
J .  Math. Kyoto Univ.
7-1 (1967) 1-17

On the Riemann's relation on symmetric
open Riemann surfaces

By

Kunihiko MATSUI

(Communicated by Prof. Y. Kusunoki, M arch 23, 1967)

§ 1 .  Introduction.

L et W be an arbitrary Riemann surface and {F n} its exhaus-
tion  by regular regions, then  there exists o n  W  a  canonical
homology basis {A, B ,} of A-type with respect to  {F „ }  such that
A, ,B 1 ,  A le n ) ,  13,

(
„) form a canonical homology basis of F„ mod OF

(Ahlfors (3)). W e say that such a  basis belongs to C .H .B .(F ) A

and we denote it by {A i , Bi } E C .H .B .(F n ) A .  Let F,, be the Hilbert
space of square integrable harmonic differentials defined on W and

F2 be its subspaces.

Definition 1 (Accola (1)). W e say  th at th e  special bilinear
relation holds between (01 an d  (02 i f  we have

(1 , 1 ) ( c o i , (1 ) 2
* )  =  lim E  (

k
"

W 2
(0,) (a f inite sum)

k----1 A Bk Ak Bk

f or (02 and (0,((0, with only a finite number of  non vanishing Periods)
where (02 *  denotes the conjugate differential o f  (02 . In the same way
w e say  that the special bilinear relations hold between F, and F 2  i f
the special bilinear relations hold between all (01 E r  and  (02 E1' 2 .

Definition 2 (Accola (1)). W e say  that the bilinear relations
in  Accola's sense hold between 1-" , and (02 w ith  respect to  {F „ }  and
IA „  B i l EC.H.B.(F„) A  if  w e  have

koo
(1,2)( 0 ) ,  ( 0 2 * ) lirn

rE ( ,Ç (7,2-
i l k

(7)2
B k

W 1)' -*°" At Bk, 
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f o r (02 a n d  any co, E r 1 .  In  th e  analogous w ay  w e say  that the
bilinear relations in Accola's sense hold betw een r, and F . w ith
respect to {F n }  and {A i , B i } i f  we have (1,2) f o r r, and all (02 E1'2 .

Definition 3  (Kusunoki (6)). The exhaustion {F, } and {A 1 , B1}
EC.H.B.(Fn ) A  are  sam e as those given in Definition 2. If , f or given
dif ferentials (0, an d  (0 „  there ex ists a  regular ex haustion { K }
such that

1) {211 , Bi } E C.H.B.( 147 )A  and
(1, 3) k(i) r

2) (6)1, w2* ) lim E  ( . 11.Ç632— 632 , (0i)
k—i Ak Bk Ak Bk

where k (p) is the genus o f  W i. „  then we say  that the bilinear relation
in  Kusunoki's sense holds between(0, and 0 2 .

The validity o f th e  bilinear relation in Kusunoki's sense
has been considered mainly in case that {F„} is canonical and
(01  (02 E r „ e where r h s e  denotes the class of semiexact harmonic
differentials with finite norm (Accola (1), Kobori and Sainouchi (5)
and Kusunoki (6)). On the other hand, in case { F n } is not
canonical, it was considered by Pfluger (10) and Kobori and
Sainouchi (5). The main purpose o f this paper is to extend the
Theorem of Pfluger (10) to  the abstract symmetric Riemann
surfaces that belong to the class O K D •  In § 2, we shall consider
the special bilinear relations on general open Riemann surfaces.
In § 3, for the special choice o f canonical homology basis the
bilinear relations in Kusunoki's sense are discussed on symmetric
open Riemann surfaces. In § 4, we shall give a condition that
assures the validity of the bilinear relations in Accola's sense on
symmetric surfaces. In § 5, on symmetric surfaces we discuss
the general period relations in Sainouchi's sense. In this paper
we shall use the same notations and terminologies as in Ahlfors
and Sario (4).

§ 2. Special bilinear relation.

Lemma 2, 1. L et r, be a subspace in h s e , then there ex ists a
subspace r 2 of  r h  w ith the property  that the special bilinear relations
hold between r, and r„ but not between r, and any subspace con-
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taming r „  that is, if  co , "r 2 then there ex ists a co r ,  such that
the special bilinear relation does not hold between (0, and co2 • We
call such a  space r ,  the maximal space associated w ith F 1 and
denote it by  W O .

