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In  [ 1 ] ,  the numerical characters v*  and T
* o f  singularities

were introduced and some basic theorems were proven in regards
to  the effect o f permissible monoidal transformations on those
characters under the assumption that no inseparable residue field
extensions occur in  the monoidal transformations. They are, of
course, satisfactory in  th e  study o f  singularities o f  algebraic
schemes in which the residue fields have characteristic zero, and
played a role of vital importance in the resolution of singularities
in  characteristic zero . Inseparable residue field extensions are,
however, inevitable in the monoidal transformations of algebraic
schemes over fields of positive characteristics or over the ring of
integers. A s  was done in  [1 ], i f  only separable residue field
extensions are involved, many of the theorems about the behavior
o f  v* and T

* can be reduced to the case of trivial residue field
extensions. Namely, we replace the given scheme by suitable
local eta le  coverings. This approach fails completely if an  in-
separable residue field extension is involved, and, as is done in
this paper, an essentially different approach must be taken. At
one crucial point, I make use of Hasse differentiations. This was
inspired by [ 2 ] ,  Proof o f  Lemma 7. 1, p. 4 8 6 . In  a  subsequent
paper, the theorems o f  this paper will play important roles in
proving the resolution o f singularities of an arbitrary excellent
schemes of dimension 2  by means o f quadratic and permissible
monoidal transformations.

*  T h is  w ork was supported by A lfred P . Sloan Foundation.
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Throughout this paper, Z  will denote a  regular scheme, X  a
closed subschem e o f Z  and  x  a  p o in t  o f  X .  T o  analyse the
singularity of X  a t  x , w e extract a  certa in  system  of numerical
characters of the ideal of X  in  Z  a t  x .  J  being th is ideal, w e
have defined p*(J) and T * (J) , which are also denoted by ( X / Z )
and  T (X /Z )  respective ly . (c f  [ 1 ] ,  C h. III, §  1 , D ef. 1 , p. 205 ;
§  1 , Def. 2 , p. 207 ; §  1 ,  Def. 4 ,  p. 209; §  4 ,  Def. 6 , p. 2 2 1 )  The
la s t in teg e r  Tc"( J )  o f th e  system  7- * (  j ) ,  where t =t ( J) ,  will be
simply denoted by T( J )  or by Tx (X / Z ) .  (cf [ 1 ] ,  Ch. III, § 4, Def.
6 , p. 221.)

L e t  R  ( r e sp . M , r e sp . k )  b e  th e  lo ca l r in g  (re sp . maximal
idea l, r e sp . residue field) of Z  a t  x. Both v ( J )  and  T (J) are
extracted from th e  graded (o r homogeneous) ideal grm (J, R ) in
th e  graded k -a lg eb ra  grm ( R ) .  (c f  E ll ,  C h . II , §  1  an d  §  2 , pp.
1 8 0 -1 9 7 .)  Let k , K  be any field extension, grm (R) K = grm (R)O k K
a n d  grm (J, R ) K =g rm (J, R)(10 k K ,  w h ic h  is  a  g r a d e d  id e a l in
grm (R) K . In the same way a s  v*(J) and T*( J )  are extracted from
grm (J, R ), w e d o  P*(J)K and T*

( J )K  from grm (J, R) K . Namely,
le t ( p „ . • • ,  cp,n )  be a  standard base of  the graded ideal grm (J,R)K ,
i. e . ,  a m in im al b ase  consisting o f homogeneous elements p i  o f
monotone non-decreasing degrees for j = 1, 2 , • ••, m . Then v*(J)K
=(deg cp„•• • , deg p m , 00, 00 ,•••) and T(') (J) K =rank K T(1 )(J) K , where

(1, 0, 1) ( p ,  , • • • ,  p t )  being the  sy stem  o f  distinct integers, in the
increasing order, w hich appear in v *(J) K ,  T ( ' )(J) K  i s  the smallest
K-submodule T o f  g r1 4 (R)K  such that

gr'14(J, R) K = g r(R ) K n (grm u, n K [T ]) grm (R)K

f or all in tegers  ( 1 .1 < . i < t . )  A l s o  w e  d e n o t e  the integers t
and A i  by t(I)K and A ( i ) ( J) K ,1 <i<t ,  respectively . When the suffix
K  is omitted, it should be understood that K =k — R IM . (cf [1 ] ,
Ch. III, § 4 , L e m m a  1 0 , p . 2 2 1 .)  Then le t  7* (i)K — er(J)K
T( "(J)K ) with t=t ( J) K .  W e write T:(X /Z)K for T*(J)K.

I t  is  e a sy  to  s e e  th a t  a  s tan d a rd  b a se  o f grm (J, R )  i s  a
standard base of grm (J, R ) K , so that always v*(J)K= v*(i), l i c i ) ( J ) K
=  ( ' ) ( J )  and t(J) K = t ( J ) .  Moreover, if k--)-K  is separable, T*(J)K
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J ) .  (cf [1], Ch. III, § 4, Lemma 12, p. 223). In general, r* C n ic
can change depending upon K  but always

(1, 0, 2) T " )(J )K _T (J )K , i f  k->K-->K' .

This can be easily deduced from (1, 0, 1). Moreover, it follows
immediately that

(1 0, 3) 7( i ) (J)T,= m i n  { -7- C nK }, w here k  i s  the algebraic closure

of k. W e shall write  i ) ( I )  (resP . T- * ( J ) )  for r ( i )(J )ii (resP . T * ( p i ) .
As before, " t ( J )  denotes the last integer t ) (  J )  of œr- *( J), F il(X / Z )
=if*(J) and ifx (X / Z ) - -- f ( J ) .

In  this paper, I  propose to generalize Theorems 3 and 4 of
E ll, Ch. III, §5, pp. 233-234. L e t  Y  be a  closed subscheme of
X  such that the monoidal transformation 7 r: X '-> X  with center Y
is permissible, j. e.,

(1, 0, 4) Y  is irreducible and regular, and X is normally flat along
Y .  (cf [1], Ch. 0, § 4, Def. 1, p. 135.)

This permissibility is a special case of [1], Ch. I, § 1, Def. 6, p.
167. The condition (1, 0, 4) at the point x can be expressed in
terms of the local ring R , the ideal J  and the prime ideal P  of
Y in R .  For this, see Di, Ch. III, § 5, Def. 8, p. 226. Now, let
p: Z -- , z  be the monoidal transformation with center Y. Then
X ' can be canonically imbedded in  Z '  and identified with the
strict transform  o f X  in Z ' by p .  (cf [1], Ch. I, § 1, preceeding
paragraphs of Def. 6, p. 167.) The goal of this paper is to prove :

Theorem (1 , A ). Let the assum ptions be the sam e as above ;
abov e all the regularity  o f Z  and the permissibility  o f a% Let x'
be any point of X ' such that z (x ')----x . Then:

(1, A , 1 ) A lways 0 ( X I Z )  vt,(X' I Z') .

(1, A , 2 ) I f  t h e  e q u ality  h o ld s  i n  (1, A, 1), t h e n  T̀ t)(XIZ)K
<Tc; , ) (X' I Z ')K

fo r  all i  and for all f ie ld  extensions k->k'->K, where k->k' is  the
canonical h om om orp h ism  of the residue f ields at the points x  and
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x ' ; in particular,

ii--( (X/Z)<ir-(,)(X '/Z')

f o r all i.

Remark (1, A*). We shall later see that, in the situation of
(1, A, 2), if the strict inequality holds for one i  then the same
does for i +1. Intuitively speaking, (1, A ) says that a permissible
monoidal transformation does not make singularities any worse
in terms of the numerical characters (v*, -7-*) in lexicographical
ordering.

