], Ladyizhenskaya [10],
Lax-Phillips [11], Morawetz [12], Odeh [13] and Zinnes [17]).

5) For the literature on scattering theory, Kato [8] may serve as a good reference,
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In §3 the existence of the wave operators will be shown (cf.
Cook [2], Kato [8, Chap. 10] and Kuroda [9]). The remaining
§§4 and 5 are devoted to the proof that the scattering operator
is unitary.

§2. Decay of wave packets.

Consider a physical system whose Hamiltonian is given by
the Schrodinger operator H,. The behavior of a wave packet in
this system is described in terms of the unitary group U,(¢)=
exp (—itH,) associated with H,. If the wave packet is initially
in the state feL,(Q), then at an arbitrary time f&(— oo, o0), it
will be given by U,(%)f, which is a formal solution to the time-
dependent Schrodinger equation i(d/dt)u= H,u, but not in the
strict sense, because U,(¢)f does not necessarily admit the appli-
cation of H,, unless feD(H,).

Now let K be any bounded domain of @ and &(K) the
projection defined by

flx) if xeK
(2.1) E(K) f(x) = 0 (feL(Q)).

otherwise
We shall prove the following decay principle for wave packets.

2.1. Theorem. Let fe(1—E0)L(Q) and K be a bounded
domain of Q. Then we have

(2.2) limg, o |EE)UE) Sl Ly> = 0.

Proof. 1t is sufficient to prove (2.2) for f in a dense subset
of (1—E,0))L,(Q), for the norm of &(K)U,®#) is uniformly bound-
ed in ft€(— o0, ). We may assume, therefore, fe&{E,(n*)—
E (n ™))L, (Q), where »n is a positive number. This implies

(2.3) Z,0(k) =0 for |k|>n®

in view of [6], Theorem 7.1. Consequently, by the inversion and

6) Strictly speaking we have to add here the phrase “almost everywhere”. In
what follows we always omit the “almost every” or ‘“‘almost everywhere”, even when
it be necessary in the strict sense of mathematical usage.
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diagonal representation formulas ([6], Theorem 7.1),

24 Ufx)=@e)™ [ edx, ke " Z, flk)dk.

B0, ")~ BCO, n !
Since for each fixed x€Q @ (x, k) is continuous and hence bounded
in keB(0, n)—B(0, n*) ([6], Theorem 5. 3), the Riemann-Lebesgue
theorem can be applied to yield that (2.4) tends pointwise to O
as ¢ tends to xco. On the other hand, since @/ (x, k) is bounded
in Kx(B(0, n)—B(0, n™")) ([6], Theorem 5. 3), we have
(2.5) Uy (8)f()] <const S l)Iqu(l’if)Ia'Ie<const 11 Lyco>

0, )~ B(O,n~
uniformly for x= K, where the last constant may depend on .
Thus by the dominated convergence theorem (2. 2) obtains. Q.E.D.
In 2.1 &(K) was the multiplicative operator by the character-
istic function of K. Without any essential change of the proof
we can replace £(K) by any multiplicative operator by a bounded
function with bounded support, and thus obtain

2.2. Theorem. Let ¢(x) be a bounded function with bounded
support in Q, and write @ for the operator of multiplication by
@p(x). Then we have for fe(1—E 0))L,(Q)

(2.6) lim,ao [1PUd()f |l Ly = 0.

2.3. Remark. In the above proof no use has been made of
the orthogonality of the eigenfunctions ¢, (x, k) of H,, ie., the
fact that Z, maps onto L, (R®). (Cf.[6], Theorem 7.1 and remarks
at the end of §7.)

2.4. Remark. The method of proof presented above applies
also to the case where the exterior domain ) is replaced by the
whole space R°. This, of course, entails some subsequent altera-
tions in the formulation of the theorems, which, however, are
more or less obvious.

§3. Existence of the wave operators.

This § gives a time-dependent treatment of the wave operators.
The method is entirely independent of the eigenfunction expansion
results for H,, but is based upon some well-known results on
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Fourier transforms that, in fact, provide the eigenfunction expan-
sion associated with H® (= —A in all of R®).

3.1. Definition. Let & : L(R*—L,(Q) be the “truncation”
operator defined by

3.1) (Zx) = fx) (x€9Q).