Proo f. Let coc, be a  differential with a  finite number of non
vanishing periods and coo,E r i . The set of co, such that the special
bilinear relation between co,„ and co, holds is obviously a  linear
closed space and we denote it by r e,. Then M(P i )  is equal to the
space fl F0, where co„ ranges over that class.

Theorem 2 ,1  (Matsui (8)). m(rhse) rho, (ii) m(rho)=
cArh o +ra  (iii) m (r's n r h s e ) =

Proo f. For example we prove the first relation . From the
assumption we have for any co ET'- l i s e  and any 6) 2 Emr h s e )

(w i , .2*) — E ( (7, 2 ,Ç (-02 (,)+ (0), , 0 3241
k Ak Bk Ak Bk

= E , 
B
 ir) 2 (7) 2 6)1) Y

k Afr k Ak Bk

where Tco i=E b k0-(A )— ak 0- k(B  ) (a finite sum), ak = bk=
Bk

0 1 , E C.H.B.(FO A  , and a(C) denotes the reproducing differential
associated with cycle C .  On the other hand from the definition

Tco,E1 h e . Therefore we have co,* E (r h e )L, hence M (r h s e ) c r h o .
Conversely, for co, E M ( r h s e ) ,  w e  have (coi — Tw„ (02* )=  0  because
Coi T co iE rh e . Therefore we get A f ( r  )  r-  - hse, - h0 •

Corollary 2,1. The v alidity  of the special bilinear relations
between 1-

1
— r h o and r  r and r 2 = r„ , or r i = r  r- 2 -  hse r h s e -  s n -  h s e

and r 2 r „ e , is equivalent to  "hm  "he n rho, r h s e  f l rh'i; = cp or
'k e n F,J C  r4 , respectively (Accola (1), Mori (9)).

§ 3. Bilinear relations in Kusunoki's sense.

A t first we construct a  class of symmetric open Riemann
surfaces and a cononical homology basis for which we shall in-
vestigate the bilinear relations.

Given an open Riemann surface W , its  KerékjArt6-Stoil6w

r h e  n
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compactification will be denoted by W*, and the ideal boundary of
W (in Kerékjart6-Stoilijw's sense) by 0( W ).  For a  subset V on
W, we denote by V* (resp V ) the closure of V in W * (resp W )
and V* n ,8( W) by /9 ( V ) . F o r a  subset a on ,8( W), the intersection
of a  neighbourhood of a in W * with W is called a neighbourhood
of a  ( in  W ). When a  has a neighbourhood 1-2 such that g t -2)= a,
we say that a  is isolated in 0 (W ).  Let F  be a canonical region
and 0- a component of a F, then 0- is  the relative boundary of an
end S (i.e. a  component o f W — F). W e say that each point on
I3(S) is  the derivation of 0-, or 0- has arbitrary points of 8(S) as
derivation.

In this paper we partition 8( W ) into two disjoint sets a and
8 such that a  is closed on W* and not empty.

Let { F }  be a  regular canonical exhaustion such that there
exists a sequence {S n } o f the neighbourhoods of a  where S„ con-
sists of a finite number of ends (i.e. components of W— F,,) S „  S f l  I  l-
an d  n 0(S,)— a, then we put

F„: a parametric disk,
,X (n ) PC;,)

(3,1)
@F„ = F,, = „(a)U 0- „, F „(a)..=

a (n ) PC,i)

— (U F:0U( U ,i=1

U Œ„ =

where F:, (i= 1, 2, • •• , a(n)), G:, (i= a(n)+1, • , p(n)) denote the com-
ponents of F „ 1 — F„, each F (a ) (or 0-:,) denotes the inner boundary
of F  (or G:,) and F (a )  has at least one point of a  as derivation.
Clearly p(0)-- a(0)— 1.

Let V h  b e  a  parametric disk in F ,  a n d  av h =C h where
h = p(n —1) +1, • • • , p(n —1) + a(n). We cut F„ along all Ch (P (i -1 )<
h<p (i-1 )+  a (i), 0.< —1 where p(-1)=0) and put

3 2)
R„ = F„— U V,,, O R„ = aF„u(uc h ) r„ U

( ,  
=  O F„, A„ U C,,.