Theorem (1, B). L e t  {a a > 0 ,  b e  a n  infinite
sequence o f  perm issible m onoidal transform ations, and {pa, :  Z ,

th e  sequence of  m onoidal transform ations w ith  th e  same
centers, where Z 0 =Z  and X o = X .  L e t {x,.} be an  infinite sequence
of  points x „ X „, w ith x 0 = x  and 71 x ,,)= x 0,  f o r a l l  a > 0 .  Let
k. be the residue f ield of  Z a, at x 0„ and let (lim k a,)- .K  be a f ield

ex tension. T hen there ex ists an  integer a  such that

(1,%(X 1Z a,), Tt o,(X 01.ZOK)

= (V to(Xg/Z0), Ttp(X1314)10

f o r all a and  13 > a .  The same holds if  T *( ) K  is replaced by Fr- *(

Again intuitively speaking, any singularity can not be improved
indefinitely in  the sense o f  (v*, -74 ),  so that the problem of
resolution of singularities is reduced to find a finite succession of
permissible monoidal transformations which actually improve given
singularities.

Theorems (1, A) and (1, B) correspond to Theorems 3 and 4,
respectively, o f  [1 ], pp. 233-234, and the essential point here is
that the residue field extension k- .1?' is not assumed to be separ-
able algebraic. (c f Proofs of Ths. 3 and 4 o f [1 ] loc. cit.)

The proofs o f  (1, A ) and (1, B) will be given after several
lemmas below.

Lemma (1, 1). L et k [, 77] be  a po ly nom ial ring  w ith  s+ r
indeterminates and 77 =(ni , ' • '  71 r ) )  w here  k  is a  field.
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L e t g , be a  f o rm  o f  degree vi  i n  4 7 2 ],1 < i< m - 1 ,  an d  g *  a
polynom ial of  degree y  in  k[ ,  72] such  that g * E ( n ) k [,  7 2 ]  with
an integer tt >0 . Let R  be a  localization o f  k[ , 7i] by a prim e ideal
containing all the 17; , 1 < j < r ,  and Q the m ax im al ideal o f  R .  I f
there ex ists a i c R , 1 < i < m - 1 ,  such that

m - 1

(1, 1, 1) g*—  E a i g i c Q'1 +1

then there ex ist bi E k M  721 1<i<m - 1, such that deg bi <v— v i ,
bi E ( n ) 'i 77] f o r all i ,  and

(1, 1,2)g * —  E  bi g i c Q 14 "

Moreover, i f  A = y ,  then we can choose such bi  so that bi  i s  a form
o f  degree v i  i n  k [n] f o r all  i ,  and

(1 , 1 , 3 ) g* = E bi g,.

P ro o f . Both R  and  R /(72)R  a re  regular. Hence 72 can be
extended to a regular system of parameters of R , say (72, e'). We
shall first prove that the a i  i n  (1, 1, 1) can be so modified that
a1 e Q 1 1 - 'i  for all i. Let pi =v Q (ai ) , the Q-adic order of a i ,  and let
p=m in i (v i + pi ). Let k= R IQ , and consider the graded k-algebra
gro ( R ) .  Let A i be the image of a i  in  giV i( R ) ,  and G. the initial
form of g , in  grQ ( R ) .  I f  a t E E Q i  for at least one i ,  then p<p,
and (1, 1, 1) implies that

E  A i Gi =0

Since grQ (R )=Egr,e,(k[C,17])]O k k  canonically, we can find a
finite system {u1 } ,u ; E R , and forms bi ;  in  le[V ,n] of degree p— v,
such that the images U. ;  o f  u ;  in  k  are k-linearly independent and
that if  B i ;  is  the initial form of bi ;  in  gr,e ) (k[r,  n]), then

A,— J B1J UJ .

By the independency of U5 ,  we have

E  B u G, = 0  for a l l  j .
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Since g i and bi ;  a r e  forms in k [ ' ,  n ],  this implies

E  (  E ;  bi ; u1 )g 1 =0 .

Let ai ' —ai — E ; bi . i u; , 1<i<m —  1. Then we have a,' E Q ( P + 1 i for
a ll i, and (1, 1, 1) holds if  th e  ai a re  replaced by these ai '. By
repeating this process (at most ,u,— p  times), we can achieve the
desired situation . From now on, we assume that a i E Q i  for
a ll i, 1 < i < m — 1. Now, let 1 ?=/?1 ( r) R .  W e h av e  a  monomor-
phism k [7 7 ]-4  and the image of 77 is a  regular system of para-
meters of P .  W e have k = i?- /O, w h e re  —(77) f? = the maximal
ideal o f P . L et u s choose a  se t o f elements { cox} ,  wx E R , such
that i f  65, is the image of co, in  k, then { }  form a free base of
k as k-module. We can choose {cox } so that if  co is any monomial
in then the im age CO of co in  k  is  a  k-linear combination of
those (75, such that cox a r e  monomials in o f degrees

deg w . W e  h ave p ( R ) =g r, , ( k [n ]) 0 ,k ,  w h ere  ()= ( ) k [ ] .
Let g *  be the image of g *  into g r ( ) .  We can write uniquely

(1, 1, 4) g*— Ex ii3x0
where et E gr ( ') (47111). Let ai b e  the image of ai  into g eo - 'i(R ),
and g i that of g i into g r , k [ ]  for all i. Then, by (1, 1, 1), we
get

HI - 1

(1, 1, 5) E

We can write eii = E x ai ,65, with d i ,E g r c o ( k [n ]) .  By comparing
(1, 1, 4) and (1, 1, 5), we get

ng -

(1, 1, 6) g;t14 E diAgi

for every x  which appears in  (1, 1, 4). Since deg g* =v, g *  is a
linear combination of monomials in i f  degress < v -  with
coefficients in k [n ]. Hence, by the selection of {W}, those co,
which actually appear in  (1, 1, 4) are monomials in o f  degrees
< v - u .  Now let a,, k [n ] be the form whose in itia l form in
gr,,(k [n]) is equal to ad ,. Let A be the set of those X for which
co, are monomials in o f  degrees <  p .  Define
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(1, 1,7) bi= E
NEA

for each 1, 1 < i < m - 1 .  These b. t h e  required properties in
Lemma (1, 1). For instance, (1, 1, 2) can be shown as follows.
Let h = g* - E  bi g , .  Clearly h E (77)1 1U ,  721  so that h E (ny. R.
On the other hand, by (1, 1, 4)-(1, 1, 7), the image of h in k  is
contained in  Or ''+'. This means that hE(n)i4 +1 1 ?+( n R .  Since

, 77) is a regular system of parameters of R , we get

h (72r R  n R  +(g')R c (n) (n, .

In particular, h  CP+1 . Moreover, i f  A= v, then g *  is a form in
k [ ] .  In (1, 1, 7), only cox =1 appears, and bi is  a form of degree

vi in  k [ ] .  T h u s  h  is  a form of degree IL  in k [].  S in c e  n
extends to a  regular system o f parameters o f R , heQ" -± ' then
implies h= O. Thus we get (1, 1, 3). Q.E.D.

Let A  be a commutative ring. A  Hasse differentiation is a
sequence of endomorphisms of A  as additive group (not as ring),
say {c/} for v EZ, , such that

( 1 ) d o(x )=x  ,

( 2 ) d,(xy )= E d (x )d o (y ) , and
o3-If3=1,

( 3 ) da,(dp(x))= ( a  +
a  I d o, + 0 (x)

for all x, y E A and a , /3 Z 0 .Z o

Remark (1, 2, 1). Let A  be either a polynomial ring k [x ] or
a power series ring k [[x ]] ,  where k  is a ring and x = (x„ • ••, xs )
a system of indeterminates. Then there exists a natural system
of Hasse differentiations

(d(", d") ,.• • , d )

where d '° -  { C ) },1, Z o , such that, t being an indeterminate over A,

gEA - E  d ( g ) rE  A [ [ t ] ]

in the unique homomorphism o f k-algebras : A ->A [[t]] with
ypi (x )= x 1 for all j *  i  and 99i (x i ) = x i +t.
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Remark (1, 2, 2), Let d = v  Z o,  be a Hasse differentia-
tion o f a  rin g  A .  Let S  be a multiplicative subset o f A  and
A' =S - 1 A , the localization. Then d  is un iquely extended to  a
Hasse differentiation of A'.

