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In [4], the following result was proved : .

Let G be a commutative finite group scheme over an algebraically
closed field k of arbitrary characteristic and let X be a connected,
reduced k-prescheme over which G operates faithfully and gives a
geometric quotient A,

ag
CxX—=x 2%, 4.
Foopr,

Then X is an abelian variety and px is an isogeny.

The purpose of this paper is to extend this result.

We employ the same notation as in articles of A. Grothen-
dieck, unless explicitly stated otherwise.

Part L.

§1. Let % be an algebraically closed field of positive characteristic
p. Let G, X and A be a finite group-scheme, an algebraic scheme
and an abelian variety respectively, defined over % such that G
operates faithfully on X and that A is the geometric quotient of
X by G,

g
GXX:,X&»A.

Lopr,

Then we call X a Galois covering of A with group G and a field
of definition k, (cf. [4]).
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First, we shall give a result on the structure of a finite group-
scheme.

Lemma 1. Let G be a finite group-scheme defined over k. Then
there exists a uniquely determined maximal infinitesimal subgroup
G..: of G which is invariant in G and defined as the connected com-
ponent G° of G which contains the neutval point e of G. Moreover
the quotient of G by G° is an étale group over k, isomorphic to G..,.
Therefore G is the semi-direct product of G by G.oq.

As for the proof, we refer to SGAD, Exp. VI,, 2.3 and 5.5.

Let G, X, A be as above, and suppose X is connected and
reduced. By Lemma 1, there exists a homomorphism «a:G— G4
with which we can construct an étale covering Y of A with
group G,

Gxx—zXﬂA

k
axsf 15|
G XY—3Y—A.
k by
Theorem of Lang-Serre [9] shows that Y is an abelian variety,
G..q is commutative and that py is a separable isogeny. Therefore,
if one wants to know whether X is an abelian variety, one can
suppose G is infinitesimal, i.e. G=G,.

Definition 1. A finite group-scheme G over k is said solvable
if G has a central composition series, i.e. a composition series whose
successive quotients are commutative.

The next result follows immediately from the results of [4].

Theorem 1. Let X be a Galois covering of an abelian variety
with group G which is a finite group-scheme whose maximal infini-
tesimal subgroup is solvable, and with k as the field of definition.
Suppose X is connected and reduced. Then X is an abelian variety.

§2.1. First, we shall recall some definitions and results con-
cerning the derivations and the differential forms which were given
in SGAD, Exp II, VII and SGA, etc.. For simplification of notation,
we restrict the ground prescheme to the spectrum of the field &
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Definition 2. Let X be a prescheme over k. We observe
the tangent fibre space T of X over k as a functor T(X/k)
=Hom(I.(k), X) from the category (Sch/k)° to the category (Sets),
i.e. S&(Sch/k) wv> Homg (I4(0s), Xs), where I(Og) is the spectrum
of Os-Algebra Os@®Os in which the multiplication is defined to make
Os of the right hand side an ideal whose square is zero.

Then T(X/k) is represented by Spec(S(Q'(X/k))), in other
words T(X/k)=V(Q'(X/k)) where S(Q'(X/k)) is the symmetric
Algebra over X of Oy-Module QY(X/k) (Q(X/k)=the sheaf of
1-differential forms) and V(Q'(X/k))(S)=Homod(Q(X /k)@@s, Os),

for S—k. T(X/k) is considered as a prescheme, affine over X
and is endowed with a structure of a commutative X-group
(X-group=a group object in (Sch/X)). Also, we have T(X/k)X)
=Homy,(Q'(X/k), Ox)=T(X, Homo,(Q'(X/k), Ox))=T(X, Der(X/k))
=Der(X/k) where Der(X/k) is the sheaf of local derivations on X
and where Der(X/k) is the T'(X, Ox)-module of the global deri-
vations on X.

Definition 3. Let G be a group-scheme over k with the unit
e: Spec (R)—G. We denote ¢*(T(G/k)) by Lie (G/k).

Then Lie (G/k) is representable and Lie (G/k)(k) is endowed
with a structure of k-vector space.

