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Let k  be an algebraically closed field of positive characteristic
p, x a proper integral k-scheme o f finite type and G  be a  com-
mutative affine k-group scheme. For a  k-prescheme T , the isomor-
phism classes o f  principal fibre spaces Y  over XT with group G
form an abelian group with the well-known multiplication. We shall
denote this abelian group by PH(G, X / k ) (T ) .  Then the functor

X  / k)(T) is a contravariant functor from the category
o f  k-preschemes (Sch/k) to  the category o f  abelian groups (Ab).
The associated sheaf o f  PH(G, X / k ) with respect to  the (fpqc)-
topology of (Sch/k) is denoted by PH(G, X/k).

I f  G is the multiplicative group Gm ., PH(G,„, X/ k) coincides with
the Picard functor Pic(X/k) o f X, and P ic(X / k) is representable
by a commutative k-group scheme, locally of finite type over k.

The purpose o f  this paper is to study the representability of
the functor PH(G, X /k) for an arbitrary commutative affine k-group
scheme of finite type. If G is the additive group G„, PH(G„ X/k)
is representable by Lie(P ic(X /k)) which is isomorphic to a direct
product of G .  I f  G  is a simple finite k-group scheme (i.e. G=trp,
P p >  (Z/ PZ)k and (Z /qZ ),; q :  prime, (p ,  q )= 1 ),  P H (G , X / k ) is

* ) This article was presented as a doctoral thesis to the Faculty of Science.
Kyoto University.
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representable by Ker(Lie(Pic(X/k)) 2 —‘ .L ie (P ic (X /k ))) if G =a,,,

p (P ic (X /k ))  i f  G = p ,  Ker(Lie(Pic(X/k)) L ie (P ic (X /k ))) if
G---(z /pz )„ and g (P ic (X /k )) if G =  (Z /qZ ),„ w here F  i s  the
endomorphism of Lie(Pic(X/k)) induced  from  the Frobenius
endomorphism of G„ (cf. Chapter I, Theorem 1.6).

In  general, PH(G, X /k ) is representable by a commutative k-
group scheme, locally of finite type over k , if (1 ) G  is  a connected
commutative algebraic k-group scheme, smooth over k  and if (2) G is
a commutative finite k-group scheme (cf. Chapter IV, Theorem 4.7).

These results are applied to m ake a  calculation o f th e fun-
damental group F,(X )  o f X  (c f. Chapter III), and to obtain some
results on an abelian scheme (i.e. when X  i s  an abelian scheme)
(cf. Chapter II).

In  th is  paper, w e  sh a ll use free ly  the terminology and the
notations of A. Grothendieck. For the references, see EGA, FGA,
SGA, SGAD, SGAA and G B (c f. B ib liography). For an abelian
group M  (resp. an algebraic group G ) , w e denote by „M  (resp.
”G ) the kernel of the multiplication by n on M  (resp. G), where n
is  a positive in teger. The set of natural numbers is denoted by N
or Z .

Contents

Chapter I. On the PH-functor.
Chapter II. On the generalized Weil-Barsotti formula.
Chapter III. O n  th e  fundamental group.
Chapter IV. On the representability of PH-functor.

Chapter 1. On the PH-functor

1. Topology. In the following, we shall use freely the defini-
tions and the results on Grothendieck topology, for which we refer
to  [SGAA], [MA] and [SGAD](*).

*) See Bibliography [ 2 ], El ]  and [ 3 ].
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Roughly speaking, "the open coverings" on a prescheme S  in
the sense of (fpqc)-topology (resp. (fppf)-topology, étale topology
are generated by two kinds of families of morphisms:

(1) surjective families of open immersions from affine open sets
into S,

(2) finite surjective families of flat morphisms (resp. flat morphisms

o f finite presentation, étale morphisms).

Then a  set-valued contravariant functor F  on  the category o f  S-
preschemes (S ch/ S ) is called a (fpqc)-sheaf (resp. (fppf)-sheaf,

étale sheaf) i f  it satisfies the conditions:

(a) for a  su rjective  fam ily o f  open immeisions Wa--, 1 7 )  the

sequence
F(U)—nF(LIG,)1-1F(Uax U3)

a . f3

is exact.

(b) for any (fpqc)-morphism (resp. (fppf)-morphism, étale surjec-

tive morphism) the sequence,

F (T )- -> F (r ) F (T rx
is exact.

The topologies on (Sch/S) are ordered as follows:

(ca n )> (fp q c )> (fp p f)> (é t )> (Z a r ), w h ere  one reads the left one

is finer than the right one and where (ca n ) means the coarsest
topology with which arbitrary prescheme is a sheaf. Therefore, we

have the relation of inclusions, (Sch) (fpqc-sheaf) g (fppf-sheaf)

g (étale sheaf) g (Zariski sheaf).

Next we shall quote elementary results on the sheafication of

a presheaf on a site C whose topology is defined by a pretopology,

(c f. S G A A , Exp. I). L e t  F  b e  a  presheaf on  C. Then  the

separated presheaf associated with F  is defined by

L F(X )=1im  Ker(11F(X,c )L :r1F (X „ X  X j 3 )
a a (3 X

EJ( X)

where J (X ) is the set of all coverings in C with the target X . L F
possesses the following property; for a covering {T -->T }  o f C, we
have,
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L F (T ) c--->Ker ( L F (T 3 ) H L F (T o x TO).
: i n i u t 3 5,7

The sheaf associated with a presheaf F  is defined as L 2 F = L (L F ).
We can also define L`F in one step as follows :

L 2 F (X )=  lim  K er ( F (X )  H  F (X a x X0—> H F ( x , 5 7 ) ) ,

cc ,13 X
(X „s 7 , X,,,X ,S,13 7 , S , ) E J ( X )

where P ( X )  is composed by sets of coverings {X„.—> X } an I

{X57 X3} for each (a, We denote L 2 by a and call it a

sheafiation functor. a  is  an exact functor, more generally, a
commutes with finite projective limits and inductive limits.

2 . C ohom o logy . Let C be a site, C  be the topos formed by
sheaves on C  and A  be a sheaf of commutative rings with unit on
C . For two sheaves F, G of A-modules on C  (resp. for a sheaf of
sets E  on C), a cohomology

Ex -CA( C ;  F, G) (resp. F12 (C 7  E , F )) or simply

ExtgA  (F, G) (resp. fig (E , F ))

is defined a s  th e  g - th  right derived functor o f th e  functor
(F, G) (resp. by 1-1'(E, F)— ExtqA (AE , F ) ) .  Also, for F,

G  and E  as above, we define a g-th local cohomology

ExtQA(F, G) (resp. HG (E , F ))

as the g-th right derived functor of the functor -->flomA (F , G)
(resp . by (E , F )= E x tl(A E , F)).

Let X  be an object o f C, and put

Ext°A (C / X ; F, G) =FP (C -  / X , HomA (F, G )).

I f  we denote by ExtgA(C7 X ; F, G ) the q-th right derived functor
of the functor F---).Ext°A(C7 X ; F, G ), we have by SGAA, Exp. V,
Prop. 4.1, a spectral sequence functorial in F, G  and X,

( 1 ) —1L(C-/X; E x t  (F, G)) ExtPA" (C7 X ; F, G).