S im ilarly w e cut W  along all Ch (P (i — 1) h < p (i — a(i),
< 00) and put

(3,3)R =  W —  U  V , ,  = „, W ), I,, =  lim A„ .
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Now we take two copies of R „, say R „ and R :„ and put

(3, 4) akn= Ch ) U  , U

and adjoin them along Ch  an d  —CT', for all h. Thus constructed
surface will be denoted by I .  In  the same way we take two
copies of R , say R  and R ',  and adjoin them along Ch  and
for all h , and denote a  resulting surface by k = , ( / ,„ ,  W ) .  It is
clear that {k } i s  a  regular exhaustion of k , but not canonical
one and ak„=1- '„UP,.

Remark 3, 1. It is not essential that each Ch  is  a  parametric
circle. For example C,, may be an analytic arc in

The involutory mapping j  of k  on itself has the following
property :  If p— h(p) is  a  parametric mapping with domain V,
then p , fi(j(p)) is a parametric mapping with domain j ( V ) .  With
every differential (0 on E  we associate a  differential (0- a s  follows :
If co=a(z )dx +b(z )dy  in  terms of the variable z =h(p) in  V , then

---aW dx — bW dy  in  terms of z =li( i ( p ) )  in j( V). By means of
mapping j  w e get the unique decomposition o f  a  differential (0
such that

CO =  Cos +
where coa  =  ( 0 ;  and We note the following facts :

(i) For (oi = coio (i=1 , 2 )  we get

(3 , 5 ) (w), 02* )k = 2(w 13, alc)R +2(0)1., cot)R ,

(ii) When C  is a  dividing curve on W  and C cR =S (1 ,„ W ),
we get for (0=0) a + co, r„,,,(k)

(3, 6) .ç (0 a  =  O,( o s  =- (os .
i(c)

Next we construct the special canonical homology basis on E.

(I) The case th at  W  is  P lan ar. W e put

Ch + ,  =  — B „  f o r  p(i-1)<h<p(i-1)+ce(i), —1 .

Let Ph b e  a point on B „, P, a point on C1 ,  then we join P ,  with
P„ by an anlytic curve A ,: (aA =P h —P0 ) in the interior of R„ so
that
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n A =  P , for a ll h  and j ,  (h * i)

Next we denote the analytic curve — j(A )  on R  by AT and put

(3, 7)A h =  A Z U B h  =

By the same way as in Ahlfors (3) we can prove that {Ah , Bh }
is  a  C.H.B.(k) A . Simply we denote this basis by {A i , Bi }  where
A „ B1, •• • , Bmc,,) is  a  canonical homology basis on k „  mod Of2h .

Lemma 3, 1. Let w= w a + w s  be a dif ferential inr hse(k)n r.t(k)
f o r 1 =,(1 , HT) ( w is planar), then w e get

= du , a n d  ce  = d v  ,

w here u , v  are  harm onic functions on R  (not on f?) w ith the pro-
perties that u= constant on B h , v= constant on B h  (h ...>-1) and u= v =0
on C1 .

P ro o f.  Since W  is planar, this is clear from  (3, 6) and the
fact that wa  = 0 along L .

Lemma 3, 2. For w „ w ,Er h s e ( k ) n r , t  ( k )  where k A (L , HT)
o f  is planar), the follow ing relation holds :

(m ( n) r(3,8)w 2 * ) k  =  l i m  E ( cùi 632 —
A h  

(-62

 B h  
w i )

h= 1 A h B  h

+ 2 (u 1dv 2 *  i i 2 dv,*)}
r„

w here u i , v i  a r e  harm onic f unctions that correspond t o  wi  i n
Lemma 3, 1.

P ro o f.  From (3, 5) and Lemma 3, 1 we have for coi = w 0  + wi s

= du i  —dvP on R  (i= 1, 2)

(3,9)( ( o „  co,*)k  = lirn {2(du„ dv,) R .-2 (d v „ d u ,) ,}  .