For a group-scheme G over k, we have an exact sequence of
k-group-schemes :

0 — Lie (G/k) — T(G/k)”?<__—’G — 0

s
where s is the unit of G-group 7(G/k) and ¢ is the canonical
projection of T(G/k) to G. Therefore, T(G/k) is a semi-direct
product of Lie(G/k) by G. And we have T(G, T(G/k)>
Hom (G, Lie (G/k)). The correspondence is given as follows: To
a k-morphism f: G—Lie (G/k), one associates s,: G— T(G/k) such
that s{(g)=s(g)i(f(g)) for g=G(S), S—k. For an element x of
G(k), let /, be the left translation of G by x, i.e. for g=G(S), S—k,
l(g)=x-g. For [, the left translation /, of x on 1"(G T(G/k))
is defined by the translation of structure,
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¢ TGm
AN j'mx)
G—> TGk , teT (G, T(G/k)).

Then we see easily that /(s;)=s, > where feHom,(G, Lie(G/k))
and 7(f)(g)=f(x"'g), g€G(S), S—k. Thus, we can show that
the map Lie (G/k)(k)—T(G, T(G/k)) which associates the section
x W= x.X to Xe&Lie(G/k)(k) is an isomorphism from Lie(G/k)(k)
to the subset of T'(G, T(G/k)) formed by left-invariant sections.
We can endow Lie (G/k)(k) (resp. T(G, T(G/k))=Der (G/k)) with
the structure of Lie-algebra whose bracket operation is defined by
the adjoint representation of G on Lie(G/k) (resp. the structure of
Lie-algebra whose bracket operation is the one of derivations).
Since the characteristic p is positive, p-power operations can be
naturally defined on Lie(G/k)(k) and Der(G/k), (cf. SGAD, Exp. VII).
Then the above isomorphism is a morphism of p-Lie algebras.

2. Let X, Y be k-preschemes and let f: X—Y be a k-morphism
of preschemes. Then, by SGA, Exp. II, §4, the sequence of
Ox-Modules

() FHO(Y/R) —> Q(X/k) — Q(X/Y) —0

is exact. If X is smooth over k, Q'(X/k) is locally free and its
rank at a point x of X is equal to the dimension of X at x.

Dualizing the sequence (x) over Oy, we have an exact sequence
of Ox—Modules,

(#x) 0—>Homp,(N'(X/Y), Ox)— Der(X/k)— Home,(f*Q(Y k), Ox).

We here add a remark which we shall use later:
For f: X—Y as above, we have an isomorphism Q'(X x X, p.)/X)>

PHQN(X/Y)) where p,, p, are the projections of X §X to X.

3. We shall now return to our case. Let X be a Galois covering
of an abelian variety A with a group G, infinitesimal and of
height <1 and with %k as its field of definition. Suppose X is
connected and reduced. Then the global derivations on X form
a p-Lie algebra Der (X/k) over k (I'(X, Ox)==k), because X is a
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complete variety. Also, since A is an abelian variety, T'(A4, T(A/k))
=~Hom, (A, Lie (A/k)) = Lie (A/k)(k), i.e. Der(A/k) is formed by
left-invariant derivations of A over k.

Next we shall calculate Q%(X/A). As in n° 2, p¥(Q'(X/A4)) =
Q‘(X/A)?fXg Q‘(X?f X/X)%QI(GX X/X) gﬂl(G/k)fX, where an

k
isomorphism ¢ is defined to be compatible with ®~': X X X—-G >k< X,
®=(o, pr,). Taking the fibres of both terms by morphisms, the
diagonal Ay, : X—>XZ<X and (ex X: XgSpec(k)fX—»GfX, we
k
have an isomorphism of Ox-Modules Q'(X/A)=~w'(G/k)x X, where
k

o'(G/k)=e*(Q(G/k)).