The sheaf Ext4(F, G ) is identified with the sheaf associated with
the presheaf X------->ExtqA (C 7 X ; F, G).
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Moreover, i f  we replace F  by A R, we have a spectral sequence
functorial in F , E  and X.

( 2 ) E'q=115(C--/X; (E , F ))  ExWq (C7 X ; A R , F ).

Let u :  ( C ,  A )  (C ' , A') h e  a morphism of ringed sites. Suppose

that the topologies of C  and C ' are defined by pretopologies, the

finite fibre products are representable in C and C ' and th a t u  com-
mutes with the finite fibre products. Let F  be a sheaf of A'-modules
on C ' and X  be an object o f C .  Then by SGAA, Exp. V, Cor. 5.3,
we have a spectral sequence functorial in  F  and X,

( 3 ) E•q=115(C7X; Raus (F ) ) >I-IP+q(C' - /u (X ) , F ),

where k u s  i s  the q-th right derived functor of the functor of direct
image 245: CA- - , -->C .
Moreover, i f  G  is  a  sheaf o f  A-modules on  C, then by Prop. 5.5,
ibid., we have a spectral sequence functorial in  F  and G,

( 4 ) E.Q=-ExtPA(C-; G, Rgus (F ) ) (C'` ; us (G ), F )

where us is  the functor of inverse image
In the following sections, we shall apply the above cohomology

and spectral theories to the case where C  i s  th e  (fpqc)-site (resp.
(fppf)-site, étale site, Z ariski s ite )  (Sch / S ), A = Z : constant ring

o f integers, F , G  are commutative group preschemes over S  and
E= X  i s  a  S-preschem e. Then we denote ExtqA (F , G ), 1-1 (E , F ),
ExtQA ( F, G) lig(E , F )  by Ext,1_„(F, G) p, , FIV X , F ), E xts_„(F, G ) ,,
I lL ( (X / S ) ,  F )  (resp . E xtL„(F , G),„ W p,(X , F )  Ext's _„(F, G)p„
111((X /S ), F ) ,  Ext's _„(F , G):,, •••)•
Finally, w e  r e m a r k  t h a t  I-1'„(X , F ) F „ ), F )
=I-1°(X„ F i , )  and I-U,(X, F) =1-1' (X , , F )  where the right term of
each equality is the cohomology group calculated on  th e  site X ,

X (c f. SGAA, Exp. VII and Exp. VI, §7, Cor. 3.9).

3. Definition o f  P H -fu n c to r . L e t  k  h e  a  fie ld , S  b e  a
locally ncetherian k-prescheme, X  h e  a S-prescheme, o f  finite type
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over S  and G  be a  k-group scheme o f finite ty p e . We define a
contravariant functor PH(G, X /S) o f  (S ch / S ) concerning a triple
(G, X , S ) by

T E  (Sch/S)-->PH (G , X /S )(T )—
[ isomorphism classes of principal fibre space

=  Y  over X T =  X X  T  with group G  whose
canonical projection is  (fppf)

Such a fibre space is a representable one of principal fibre sheaves

w ith  the base space XT  a n d  w ith  group G  in  th e  sense of
(fpqc)-topology o n  (S c h / S ) and is, sometimes, expressed by a
sequence

cr
G x Y  Y - - >  X ,  (cf. SGA, Exp. XI).

pr2 P

Then the canonical projection p  is evidently a  (fppf)-morphism.
PH(G, X /S) is not, in general, a (fpqc)-sheaf o f ( S c h / S ) .  In fact,
if X = S ,  a n  elem ent Y  o f  PH(G, S / S ) (T ) ,  T E  ( S c h / S )  is
trivialized by passing to PH(G, S / S )(Y ),  w here Y—>T i s  the
canonical projection of Y .  The associated sheaf of PH(G, X /S) in
the sense o f (fpqc)-topology is denoted by PH (G , X /S ) and is said

a PH-functor concerning a triple (G, X , S).

Let 0 --> G,--> G 3  0  b e  an exact sequence o f  k-group
schemes (i.e. G, is invariant in G, and G, is the quotient of G, by

G O . Then by SGA, Exp. XI, we have an exact sequence,

0--->G,(XT)—>G2(XT)—>G3(XT) - ->PH(G,, X/S)(T)--->
1)

—>PH(G2 , X/S)(T)--->PH(G 3 , X / S )(T ),  for T E  (Sch/S).

Then by operating the sheafication functor a ,  w e  have an exact
sequence,

2)
0—>Homs (X, G,,   )—> Horns (X, G, s)—>Homs(X, G3,5)-->

(G 1 , X/S)—>PH(G,, X / S ) - 4 1 H (G 3 , X/S),

w here Horn s (X, G,,,)
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is the (fpqc)-sheaf associated with the presheaf T----)11omr(X T, G LT)
etc.. Suppose now that G  is commutative and consider 1- 1L(X2-, G),
1-11(XT, G), 111,, (X i, G ) and 11 (XT, G ), TE (Sch/S).
Those groups are identified with th e  ech-cohomologies calculated in

the corresponding s ites  on  ( S c h / S ) .  Then, the usual argument

shows that those groups are  th e abelian  groups o f  isomorphism

classes of principal fibre sheaves o n  X T  with group G  in the

corresponding sites on (Sch / S ), (c f. SGAA, Exp. V I I ) .  When G  is
affine, we have the next result.

Lemma 1 . 1 .  ( 1 )  I f  T  is  quasi-compact, w e have

If„,(X T  , G)=PH(G , X / S ) (T ) .

These equalities hold for a non-com m utative af f ine g ro u p  G
if  Wpg (X ,,G )(resp .f 1 ,(X T , G )) is  the set of  isom orphism  classes
of  principal f ibre sheav es of  the base X T w ith group G  in  the
( f p q c )-s ite  (re sp . ( o p f ) - s ite )  (Sch/S).
(2) (cf . GB111, (11.7)). Suppose, m oreover, that G is smooth over
k. T hen w e have

, G) G),

in particular, H 1 ( X T , G ) 1 - ( X ,  G).
(3) I f  G  is special in  th e  sense of  J.-P. S erre [17] , f o r  T  as
in the assertion (1 ) , we have

, G) :-_- -- -- 1-11„(XT  , G).

P ro o f.  First, note that under the assumption on T , an arbitrary
(fpqc)-(resp. (fppf)-) covering {UOE-0-X T } o f  X T  is dominated by a
finer covering f : X '-->X  where f  is a (fpqc) (resp. (fppf))-morphism.
Then the proof o f  ( 1 )  is  done w ith  the argum ent o f  [14] , III,
( 1 7 .4 ) .  For the proofs o f  (2 )  and (3 ) , the readers are sent to the
references.

For any S-prescheme, PH(G, X / S ) ( T )  is an  abelian  group if
G  is  affine and com m utative. In fact, let Y 1 ,  Y , be elements of
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PH (G, X / S ) ( T ) .  Let F  be a sheaf theoretic sum  o f  Y , and Y2

in H ,(X , G ) .  Then F  admits a  (fpqc)-local section (17
1 x 17

2 ) xxxx
(X , Ax ) - - .F . Hence, the argument of Lemma 1 .1 ,  ( 1 )  shows that
F  is representable.