Remark (1, 2, 3). Let d  and A  be the same as in  (1, 2, 2).
Let Q  be an ideal in A .  Then we have

da,(Q13)c

for a ll a, g>o, where Q =A i f  1 3 < a .  (The proof is done by
the property (2) of Hasse differentiation and by induction on the
pairs (0, a ) .  It follows that d induces a unique differentiation in
the Q-adic completion of A).

I f  e  i s  a  k-module with a ring k , then k [e ] will denote the
symmetric tensor k-algebra of the module e. For instance, if k  is
a field and e  is  a k-module of rank N , then k [e] can be identified
with the polynomial ring of N  indeterminates (x„.••, x„,) over k,
where ( x „ • • . ,  xN )  is  a free base of the k-module e. I f  x =x, for
instance, then k [x - le ] will denote the polynomial ring k [x ,Ix „•••,
x N lx i ] .  Note that k [e] has a natural structure of graded k-algebrs,
while k[x - 1  e l  has only a natural structure of k-algebra (without
any natural grading). k [ x 'd  is the homogeneous part of degree
0 in the localization k [e][x - 1 ]  o f k[e].

L em m a (1, 3). Let e  be a fin ite  k-module and e ' a k-submoduk
of e , w h er e  k  i s  a f i e l d .  Let (h„ h 2 ,.-, k m )  b e  a s y s t em  o f  fo rm s
in k [e], and vi =degh i , 1 < i < m .  Let x o Ge— e', R  a lo ca liza tion  of
k[x iT le] and Q  the maximal id ea l of R .  Suppose

( 0 ) v ,,> 0 ,

( 1 ) h i  E k [ e l  f o r  1 < i < m - 1 ,

( 2 ) E Q  f o r  a l l  x 'E e %  and

( 3 ) t h e r e  e x i s t  a i E R , 1 < i < m - 1 ,  su ch  th a t

E  a1g 1 Q m
i=i

w h ere  g 1 =h 1x i E R , 1 < i < m .
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Then there exist forms bi  of  degrees vm —v i  in  k [e], 1<i <m  — 1,
and a k-m odule e" w ith eD e"D e ' such that

(a) xi,- lx "  E Q  f o r a l l  x " e " ,  and

(b) hm — E  bi h i E k [e "].

P ro o f . L e t  e"= { x E e l x 1 x E Q} . Then, b y  (2 ) ,  w e  have
e iD e " e '. Without any loss of generality, we may assume e"=e'.
Let us pick a free base (y, y r ) o f  e'. T h en  (y, ,••., Yr -X0)

extends to a free base of e , say ( v ,.•., Y r  x l )  ) )•  I  x3). Identify
k [e ] with the polynomial ring Kx, y ]  with x—(x, ,•••, x s ) and

yr). I n  this sense, if h E h [e ], 4(h) will denote the
number of those terms o f h  whose degrees in y are less than um .
Given hm ,  consider various forms bi  o f  degrees vm — yi in  k[e],
1 <i<m  — 1, and  le t q  b e  th e  smallest integer obtainable as
q = 0 (h m -  Er:11 bi h,). I f  q= 0, then with such b ,  the assertion (b)
is established. Suppose q > 0 .  This will lead to a contradiction.
To begin  w ith , w e m ay replace hm  w ith  su ch  a  difference
hm — b i h i  as above (and accordingly, a i b y  a i —bi f o'i 'm  for all
i), and assume th a t q =0(11m ). L e t  ni =y i /x „  1 < i<  r, and

; =-Ti/x0, l<  j < s .  We shall speak of grading in le[ ,  n ] in terms
of ,•••, s) and 77 =(72, ,•••, nr ). Let p ,  be the largest integer
such that g (72)"1 1?M  n ].  W e  have ,u< v „ „  because ,u, =p„ i  im -
plies q = O . Let g ' be the sum of those terms of gm  whose degrees
in n are equal to p .  Then the assumption (3 ) implies that

m-1

g' — E  asi  E .

I f  g iE k [n ]  and hence g ' is homogeneous, then the last part of
Lemma (1, 1) implies that there exist forms bi '  degrees pt - v i in
k[n ] such that

m - 1

g' =

Then, with b1 =b i '4 . ' i  fo r  1 < i < m -1 , we get 0(h,„— Er=1 bihi)
<q , which contradicts the minimality of q. T h u s  g ' k [].  P ic k
a term of g ' of the maximal degree (=deg g'). Write it as c r e '
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where c  k, a =(a„.• • , as) andRi , * • . , (ct 0) We then have
at least one a i , > O. P ic k  one such i ' ,  and define a' —(ai' ,• - •, a ;)
by al  =a ;  for j * ir and a /  = a i

,  — 1 . Let (d ") d ( s), a ( 1)  2 •• • , 8 , r ) )

b e  the Hasse differentiations o f  k[ ,  72] corresponding to the
indeterminates n ) in  th e  sense o f  Remark (1, 2, 1). Let
d=c1,,a,;•-dy ). The extensions of those differentiations to R  will
be denoted by the same symbols. (cf Remark (1, 2, 2).) The as-
sumption (3) implies, by Remark (1, 2, 3),

m -1

(1, 3, 1) d(g)—  E d(a i )g, E

where a '  = a,' + • • • + a 5 '. C learly d does not affect degrees in 77.
Hence d(g ')  is the sum of those terms of d ( g )  whose degrees in
n  are equal to A .  Moreover, lce'l =IaI —1, lal + IRI <vm and
I/ 3  = .  Hence pm — a' !> p,+ 1. Therefore (1, 3, 1) implies

d(g 1)— E i _ i

By the selection o f d, d(g') has degree =  +  and has a non-zero
term  c i i.770 o f  degree + 1 .  B y Lem m a (1, 1), there exist
b1' k [ ,  71], l< i <m - 1 , such that d e g  b 1' bi' E(Ti) - vi
k[ ,  7 7 ]  for all i ,  and

(1, 3, 2) d(g')—  E .

Let g "  denote this difference.
I claim that has a non-zero coefficient in g " for some /3.

Suppose this is not the case. Then let bi "  be the sum o f  those
terms of bi ' which are divisible by T h e n  E;!',.1 b i "g i  is the sum of
those terms of d(g') which are divisible by i . L e t  b,`
which is a  form of degree v — vi in  k[x , y ] .  Er_- ,1 b n i is then
equal to the sum o f those terms o f  h„„, which are divisible by
r x m  (an d  h ave  degree p, in y by the selection o f p ).  This sum
is  n o t zero, and we get the contradiction i$(h,n — b n i)<q .
W e co n c luce  th a t  i /77f3 h a s  a non-zero coefficient in g " .  Let
8 =8g ) •••8K) . W e have 1,31 = a and (1, 3,2) implies

(1, 3, 3) 8(g")EQ .
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(cf Remark (1, 2, 3).) W e have deg g" < p, + 1  and deg 6(g") 1.1.
But has a non-zero coefficient in 8 (g ") . Hence 8(g") has degree
1  and is not contained in  k[ ] .  Therefore (1, 3, 3) implies that
the element x"-----x08(g")Ee has the property (a) of Lemma (1, 3).
By the assumption on e ' in  the beginning of the proof, we then
get x " E e '.  This is absurd because 8(g") ,EPle[n]. Q.E.D.