The exact sequence (x) of n° 2 gives an exact sequence,

PEQYAJR) — QX k) — wl(G/k)f X—>0.
The exact sequence (x*) of n°2 gives us an exact sequence,
(#xx) 0 ——Lie(G/k)(k)x X —> Der (X/k) — p%(Der (A/k)),
k

where Lie (G/k)(k) = Hom,(»'(G/k), k) and where the last term
comes from the fact that X is faithfully flat over A. Taking the
global sections of the terms of the sequence (##*), we have:

Lemma 2. Let G, X, A be as above. Then we have an exact
sequence of k-vector spaces,

0 — > Lie (G/E)(k) —— Der (X/k) %, e (A/k) = Lie (A/k)E).

If we associate to each term the natural structure of p-Lie algebra
which we have clarified in n° 1, §2, the homomorphisms of the
sequence are the morphisms of p-Lie algebras.

Proof. The proof of the exactness is obvious by virtue of
the fact that I'(X, p% Der (A/k))=T(A, Der (A/k)). The assertion
concerning p-Lie algebras results from SGAD, Th. 7.2 and the
next lemma.

Lemma 3. Let j: X—B be a k-morphism from a complete
variety X into an abelian variety B. Let Der (X/k) (resp. Der (B/k))
be a p-Lie algebra of global derivations on X (resp. B). Then there
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exists a morphism of p-Lie algebras j :Der (X/k)—> Der (B/k) such
that for any open set U of B, any element f€Og(U), and any
element D of Der (X/k), we have j*(j(D)f)=D(5*(f)), where j* is
the Ring-homomorphism j*(Og)— Ox, attached to j.

Proof. We have a morphism of Ox-Modules j*Q'(B/k)—
Q'(X/k), hence a morphism of Ox-Modules j: Der(X/k)—
Homp, (7*Q(B/k), Ox). On the other hand, since QY(B/k) is gene-
rated by global differentials w'(B/k) (i.e. Q'(B/ k)=ml(B/k)@OB), we
have

Homo, (/*QX(B/k), Ox) = Hom, (o'(B/k), ()®Ox = Der (B/k)®Ox .

Therefore, if we choose a k-basis (D,),c;<, of Der (B/k), it is also
a Ox-basis of Home, (j*Q'(B/k), Ox). Consider open sets U’ of
B and U of j7%(U’), small enough, an element f of OgzU’) and a
global derivation D&Der (X/k). Then there exists a system of
elements (g:)<i<s 0f Ox(U) such that '

(JUXDIU)f = (DIUYJ*f) = g‘.g,-j*(D;f)-
Since D is defined everywhere on X, g; must be defined everywhere
on X, hence constants, i.e. g;€k, 1<i<n. Put D’=Z g:D;. Then
FJ(X)D)=D’ and j(X)D)f=j*D’f) for fe@B(U")_. We denote

7(X) by j. It is now easy to see that j is a morphism of p-Lie
algebras. q.e.d.

Remark. For the simplicity of notation, we sometimes ab-
breviate Lie (G/k)(k) as Lie(G), if there is no fear of confusion.

Here, we shall quote from SGAD, VII, 7.4 some results which
we need for the further developement.

Lemma 4. Let G be an infinitesimal finite group-scheme of
height <1 over k.
1) Then there exists a p-Lie algebra L of finite dimension over k
such that G is isomorphic to G,(L)= Spec*(U,(L))= Spec(U,(L)*)
where U,(L)* is the linear dual of the restricted enveloping algebra
U, L) of L, provided with a suitable structure of bigebra.
2) Lie(GL))=L, an isomorphism of p-Lie algebras.
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3) For an exact sequence of p-Lie algebras 0—L,—L,—L,—0
(i.e. L, is normal in L, such that L,/L,=L,), there exists an exact
sequence of infinitesimal finite group-schemes of height <1,

0 — G,(L) —> G,L) —> G,(L) —>0.

Conversely, if 0—G,—G,—G,—0 is an exact sequence of infinitesi-
mal finite group-schemes of height <1, a sequence of p-Lie algebras

0 — Lie (G,) — Lie(G,) — Lie(G,) — 0
is exact.