Therefore, PH(G, X IS )  i s  a  (fpqc)-abelian sheaf included in
an (fpqc)-abelian sheaf H'„(G, X / S ) .  Now we have the following
result.

Lemma 1. 2. ( 1 )  I f  G  is a commutative aff ine group scheme
of  f inite type over k , then PH(G, X/S)=-- K ( X , G).
(2) For an arbitrary  k -group schem e G , PH(G, S/S)=0.
(3) I f  X  is af f ine over S , PH (G „, X /S) 0.
(4) I f  S — S 'pec(k ), k : th e  f ie ld  a n d  X  is  f in ite  o v e r k ,
PH(G„„ X /k )=0.

P ro o f . For T E  (S ch / S ), cover T  b y  affine open sets W a l .
Then a commutative diagram

0—.PH(G, X/S) (T)—. II PH (G , X / S)(Ua) PI-1(G, X/S) ( ( I a n  (L)

1 F
0—>W„(X/S, G)(T)—>fi W„(X/S, G)(11c ) L;11 I-P,(X/S,G)(U a n  ua)

a  13

shows that PII(G , X / S)(T) =11,(X / S , G, T )  i f  this equality holds
for separated quasi-compact sets. I f  T  is SD, this can be proved as
follows;

X / S ))(T )
= lim Ker(PH(G, X / S )(T ') =:); EH(G, X /S)( T  ' T ') )

f p q ,

=  lim  K er(11 1
1 (X , , , G) G))

7 , —>T
I pci

=  L (H )( T ), where H is  a functor T E  (Sch/S )

H( T)=11;„(X T , G ).  N o t e  th a t  in  the righ t hand  term  of the
first e q u a l i t y ,  T ' x  T ' i s  quasi-compact. T h e  same calculation
show s that PH (G , X /S)( L2 (PH(G, X /S))( T )  L 2 11( T)
— H 4 (X /S ,G )(T ) . Hence follows (1). ( 2 )  i s  pu t h e re  for
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memory. For (3 ) ,  it is enough to see that PH(G„, X / S )(U )= 0
fo r  affine scheme U = S p e c (R ) . T hen , since PH ( G ,  X/ S ) ( U )

=PH(G,, X u/ U )(U ), the result is easily proved by Serre's theorem,

(cf. EGA, III, ( 1 .3 .1 ) ) .  ( 4 )  was essentially proved in  [13 ], with

supplementary use o f Serres  th eo rem . S o , w e  om it th e  woof.

q.e.d.

W e shall give now an exam ple of PH(G, X / S ) .  If G=G„„
PH(G„„ X /S) is the Picard functor o f X  over S ,  (cf. FGA, n°232).
If G = G„ , rote that PH(G,, X/ S )(T )  =1 { 1 ( X T, Ox7. ) ,  i f  T  is quasi-

compact.

Let 0—.G 1 --)- G2 --->G3 —)-0 be an exact sequence of commutative
affine group schemes of finite typ e  over k. T h en , a  sequence of

abelian sheaves on the (fpqc)-(resp . (fppf)-)site (Sch/S),

O 1±3-> G1,5 -> G 5 ,S -> G3,5 ->

is  ex ac t, because p  i s  a  (fppf)-morphism. Consider an exact

sequence of cohomologies of X T -sections.

o--->G 1(X 5)->C 2(X T )---G 3(X T )-.1-11(X T , - -.1 -11(XT » G2)

,M (X T ,G i) — . • ••), i =  p q  or pl.

This sequence coincides with the sequence 1), if  T  is quasi-compa:t.
Consider, also, an exact sequence of local cohomologies of X-sections.

0 — > Horns (X, GO — .11oms(X , Homs(X, G3) G1)

G3)( - --> Hr7: (X , G1)— .• • ••), i = pq or pl.

This sequence coincides with sequence 2 )  i f  i =Pq.

4. Connection between the g lo b a l cohornologies and  the
local cohom ologies. From now on, we p u t th e  following assump-
tion (C )  on X , unless explicitly mentioned;

( C )  X  has a section s  over S ,  (i.e. f • s =id s ) ,  and satisfies
(f 7)*(0x ,)--=O T  f o r every T  (S ch /  S).
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The latter condition will be satisfied by the Minneth formula if (1)
f  is  proper, S  is  the spectrum of the field k  and ( X, Ox) - - -=- k , or
(2 ) f  is  flat, proper and whose fibres are separable (c f.  EGA, IV2
(4 .6 .2 ))  and f  * (0 x)--=-: s

First, we shall prove:

Lemma 1.3. L e t T  be a quasi-compact S-prescheme and G
be a  commutative af f ine k -group scheme o f finite type. Then,
(1) 1-11(X 7 ,  G ) =- - 1-1!(X  /S , G )(T )x 1-1;(T , G ) (d irect product),
i = pq,
(2) 11,„(X/ S, G )(T )=-PH (G , X/ S ) (T )

=L (PH (G , X/ S))(T ).

P r o o f . By virtue of the spectral theory (2 )  o f §2 , we have a
spectral sequence,

P 2
4 =1-Ug (T, 111„(X/S, G )) >1-1:,(X T , G).

The exact sequence o f terms of low degree is

0 ( T, Homs(X, G )) - ->EL(XT, G)---> H ° (T ,1 -1,„(X/S, G)).

P u t  H  a  fu n c to r  T E (Sch/S)° I-rp,(X T  , G). Then, taking
account o f th e  quasi-compactness o f  T ,  L H (T )  is calculated as
follows:

L H (T )=1im  K er(H (T ') H(7 - x  T '))
- - - >

fpqc

=lim Ker(PH(G, X / S )(T ')P H (G , X/ S )(T ' x  T '))
T1

fpge

= L(PH(G, X/ S ))(T ') .

However, it is not difficult from the (fpqc)-descent theory for affine
schemes that the canonical morphism 1-11p,(XT, G)->LH(T) is surjec-
tive. Since the canonical morphism LH(T)-->L 2H (T )  i s  injective,

we have an exact sequence from the above exact sequence

0-.Ellp2 (T , G) =1-1 1p,(XT , G)-> LH(T)-> 0
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where one note that Hom s (X , G)
a

sequence splits. L e t  T.' ---> T be

exists sections se: sr":
the following diagram,

G by the assumption ( C ) .  The

a  (fpqc )-m orph ism . Then, there

T"— T' x T'—>X T
, ,  and commutes

 

where p i ,  P2

1,2,x
Î ST ,i . e . Pi,x -sr , , = ' P i ,

PI i = 1, 2,
T" T'

P i

are the canonical projections o f  T " to  T '.  Since T'
T "  are quasi-compact, we have the following commutative diagram:

0---÷1{ 4 ( T, G) =  1 - 11p,(XT , G) —>LH(T) —> 0
a*1 LH(a)

0—.1-11„ (  T', G) <—_- H1p,(XT , , G) —> L H (T ')--. 0

P?ilPT f
P?,x1IP!.x L H (pi)1  L H (p 2 )

0 - - 1-IL( T" , G)--.LH( T ')— >0

where the lines are exact and the columns are exact in the middle
terms, without the right column. Then the diagram chasing shows
that the right column is also exact, i.e. L H ( T )  L 2 H (T ).
Since L 2 11= PH(G, X/ S ), we have L H (T )-- -= PH (G, X/ S ) ( T ) .  For

the case of 1-11(X / S, G ), the proof is the same. q.e.d.
Next, we shall prove

Lemma 1. 4. Let T  be a  quasi-compact S-prescheme and G
be a commutative affine smooth k-group scheme o f  finite type.
Then we have (1) L ie (P H (G , X /S ) ) (T ) , - -- -- P H (L ie (G ), X/ S )(T ),
(2 )  L ie (IE (X /S , G))(T)__- - H1(X /S, L ie (G )) (T ) , i =p q ,  pi.
For the definition of Lie-functor of a group functor, see SGAD,
Exp. II.