From the Green formula we have

(du„ dv 2 )R „ = f  u 1 d1,2 * — E u,dv,* .
J r „ h = 1  B  h

On the other hand we have



On the Riemann's relation on symmetric open Riemann surfaces 7

Uidr,2*
 =  P h i dr)2*

1
, Phi 6)1a = (01 and

BhR h A+ Ah

0 2 =Bh B h

where p h i  denotes the constant value of u, on B„ (h> 1). Therefore
we get

moo
(3,10)2 ( d u „  d v , ) , , =  2 ui dv,* + E 0 2  •

r „ h = 1  Ah By

Similarly,
>, )

(3,11)2 ( d v „  du,)R „ = 23
K „
 k dv i* +E 5521 coi
r , , h = 1  Ah By

Putting (3, 10), (3, 11) into (3, 9), we get (3, 8). q .e .d .

(II) The case th at W  is no t p lanar. We put

R n F l =  n i, (h = p(n —1)+1, • • • , p (n —1) + a(n)) ,
R n =  G„ (h = p(n-1)+ a(n)+1, ••• ,P(n))

and suppose the normal forms of the bordered surface 12h  and Gh

are respectively

(Fi a 1bi aT1bTi)1Ch 1- 1 (11 1 i 7 i 1V) ,
(3, 12)

1=1 i =1

H a i bi aTibT1

where 7 1 , •••, 7, are sides that correspond to  aF4, and p  is  the
genus of 2 h  (or G„). We say that a„ a„••• ,a p  (b„ b„••• , bp )
are A-cycles (B-cycles) in n i, (p(n—i)<h<p(n— 1) + a(n)) or in Gh

(p (n -1 )+a(n )<h <p (n )) , and denote A, B-cycles in Fi,, or GI,  by
, Ba h . N ext w e put

= — j (A ) , B :' = j (B )  ,

and we say i= 1, 2, • • • , fi are A-cycles (B-cycles) in j(S2h )
(p (n -1 )+1 <h <P (n -1 )+a(n ) )  or j(G h  ) ( p ( n - 1 ) +a( n ) +1 <h ‹
p(n)), and denote A, B-cycles in j(S/h ) or j(G h ) by {/V , B n  h . W e
say that the set of all A  (resp  B )-cycles in all Fi,,, G ,, (or j(n h ),
j(G„)) constitute the A (resp B )-cycles in R (or R').

Now we put

Bh — C y + , (h>1),
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where C,, is a  component of an, = a(Rnn and n_>--1, and we join
SI„ with 1-1,1 = R by the sequence of domains {Ek }  such that

(i ) E 2  •  En =  n, where each E,, is R nPf „ with some
I and

(ii) SE,, n 1- '1,  coincides with a  component of n ( —aEk_i)
for all k.
We take a point P„E B „ and a point Po E C„ then we can easily
find a s im p le  arc  sh jo in ing P,„ and 13 ,  such that s,„ does not
intersect any A, B-cycles in E . ( i=1 , 2, n), s„cD = the interior

Y1

o f LJ E k (except endpoints), and sh n s k = Po fo r h * k .  We put
k=1

s,„ = A ,  — j ( A )  =  A ;  where a.,47, = P,„—P0 , and
A,„ = U .

B y  th e  same way a s  in  A h lfo rs  (3 )  we can prove that
{A„, B,,, ,  „ ,  f i L V '  ,  is a C.H.B .(k ) A . Hereafter simply
we denote it by {Ai , B1} w here  A „B „••• ,B „„ ( r„)  i s  a  canonical
homology basis on fen  mod ak.

Let be a  differential in  r h s e ( f )  n r„t(k) which has a  finite
number of non vanishing periods along A, B-cycles in  R  or R ',
and put
(3, 13) /To) =  E' {b0-(A 1) — a10-(B1)} ( a  finite sum) ,

where Ai , B i  r a n g e  over only A , B -cycles in  R  and  R ',  and
w,

Bi Ai

Lemma 3, 3. Let w  be a dif ferential in r„k)n r„t(k) which
has a f inite num ber o f non vanishing periods along A ,B -cy cles in
R  and R ', then we get

= d u , a n d  al, * d v , ,

w here w -17'w =w '=w „' Eco'x and u , v  are harm onic functions on R
w ith  the properties that u = c o n s t  on  B ,„ v = co n st on  B ,„ and
u =v =0  on C,.
The proof can be carried out by the same way as in  Lemma 3, 1.