4. Now we shall prove our main theorems.
The first one is:

Theorem 2. Lef the situation be as in n° 3 of §2. We put
the following assumption (E) on X ;
(E) There exist an immersion j of X into an abelian variety
B over k and a homomorphism = : B— A such that a diagram
X — B is commutative.

px\; /

Then X is an abelian variety and px is an isogeny.

Proof. First, note the following points.
1) j is proper, hence is a closed immersion, (cf. EGA, II. 5. 4. 3.).
2) Since the underlying topological spaces of X and A are
homeomorphic, there exists a unique point ¢ of X over the neutral
point ¢ of A. ¢/, ¢ are k-rational. Then we can assume that j(¢’)
is the neutral point of B.

By virtue of the assumption (E), there exists an injection
of p-Lie algebras j: Der (X/k)—Lie(B) such that the following
diagram is commutative,

Lie (B) > Lie (A)

T J .
0 —» Lie (G) ——» Der (X/£) 2%, Lie (4)
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Since the composite morphism of p-Lie algebras Lie(G) u» Lie(B)
is injective, Lie (G) is commutative because Lie (B) is commutative.
Hence G is commutative because G is infinitesimal and of height
<1. This case was done in the previous paper [4].

Remark. We have only to assume that there exists a mono-
morphism from X to an abelian veriety B.

The second one is:

Theorem 3. Let Y be a complete variety over k and let X be
a connected, reduced Galois covering of Y with group G which is
infinitesimal and with k as its field of definition. Then the Albanese
variety of Y is obtained from the Albanese variety of X as a
quotient by an infinitesimal group-scheme over k, where the Albanese
varieties are understood in the sense of Serre, [10].

Proof. Since G is infinitesimal, G is annihilated by a power
of the Frobenius endomorphism of G. The argument by induction
on the height of G permits us to assume that G is infinitesimal
and of height<1l. If G is so, let B (resp. A) be the Albanese
variety of X (resp. Y) and let j (resp. j') be the canonical morphism
of X (resp. Y) into B (resp. A). The situation is summarized in
the commutativity of a diagram,

GxX:X&Y
k

i,

B—A .

Then, by the argument analogous to the one of n° 2, § 2, we know
that there exists a commutative diagram of Ox-Modules,
0 — Lie (G)®0Ox - Der (X/k) —2*—» ptDer(Y/k)
j %7
j*Der(B/k) ,;(—3)173}1"* Der (A/k) == j*p'*Der (A/k)
P

where the upper sequence is exact. Taking the global sections
on X, we have a commutative diagram of k-vector spaces,
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0 Lie(G) — Der (X/#) 2% T(X, piDer(Y/h)

31

i ., J
Der(B/k) 2> T(X, p%j"* Der (A/k)) ~ Der (4/k)

! l '

Lie(B) Lie(A)

where the upper sequence is exact and where i, 7, P’ are morphisms
of p-Lie algebras over k. Let Lie(G) operate on B through a=7-i
and let B’ be the quotient B/n where n is the image of Lie(G)
in Lie(B) which is an ideal of Lie(B) because Lie(B) is com-
mutative. We assert that B’ is k-isomorphic to A. Let b be a
point of B and let U be an affine open set, small enough, of b.
Let x be a point of X such that j(x)=5b. Take an affine open
set U’ of xin X such that U'cj %(U). For an arbitrary element
t of Og(U) and for an arbitrary derivation D of Der(X/k), by
virtue of Lemma 3, we have D(j*t)=7*(7(D)t)=0 where j* is the
Ring-homomorphism j*(©Og)— Ox at tachedto j. Hence j*(¢) be-
longs to Oy(U’). This means that the morphism j induces a
morphism j” of Y into B’, the map of the underlying topological
spaces being unchanged.