Let x  X c Z  be the same as those in the beginning of this
paper. Let R(resp. M , resp. k )  be the local ring (resp. maximal
ideal, resp. residue field) of Z  at x. By assumption,

(1, 4, 1) R  is regular.

Let J  be the ideal of X  in  R . Let Y  be a  closed subscheme of
X  which contains x .  Let P be the ideal of Y  in R . W e assume
that Y is regular at x , j. e.,

(1, 4, 2) R I P  is regular.

Let p: .7 ---> z be the monoidal transformation of Z  with center Y,
and X ' the strict transform of X  in  Z ' by p ,  so that p  induces
the monoidal transformation : with center Y. Let us pick
any point x'G X ' such that 7r(f ) - -

-
x  and let R ' (resp. M ', resp. k')

be the local ring (resp. maximal ideal, resp . residue field) of Z'
at x'. Let J '  be the ideal of X ' in  R . According to th e  ter-
minology of [1 ] ,  Chap. III, § 2, pp. 209-217 (esp. Definition 5),

(1, 4, 3) R ' i s  a  m onoidal transform  o f R  w ith center P , and J '
is  the strict transform  o f J  in R ' (w ith respect to  the center P).

We want to show that if  p : Z — , Z  is permissible for X  at x  (or,
P  is  a  perm issible center fo r J  in the sense of [1 ] ,  Ch. III, § 5,
Definition 8 ,  p . 226), then pt.( X /Z ) ,p ',( X '/Z ') .  A s  is shown
below, this question is related  to  a certain question about T (J )
defined by :  T (J )=  T t (  J )  with t= t(J), e.,

(1, 4, 4) T ( J )  is  the smallest k-submodule of  grim (R ) such that

grm (J, R )= (g r m (J , R) n k [T (J)])grm (R) .

(cf [1 ] ,  Chap. II, § 2, p. 189, for the definition of grm (J, R ), and
C hap . III, §  4 , Definition 6  and Lemma 10, p . 2 2 1 .)  W e  have
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rank k T (J)=T (J)=T x (X 1 Z ). The question is  about the inclusion
relation between T (J) and E(R ' IR ), where

(1, 4, 5) E(R' IR ) is  the im age of  PM' nR into gtam (R).

The ideal PM' n R has an obvious geometric significance. Namely,
let D  be any regular subscheme of Z  through x. Then the strict
transform o f D  in Z ' by p  goes through x' if and only if the
ideal of D in R  is contained in PM' n R .  Moreover, there exists
such D  (not unique) with E(R ' IR )= the image of ID  into grim(R).

We want to prove that : I f  P  i s  a permissible center f o r J
(loc. cit.) and  if  v * (J)<v *(f ) , then

(1, 5, 1) T(j)c E(R / IR ),

(1, 5, 2) p*(J)= v*(J'), and

(1, 5, 3) 7-ci ) (J) K <T'i ) (J') K  f o r  a l l  i  and f or a l l  f ield extensions
k—>k'—>K.

Theorem (1, A) will easily follow from these. But, to prove
Theorem (1, B), we need more detailed results than these.

Let us pick ( f ,  , . . . , f ) ,  A EI and such that

(1, 6, 1) it ex tends to a standard base of  J.

(cf [1 ], Ch. III, § 1, Def. 3, p. 208; it means that the associated
system of initial forms in grm (R ) extends to a standard base of
grm (J, R ) in the sense of the paragraph above (1, 0, 1).)

(1, 6,2) v p ( f i )—vm ( f i ) f o r all i ,  1 < i< ,  a n d

(1, 6, 3) i f  h ,  i s  t h e  in i t ia l  f o rm  o f  f i  i n  g r m ( R ) ,  then
/R )] f o r all i ,  i< i< p .

There exists an element x o P  with (x ( ) R ' =PR '. Pick any such
xo . Let vi = vp ( f i ) and g i = x i  f  , 1 < i < p .  Let us choose a regular
system o f  parameters (y, x, z) o f  R ,  w here Y — ( Y i  > * * * ,  Yr),

x = (x„ x„-- • , x 3 )  and z = (z„ • • • , z 1 ) , such that

(1, 6, 4) the initial form s of  the y ;  in  g r m (R) f orm  a f ree base of
the k-module E(R1R), and
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(1, 6, 5) P=(y , x )R .

H ere xo m a y  b e  th e  o n e  p icked  above. L e t  A =R [x (T iP]
=12[xcT l x„.-•,x(T i xs, x6- 1 .31i,•••,x(V.Yr]. Then there exists a prime
ideal N  in A  with R '  A N  . Let yi' = xV.Yi , 1<i < r .  Then (y', x o , z)
extends to a  regular system  o f parameters (y', x,, x ',  z )  o f R',
where x'= (x,' , • • • , x 0  with suitable x i ' E R ' and s' < s.

Let e  (resp. x i  , resp. y'1 )  be the image of P (resp. x i ,  resp. y1 )
into grlm ( R ) .  Then we have a canonical isomorphism g? : A IMA
— >k[elx], induced by the natural homomorphisms R - 4  and P/x 0

—*e/ 0 . L e tN = N / M A . (Recall R' = A N .) Then, by localization,
(p extends to a homomorphism

(1, 6, 6) ‘If : R ' , S =k [e/X O]Ç,( )

w h ich  is  surjective and whose kernel is  M R ' =(x 0 ,  z ) R '.  Let
xo', 2 ' )  be the initial forms (all linear) o f (y ', x„ x', z) in

grm , (R'), so that grm / (R ')=k ly ',  y , ' ,  x', k1' induces a homomor -
phism of graded k'-algebras

(1, 6, 6*) :

with p(IV )S, which is surjective and whose kernel is (x 0', 2 ')
grm

, ( R ') .  As y/x0---- (yi/x0 ,•••,y r /x0 )  extends to a  regular system
of parameters of S , we obtain an inclusion 49/xj—.gr0 (S) which
maps each yi lx 0 to  its  initial form. In this sense, we view

(1, 6, 6**) 49/X0] grQ (S)
The natural inclusion k c k ' and the substitution of variables define
a k-homomorphism

(1, 6, 7)X :  10 ] - - - 41.91
such that x(b)=9 3 ' , I< j < r .  Clearly, X is related to Ap•* by

(1, 6, 7*) **(X (h))=h1.fo' for ev ery  form  h  o f  degree y  in  10 ] .
Let us remark

(1, 6, 8) I f g , "  w ith g i " E M R ' such that vm ,(g i ') >v i ,  and
i f  hi ' i s  the im age o f  g ,' into gr,,, , X R '), then

— x(hi)mod ( ' 2 ')gr,,,(R ') .
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In fact, (1, 6,3) implies that f i = f , '+ f , "  with some f / E ( y ) i R  and
v m (f i")> vi . Then x r i f i "E  MR', so that ilf (g,')=1,11.(g,)=4,(xri f i ')
= h, I = ** (X (h ,)) . Hence **(h,')= ilp*(x (h ,)). The conclusion of
(1, 6, 8) follows.

(1, 6, 9) Let P> 0 and 81' form s of  degrees v - p ,  in  k I9 1 11, 1 <i<p ,
such that

A -1
E  5/x(h i ) 0  .