Then the wave operators W_.(H,, H°): L{R*)—L,(Q) are, if they
exist,

3.2) W.H,, H°) = s—lim,,. W(t; H,, H),

where s—1lim means the strong limit being taken, and where
(3.3) W(t; Hy, H°) = eitHo e itH°

3.2. Theorem. The wave operators W.(H,, H®) exist and are
isometries defined on all of L,(R®.

Proof. Let n(x) be a smooth function defined on Q which
vanishes in a neighborhood of 9Q and assumes 1 outside a large
ball B(0, k). Then

(3.4) Wit; H,, HY) = ¢'"a(1—n)Pe i1’ 4 ¢itHanPeitH’

where 7 denotes the operator of multiplication by »(x). In view
of 2.2 and 2.4 the first term on the right side of (3.4) can be
seen to tend to O strongly as f— 4+ oo, since 1—7(x) is a smooth
function with compact support and exp (itH,) is unitary. Thus,
in order to prove the existence of W,(H,, H°) on all of L(R®),
we need only show that the second term on the right of (3.4)
converges. For this it is, in turn, sufficient to show the con-
vergence on a dense subset 9 of L,(Q), because of the uniform
boundedness in ¢ of the norm of exp (itH,)n.Z exp (—itH°).
Assuming feD(H") we have

c%(e"”‘”?g” e " f) = et Mo Hyn. PP —n. P Ho)e "' f

(3.5) = —ietHo(An)Pe i f—iei*Ha(grad ). P (grad e #H'f)
+eitHqqn PetH°f

because 7(x) vanishes identically near 9Q, and hence »(AZ°g)—
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nPAg=0 and grad7n-grad (FPg)=grad - grad g. Integrating
(3.5) leads to

llei*Han P e HHf — 1P| 1 >

4 0
<§0||(An)ﬁe-f"*f||wdt
(3.6) , 0
+ S lligrad 7+ grad (e"*""f)|| oo dt

t
+{Nan e il qwat
0

Therefore, it suffices to show that

3.7 [" nanzemr, wat<eo,
3.8) [ llgrad 1.2 grad ()l it <o
(3.9) S_m||(1’7(7"€_”H0f”142(0)dt<°° .

Now let 9 be the linear manifold spanned by the functions
(3.10) ul(x) = exp(—|x—al’/2)E L (R?),

where a ranges over R®. Clearly 9 is dense and cD(H").
Then we have”

(38.11) e #Hy (%) = (142it) ¥ exp (— |x—a|?/(2+4it)).

Consequently
3. 12) ||(A"7)ge—imoua”L2(n><||A’7“L2cg)(1 +4t2)_3/4 .
(3.13) llgn P e U 1w < 1] Lyea(1 +422) .

(3.12) and (3.13) yield (3.7) and (3.9) for f€49. In order to
show (3. 8) we compute the gradient of (3. 11)

(3.14) grad (e "*#°u,)(x) = —(1+2it) | x—a| X
xexp(—|x—al|?/(2+4it)) grad|x—a]|,

which is seen to be bounded by (1+4#*)**. Hence
(3.15) |lgrad 7+ grad (¢" "’ u,)|| L o <|lgrad 7l Lo (1 4-4£7)*

7) See Kato [8], p. 534. Cf. also Kuroda [9].
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and (3. 8) obtains for f€49. Since 9 is dense in L,(R®), we have
shown the existence of W, (H,, H®) on all of L,(R®).

It remains to show the isometry of W, (H,, H°). One can
write

|Walt; Hyy HO)f 1 Lo = | P # 8 F [P0

- 0 -
= lle”* I L,crty—E(w)e “”ofIIZLz(R% s

where o is the bounded domain interior to 9Q, and where use has
been made of the fact that £(Q) and &(w) are orthogonal.

From 2.4 and 2.1 it follows that the second term in the last
member of (3.16) tends to 0 as f—+oco. The first term equals
| f1’PLxr®. This shows that W.(H,, H®) are isometric. Q.E.D.

(3.16)

3. 3. Definition. Let H=H, (¢(x)=0). The wave operators
W.(H,, H): LQ)—L,(Q) are

(3.17) W.(H,, H) = s—lim,, . W(¢; H,, H),
where
(3.18) W(t; H,, H) = ¢i*tlge-itH |

if they exist.
The following theorem can be proved in exactly the same way
as for the preceding theorem, if one puts R*=Q and £ =1.%

3.4. Theorem. W, (H,, H) exist and are isometries on L,(Q).
We shall prove in the next § that W.(H,, H°) and W_.(H,, H)
are complete in the following sense.