P ro o f .  W e have an exact sequence o f k-group schemes
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0—>Lie(G) ' G  0  ,  G' =T (G /k )

which splits by the unit section of G-group G '.  Since G  is smooth
over k, Lie(G ), hence G', are also smooth over k. Then, w e have
th e  following exact sequences o f  abelian  sheaves o f  (fpqc)-(and
(fppf)-) site (S ch/S ),

PH(Lie(G), X /S)_>  PH(G, X/S)—> 0

O--- 1-1,,(X/S, Lie (G)) Him (X / S, G') H;,,(X /S , G)->0.

We shall prove now, R,,(XT, G')=1-11p/(X1T  G ) .  Since G and G ' are
smooth over k , w e have only to prove K t(X T , G ) by
virtue of Lemma 1. 1. By the spectral theory (3 ) of §2, we have a
spectral sequence, EV =1-1f,(XT, Rg Or, * (G ) )  >1 -VI(XI T , G ), where
7 rk  is the canonical projection 4=Spec(k[t] /(t 2))--> Spec(k ). Then,

since n-, induces an equivalence on  the é ta le  sites (S c h / S ) and

(Sch//s), (c f. SGAA, Exp. VIII, Th. 1 . 1 ), w e know  Rg(7-4.0 * (G)
=0, if q > 0 .  Hence, K ., ,( X T , (Tck,k)*(G))=W,(XT, ,  G).
Since T  is  quasi-compact,

Lie(PH(G, X /S)) ( T)=-Ker(PH(G, X/S)(h,)-->PH(G, X / S )(T ) )

(Iti(X / T , G)/1-1V/T, G )- ..FI/(X , G )/H ,( T, G))
E------Ker(H ipt(X/r , G)->W,i(XT, G))/Ker(11,(L-, G) - - -Hip/( T, G))

, Lie(G))/I-IV T, Lie(G ))=  PH (L ie(G ), X /S ) (T ) .

T h e  process o f  calcu lation  w ill be clear w ithout explanatiors.
q.e.d.

C o ro lla ry 1 .5 . I f  T  is locally  noetherian, w e have
(1) Lie(PH (G , X / S ))(T ) , - ---- P H (L ie(G ), X / S )(T ),
in  p art ic u lar Lie(PH(G„,, X /S ))(T )-E -=- PH (G ,, X /S ) (T ) .
(2) PH (Z /nZ , X /S)(T ) - ---_, Ker(PH (G ,,„ X /S)( T)

22->PH(G„„ X /S ) ( T ) ) ,

i f  n  is  prim e to  the characteristic p  o f  the f ield k.
I f  p  is positive,
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rH(z/pz, X / S )(T )= K e r(P H (G ,,X / S )(T )

X / S )(T )),

where F is the p-power operation of p-Lie algebra PH(G„ X / S )(T )
o f  which structure is induced from the Frobenius endomorphism
on G „ cf. SGAD, Exp. VII.

PH(pp, X/S)(T):=_Ker(PI-1(G,„ X/S)(T)---1--) >P1I(G,„ X/S)(T)).

PH(a,, X / S )(T )=--7-, Ker(PH(G„ X /S)(T)---->F  PH (G ,„ X / S )(T )).

P ro o f. I f  7  is locally noethe:iari, T  is covered by quasi-compact

open sets {Ua}  such that U anila is also quasi-compact, (cf. EGA,
IV1 ,  ( 1 . 2 .8 ) ) .  Then (1 ) is proved as follows;

PH (Lie(G ), X/ S )(T )=K er(IIPH (L ie (G ), X /S )(U .„):::

11PH(Lie(G), X /S )(U an  uo) —Ke:(11Lie(PH(G, X /S))(UO-T->

=i; Lie(PH(G, X /S))(U . n uo))=Lie(PH(G, X / S ))(T ),
a., 13

where one note th a t  Lie(PH(G, X / S ) )  is  a - so  a  (fpqc)-sheaf on
(S c h / S ) .  The assertion (2 )  is easy to prove. q.e.d.

Under these preparations, we can state

Theorem 1. 6. L e t X , S  be a s  above. I f  th e  P ic ard  pres-
cheme Pi.-2,(X/S) exists and  is locally of finite type over S, the
contravariant functors PH(G„, X /S), PH(Z/nZ, X /S), PH(Z/PZ,

X /S), PH(gp, X /S ) and PH (, X /S ) restricted  to  the category
o f  locally noetherian S-preschemes, are representable and satisfies
the relations on the above-mentioned category,

PH(G,„ X /S)=  Lie (Pic(X/S)), PH (Z /nZ ,X /S )=„ (P ic(X/S )),
F—id

P H (Z  P Z , X  /  S ) K er(L ie(P ic(X /S)) L ie (P ic (X / S ))),

PH(//, X /S)--- - - , ( P i c (X / S ) ) ,  and

P H ( , K e r  (Lie (Pic (X /S ) ) (Pic(X/S ))).

P ro o f.  Trivial.

Corollary 1. 7. Suppose T  i s  quasi-compact. Then,



14 Masayoshi Miyanishi

(1) Lie (Pic(X/S)) ( 0 x r )/}-:1 (T, O r); if  T is an affine
scheme (-=-- Spec(A )), L ie(P ic(X /S))(A ) -=- 111 ( X A , OxA ). The socle
of the nilpotent part P(H(XA, OxA)) o f  the Fitting decom posi-
t io n  of p-Lie algebra H1 (X A , OxA )  is  equ al to  PH(ap, X/ S )(A ).
I f  k  is  a f ield w hich contains (p-1)-th primitive ro o t  o f  unity,
then PH(Z/pZ, X/ k )(k ) is  equ al to  (z/pz)N w here N  is equal
t o  the k-dimension of the sem i-sim ple  pare) o f  th e  Fitting
decomposition o f If (X , Os).
(2) „ (P ic (X / S ))(T )--= Z/nZ)/}V.,(T, Z/nZ). Especially  i f
k is separably  algebraically  closed, „(Pic(X/ Z/nZ).
p  (P ic(X / S ))(T )= - -- - , u p ) / 1 1 1(T, lip). Especially  if  k is perfect,
p (P ic (X / S ))(k )= K (X , p i ) .  Here, w e are lim ited  to  the cases
where Spec(A ) and Spec(k ) are S-preschemes.

P r o o f .  E a s y .  N ote  t h a t  th e  statem ent does no t requ ire
Pic ( X /S) to be locally o f finite type over S. q.e.d.