Then we can choose d i ' E ( y ') ' i R ' such that d /g ,E M R ' and
3,' the im age o f  d ,' into g rm , ' - 'i(R '). In fact, pick a free base
{04,} o f  th e  k-module k'. Write 8/ =E n  x(Ei n )(on w ith  81,,E  4 9 1
Then the assumption of (1, 6, 9) implies

(1, 6, 9, 1)
p -1

E  E i n hi = 0
i

for a l l  n. Pick any e i n e ( y ) ' - 'il? such that Ei n =  the image of e,,
into g rM 'i ( R ) .  Also pick any u „E R ' such that con =  the image
of u,„ into k'. Let d , '=  E n  (e,,,14 - 'i)u n . Then it is clear that
the image of d , ' into grm i' - '1(R 1 )  for all i. Moreover, E.7:1
= n  un x (  E7:1 e, f l f ,). For every n, e , , , f ,E M " 'n f »  =M P'
so that x r E 7 :1  e,,,f , E M R '.  Hence E';_7.1 d ig ,E M R ', as is claimed
in  (1, 6, 9).

If v(J')_>_7,( 1 ) ( J) ,  then we have pm ,(g i ) -  vi (c f  [1 ], Chap. III,
§, 3, Lemma 8 , p. 217) so that v(1 ) (f )=  v ("(J)  and g ,  extends to a
standard base of T .  This fact generalizes itself to the following

L em m a (1, 7). A ssum e (1, 4, 1)-(1, 4,5) a n d  (1, 6, 1)-(1, 6, 3).
I f  (111 ) (J),•••,v (P ) (J) )<(v " ) ( f ) ,•••,v (P ) ( J ') )  i n  t h e  lexicographical
ordering, then there ex ist g ,"E (g „••• ,g ,_ ,)R 'n M R ', i< i< p ,  such
that (g,' ,•••, g i , ')  w ith g , '= g , - g , "  extends to a standard base of  J'.
Moreover, we have 7» ) (J)=7 » ) ( J')  f o r all i <p,

P ro o f . A fter (1, 6, 8), the proof of (1 , 7) is reduced to find
g , "  (g„. • • , n MR' such that vm ,(g i i) > pi with g ,' = g ,-  g ," for
all i < p .  In fact, since (h ,.•••.h i ,)  is a minimal base of the ideal
which it generates in  g rm (R ), (1, 6, 8) implies that vm ,(g,') v i for
all i  and that the initial forms of the g ,' in  g rm /(k )  form a mini-
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mal base of the ideal which they generate. Now, the existence
of such g ,"  will be shown by induction on p .  This is already
done for p = 1 .  Thus, assume p> i and that we have found g,"
fo r  a l l  i < p .  W e  lo o k  fo r ci E R ', 1 <j<p -1 , such  that g p "

E7:1 E M R ' and vm /(gp —gp " ) ._ vp . Suppose such {c3 } does
not e x is t . Then pick one fe n  for which E 3 :1 0 g 3 ' Em R ' and, if
g*=gp—  E 7 :1  c g i, the number p, =-vm l(e )  i s  the maximum for
various such {cl} . So  vm ,(g*)---- <v p . W e have Ilf(g*)=A k(gp )

Alf* (X(h p )). Since de g h p  v  p > it, the initial form of g* in g r
say h * , belongs to the ideal (V  . 2') grm i(R '). By induction assump-
tion, (g,' ,••• , gy ,) extends to a standard base of f  and v 1 (J)
= -7 /"(f)  fo r  a l l  i <p  — 1. Hence, th e  inequality assumption of
(1,7) m eans v(P) ( J ) < I P ) ( f ) .  It follows that, if  111'  i s  the initial
form of g , ' in  g rm

, (R ')  fo r 1 < i< p - 1 ,  h* E(h,' , • • • , 11 _,) gr m l(R').
Namely, there exist forms S i  o f  degrees IL—  V i in  g rm i(R ')  such
that h *  E7_713,h1'. By (1, 6, 8), h i ' —  X (hi) (X:0 ', 2 ') grAAR') where
X(h i ) E y ' ] .  Let us write

8i= EA 8 IiAX/ A  +  81"
where S'i A  E k 1 9 1  fo r  ev e ry  A =(a„••• ,a s/) with non-negative
integers a;  and 8,"E(X 0 ', grm i(R '). We have h* E 2 ' )  grm '(R ').
Therefore we get ( A(EA ViAX'A )X(h,) =0, so that E7:1 V A X(hl )
= 0  for a l l  A .  Hence, by (1, 6, 9), there exist d A E ( y ') 'c l A IR'
su ch  th a t S'i A  t h e  i m a g e  o f  d'i A  i n t o  g rAe ' r  0 1 ( R ')  and
E7:1 d',A g ,'E M R ' for a ll A .  Let c /  EA  Cl /iAX/ A  + d i " ,  where cif
is any element of MR' —(x0 , z )R ' such that vm/(d in> t -  Il i  and 8; "
is the image of cl; "  in  g rm i i ( R ') .  Then we get E3:I c lg lE m R '
and v,w(g*—  I A .  This contradicts the maximality of
A .  Q.E.D.

Lemma (1, 8). L et the assumptions be the same as  in  Lemma
(1, 7). A ssume v( i ) (J)— v " ) (f )  f o r all L et f E J  be such that
v p ( f ) _ v ,  w h e re  0<71.. Min (v (P'"(J), v (P+"(f )).  L e t  g = x , 'f .
Suppose:

(1, 8, 1) th e re  e x is t s  ( a , ' ,• •• ,a;)  with a l  R ' such t h a t
g— a l g i e M " .
Then:
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(1, 8, 2) there exists (b,' ,• •• ,b p ') with b1 ' E P  t i  such that the image
of  f -  = i b  f  ;  into g em (R ) is contained in  k [E(R 7R )].

Pro o f . I f  ym ( f ) >y ,  then (1, 8, 2) is trivially true. Hence we
assume vm ( f ) = v .  Let h  be the initial form of f  in grm ( R ) .  The
assumption f  . 1 3 '" implies that h k [e ]=4 .x ,  f i].  (See (1,6, 1)-
(1, 6, 6).) S ince K er (*)= M R ' (cf (1, 6, 6)) and R I (MR' n R )=k , we
get * ( g ) = h 1 4 .  Similarly, * (g i )= h i I 4 i ,  1 <i  < p .  Let a;  -1k(al).
Then (1, 8, 1) implies

h -  E

where Q = * ( M ') -  the maximal ideal o f  S .  (cf (1, 6,6) and
(1, 6, 6*).) Apply Lem m a (1, 3) t o  le, E(R' I R), (h„ • ••, h,,, h),
y ,x „S ,Q ,(h i l.0 , • • • ,h p 14 y ,  h l x ) ) .  (which p lay role o f  le, e',
(h„•• • , hm ), vm,xo, R, Q, (g, g „ , ) }  in Lemma (1, 3)). We then find
forms b, o f degrees 11 -  115  in k [e ] such that

h -  E  bi h;  E  k [e ]

where e" - {wEelr-olx ,EQ } . In view of the definition of f r  o f
(1, 6, 6), if w e  is the image of w E P, then w/x0EM' is equivalent
to 0/x0 E  Q .  (N o te  that ik(w/x,)=Fv/x o.) I t  fo llo w s  th a t
e" =E (R ' IR ). Now, pick for each j ,  such that b, is the
image of b ,' into g r  J ( R ) .  Then the image of f -  E7, b  f  ; in
g em (R )  is equal to h- E3 =,b f h J ,  which belongs to k[E(R' I R)].
Q.E.D.