On the other hand, since #'-j-i=7'-px-1—=0, p’ factors to the
composite of homomorphisms p’'=p,-p,. By virtue of the univer-
sality of A, j” factors to the composite of morphisms, j”/=#h-7’.
We shall summarize the situation in a diagram,

x——Px |y

L/
Ry i

where p'-j=j" px, pj=j"bx, j'=0.j", j'=h-j’ and p'=p,-p,.
Then, since p,eh-j'-px=0p, 7" px=D.*D.-j=p"-j=j+px and since
Dx is faithfully flat and A is generated by j/(Y), we have p,-h=id,.
Also, since hp,p,ej=h-p -j=h-j - px=j"-px=p,j and since p, is
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faithfully flat and B is generated by j(X), we have k-p,=idg.
Thus % and p, define an isomorphism of A and B'. q.ed.

Corollary. Let X be a Galois covering of an elliptic curve A
with group G which is a finite group-scheme over k and with k as
the field of definition. Suppose X is connected and reduced. Then
X is an elliptic curve.

Proof. We may identify A with its Jacobian variety. Suppose
G is infinitesimal and of height<1. Then the assumption (E) of
Theorem 2 is verified, taking as B the Jacobian variety J of X.
Also, Theorem 3 shows that the Albanese variety of X is isogenous
to A. Hence the genus of X is 1, i.e. X is an elliptic curve. By
induction on the height of G, the assertion holds if G is infinitesi-
mal. From what we have observed in §1, the assertion is now
trivial. q.ed.

The last one is:

Theorem 4. Let X be a Galois covering of an abelian variety
A with group G which is a finite group-scheme over k and with k
as the field of definition. Suppose X is connected and non-singular
(i.e. lisse)over k. Then X is an abelian variety.

Proof. The argument of §1 shows that we can assume G is
infinitesimal. Let H be the kernel of the Frobenius endomorphism
F; of G. Then H is infinitesimal and of height<1, hence is de-
termined by its p-Lie algebra Lie(H). Let X’ be the quotient of
X by H, ie. X’=X/H. Then X’ is connected and non-singular
over k£ by Theorem 2 of [12]. Since the height of G is finite,
the induction on the height of G allows us to assume that G is
infinitesimal and of height<1. Put B=A?"". Then X divides the

h
Frobenius endomorphism Fy of B, Fg: B—X &( A.

First we shall prove :
Lemma 5. Let the situation be as above. Then h is faithfully

flat.

Proof. Let X’=X?"'. X is also connected and non-singular
over k. The Frobenius endomorphism of X’ is divided by
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’

B, Fxr: X’->B—X. In order to show that % is faithfully flat, we
have only to prove that Fx/ is faithfully flat and that %’ is faithfully
flat. For the faithful flatness of Fy, it follows from the existence
of p-base of the local ring at each point of X’. For the faithful
flatness of 4/, first we shall construct a p-semi-linear morphism
of p-Lie algebras Der(X'/k)— Der(X/k). Since X is complete, the
dimension of k-vector space Der(X/k) is finite. Let »n be the
dimension of X. Then we can find an open covering U= {U,}cp
of X enough fine so that for any global derivation and for any

A of A, there exists a system of regular fanctions {f™},<;<. On
0

U, such that D|U,=X ¥ YL where ¢, t® are local para-
i=1 i
n )
meters of U, and where fﬁ“zgfﬁ“)gi(‘#), i=1,.---,n, on U,NU,.
- J

Take the same open covering U on X’ and put T¢™ =),
i=1,---,n, n&€A. Then T, i=1,-.-,n, are local parameters of

) T M\?_ o™
X" on U,. Then we have 8T§“’> —at:j‘"

D of Der(X/k) expressed as above, we define a section D7, of
Der(X//k) on U)\ by Dbx=é(f(ik))p—1 )
i=1 aT(tM

that {D7,} defines a global derivation D’ of Der(X’/k). This
correspondence D— D’ is bijective and, in fact, is a p~'-semi-linear
morphism of p-Lie algebras. On the other hand, the action of G
on X is determined by the injective morphism of p-Lie algebras
i: Lie(G)—Der(X/k). Let G’ be an infinitesimal group of height
<1 constructed by taking as the structure constants of p-Lie
algebra Lie(G’) the p-th roots of structure constants of Lie(G).
Then it is easy to see that i can be lifted to an injective morphism
of p-Lie algebras 7 : Lie(G’)—Der(X’/k) which determines the
action of G’ on X’. The quotient of X’ by G’ is evidently B.
From this argument we know that 4’ is faithfully flat. Hence #%
is faithfully flat.