Lemma 3, 4. Let w „ w , be the dif ferentials as in Lemma 3, 3,
then the follow ing relation holds:
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(3, 14) (coi, (02* ) Ern (c o 5 2 — 552
k =1  Ak Bk Ak Bk

+2 (u i dr),* — fi 2dv,*) ,
r n

where u „  v i  are  functions corresponding to co i  in  Lemma 3, 3.

Proo f. For co„ co2 w e have

(coi , (0 2 * )  =  E ' ( û 1

c 0 .0+  (col — /Tw i , (02*
T C O 2 ) * ) .

kA h B k A h B k

Decomposing coi — I no i =  =  c4a+ (0%, we can prove easily (3, 14)
by the analogous way as in  Lemma 3, 2. q.e.d .

From Lemma 3, 2 o r Lemma 3, 4 we know that if  we could
get the exhaustion { W „} such that

u i d -v 2 * ,  0  and a2dv,* 0 ,
r n r n

where 1-' = aWn —aWn n L , then the bilinear relation between col
and co, would hold on k =.§'(I„, W).

To find such an exhaustion, we consider in  a  neighbourhood
of a some families of curves on R= S(L„, W ) and near [3 a certain
graph of R =  S(I,„  W).

We put for m > n > n o  ( n , :  a  fixed number)
.00 pco

(R r n —ROUF,n - R ,„„U G ?„,„, Rm n G m n =j=1 i=04(")i
(3, 15) 8/?!.„„ n F  „ ,(a ) ---- Y F U (a )= F L (a ), (— aR  )n  r t i(a) — r4a),

,

S2, = lim R„,„ ,
I l l  + C O °

where each P „`(a ), F (a ) is  a  closed curve which has, considering
on W, at least one point of a  a s  derivation.

( A )  The fam ilies o f  curves in  a neighbourhood o f  a.
Define the families of curves C (a ), C„, CL„, C„, L,„„, V,„„ V,2„

on n  as follows (Marden and Rodin (7)) :

C(a)— {7 : 7  is  a  countable union of closed curves in SI*—,3(II)
and separates F , ,  and a},

C „  =  :7  e C (a )  and y  (1/ — R„)* — r n }  ,
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• = fy  : y  is a finite number of closed curves in R:A— /3(R ,)
and separates 11(a) and r;.(a)= U M a » ,

• {7  7= y 7 i, 7iEcL„}
L„„„ = {y': 7 ' is  an arc in R „it =  U R`,I connecting T(a) to

L n n

rm(a)},
= { 7' : 7' is an arc in R 2  connecting 11(a) to r(a) } ,

• = {y' : y ' is an arc which connnects T(a) to T(a) and
lies in the interior of RL,, except endpoints}.

Now we put
N m n  =  max X(L2,)X(C;,,,„) ,

E x(cW ,

where X expresses the extremal length.

Definition 3, 1. We say that R =S (1„,W ) has K-property  in the
neighbourhood o f  a  i f  R  satisfies the conditions

(3,17) X (C(a)) = 0, a n d  1. i÷mc . N„,„<N< 00 •

Lemma 3, 5. ( j )  I f  X (C(a))=0, X (C)= 0 (Kusunoki (6)).
( ii) If  x (C„)= 0, then lim X(C,„„)= 0 (Suita (12)).

(iii) X(C)X(L'„,„)= 1, and so
x(L„„„)•M„,n = 1 (Marden and Rodin (4)).

(B )  A  graph of  R =S (I„, W ) near 8.
Let DI (i = a (n) + 1, • • • , p(n),) be annuli each of which has an

inner boundary o-, ,  and we assume DnD,!=4:. for i * j  or n * k
Poo

(n, k>n o ) and 1.4n i= 4, for all n , i (n >n „). We put Dn =  U

and denote the harmonic modulus o f D`, and D„ b y  v  and v„,
respectively. Also we denote by U0 + iV , the function which maps

D = Os  D„ onto the strip domain 0< U ,<T = c ' y,„ 0<  Vo <27r. We
n= no

call this strip domain the graph of R near 13 associated with {D,}.

Definition 3, 2. W e say  that R  has S -property  near 13 if  R
satisfies the condition

(3, 18) °Ê min v`, = 00,
.°"0

(3, 16)
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and that R  has A -property  near 13 if

(3, 19) min v: E > 0  f o r any  n (E: a constant).