Lemma (1, 9). A ssum e (1, 4, 1)-(1, 4, 5), th at th e re  e x is ts  a
system  (f ,,••., f p )  hav ing the properties (1, 6, 1) and (1, 6, 2), and
th at  (y" ) (J) ,••• y(P ) (J))<(y " ) (f) ,••• , 'P V T  in  th e  lexicographical
ordering. T h e n  th e re  e x is t  b'i ; E PY - 'v f or 1 <i <i - 1  and 1 <i<p ,
such  that ( f , . . . , f , , ' )  w ith  f i ' = f i - E t j :lb 'i ; f  ; h as  the properties
(1, 6, 1)-(1, 6, 3). M oreov er, it follow s that y(i ) (J)=y (j ) ( J')  f o r all

Pro o f . I shall prove the assertion by  induction on p .  If
p= 0 , it is trivially true. Assume p >1  and that (fl •  f i,_ ,) has
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the properties (1, 6, 1)-(1, 6, 3). By Lemma (1, 7), v( 1 ) (J)---- v( P ( f )
for all j < p - 1 .  Apply Lemma (1,8) to f = f p  and p (p  playing
the role of p +1  in (1, 8)). Here, thanks to Lemma (1,7) applied
to (g„••., g p , ) ,  the inequality ( J ) <  ( J ' )  implies the assump-
tion (1, 8, 1) of Lemma ( 1 ,  8 ) .  Thus, as is in (1, 8, 2), there exists
(b,' ,•••,14_,) with b l e P i  such that if f p '= f p - E 3 :1 b / f i ,  then
the image of J .;  in g r ( R )  is  in k [E (R ' 1 E )]. Since (f l  , • « , f , )

extends to a standard base of J, v m ( f p ') -- vp  an d  ( f 1  , • • • ,  f t - i ,  f p ' )

extends to a standard base of J, that satisfies ( 1 ,  6, 1)-(1, 6, 3).
Q.E.D.

Let G  4[72 ], a polynomial ring over a field  k  which is
naturally graded. Denote by G , its homogeneous part of degree
A . Let n =( i . . . ,  74). W e have defined the E-function  A ':  G , Z 20"
w ith respect to  (k; 72), and the E -s e t  E r(H )  o f  any homogeneous
ideal H in G w ith respect to  (k ;72). (See [1 ], Ch. III, § 7, p. 245).
Here 4 ;  denote the set of r- tu p le s  of non-negative integers, and
for a form (77 in G, A r(p )  is the largest A E Z ; in the lexicogra-
phical ordering such that the monomial 7 2 A  appears with non-zero
coefficient in 99. E r(H )  is the set of all A r(99) with forms g7EH.
If ( 9 9 i ,  P 2  , • • . ,  9 9 . )  is any system of forms in G, then we ask whe-
ther there exists A E E r ((çoi ,.• , 99 1)G ) such that 7 2 A  has non-zero
coefficient in 99n,. If the answer is negative, then we say that p m

is normalized by w i t h  respect to  (k ;7 2 ) . We say that
( q 9 „ . • . ,  . 9 9 „ , )  is  a  norm alized standard base o f H  w ith  respect to
(k; 72), if it is a standard base of H  in the sense of the paragraph
preceeding (1, 0, 1) and if, at the same time (p i is normalized by

,.•., Wi-i) with respect to (k ; 7 2 )  for all i < m .  (Compare these
terminologies with those of [1 ], Ch. III, § 7, Def. 9 , p. 248.)

Lemma (1, 10). Let G =k [72] and H c G  be the sam e as above.
Let (9 7 , ( p , n )  be a normalized standard base o f  H  w ith respect
to (k; 72). Let T  be any  k-subm odule of G , .  Then
(1, 10,1) H - ( T i n k [ T ] ) G

if and onty  i f  p i E k [T ]  fo r all i.

P ro o f . The if-part is trivial. To prove the converse, let us
choose a free base •, o f T  such that
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(1, 10,2) i f  A (i)= A r( ;) f o r  1 < j <7', then A(1)> A(2)> • • • > A(T),
and

(1, 10, 3) f o r  each  pair ( i ,  i ) ,  i< j ,  the coef f icient of  nAci) (re sp .
77A " ) )  in  the lin ear f o rm  ,E k [n ] is  0 (resp. 1).

Let c ( j)  be the index with 77c (; ) =77 4 ( i )  fo r  each j. L e t  = („• -• ,
be the complementary system o f (n e ( i ) , — , 72 ceo ) in 72, so that

w e  h a v e  a  sequence of ind ices a(1)<a(2)< • • • <a(r - - r)  with
for a ll q. Let -97 be the system obtained by replacing

2c(p) by in the system 72 for 1 < p < T .  Clearly k [n] =k [r ] . Let
us write for 71,(p )• By (1, 10, 3), we get

(1, 10, 4) f or every p, p = ..
15 -1- q  h p Z ,,h p , e k ,  where q runs through

those q with c (p )<a(q ) . In particular,  A ) =  A T ( ) .  Since Fii =n i

+E1>1.f 11ri; with f i ;  E k  for all i ,  we see that

(1, 10, 5) i f  A r denotes the E-function with respect to  (k ;F1) (in the
sam e w ay  a s  A r  S  to  (k  ;n)), then A '( 9 ) = -A r(q ) f o r  all f orm s
9 9 E G . Now, suppose 99p E k[ 7 ]  for at least one p .  Let p  denote
the smallest index with this property. Let E ' be the E-set of the
ideal (9 ,• • • , p p ,)G  w ith  respect to  (k ;72) and E o '  be the subset
o f  E '  which consists o f  those Ar(99) with forms p E ( 9 9 „ • • • ,

P p - i )  k[ T ] .  G being a free k[ T]-module generated by the mono-
mials in it is easy to prove

(1, 10, 6) ev ery  A E E ' i s  o f  th e  f orm  A ' + B  w ith  A 'E E 0 '  and
B E Z .  This B  may be so chosen that 7113 i s  a  monomial in Let
u s  write p p  =.7)' + *  with 99/E  k [T ] and -*E ( )  G .  By (1, 10, 1),
we have *E(9)„••• , p 1 )G .  Since p p  k [ 7 ] ,  * * O .  Let A —ArellP),
which is in  E ' .  Let us write 99' as  a  form in say

99 / —  E D g D P  g D  
k  a n d  D e Z

,

where 1D1 = deg 9 p = deg 99' . For each D , we shall write D * for
the unique element of Z  w ith  P=T ID * . Following (1, 10, 4), we
can write S i n c e  A E E ' and, by assumption p p  is nor-
m alized by ( 9 9 1 y • • • / 99 p _ 1 )  w ith  respect t o  (k ;77), th e  equality
99p - - 9 , '+*  implies that, p' and *  being viewed as forms in  77,
the term of 77A in  *  must cancel with the same in  99'. This term
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in ço' should arise from the binomial expansion of U.' + hOD for at
least one D .  Thus there exists at least one D such that g D * 0
and D*—A/EZ, where A ' is the element of such that 7r 4 -

is a  monomial in ( c f  (1, 10, 6).) Since AITEM G, D* * A ' and
hence D* * A .  But D* — A' E Z ; implies D* EE' . By (1, 10, 4), we
must have D*> A .  This implies that the term of 77D * in  g i  can
only cancel with th e  same in  g9p . Namely, ni ) *  has non-zero
coefficient in (pp . But this contradicts the assumption that p i, is
normalized by (g)„.• • , g) i, )  with respect to (k;'77). Q.E.D.

Lemma (1 , 11). L et G = k [n] be the sam e as  in  Lemma (1, 10).
L et etp, „••• , qr„) be a  sy stem  o f  f o rm s in  G , an d  v i = d eg l k J  f o r
1 < j<  n. T h e n  th e re  e x is t  f o rm s  c i  o f  degrees y,,— z' in  G  f o r

< n - 1 ,  such that *„— E.1-1 ci lk;  is normalized by Oki
w ith respect to  (k; 77). (cf [1 ], Ch, III, § 7, Lemma 17, p. 246).