Now we shall return to the proof of Theorem 4.*> Consider

For a global derivation

Then it is easy to see

(*¥) The essential line of the following proof was communicated by Prof. J.-P. Serre
in a letter dated April 18, 1967. The author wishes to express his gratitude to
Prof. J.-P. Serre.
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a sequence of Og-Modules

Der (B/k) B pDer (X/k) (), FiDer (A/F) = h*ptDer (A/k).

The existence of p-base at every point of B shows that the above
sequence is exact. However, in n° 3 of §2, we have seen that
the sequence of ©@x-Modules

0 — Lie (G)@0x — Der (X/k) 2> ptDer (A/k)

is exact. By virtue of Lemma 5, we have an exact sequence of
Opg-Modules

h*(ﬁ"l F¥Der (A/E).

0—Lie(G)QOz —— h*Der (X /k)

Therefore the image of % is Lie(G)®(Os. Since B is proper
k

over k and since Op-Module Der(B/k) is trivial (i.e. Der (B/k)
=Der(B/k)Q Og), the morphism Der(B/k)—Lie(G)® O is de-
k k

termined by a morphism of p-Lie algebras Der(B/k)— Lie(G).
In particular, % is determined by a morphism of p-Lie algebras
of global derivations % : Der (B/k)—Der(X/k). The kernel n of %
is an ideal of Der(B/k). Consider n as an ideal of Lie(B). Then,
it is easily verified that the quotient B/n of B by n coincides
with X. Hence X is an abelian variety. q.ed.

Part 11

0. In this part, we shall show that if A is an abelian variety, a
covariant functor of categories G&(Ci(k)) w— E(G, A) = (Ab) is
isomorphic to a covariant functor Ge(Cik)) ww— Ext'(4, G)=(Ab),
(for the notation, see Oort’s book [6] and [4]).

1. First, we shall prove:

Lemma 1. Let X be a Galois covering of an abelian variety
A with a group G which is isomorphic to o, or p, and with the
field of definition k which is algsbraically closed and of positive
characteristic p. Then we have .
Q) If X is reduced, X is an abelian variety.
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2y If X is not reduced, X is isomorphic to a direct product
GCX Xioq, and X, . =A.
k

Proof. Suppose G is a,. Another case is proved analogously.
Embed «, into G,. Then X is embedded into a principal fibre
space P of base A and with group G,,

XX~ X——>A

NN

G, xP——3P—A
k

where j is a closed immersion, (cf. [4]). Let { be a canonical
closed immersion from X, into X. Then j-/ is an isomorphism
of X, onto a closed, complete subvariety of codimension 1 of P
which is an abelian variety, (cf. Theorem of Appendix of [4]).
If X=X,.,, X is an abelian variety. If X+X, ,, it is not difficult
to see that X, ,=A. Hence, X —“—’»ap:X,ed. q.e.d.

Corollary. Let X be a Galois covering of an abelian variety
A with a group which is infinitesimal and commutative. Then, X
can be endowed with a structure of a commutative group-scheme
over k.

Proof. Since G is commutative, G has a composition series,
G,=(e)—G,—~G,—--—G,—>G,,., =G, where each quotient is iso-
morphic to «a, or p,. We proceed by induction on the length
n+1 of G. If n=0, our assertion is nothing but Lemma 1.
Suppose our assertion holds for a group-scheme G of length<n.
Let X’ be a Galois covering of A with a group G/G,, induced
from X by a morphism G—G/G,. G/G, is isomorphic to «, or
pp. By virtue of Lemma 1, X’ is an abelian variety or isomorphic
to a product G/G, X A. For the former case, X is a Galois covering
of an abelian varlety X’ with a group G, of length<xn. Hence,
by the assumption of induction, X is a commutative group-scheme
over k. For the latter case, X comes from a Galois covering X"
of A with a group G, by extending the group G, to G, ie. X
Gx X"[G,, (cf.[4]). X" is also a commutative group-scheme over
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k. Then it is easy to see that Gx X”/G,=~X is a commutative
group-scheme over k. q.e.d.