3.5. Definition. W,(H,, H°) and W,(H,, H) are complete if
they map onto (1— E,(0))L,(Q).

3.6. Theosem. Suppose W.(H, H’) and W, (H,, H) are com-
plete. Then

(3.19) W.(H,, H") = W.(H,, H)W.(H, H"),

and W,(H,, H°) are complete. (3.19) expresses a chain rule for
the wave operators.

8) If ¢(x)=0, we agree to drop the subscript 0. Thus, e.g., E(Q) =E,(1)
*) See the note added in proof at the end of this paper.
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Proof. (3.19) is obvious from
(3. 20) eithye—itHo — (e;:Hqe—uH)(eque—uM)

and from the fact that the norm of each parenthesized operator
on the right side of (3.20) is uniformly bounded in f#. The com-
pleteness of W, (H,, H°) readily follows if we note E(0)=0.

3.7. Definition. Let J denote the conjugation operator :
(3.21) Jf(x) = f(x)*  (fEL(R’) or €L,(Q)).
A self-adjoint operator A is called real with respect to J if
(3.22) JA=AJ.

H° and H, are clearly real with respect to J. Consequently,
we have

(3.23) e ith" — Joith' | and e ity = JgitHq]
whence follows the following assertion.
3.8. Theorem. The following relations hold :
(3.24) W(H,, H") = JW.(H,, H")], W.(H,, H) = JW_(H,, H)] .

§4. The wave operators W . (H, H").

In this § we shall make use of the results obtained in [6],
§7 for H (¢(x)=0). The orthogonality of the eigenfunctions
@(x, k), or the fact that Z=Z, maps onto L,(R°®), can be established
without any use of the time-dependent scattering theory. With
this we can proceed to define a ‘“stationary” wave operator (U
below) and show that it coincides with W_(H, H’) that was defined
in a time-dependent fashion in §2.

<

We first state the orthogonality theorem for {p(x, k)}:
4.1. Theorem. The operator Z: L(Q)—L,(R®)

(4.1) Zf(k) = (27)™** 1.im. S<p(x, k)* f(x)dx

maps onto L(R?).
Proof. See [5].



Scattering for the Schrodinger operator 103

4. 2. Definition. Let Z,/ be the adjoint (dual) of Z,:

(4.2) (fs Z48)ya> = (Zof, &)r,r™
(fE(1-EL0))LAQ), gELR?)).

Since Z, is isometric on (1—E/(0))L(Q) ([6], §7), Z,/ is a
contraction from L,(R?®) onto (1—E,/0))L(Q), as is seen from the
Riesz theorem and the completeness of the eigenfunctions ¢(x, k):
Z,/Z,=1 (see (1.7)). It is easy to see that Z, is expressible as

(4.3)  Z/f(x) = (22)" 1im. Sq),,(x, B f(k)ydE (fEL(RY).

Let us also note that Z’=Z, is unitary on L,(R® onto L,(Q) and
inverse to Z, as is stated by 4.1.

4. 3. Definition. The ‘“stationary” wave operator U: L,(R?)
—L,(Q) is defined to be

(4. 4) U=28=2"3,
where 3 is the Fourier transformation :
(4.5) 3 f(k) = (27)"* Lim. ge-fk-x f(x)dx.

4.4. Remark. U is unitary on L(R’) onto L,(Q), as is clear
from 4.1 and 4. 2.

4.5. Theorem. W_(H, H")=U, and hence W_(H, H®) is com-
plete.

Proof. Since the existence and isometry of W_(H, H°) are
known from 3.2, it is enough to show the weak convergence of
W(t)= W(¢; H, H) to U for {—— c0.” Furthermore, we need only
test the weak convergence on some dense subsets of L,(R®) and
L,(Q), respectively, because the norm of W(¢): L (R*)—L,(Q) is
uniformly bounded in ¢.

Let D={feL(R®: 3feC;(R*} and D’'={gelL(Q): Zge
C=(R) and has compact support exclusive of 0}. D and D’ are
dense in L,(R®) and L,Q) respectively.