The Picard prescheme is representable by a group scheme locally
o f fin ite type over S , i f  ( 1 )  f: X — .S  i s  projective, flat and the
geometric fibres o f f  are integral ( =reduced and irreducible), or if
(2 )  S = S r e c (k )  and f  is proper (c f .  FG A  n°232 and n°236 and
[11] ).

W e shall treat in Chapter 4 the problem of the representability
o f a  (fpqc)-sheaf PH(G, X/S).

A ppendix to  C hapter I.

In  Lemma 1. 1, Lemma 1. 3, Lemma 1. 4, Corollary 1. 5, Theorem
1. 6 and Corollary 1. 7, we have used the quasi-compactness o f a  S-
prescheme T. But th is assum ption  is no t essen tia l and can be
removed, i f  w e note the following fact.

L e m m a . L e t  G , X  a n d  S  b e  a s  in  L em m a 1.1. Then

* )  According to the terminology o f  J. Dieudonné [19. it corresponds to the
core of p-Lie algebra 1-11 ( X4. OxA)•
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PH(G, X /S )(T )=1 -1 1,,(X T , G ), fo r  arbitrary  S -preschem e T.

P ro o f.  Let F  be a  (fpqc)-principal fibre sheaf over X T  w ith
group G and 11 = { UOE}  be a covering o f T  b y  affine open sets U .
Then by Lemma 1.1, the restriction Fa o f  F  on X u , is represen-
table by a prescheme Y O E  over X .  Suppose Ua U s  [;5. Then the
restriction Fa ! Ua rl U s  o f  Fa o n  Ua f l  U0 is rep resen tab le  by
Y O E  I U O E  n U .  Analogously, F01 U O E  n Us is representable by Yai Ua fl
U 5 .  H ence there exists a  Xua -w eisomorphism (pas: Yal uccn
Y a l U o ,n ( -1 5  s u c h  t h a t  or • çoaa= s9a-y f o r  a ,  [ 3 ,  r  such  th at
Uafl (Tan U7 *0 . Therefore { Ya} defines a principal fibre space Y
over X T with group G which represents F. q.e.d.

Therefore for G =G „, ap, ,  z/pz, Z/nZ: n E N , PH(G, X/S)
is representable on the category (Sch/S) i f  P ic (X /S ) exists.

Chapter I I . O n  th e  generalized Weil-Barsotti formula

In this chapter, we shall assume that S  i s  a  locally noetherian
prescheme, and X  is  a projective abelian scheme over S, (cf. [14] ).
Then f :  satisfies the assumption (C ) of chapter I. Let G be
a commutative affine k-group scheme of finite type. We shall define
a contravariant functor w ith  respect to  a trip le (G , X, S )  which
corresponds to PH-functor; for a S-prescheme T , let E xt,-,(X T , GT)
be a set of isomorphism classes of Yoneda extensions of commutative

T-groups

0 — G -  Y XT 0

where p is  a  (fpqc)-morphism, (cf. [1 2 1 , III , §17). Then, b y  the
(fpqc)-descent theory fo r affine morphisms, Ext T , , ( X T ,  GT )  i s  an
abelian group, and for an exact sequence of commutative affine k-
group schemes of finite type 0 , G 1 -->G2 --.G 3 --- .0 , w e  have an exact
sequence,

1 ) 0 T ) G1,T)-->

E X tr - gr (XT, G2, T) - E X t r - g r ( X T  ,  G3, T) •

The (fpqc)-sheaf associated wiht the presheaf GT)
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on (S ch /S ) is denoted by Ext s ( X , G ) .  Then for the sequence
w e  have an exact sequence of (fpqc)-abelian

sheaves,
2 ) 0 , E x t,„ (X , G2)--.Ext,„(X , G3 ).

O n the other hand, X , G s  are considered (fpqc)-(resp. (fppf)-,
étaie) abelian sheaves on the (fpqc)-(resp. (fppf)-, étale) site(Sch/S).
The ::-th globo'. Ext-group and the i-th local Ext-grou? are denoted by

Exer _g ,( X T , G ,) ,„ Extis ,,(X, G),,,(resp. Ext ir_g ,(XT, G T )p i,

E x t,,(X , G)p„ G r)k , Ext's,(X ,

Then we have the following results which corresponds to  the results
of Chap. I, Lemma 1. 1.

Lenura 2.1. Let G , X , S  be as above and T  be a  quasi-
compact preschem e over S. T h en ,

(1) EXtir_ g r , (XT , GT)ftg E x er,(X T GT),
(2) if  G  is smooth over k , then

E x V ,„(X ,, G T ) t , t ,  •

(3) Exts_g,(X, G)55.

P ro o f . T h e  a sse r t io n  ( 2 )  on ly needs a  proof. S i n c e  an

(Yoneda) extersion Y of Ext,,,(XT,  C T ); ( Y ) ;
can be naturally considered a principal fibre space over X ,  with
group G in the sense of (fpqc)-topology, thus we have a homomor-
phism of abelian groups,

Ext r ,(X ,, G ,)---)-PH (G , X/ S ) ( T ) .

The extension ( Y) is  the one in the sense of (fpqc)-(resp. (fppf)-,
étale) topology if and only if p  is  an epimorphism of (fpqc)-(resp.
(fppf)-, étale) sheaves o f sets . It depends only on the image of
( Y ) by n .  If G  is smooth over k, as PH(G, X / S ) ( T ) . , - -- -- E l p , ( X , ,  G)

G ), the assertion (2) follows immediately. q.e.d.
For an exact sequence 0--.G1-4.G2 —).G3 -4 ), w e  have an exact
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sequence,

0--->Gi(T)—>G2(T) , G3(T)--OExt1-_,,,(XT,

-->Extli -_,,,(XT , G 2 . 7) i G 3 , T) i( — * EXC"-g,(X T  G1,7)1- - ->•••),

for i =pq, p l. This sequence coincides with the sequence 1 )  i f  T
is quasi co m p a ;t . For the local case, w e have an  exact sequeace,

G2)1— >.

--> (E xC ,(X ,

fo r  i =p q , pi. Th is sequence coincides with th e  sequence 2 )  if

i = p q .  Next, we shall state results connecting the local extension

groups with the global extension groups.

Lemma 2. 2. L e t G , X , S  be as above and T  be a  quasi-
compact S-prescheme. Then, we have,

E x C ,,(X , G ), (T ) - -= - E x tl- , (X T ,  G 7 ) 1, fo r  i =pq,
and

Ext s „ ( X ,  G) ( T )  E x tr,( X T  ,  G T )

l i r n  K e r  (E X t r ' G TO E X t(T ' x T ')-g r (X T ' G T r .T ') ) •T T
fp Q

P ro o f. W e use here the spectral theory (1 )  of Chap. I, §2.
There exists a spectral sequence,

_EV =}If, q (T , E x V ,(X , G )„) >Ex tlf ,(X T , Gr)pq •

The exact sequence o f terms o f low degree is,

0--.1-11„a (T , Horns,  ( X, G))—.Exti-_g,(X7, GT)pg - -

E x t ,L (X , G )„) .

Since (fT )*( ( vr):=" OT from the hypothesis and since

Exa_g,(XT,

K er(E x a , ...„( X 7 , , GT') Pe :-:E X t(T ' x7 J ) - g r (X T ' G T ' xTa )
T, -.T
IPqc

i s  surjective b y  v ir tu e  o f  t h e  (fpqc)-descent theory fo r  affine
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morphisms, we can easily get the resu lts . The proof is the same for
the (fppf)-case. q. e. d.