Definition 3, 3. W e write RES o (L, W ) when R has K-property
in  the  neighbourhood of  a and S -property  near IS . W hen R ES o

(I„, W ) w e w rite PES 0(1,„ W).

Lemma 3, 6. For PES ,(L ,W )(W  is planar and a is isolated),
the bilinear relation in K usunoki's sense holds between co ,  and (02

( ( ù i  r h s e (k) n r (k), i= 1, 2).
Note that {E„} is not canonical.

P ro o f. From the assumption, we can suppose ai?„,„ (I cm =
for n>n o .

( i )  Evaluation of the integrals along F(a) in  (3, 8).
We put

max (11€,(P)1,1u2(P)1) tfl(u, , 140PE r, )
du ;  =-- d U  id V  ,  d v i  = , f  = ,
r i clz = dU'i + idtP,* , g i clz = dV J -Fid V t, g 'i dz  = dV +idTP,*

where Up U ,V ,,V ',( j= 1, 2) are real harmonic functions on R.
Then we get

Iduj'1,1duP1,1dui l,Idv i l<P1dzI 1, 2),
(3,20)

Di c (p) = Ç P2 dxdy<8{Dic(u,)+DK(u2)+Dic(vi)+DK(v2)}
J K

where p + 1f21 + Ifl 1 + Ifl + 1g1 1 +1 g21 + Igf 1 +1.gl, and K
is  a compact domain in R .  Moreover from (ii) in  Lemma 3, 5, for
fixed n  there exists m such that

(3, 21) X(C,nn)> 
{ ' m n

1 2 > { t„(u„ u2)} 2 .

To make the notations simple, with respect to above m, n we put
mc„)

S  = 1?;„., US = L JR T h f l, as n r„, = = u ri,
(— as) n r„ = r  where r is  a  closed curve,
C =  C „ ,  L =  L L „ ,  L , = L ?,,,, t „ ( u „  u 2 )  =  t ( u „ u 2 ) ,

M = M„„„ = E x(cL„) , N = N,„„.
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Then there exists rys =  U  k E C  (7 , : a component) and 7'.5 .L1

such that

(3,22) I du i l , 5 d v ?  I <LP <N/2X(C)D s (P) ,

, I dui I , p d z  <\/2 x (L ; )Ds (P) •

From the definitions of L i  and C ,  s  intersects y at least once
a t a point q that lies on a component 7 ,  of 7 8 . Therefore we get

u1(q)1 <t(u„ 110+ Idu1 I, (i = 1, 2) .
Y

1

Consequently we obtain for any point p  on ry

I ui(P)I <t(u„ u 2) + Idu1 II  duil (i = 1, 2) .

From (3, 21) we can get for each S

(3, 23) ju iciq  , 5 f i 2 d v i  <I N /
l

i m + \/ 2 max X(Li)Ds(P)

2X(C)Ds(P)} 5s P1 dz 1 •

Summing up the relation (3, 23) for a ll S, in the former not-
ations we have

(3,24)u  , d r 1  I , I ce,dvP I <N DR„,„(P) {2 N./ M m n X(L m n )
Y m n Nmn

+ 2N/ N,n ,,DR,„,„(P) + 4 N/M,,„„DR„(P)}

where Y „,„ denotes U y s (Y m n E C ,m ).  L et m , b e an  integer such
that (3, 21) is fulfilled with n= no and m= mo , then ther exists 7,nono

which satisfies (3 , 2 4 ). Next, let m, be an integer such that (3, 21)
is fulfilled with n = n i > m o and m = m „ then then there exists
which satisfies (3, 24). By this way, we can get from (3, 20) a
sequence of the level curves 17,„,„1 = such that

I + l .

(ii) Evaluation o f  th e  integrals along Œ„ in  (3, 8).



<2 Pk •
k="0

From the fact = 0, we have

, and j v t
> t (") k = no

PC»)
We denote the level curve Uo = t  by 0,—
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u i dv,—
Ot of

PC,)

I dui I I d i4  I + I dcg21 I d it I }4 06,

   

L (t) =  2 E  '0 0 Iduil 2 + ( 4  Idu21)2 + ( o ,i I d141 2 +( e ,

W e set dick = ak dUo +b k dV0 , dvk =adU o +b/h dV„ (k=1, 2), then
by the successive applications of Schwarz inequality we obtain

27t

L (t)< 4 A 0(t) {  b, 12 + 1b21 2 +11)11 2 + INV} dV„ ,

where A 0(t) m a x  d V ,=  max H ence again applying the
i 4 g

Schwarz inequality, we get

(T  L(t) 
J d t <

Ildu2 Ildviilz.9+ Ildv2113,o A 0(t) 
or Adtt )Consequently, under the condition 09, we have

Tim L(t) =  O,

and so there exists a  sequence of the level curve {0,,, : Uo= t }
such that

L(t)—> 0  as t — o o .