9) In this case, however, the existence of W_(H, H°) is a consequence of the
proof that follows, For this see the remark, 4.6, after the proof.
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Now assuming f=D and geD’, we have

(W) f, &y = (ﬁe-imof, @—itHg)LgcQ)

(4.6)
- Sna-1M(t)&f(x)(Z’M(t)Zg(x))* dx,

where M(#) denotes the multiplicative operator: M(¢)f(k)=
exp (—it|k|®) f(k). Noting that the ¢(x, k), that may be viewed as
the “kernel” of Z’, is representable as

4.7 o(x, k) = et**+ h(x, k)

(see [6], Theorem 3.2), we can rewrite (4.6) as follows :
(4.8) (W) S, &)Ly = (BS, Zg)yw>+ i+ Tt T
where

7= S — 3 M) 3 f(x)(F M) Zg(x))*dx .

)

49 J.= |

I =y MO [ x4 Zg )k |z

3 M) | i, Be e Zgk)ak] dx,

BO,RONQ

R being sufficiently large.
By using 2.1 and 2.4 J, is easily estimated to give

(4. 10) Ji—0 as t— —oo,
Similarly we get
(4.11) J.—0 as t— —oo,

Now we are to estimate J;. It can be seen from [6], §1 and
Theorem 3.2, that

k1% -
M k)= {0y kyas,

2 o, |x—
(4.1 2) i 130 ej|k|||x—y|;v|
— = | Ty, by,
dr Jo | x—y|

where o(y, k) and 7(y, k) are continuous on 9} and ® respectively,
and are regular in k£ By means of a straightforward computa-

10) S° denotes the complement of S.
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tion (cf. [6], Proposition 5.6 and [4], Lemma 3. 2) using (4.12),
we obtain .

(4.13) W, k) = (B +—La(x, B)
| %] [ x|

for |x| >R, where R is sufficiently large, and where %,(x, k) and
nx, k) are bounded in x, |x|> R, and regular in k&, and 07,(x, k)/0|k|
is bounded in x, |x| >R, if |k| remains bounded by a constant.

The k-integral in J,, where integration is actually performed
over the finite region a< |k| <@ on account of the assumption
made on g, can now be written by (4.13) as

1

x| qume”"""'m(x, ke it1¥° Zg(k)dk
(4. 14) .

lx—|2 Soﬁ<lk|<ﬂ772(x’ ke~ i#\** Zg(k)dk .

For the first term of (4.14), by the above remarks on 7,(x, k),
we have

Ist t f(4.14) = 1 {[ T )]f‘
S rm o . = -—{]— ,
° =iz =2y 0 L

B pilxir-itr2 4
—L—i TR L r)]dr}

(4.15)

with
(4. 16) D(x, ) = Sw'_ n(x, r0)Z (r6)do (k=r8),
and hence

(4.17)  |1st term of (4.14)| <. oSt const
(x| —2ab)|x|  |x|

if ¢ is negative and large enough. The second term of (4.14) is
easier to handle, and we obtain

(4.18) 12nd term of (4.14) <C|°—n|5f.
x
Thus from (4.17), (4.18) and (4.9) we have as an estimate of J,
1/2
(4.19) e <const | flluewn([ 1x17dx)",
B(,R)

which can be made arbitrarily small by choosing R sufficiently
large.
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Now (4.8) together with (4.10), (4.11) and (4.19) gives
(4. 20) (W@)S, @iy~ (3, 2’8 1, = (US, &)Ly

for t— — oo, which was to be shown. Q.E.D.

- 4.6. Remark. As has been noted in the course of the above
proof, one does not have to have recourse to any time-dependent
theory such as developed in 3.2, in order to establish the exist-
ence and isometry of the wave operator W_(H, H®). In fact, since
W(t) has been shown to converge weakly to U, and since U is a sur-
jective isometry, it follows that || fI|.,cr%>=1lim sup,,_.[|W(t)fll L0
>||Uf Il o= fllLr®. This is a well-known sufficient condition
in order that weak convergence imply strong convergence. In
consequence, the desired existence and isometry follow.

4.7. Remark. The method of proof developed in 4.5 has
utilized the fact that o(x, k)—exp (ik-x) is expressible in the from
(4.13) when |x| is large, with »(x, k) and »,(x, k) having appro-
priate regularity in their arguments. Such an asymptotic expan-
sion for the eigenfunctions is also possible for H, (¢#0), if ¢(x)
behaves asymptotically like |x|** (k>0), as can be seen from
[6], (5.26), Proposition 5.6 and Theorem 5.3. Also the analogue
of 4.1 for H, holds good in this case. Thus we can develop a
complete stationary method concerning the wave operators without
resort to the results of § 3.

The following is an immediate consequence of 3.8 and 4.5.