The following results correspond to Lemma 1.4 of Chap. I.

Lemma 2. 3. L e t  T  b e  a quasi-compact S-prescheme and
suppose G is sm ooth ov er k . T hen w e have,

Lie(Ext s _g r ( X, G ))(T )=- Ext s _g ,(X , L ie (G ))(T )

L ie(Extl, r ( X, E x t , (X , L ie (G )), (T ).

fo r  i =pq,

P r o o f .  The proof is analogous. W e use the spectral theory
(4 ), of Chap. I, §1. Then the corresponding spectral sequence is,

EV=Ext1 g r ( X r ,  k(nk,t)*(G))k=>Ext77– ‘ ,(X/ T G ir)k ,

where the notations of Lemma 1. 4 is used. Hence,

Extl-_„(XT , , G i T ) ; . e .

We leave to readers the work to complete the proof. q.e.d.

C orollary 2. 4. I f  T  is locally  noetherian, w e have

(1) Lie(Ext,,,,(X, E x t,„ (X , L ie (G ))(T ).
In particular,

Lie(Ext s _„(X , Gm ) ) ( T ) --= Ext s , ( X ,  G,)(T ).
(2) Ext s , ( X , „(Exts„,(X, G,n ) ) ( T ) ,  i f  n  i s  prime
t o  the characteristic p  of the f ie ld  k. I f  p  is  positive,

F—id
Ext s , ( X ,  z/pz)(T)==---- Ker(Ext s , ( X ,  G ,)(T )) — >

--->Ext s _g , (X , G,)(T ))

w h ere  F  i s  the endom orphism  in d u c e d  f ro m  the Frobenius
endomorphism of G,

pp) p(Exts_gr(X, Gm ))(T ) ,
and

Exts_„ ( X , cv.p)(T) ---- K er(E x t s _g , (X , G ,)(T )± ..
G ,)(T )).
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Theorem 2 . 5 .  Let X , S be as above. Then w e have,

(1) (the generaliz ed Weil-Barsotti form ula) (c f . [14] , /H . §18) ,

Ext s _g , (X , G„,)(T) -_- - -=  Pic° (X /S ) ( T ) (X /5) ( T )

w here  T  is  lo cally  noetherian and Pic°(X /S) (-=-- X t: th e  dual
abelian scheme o f  X )  i s  the connected com ponent o f  Pic (X /S )
w hich contains the unit of Pic (X /S ).
(2) The contravariant functors of abelian groups,

Ext s _g , (X , G m ) ,  Ext s _g r (X, Ga ), Ext s _g r (X, Z/nZ),

Ext s ,  (X , Z/pz), Ext s _„(X, tip) and Ext s ,  (X , ap)

restricted to the category  o f locally  noetherian S -presche mes are
representable and satis f y  the relations on the above-mentioned
category,

Ext s _g , (X , Ext_g_ (X , Lie (X') ,  E x t ,  (X , Z/nZ)

Ext s ,  (X , z/pz)--- -_-= Ker (Lie (X 9 - 2 .d. Lie (X `)).

Ext s _g , (X , ttp) - --- - p (X ')  and Ext s _g r (X, a p ) =Ker (L ie (X ') -±>.
—.Lie (X ') ).

(3) I f  G  is  a commutative f inite k-group scheme, then

Ext s _g r (X, G )= - PH(G, X/S)

on the above-mentioned category.

P ro o f.  F .  O o rt [1 4 ]  has proved that if T  i s  a  locally

noetherian S-prescheme, Ext r , ( X T ,  G„,, T ) =Xt( T ) .  Then it is easy

to see

Exts_gr(X, Gm ) ( T ) = - X l(T ) .

The assertion (2 )  comes from Corollary 2. 4. For the proof o f (3),
see next corollaries. q.e.d.

Corollary 2. 6. Suppose T i s  a noetherian prescheme. Then,
(1) Ext,(XT, G .,T)=--- Lie (Pic (X /S)) (  ( X T, Oxr )/H1 ( T, Or).
I f  T  is affine ( i . e .  T_- --._—_- Spec(A)), ExtA,(XA, G ,,A)=1 -11 (X A , xA) •
ExtA „,(X,, (z/ pz) A) _- -- ---- PH(z/pz, X / S )(A )=-1V,(XA, z/pz)/FV,.,(A,
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z/pz ). E x t A _„(x A , (ap)A)---=-PH(ap, x/s)(A)------- th e  socle*) of
nilpotent part of I- 11 (XA, OxA)•

(2 ) E x t,_ „ (X T ,  (Z /nZ ),) - ------ „(Pic(X  / S ))(T )
Z/nZ)/1-IL ,(T, Z/nZ).

(ap)r)=--'p(Pie(X /S ))(T ) -=- ---1-111(XT, Pp)/111pi(T, pp).

P ro o f. Combine the results of Theorem 2. 5 with Corollary 1. 7
of Chapter I. Only note that Pic(X/S)/Pic°(X/S) has no torsion
c f. [12] and that Lie (X') (X /S )).

Corollary 2. 7. (c f .  [10] and [12 ] ). I f  k  is an alg2braically
closed field, and X  i s  an  abelian  scheme over k ,  w e have
E x t,,(X , G ) = H ( X ,  G ) ,  f o r  a n y  commutative fin ite group
scheme G  over k.

Proof. By virtue of Corollary 2 .6 , the assertion is correct for
simple commutative finite group schemes over k , hence it is correct
for all commutative finite group schemes over k , (c f. [10] ). q .e .d .

Chapter III . O n  th e  fundamental group

1. In this chapter, the field k  is supposed to be algebraically closed
and of positive characteristic p. Let X  be an integral scheme of
finite type over k. In  [8] , we saw that covariant functors 0,-(k)
G---->E,(G, X ) E (Ab), C`;'' (k) D X ) E  (Sets) and C f (k)

G---->Ek (G ; X, x) E  (S e ts ) are strictly pro-representable where
Cf (k) (resp. C f (k ), C f ( k ) )  is a  category of commutative finite k-
group schemes (resp . infinitesimal k-group schemes, finite k-group
schemes) and x  is  a  generic point of X .  E k (G, X )  is nothing but
PH(G, X / k ) ( k ) .  Denote by F ,( X ) ,  F 1 ( X )  and F ( X, x )  the
pro-finite k-group schemes which pro-represent the above functors.

If F(X , x ) is an projective limit lim Gi ( X, x ), where G 1 (X , x ) are

finite k-group schemes, F 1 1 ( X )  is isomorphic to the projective limit

* ) p (1 1 , (X 4 , AA))-
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lirn G 1 (X, x),„, of maximal infinitesimal subgroup schemes G' (X , x)inf

of G 1 (X ,  x ) .  The quotient F(X, x)/ FInf(X) i s  the fundamental
group of X  a t x  in the sense of A. Grothendieck [4] . F , (X )  is
isomorphic to the quotient F(X , x ) /  [F (X , x), F(X , x ) ]  of F(X, x)
by its commutator subgroup [F (X , x ), F (X , x )].