From the results of (i) and (ii) we can get an exhaustion { k }
such that

11001 + 0  as 0 0 ,

where a iv,— a n i"„=  U  =  , q.e.d.
In  th e  analogous way a s  in  Lemma 3, 6, w e  have from

Lemma 3, 4 the following

Lemma 3, 7. F o r  k E  0 ( 1 0 , W )  (W  is  n o t p lan ar and a is
isolated), the bilinear relation in Kusunoki's sense holds between co,
and co, where coi Er hse(k)nrkst(k) (1=1, 2) and co, have a finite
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number of  non vanishing periods along A , B -cycles in R  and R '.
Theorem 3, 1. For k E  S 0 (I„, W ) (a is closed), the  bilinear

relation in K usunok i's sense holds between co, an d  co, where co i E
r h ee(h)n rhet(h) ( i= 1, 2) and co i  hav e a f inite num ber of  non vani-
shing periods along A , B -cycles in R  and R '.

Note that besides non vanishing periods along A , B-cycles in R
and R', co i  m ay have an infinite number of non vanishing periods.

Proo f. A s in  th e  proof o f Lemma 3, 6 o r Lemma 3, 7, we
take the sequence of the level curves { 0 }  where 0,-- u 9 .  L e t
m,,,, n, be the integers such that

(i ) the inner boundary of D,1 is cr,„%,E r  and
(ii) (3, 21) is fulfilled with m =m , and n=n,„.
To make the notations simple, w ith respect to above m„,, n,

we put

m , = m ,  n ,  n ,  0 i ,  S  w h ere  aS nal4t ,

then there exists the curves 73 which satisfies (3, 23). W e put
Os = U Oi (9 i  i s  a  curve on S such that )9(7 8 ) n 8(Oi )= 0, where ie(c)
denotes all the points of le( W ) that are the derivation of c).

Thus we get an exhaustion {VV,} such that

u i ckl I + u,dvt I —> 0 as

where U {7 3 U Os} r,— a — 8W, n I,. q.e.d.

Corollary 3, 1, 1. For k ES ‘,(I,„W ) (W  is  o f  f inite genus and
a  is closed) the bilinear relation in K usunoki's sense holds between
co, an d  co, where wi Er„,(P) n rte(h) (i = 1, 2). T hen h E  OKD
(from  Corollary  2, 1).

Corollary 3, 1, 2. W hen W  is z -plane, 8=4) and L , is  a  set
o f  slits on real positive axis, Theorem 3, 1 reduces to the Theorem
of Pfiuger (10).

Remark 3, 2. Theorem 3, 1 is  t ru e  fo r co, an d  co, with an
infinite number of non vanishing periods along A , B-cycles in  R
and R ',  i f  I I/T„(011 I and  I I/T„c02 11 are  uniformly bounded, where

k=1 bkor(Ak) —  ak cr(B 1 ),  and A i , B i range over only A , B-cycles
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in R  and R ' .  From the Corollary 4 in (8) we can construct an
example of surface k such that for any differentials (,) E r k ,e (k),
11/T„coll are bounded.

§ 4. Bilinear relations in Accola's sense.

Suppose D",` is an annulus in R outer boundary is 1"(a)
(r(a) : Cf (3, 1)) and D 'n  D '- -4 )  for n *m  or i *  j .  We put

ocen)
D',

i=1
• {y : y  is  a colsed curve in D'", which separates the inner

boundary and outer boundary},
&co

• = {7:7= U 7i, 'y C '}

• = {'y : y  is an arc that connects r, to r (a )  and lies in the
interior of R endpoints},

{A i , B  :  the same C.H.B.(kn)  as in Theorem 3, 1,

and we set

(4, 1)
X „  E ,

j-i
Y X(/.4̀ )Xn

Definition 4, 1. W e say  that R = S (L , W ) (a  is closed) has
A '-property  in the neighbourhood of a if R satisfies the conditions:

(4, 2) X„ --> 0 a s  n 0 0 ,  a n d  limY„<Y<00.