4.8. Theorem. W, (H, H)=]JUJ, and W_(H, H°) is complete.

§5. The wave and scattering operator for H,.

We have already discussed in § 3 the existence of the wave
operators W, (H,, H®) (also W.(H,, H)) by a time-dependent method.
Now it remains to prove their completeness, which has been
carried through in §4 for the special case of the wave operators
W,(H, H°). Here we shall first be engaged in showing the com-
pleteness of W.(H,, H), and then proceed to that of W.(H,, H°)
making use of the chain rule 3.6. The reasoning will be almost
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a complete copy of [4], §11, and accordingly, some minute points
of the discussion will be omitted.

It might be noted that it is not impossible to proceed directly
with W.(H,, H°) instead of W, (H,, H) without using the results
of §4, which, however, would lead to many a complication due to
the fact that operators acting in different Hilbert spaces have to
be dealt with at the same time.

5.1. Definition. The ‘“‘stationary” wave operators U,(H,, H)
are defined as follows:

(6.1)  U-(H,, H)f(x) = Z/Zf(x) = (2z)7" Lim. S Pox, k) Zf(k)dk,
(6.2) U.(H,, H)=JU(H,, H)J .

At present we know only that U.(H,, H) are contraction
operators on L,(Q) with range equal to (1—E 0))L,(Q).

5.2. Lemma. The adjoint U_.(H,, HY of U_(H,, H) admits
of a rvepresentation
(6.3) U.(H,, HYf(x)=Z'Z,f(x) = (2z)"** 1im. S<P(x, k)Z,f(k)dk,
and the following relations hold :
(5. 4) U.(H,, HYU_(H,, HY = (1—E/0)),
{ U.(H,, HYF(H,) = F(H)U_(H,, HY ,
U.(H,, HYH,c HU (H,, HY ,

where F(\) is a bounded function and F(H) (F(H,)) is the operator
defined in terms of F(\) and E(\)(E/\)) in the oridinary sense
of operational carculus.

(5.5)

Proof. (5.3) is immediate from (5.1). (5.4) is clear from
(5.1) and (5.3). For the special case when F(\) is the charac-
teristic function of (— oo, u], the first of (5.5) follows from

(5. 6) U(H,, HYE p) = Z’Z,;E(p) = Z'X(n)Z,
and

(6.7 E(w)U(Hy, HY = Z'X(n)ZZ'Z, = Z'X(W) Z,,
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where X(p) denotes the operator of multiplication by the charac-
teristic function X(k; p) of B0,/ n) if x>0, and 0 if p<O.
The general F(\) case can be deduced from this. The second of
(5.5) follows from the first. Q.E.D.

5.3. Theorem. W.(H,, H)=U,(H,, H), and hence W .(H,, H)
are complete.

Proof. In virtue of (5.2) and 3.8 it is obviously sufficient
to prove the assertion for the lower subscript. For the sake of
simplicity let us omit H and H, appearing in parentheses as
“arguments” of W, and U..

By 3.4 and (3.17)

(5. 8) U'W. =s—lim,, .U W({).

On the other hand, differentiation followed by integration of
U’ W(t) gives

A= (UW_f, g)chm_(Uif, g)thg)
(5.9) — i S_N(Uie"‘”q e ML, g)1 cordl

= ¢lim,, 3 (e U qe "' f, &), dt ,
0

where feD(H)=D(H,) (see [6], Theorem 5.1) and g&L,(),
where we have used (5.5), and where the abelian limit has been
taken by virtue of the fact that the (improper) f-integal exists,
i.e., the fact that W_ exists (see 3.4).

For the integrand of the last member of (5.9) we have

(eMULqe™ "™ f, &)y = (ULge! f, e g)
= (ZU!ge " f, Ze #*11g),  p¥
(5.10) = (Z,qe™ "7 f, M()Zg) 1y

= o) ([l Ry gyt ), Zg))

La(R™)

where M(¢) is the same as in the proof of 4.5, and where the
Liim. in front of the integral has been left out, since g€ L*(Q).
Now substituting (5.10) in (5.9), we have
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(5.11)
@ryed=itime, | [{ @ux g eminntiar) fxydz]

x Zg(k)*dk
—tim,, { [ oot Rya()(H- 10 +ie) fx) dx | Zgtryar

—tim,, { [ A= k1710 0ol )0 dx | Zg(hy ak

—tim,., { [ 70([ 66y VTRFF i) a1 5, B dy) dx ]
% Zg(k)* dk

- | [Lf(x) (SQG(x, 21k AN P, k))*dx]Zg(k)* dk

= | I f) @t -pua, yedx] zgterar
= ey [(Zf, Z8)1yr>—(Zof Z8) L]
= @)Y [(f, &)Ly~ (ULS, &)1

where we have used the following: (H— |k|*—i€)™" is an integral
operator of Carleman type with kernel G(x, y, /([k[*+i€)), i.e.,