Now we shall calculate F , (X )  fo r  a  proper integral k-scheme
X .  Since k  is algebraically closed, PH(G, X/ k)(k)=- 1-1,,(X,
E k (G, X) — Homk-g—ps(F,(X), G) for any commutative finite k-group
scheme G .  F , (X )  is decomposed to a direct product of four sub-
groups F ,(X )„ ,  F , (X )„ ,  F , (X ) „  and F ,(X ),, ,  corresponding to
the decomposition o f th e category C f ( k )  into ,,q„ x x
(c f. [14] ).

Then our result is

Theorem. 3 . 1 .  Let X  be a  proper integral k-scheme. Then,
(1) F , (X ) z , 2 d im (p ic 0 (x )  ) .

1: pri tue

(2) F c ( X ),, Z; ,̀t( x ) , where d1 ( ) )  is the k-dimension of the semi-
simple part of p-Lie algebra Lie(P ic(X /k)) ( X , Os).
(3) F ,(X )„  (K ,„ .)''»o , where 62(X) is the k-dimension of the
semi-simple part o f p -L ie  algebra L ie (P ic (X / k ),,d )(k ). For the
definition o f  I f ,  see [14] . ( We shall see that 0-2 ( X )  is equal to
01 (X ) in the proof o f  ( 4 ) ) .

F
(4) F,(X )„2 , lim D(Ker (Pic ( X/ k )--->Pic (X lk )))  /Z .

The term of th ; right hand side of the equality ( 4 )  is  an ex-
_

tension of the fundamental group F(Pic°(X),„/ (G„,)2(x)) (cf. [9 ])
by an quotient of the finite group scheme D(NS'°(X)) where
D (N S "(X )) is  the linear dual of the connected component of the
unit of the Neron-Severi group scheme NS' (X) (see Footnote of p.
2 3 ) o f  X.

P r o o f . ( 1 ) ,  ( 2 )  a n d  ( 3 )  follows from Theorem 1 .  6  and
Corollary 1. 7. For the proof o f (4 ) , w e use the results o f T . Oda
[12] , p. 73 and 74.

Put P= Pic (X/ k ) , P° = Pic° ( X  / k ) and F „ Ker (P
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D enote by H „ (P )  th e  dual vector space of
(Op,„ f f t )  being the local ring of P  a t the unit e. H „ (P )  can be
considered as the hyperalgebra of P  formed by invariant derivations
o f  h e ig h t < n ,  (cf. [19]). T h e n  D (,„P) = Spec (H „ (P ) )  and
E P (X , W „,) H o m k _g ,„„,„(Spec(H (P)), W„,„,), w h ere  W„,„,=,,„ W„,

W . b e in g  t h e  W it t  group  schem e o f  len g th  n  an d  where,
Spec (H  (P )) = lim  Spec (H „ (P ) ) ,  w i t h  transition m a p s  D(i„) :

DC.„,,P)—>D (,„P), i„ being the canonical injection in - P
An easy calculation shows that F ,(X ),,----= limD( F „P)/ (Z,)'i (x). Note

that F „P is identified with F ;P, /P being the completion of P at the unit.
Consider an exact sequence,

P—>N S' (X )

Then for a positive integer n large enough, we have a commutative
diagram

0— >  F „P,t, — >  F „P — >  N S (X )— > 0
id.

0—> F .+1P,°-,d— > f „ ,P --> N S "(X )— > 0 ,

or a commutative diagram

0— >  D (N S '° (X ))- ->  D ( F „+ ,P ) - - - >  D (  P nsF,t+,_ „a,

id. D (i) D(ir,d)
0— >  D (N S "(X ))— > D ( F „P ) D(F„P„,,) — >

0

Replace F b y F n - '1 3 S e d  and tak e  projective lim its. Then
we have an exact sequence,

(* ) 0--->D(NS'°(X))—>lim D( F „-P)—>lim

P u t N i =  D (N S "(X ))n (zp ) , ( x). Then N 1 i s  a  fin ite abelian p-
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group. From the sequence (* ) , we have

0—>D(NS"(X))/N1 - - ->lim D („P)/(Zp)rri c x ) - - ->lim D( F—Pr,d)/(Zp)"2( Y ) - -)-0.

This is an exact sequence of local profin ite  k -group  schemes and

proves the last assertion of ( 4 ) ,  since

lim D(F.P,,d)/(Zp)' 2 ( x ) . A t th e  same time, w e have obtained an

equality 01(X) = ch(X). q.e.d.

Consequently, we have a formula,

F c (X ) - -= u  z ',d'm(Pic(x 4 )) x  z;,r(x )x K-(x)
I p

l p r i a

x  ((urn D ( F „P ic(X /k )))/  (Z p)'< x ) ) (di(X) = o-,(X ) ) .

Corollary 3. 2. Let X  be a proper in tegral k-scheme. Then,

H L (X , G) -=--- H o m ,,p s (D (G ) , P ic(X / k ))

f o r any  com m utative f inite k-group scheme G.

Proof. H1 (X, G) _-_--- ---Hom k _g „ ,,,,(F ,(X ),

D ( F , ( X ) ) )  where D (F ,(X ))-_-=_• C) (Q,/ Ze m (Ple" ) ) 0(Q ,/ Zp)° -(x) -@--

(G,„)°-(x) --T -P ic(X /k)/  (GN. ) ' ( x)=-- lim (finite group schemes of Pic (X/k)).
Hence Hom,_ g „ .p ,(D (G ), D (F ,(X )))= H om ,_ „„ ,,p s (D (G ), Pic(X /k)).

q.e.d.

Rem ark. The formula of Corollary 3. 2 is stated in [4] without
explicit proof.

2. The isomorphism of Corollary 3.2 can be given an explicit form
under the additional assumptions :

X  i s  a  proper in tegral k-scheme such that ( i )  the connected
component Pic°(X/k) of the unit in P ic(X /k) is an abelian scheme
and su ch  th at ( i i )  the Neron-Severi group*) NS(X)=Pic(X/k)/

*) W e can call NS' (X) = P ic(X / k)/P ic° (X/ k ) „  t h e  rea l N eron-Severi group
a n d  distinguish it from N S (X ).
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Pic°(X/k) is  torsion-free.
The dual abelian varie ty  (Pic°(X/k))t is  th e  Albanese variety

Alb( X /k )  o f  X .  We choose a  k -ra tio n a l p o in t x , o f X  and a
canonical morphism 72: X---)-Alb(X/k) such that 72(x 0 )  th e  unit of
A lb (X / k ) . L e t  A = A lb (X / k ) . Consider a homomorphism

G)--.1-IL(X, G ), for a commutative finite k-group scheme G,
which sends BEFI,(A , G ) to  Y=Bx X  1-1 1„(X , G ) .  Since A  is  an

A

atelian scheme, Hip,(A, G ) is canonically identified with E xt,„(A , G)
(cf. Corollary 2. 7).

Take an extension B  in  E xt„ ,(A , G),

Let B '=(B ° )„, and N = G n B '.  T hen B /B '_- - - -_G /N  b y  the Snake
Lem m a; see tha following commutative diagram,

0— > G - - > B — > A - - >  0
A

  

0 . N B ' A

The duality of Nishi-Cartier gives an extension,

0
T

D(N ) A '=Pic°(X /k )--*B "-----. 0
can. Î p roj

D(G)

The composite morphism D(G) c a n .
p ro

)
.