P ro o f . Assume that Jr,, is not normalized by (Aki • • ofrn-i)
with respect to (k ;7 7 ). Let A = A (+ „ ) be the largest element in
Z ;; such that I A  = vt i ,  that A EE r ((* i , • • •  , f r n - i ) G )  and that 77A

appears with a non-zero coefficient in * „ .  Then the existence of
those c ;  will be proven by induction on A . Since A  E r((lp-„.•-,

Ip•n _i )G ), there exists a  form g) of degree pn  (*„• • • , lp, „_1 ) G  such
that Ar(g))— A . Then clearly we can find a non-zero element aE k
such that the coefficient of 77A  in - 4 , , , — ceq) is zero . We then have
A(kk„— ag.)< A . Q.E.D.

Back to the preceeding situation, we can improve Lemma
(1, 9) as follows.

Lemma (1, 12). Let the assumptions be the sam e as in  Lemma
(1, 9), and pick  any  ( f t  , • • • , f : )  hav ing the  properties (1, 6, 1) and
(1, 6, 2). T hen w e can f ind b ti E P v i ' i ,  1 < j< i - 1  an d  1< i< p,
such  that ( f 1 , . . • , f p )  w ith f i = f i * - -  M P  h a s  the  properties
(1, 6, 1)-(1, 6, 3) and also the following:

(1, 12, 1) w  being an  arbitrary  but f ixed f ree base of  the k-module
T (g)(J), where q is the integer with ii,(q)(J)---- v(P)(J), the initial form s
h i o f  f i  in  g r m (R ) belong to k [w ]  and the sy stem  (h„•••, hp )  i s  a
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normalized standard base of  the ideal (h„•-•,h p )k [w ] w ith respect
to  (k ;w ).

P ro o f . B y (1, 9), we shall assume from  the beginning that
( f ?  has the properties (1, 6, 1)-(1, 6, 3). The lemma will
be proven by induction on p .  It is trivially true for p = 0 .  Assume
p> 0 and that ( f i* ,•••, f „ , )  has the property (1, 12, 1). Thus we
let f i = f 7  for all i < p -  1. Let us extend w  to a free base V of
e  ( =  the image of P  into g r'm (R ) ) .  Then, by (1, 11), there exist
forms c. of degrees vp -  P i  in k [v ], i < j < p -  1, such that i f  h : is
the initial form of f p*  in grm (R ), then h : -  E3:1 c3 11;  is normalized
by (h„•••,h p , )  with respect to (k; y). C a ll  it  hp . By (1, 10) and
by (1, 0, 1) with K =k , we get hp E k [w ].  It is then easy to prove
that h p  is normalized by ( h „ • • * ,  h p - i )  with respect to (k; w), too.
(cf [1 ], Ch. III, §7, Remark 2, p. 2 4 5 .)  Pick any b E P v P j  such
that c i  i s  th e in itia l fo rm  of b  i n  grm ( R ) .  L e t  f p =f„*
- E3:1 b f 1 . Then h p  i s  the initial form of f p  in  g r ( R )  and

,.•., f p )  has the property (1, 12, 1). Clearly it has the pro-
perties (1, 6, 1)-(1, 6, 2). We have only to check (1, 6, 3), or, that
h p Ek[E(R ' I R)]. W e  have (h„. • • , h_,, k [ e ] =  ( h „  h  p )kl[e],
hi  E k [E (R 7 R )] fo r  a ll i < p -  1  and h : le [E ( Y I R ) ].  Moreover,
(h „- - ,h p )  is  a  normalized standard base of (h„•••,hp)k [e] with
respect to (k ;v). Thus hpEk [E(R i  IR )] follows from (1, 10) applied
to H = (h „ • • , h p ) k [e] and T = E(R' I R ) .  Q.E.D.

Lemma (1, 13). In  addition to  the  assumptions o f  (1, 9), we
assume that p  is such  that v(P) (J)<v (P+"(J) . L et q  be the integer
such that ,a,(q) (J)=v(P ) (J). Then we have

T(q)(J)c E(R ' IR ).

P ro o f . By (1, 12), we have ( f l  ,• . f p )  having (1, 6, 1)-(1, 6, 3)
and (1, 12, 1). B y  the assumption on p ,  (1, 12, 1) implies that
7 ( J )  is the smallest k-submodule of grIm (R )  generating all the
initial forms h ;  o f f 1 . But, by (1, 6, 3), h ; Ek [E(R ' IR A  for all j.
Hence T(q)( E ( R 1 R ) .

Lemma (1 , 14). L et the assumptions be the sam e as in  (1, 13).
Let be any  f ield extension, where k - 4 ' is  the canonical
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homomorphism of the residue fields of R and R '.  Let T = T ( J ) K
and T '= T m ( f ) K . T h e n  w e  have

(1, 14, 1) 7 - ( a ) ( J ) K - _ .7- ( a ) (f )K . f o r a ll  a_ q , and

(1, 14, 2) i f  7 - (q ) ( I ) K = T ( q ) ( f ) K  and if  vcP)(J')<v"'+"(J'), there exists
an isomorphism of graded K-algebras

: K [T ]->K E T I

such that, fo r all ,u,< A (q)(J)=- t i,(4 )(j'),

gr , R')K = geie(R') K  n  {grm (J , R)„ n K [7]1  g rm ,(R')K .

P ro o f . By (1, 12), we have a system (f , h a v in g  (1, 6, 1)-
(1, 6, 3) and (1, 12, 1). (Here we fix a free base w o f T(q) ( J ) .  We
shall follow the notation of (1, 6, 4)-(1, 6, 8), under the following
additional assumptions.

(1, 14, 3) Y - - (Yi ,..•, )7,-) is  so chosen that, if T = ran k k  ( 7 ( T ) ) ,  then
Fv=(Y1,•••,.9,-), and

(1, 14, 4) we choose once for a l l  the g i " M R ' of (1, 6, 8) so that
(g1' ,••-, gp ') ex tends to a standard base of grm

, (f , R ').

Here (1, 14, 3) is possible by (1, 13) and (1, 14, 4) by (1, 7). Let p
be the endomorphism of the graded K-algebra grm

, (R')K  such that
p(x 0') = p(21)= 0  fo r  all j, p(9-

 i') = 1 /  and p (x /)-x i '  fo r  all i >1.
Then, by (1, 6, 8), we have p(ha ') =X (h a )  fo r  all a. I f  T =p(T '),
then, by definition o f  T(q) ( J') ,  w e  must have H -(H n K E 1 1 )
K [ Ir, .t- i ]  where H--(X(111),--,X (h p ))K [y ',  x '].  B y  (1, 12, 1) and
(1, 14, 3), (h„•••,h p )  is a normalized standard base of (h)k [y ] with
respect to (k  y ), and hence, as is easily shown (x(h,) ,•••, x(h p )) is
a  normalized standard base of H  with respect to (K ; y', x'). It
follows, by (1, 10) that x(h 1)GKET1 for all i. Moreover, by the
same reason, we get x(h i ) EK[X K ( T )] for all i ,  where X K  K [y ]
-->a y l  i s  the base extension of X .  B y  th e  definition of
T =T (q ) (J) K ,  x K ( T )  must be the smallest K-submodule o f K - Cy'l
which contains all the X,(hi ). Therefore x K (  T )c  T . Hence T ( q ) ( J ) K

= rank K  T = rank K x K ( T )<ran k K (T )<ran k K  T m C n K ,  which
proves (1, 14, 1) for a = q  (and similarly for all a < q  because the
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assumptions for the given integer q  include the same for smaller
integers). If th e  equality holds, we m ust have X i c ( T )= T' and
K er (p)n T ' --- ( 0 ) .  Hence p  induces a n  isomorphism 0-0 :
such that Pco = XK I T .  Let 0- : K [T ]- > K [T ]  be the unique iso-
morphism o f K-algebras which induces cr,. I claim that this °-
has the property of (1, 14, 2). (The proof of this is quite similar
to that of [1 ], C h. III, § 5, Lemma 16, p. 232.) In fact, since p
induces an isomorphism in  T ',  we must find forms 'y degrees

- y i  in  K er (p) such that

h i " -  Efiv, 7 13 h 1 ' E K [ T ']

fo r all i. Then p(h,")=10 (10 - X x ( h i) =P 0 - (h i) for a l l  i. Since p
induces an  isomorphism in  K [ T ] ,  we must have hi "  0-(121)  for
all i. In other words, (0- (h 1),•••,a(h p ) )  generates the same ideal
in  gr,,,(R ') K  a s  (h,' ,••• ,h p ')  does. (1, 14,2) follows immediately.
Q.E.D.