Now, consider a general case. Let X be a Galois covering
of an abelian variety A with a commutative group-scheme G over
k. Then G is decomposed to a direct product G.4xG;,, where
G,.¢ is the maximal infinitesimal subgroup of G. Restrict the
group G to G4 to give a Galois covering Y=X/G,,,

GxX—3X—A
k

Lo

,edX Y.__—__; Y—-)A-
k

If Y is connected, it is immediate to see that Y is an abelian
variety. In general, if Y is not connected, take a connected com-
ponent Y, of Y and denote by H the subgroup of G,, formed
by elements g such that gY,=Y,. Other component of Y is of
the form gY, where g is an element of a classe of G'=G,./H.
It is evident that if we restrict the group G4 to G’, Y is changed
to a direct product G/>,.<A' Therefore, there exists a Galois

covering Y’ of A with a group H such that Y;G,edx Y'/H. It
is easy to see that Y’ is k-isomorphic to Y,. Since Y, is connected,
Y’ is an abelian variety. Let G” be a subgroup HXG;, of G.
As X/G"=Y[/H=G"x A, there exists a Galois covering Y” of A
with group G” such that X=>Gx Y”/G”. If Y” is a commutative
group-scheme over k, then X is so. On the other hand, Y”/G,
=Y,=Y’. Thus we are reduced to the situation of Corollary to
Lemma 1.

Theorem. Let X be a Galois covering of an abelian variety A
with group G which is finite and commutative and with k as a field
of definition. Then we can regard X as an element of Ext'(A, G).

2. In the previous paper ([4], Theorem of Part I), we proved
that a covariant functor G (k) ww—> E(G, Y) < (Ab) is pro-
representable if Y is an irreducible variety. Denote by F°(Y) a
profinite group €Pro(C¥k)) which pro-represents the above functor
and which is determined up to isomorphism. For an abelian
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variety A over k, the above Theorem shows us that F°(A) is
isomorphic to a profinite group of Pro(C¥k)) which pro-represents
a functor G(C¥k)) ww> Ext(4, G)(Ab). Thus we know F°(A)
=z,(A), =,(A) being defined by F. Oort in his book [6].

3. We know that the category C:(k) of finite commutative group-
schemes oves k which is algebraically closed and of positive
characteristic is decomposed to a direct product of four categories,
Ay, Apry Ay, and A;;. Then any object G of Cik) is decomposed
to a direct product, G=G,,xG,,;xG,,xG,,;, corresponding to the
decomposition of categories. Here, G,,XG,, =G, and G,,xG,,
=G, . Analogously, for an abelian variety A over k, we have
Ext(A4, G)=Ext(4,G,,)x Ext(4, G,,) x Ext(4, G,,) X Ext(4, G,;) and
7 (A)=77(A) X 7T (A) X 7}"(A) X ntY(A), where =i(A) is a profinite
group in Pro(.f;) which pro-represents a functor Ext(A4, *) from
(A;) to (Ab), i=rr, 7l, Ir, Il

Finally, we shall give :
Proposition. Let A be an abelian variely over k. Then we have :
(1) n,;r(A): ) H (ZJ)Zdim(A).

: prime
I+p

(2) =i (A)=(Z,), where s is an integer such that p° is the number
of points of the kernel of the multiplication by p on A.

(3) =i(A)=(K.), (cf. [6D.

4) =M(A)=F (A/(Cm)s) where F (A/(Gm)’) is the profinite group of
Pro(A,,) which pro-represents a functor G (,;)) wwv— Exta(A/(G,,)",
G)=(Ab), and where A and G,, are commutative formal groups
attached to A and G,, at their neutral points, (cf. [5]).

We omit the proof.

Kyoto University.
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