Definition 4, 2. W e say that R =S (Ic„, W ) (a is closed) belongs
to S,(I,, W ) if  R has A'-property in the neighbourhood of a and R
has A -property  near R . W hen R  SA ) W ), we write W).

Note W )c s'0(/‘6 , W).

Theorem 4, 1. I f  k E i ( - 1 , 6 , W )  (a is closed), then the bilinear
relation in Accola's sense holds w ith respect to  {k }  and {A„ B 1}
between co, and 02 w here coiE r(k )n rh se (k ) (i= 1 , 2) w ith only  a
finite number of non vanishing periods along A,B-cycles in R and R'.

P ro o f. The proof is omitted since it is simpler than that of
Theorem 3, 1. Note {k }  is not canonical.

Remark 4, 1. It is easily seen that a satisfying the conditions



16 K unihiko Matsui

stated in Theorem 4, 1 consists o f only a finite number o f ideal
boundary points on fl( W).

§ 5. Period relation in Sainouchi's sense on k =  ( I , ',, W ).

W e assume th a t  {E „ }  i s  a n  exhaustion and 8E k  n aRn =
ce(n)

r k (a) U cr„ = r k  as in (3. 1) or (3, 15), where 1- „(a) = U 11(a), œn =
i= 1PC.)

a:a. For co„ (02 E n k) with a finite number of non
i> (n)
vanishing periods along A, B-cycles in R  and R ', we obtain as in
Lemma 3, 4

„,co
(5,1)( 6 ) ,  CO)" = Ihn LE ( (

7 ) 2 — (- w,)62 I)1 . f  Ai B i A i B i

+ 2 f i,dvi) ,
r n

where u k , v k  (k = 1, 2) are harmonic functions on R ,  le —  I T a ) le =  C°11,

=  c o / k „  a/k a -=du k  in R  and 4<= dv k  in R .  Note that clek (k =1 ,2 )
have in general a non vanishing period along a dividing cycle on
R  (not dividing on E). Let D  (h= 1, 2, • • • , p(n)) be annuili each of
which includes a contour n(a) (1 a(n)) or cr- (a(n)<h<p(n)),
and w e assume that mn L=4, fo r a ll  n, h , and DMIX ,,= 96 for

j  o r  n *  m .  W e put D k  = J D ,  and denote the harmonic

modulus of D  and D„ by v!, and v k  , respectively. Also we denote
-

b y  u o(p)+ ivo(P) the function which maps D = LT), onto the strip

domain 0 G Uo < R =  v„, O < Vo < 27r. B y the sam e way as in
n=1

Sainouchi (11) we get the following

Theorem 5 ,1 .  I f  R E S (I„ , TV) satisfies the conditions

(5,2) E min i4 =  0 °

then for {A i , 13,} and  û , , 0 2 as in Lemma 3, 4 there exists a regular
exhaustion {Tt}  such that

.(p-)
(co „ (4 ) = lim  1E ( (7)2— C°.ç 6-52 1)

i = 1 A i Bi Ai Bi

+ aCH )  d ; ' t

J r '  
It i d  V  0f  

r `  
2 d V 0 ) }  ,

j = 1  0€ O' J 1-4
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where m (u ) denotes the  genus of  V17 , W  nO T t= 1 ',(a )U 0 -,, F (a )

V= Urt„ f d   d , ! , =  , d v t  and

P r o o f .  From (5, 1) we can prove this Theorem quite similarly
as in Sainouchi (11) except that {T/V} is not canonical, and so the
proof is omitted.

We say that k = , ( 1 ,„ ,  W ) belongs to . 2 (.1.„„ W ) if  R  satisfies
(5, 2). Then WE OK ,  (Sainouchi (11)).

In the present step it is not sure that there exists a surface
of class 2 ( I ,  W ) (or a surface of class wEoK,)) which is
not of class O K D .

At the end, the auther wishes to express his hearty thanks
to Professors A. Kobori and Y. Kusunokif or their kind guidance
and their constant encouragement during his reserch.

Faculty of Technology
Doshisha University
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