Lemma (1, 15). L e t th e  assum ptions be th e  sam e a s  in  Lemma
(1, 14), excluding (1, 14, 2). Let k-.1?'->K -›-L  be any field extensions.
W e have:

(1, 15, 1) I f  - r ( q ) ( J ) K - 1 - ( q ) ( r ) K ,  then  T ( a ) ( I ) K - T ( a ) ( r ) K  f o r all a<q .

(1, 15,2) I f  -1- ( q ) ( J ) K = 7 " l n K ,  th e n  T ( q ) ( J ) L - T ( q ) ( f ) L ,  Prov ided
v (p)(f ) < 1 ,cp+i)(f) .

Pro o f . In the proof of (1, 14), it was shown (near its end)
that (cr(h 1) ••  , o -(h p ) )  generates th e  same ideal in  g r m , (R ') K  a s

, • • h ; ) ,  provided -, ( q ) ( n K = T m c n K .  It follows that the equality
of (1, 14, 2) holds for all ii,(q - 1 ) (J'). This implies (1, 15, 1) for
all a < q .  The above fact about cr(h 1 )  and h 1 '  remains the same
after the base extension K--->L, which shows (1, 15, 2). Q.E.D.

We are now ready to prove th e  theorems stated early in
this paper.

Proof  o f  T h . (1, A). Under th e  assumptions o f (1, A), we
may follow the notation (and the assumption) of (1, 4, 1)-(1, 4, 5).
The permissibility of the monoidal transformation 7r : i m -
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plies that P  i s  a  permissible center for J. (c f  [1 ],  Ch. III,
§ 5, Def. 8, p. 226.) This means that we have a standard base
( f i  , ",fm) o f  J  having th e  properties (1, 6, 1) an d  (1, 6,2) fo r
p= m . I f  v :(X / Z )v t , (X 7 r ) ,  then, by (1, 9), we get ( X / Z )
= v t,(X 7 Z '). Thus (1, A, 1) of the theorem follows. Moreover,
in this case, the assumptions of (1, 13) are all satisfied and there-
fore, by (1, 14), we get Tc;,) (X/Z)K _T , ) (X'/Z')K  f o r  a ll i  and all
field extension k—)-1?'--.K .  We thus have (1, A, 2) except for the
assertion on rt.") . But this is only a  special case  o f th e  above
inequalities, because r" ) ( )K  remains unchanged if  K  is replaced
by any separable extension. Q.E.D.

Proof  o f  T h. (1, B). Let R . (resp. M as , resp. le.) be the local
ring  (resp. maximal ideal, resp. residue field) of Z . at xa„  and
let Ja, be the ideal o f X .  in R .  Let P .  be the prime ideal of
the center of p a,  in  R . .  With these notations, the rest of the
proof o f (1, B) is quite similar to the proof of [1 ], Ch. III, 5,
Th. 4, p . 234. Namely, le t  Pi =  lirn z/ 1 ( J )  and Tz;  = lim A( P (L ).

These limits exist by Th. (1, A ) .  F o r each j ,  le t  b ( j)  b e  the
largest integer such that P b ( j ) = j

 L e t  a ( i )  b e  th e  smallest
integer such that, fo r a ll a _ a( i) ,  we have Pi = v("( Jos)  fo r all
i <b(j) and T (L )K= T ` a ) (Ja+i)ic for all a  j .  Such a( j)  exists by
the existence of (Pi , j ,  b ( j ) )  and by (1, 14, 1). Clearly the sequence
{ a(i)}  is  monotone non-decreasing. Let T =  T u ) (J.) K  b y  the
given homomorphism k .-->K . T h en  b y  (1, 14, 2), w e  fin d  an
isomorphism

o :  K [T ( ]--->

such that, i f  G(8)— gr m o (R0).K and H(0)—grm s (Jp , ROK , then

H(a + 1)M = G( a + 1)w n rodll(a) n K[ T'L]IG(a + 1)

for all p,<Thi , where (a, j) is any pair such that a( j +1)> a> a( j).
L et us modify 10-0,1 as follows :  If a(j +1)> a +1 > a,a(  j) ,  then
dos = cr. ; and if a(ji +1)> a(f )—  a(j +1)—  a +1> oc_ce(j), then

a.: K [T ('„)] K [  T ]

which is the composition of 0-„, and the canonical inclusion If [
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T2.R]. Let ICI 7 1  be the limit ring of the inductive system
{o}, which is a polynomial ring over K .  The number of vari-
ables in K [ T ] is bounded by the dimension of R .  For each le,
l e t  j([3) is the largest integer such that _a(i(R)), provided it
exists at all. Clearly A 'S ) exists for every [3 >0 . For every 13
for which j (8 )  exists, le t  r-(,3) be the ideal in  K [T ] which is
generated by the canonical images of

H(13), n TcA(13" ]

for all th <R ico) .  Then we get R(0)c FAR + 1) for all 1 3 » 0 . Since
K [T ] is noetherian, {R(3)} should be stationary. It follows that
there should be only a  finite number of p i . For each j ,  there
can be only a  finite number of indices i  with P i = Tki  . In fact,
the number is bounded by the rank of the homogeneous part of
degree Tiv  o f any of g r ( R o,). Thus the lengths of the integer-
valued portions of the  p

*( J ) fo r various a  a r e  bounded. It
follows immediately that there exists a'>0 such that

v* (J0)— u* (.43)

for all a, IS > a '.  Now, (1, B) is immediate from (1, A, 2). Q.E.D.

Note that (1, 5, 1) is a n  immediate consequence o f  (1, 13).
Because of its special importance, we reclaim (1, 5, 1) as follows.

Theorem (1, C ) .  Let the assumptions be the sam e as those of
(1, A ) .  I f  v :(X IZ )=v t , (X ' /Z '), then

T(J)c E(R' IR)

w here R  (resp. R ') is the local ring  o f  Z  at x  (resp . Z ' at x ')  and
J  the ideal of X  in R . HereT (J) is def ined by  (1, 4, 4) and E(R' IR)
by (1, 4, 5).

The importance of this thcorem is seen even in the following
special situations.

Corollary (1, C, 1).. Suppose T (X1Z)----- dim s  Z  (i. e., rank k  T (J)
=d im  R ) . Then, if the Perm issible center Y  contains x , Y must
be the closure of the point x  and v (X IZ )> v t,,(X ' Z ') fo r  all Points
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x " o f  X ' w ith 7r(x")= x.

C o ro lla ry  (1, C, 2). Suppose T ,(X IZ )+ 1 =  dim x  Z .  I f  v:(X IZ )
=v/(X' /Z') an d  i f  Y  contains x, then Y  m ust be the closure of
the point x  an d  th e  residue f ield ex tension k--4' i s  trivial, j. e.,
k= k '. M oreover, in  th is case TT(X1Z)<-1-)(X' /Z') f o r all  i.

Columbia University and Purdue University
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