(5.12)  (H— |k|*—i&)" f(x) = SQG(x, ¥ NV ([kIP+ig)f)dy

for feL,(Q) ([6], Theorem 2.1); the function

(5.13) |_Gx, 5, 0a(nudy,

where u(x) is a bounded, continuous function of x&Q, is continu-
ous in x and « for x€Q and Im «>0 ([6], Propositions 5.1 and
5.10); @.(x, k) is continuous for (x, k)0 x (R*— {0}) and satisfies

6.19)  pix B) = olx, B Glx, 3, |ka(3) s, k)dy

([6], (5.25), (5.26) and Theorem 5.2); f and Zg in (5.11) are
assumed to be in Cy(Q) and Cg(R*— {0}), respectively.

The facts enumerated above enable us to justify each step
in (5.11) (for a more detailed argument, cf. [4], §11).

From (5.11) and the density in L, Q) of Cg(Q) and of
Z7'Cs(R*— {0}), it follows that
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(5. 15) UW.=1, or W.=U.

as can be obtained by multiplying the first equation from left by
U_ and utilizing 5.2. Q.E.D.

As a consequence of (5.15) one can see that Z, is an isometry
on L R® onto (1—E,0)L,(Q). In fact, from (5.15), (5.1) and
the isometry of W_(H,, H) and Z established in 3.4 and 4.1,
respectively, it follows that Z,/=W_(H,, HYZ'=W_H,, H)Z' is
an isometry on L R°®) onto (1—E,(0))L,(Q), and thus one can give
a proof of the orthogonality assertion in [6], Theorem 7.1:

5.4. Theorem. Z, maps onto L,(R®), or {p.,(x, k)} is an
orthogonal family of eigenfunctions of H,.
In view of the chain rule 3.6, 4.5 and 5.3 we have

5.5. Theorem. The wave operators W, (H,, H,) are complete.

5. 6. Definition. The scattering operator S,: L, (R*)—LJ(R?
is defined to be

(5. 16) Sq = W.,(H,, HYW_(H,, H°).

5.7. Theorem. The scattering oporator S, is wunitary on
L(R?).

Proof. Direct from 5.5 and 5. 6.

Now we shall touch upon the intertwining and commuting
properties of W, (H,, H°) and S, respectively.

5.8. Theorem. The following relations hold :

(5.17) W.(H,, H'Y)H" = H,W.(H,, H"),
(5- 18) W‘!(qu Hn),Hq = HOWﬂ (qu HO)/ ,
(5.19) S,H' = H°S,.

Proof. From 4.3, 4.5, 5.1, 5.3 and 3.6 one can see that
(5. 20) W_(H,, H) = Z/ 2273 = Z/3.

Denote by M the multiplicative operator: Mf(k)= |k|*f(k). In
view of [67], Theorem 7.1 (including the orthogonality assertion,
5.4)
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(5.21) Z/3H = Z/ M3 = H,Z/3 ,

which proves (5.17) for the lower subscript. For the upper sub-
script (5.17) follows if one takes account of 3.8.

(5.18) can be shown similarly. (5.19) is now an immediate
consequence of (5.17), (5.18) and the definition of S,. Q.E.D.

5.9. Remark. So far we have been discussing with H° as
the “reference” operator, in other words, the “reference” system
has been the free-particle system in 3-space. Physically this is
quite reasonable. Theoretically, however, the choice of the refer-
ence operator is quite arbitrary. One can thus take, for instance,
H as the reference operator. Then all the results so far obtained
remain valid mutatis mutandis.
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Note added in proof. The proof of 3.4 which asserts the existence and isometry of
W+(H,;, H) was incorrect. However, this may be proved as follows : By 4.5 the iso-
metric W4 (H, H®) exist and are complete, which implies the existence of W.(H®, H).
Thus by means of the chain rule for wave operators, Wy (H,, H)=W+(H,, H°) X
Wi (H® H) are known to exist and be isometric,