D (N )L P ic ° (X /k) defines an
element ç o ( B )  of Hom,_„(D(G), Pic°(X/k)) (w e denote th is m ap
b y  40G or sim ply by 4?). Then we have

Lemma 3. 3. T h e  m a p  ÇoG: B E E x t ,„( A , E
Hom,„(D(G), P ic°(X /k )) is  an isomorphism o f  abelian groups.

P r o o f .  L e t B ,  B ' b e  e lem en ts  o f E x t,„ (A , G ). L e t B=.
(B °),,,, B '=(B ") r , , ,  N = B n G  and  G ' =B T IG . T hen they g ive
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two extensions,

0

0— > A— + O.

The exact sequences of local Ext-groups are, then,

(N , G )L E x t„ (A , G .) , Ext,,(B, G„,)
( .)

G .)4Ext,.,(A , G m ) , E x t,, (B ',  G.)

The Cartier-Shatz formula and the Weil-Barsotti formula (cf. [14] )
show that ço(B)= j • 7 r ,( B ' )  = j' • 77 ( w h e re  n  (resp. n ' )  i s  the

canarical projection D (G )— .D (N ) (resp. D(G) , D (N 9 ).
Suppose ç (B) = cp(B '). Then N =N ', j  j '  and 7r .  On the

other hand, B(resp. B ' )  is obtained by extending the group N  to

G  from B(resp. B').
Consider a diagram,

Ext,,_„(A, N ) 21\-->7 Hoin,, r (D (N ),  Pic°(X/k))

Ext,_„ (A , G) (D (G ),  PiC° (X/ k)).

It is evidently commutative and the vertical arrows are injective.

Then B  is isomorphic to B ' i f  B  is isomorphic to B ' .  Therefore,

we can assume N—G, B =B   ard B'
Suppose first that G  can be embedded in G„, (resp. G a) . From

the exact sequences (* ) ,  we have

0 Hom",(G, G„,)—( B Ext„(A, G„,) , Ext,,(B, G„,)
49(B')(k)

0-41om,,(G, G.) - - ,  Ext,,(A, G„,) , Exth, ( B ' ,  G„,)

resp.
Lie(cp(B ))(k )0--->liorn,,  (G, G a ) Extk, (A, Ga) , Ext,_,,,(B, G a )
L ie (o (B T  (k)

0---)Eom,„ (G, Ga ) —.Ext,, (A , Ga) , E xt,,(B ',G „)

where we shall n o te  that we h a v e  H om ,,(G , G„,) (k)=Honi k , (G ,
G . ) ,  Hom,_„(G, Ga )(k ) -7=- Homk , (G  , G a ), E x t,,, (A , G„,)(k)=--
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Ext,_„ (A, G„,), E x t , ,  (A , GO (k)=-- - Ext,_„ (A, G e )  and Lie(Ext,_,, (A,
G .)) (k )=E x t_ g , (A, Ga ) (k). L e t i  be the injection of G  in to  G.
(resp. Ge ). Then ço(B ) (k) (j) ( re sp . L ie (ç o (B ))(k )( i) )  is  the class
of the extension which is obtained from B  by extending G  to  G.
(resp. G e). Since çp (B )= g9 (B ') ,  w e have go (B)(k) (i) = çp(B') (k)(i)
and L ie ( ç o (B ) ) (k ) ( i )  = Lie (ço (B '))(k ) (i). O n  th e  o th e r hand, a
morphism Ext(A, i ) :  Ext,_„(A, G . )  (re sp . a  mor-
phism  Ext (A, i )  : Ext,_„(A, G) -->Ext,,(A, G a ) )  i s  injective and
go(B)(k)(i) = Ext (A, j) (B) ( r e s p . L ie (g9 (B )) (k )( i)  = Ext (A, j) (B))
the sam e equality  being valid  fo r  B '. Hence B  is isomorphic to
B'. Therefore c o , :  Ext,_,, (A , G) -->Homk_g , (D (G ) , Pic° (X  / k )) is
injective if G  can be embedded into G . (resp. G e ).

For an arb itrary commutative group schem e G , the induction
argument on the k-rank o f G  reduces us to  the following situation:

I f  0-.G 1 --.G 2 , G3 , 0  i s  an exact sequence of commutative finite
k-group schemes such that g  9 G , and g 9 G ,  are injective, then Ç9G, is also
injective. This can be observed from a commutative diagram,

ÇOG ,

0--->Ext 2 _„ (A , G 1 ) --->Hom 2 _g r(D(G 1 ) ,  Pic° (X /k ))

Ext k ,  (A , G,) ->Horrik _g , (D (GO ,  Pic° (X  /k))k))
9  G 2

0--->Ext 3 ,  (A , GO — Hom ,_„(D (GO ,  Pic° (X/ k))

where the columns are exact.

N ext we shall show the surjectivity o f çaG . Let A be an element
o f  Hom,_„(D(G), Pic°(X/k)), L  b e  the image of À  and B  be the

quotient abelian scheme o f Pic°(X/k) b y G:

0

0— > L — > Pic°(X /k)---> B  0
t

D(G)

Dualizing the above diagram and extending the group  D (L )  to  G,
w e have a commutative diagram of extensions:
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Then B '  E x t,, (A , G )  and ço,(B i ) = A, since (B"),,----=- 13̀. ç o ,  is
Thus surjective. q.e.d.

F ro m  t h e  assumption (ii), H o m k ,  (D (G) , Pic° (X / k)) =
H om ,,(D (G ), Pic (X / k ) ) .  Define a homomorphism \lp, (o r simply

: Hom„_„(D(G), Pic ( X /k )) -.Hip, ( X ,  G ) by 1/p=eço - 1 :

G) fli,„(X , G)

E x t„, ( A ,  G)ç °G- . Hom,_„(D (G ), Pic°(X/k)).

L e t  Y  b e  a n  element of ( X ,  G ) .  Then , by v irtue of

Theorem 3 [10 ] , th e Albanese variety Alb( Y /k ) is  an extension

{)f Alb ( X/k) =A  by a quotient H o f G:

G x Z  — ;  Y — X

17?

H x Alb( Y/k):_tAll;( Y /k)-->A.

Let A  be an element o f  Hom,„ (D  (G ) ,  P ic ° (X / k )) . Then, it is

easy to  see that Alb(l/pG (A)/k) -- ,--Ç0V(2). Hence, I/PG i s  injective.
The comparison of the structures of G ) and Hom,„(D (G ),

P ic°(X /k)) shows that ,/pG is  a n  isomorphism. W e  h a v e  n o w
proved

Theorem 3. 4. I f  X  is  a proper integral k -schem e such that
( i )  the connected com ponent of the unit Pic°(X /k) of Pic(X /k )
is  an abelian schem e and su c h  th at ( ii)  the N eron-Severi group
N S (X )=N S (X ) (k )  is  torsion-free, then  the hom om orphism  at-
tached to a canonical morphism 72: X — >A 1b(X /k)

v*: H',„ (Alb ( X/k) , G) - 4 1 1„,(X , G)
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is an isomorphism fo r  a n  arbitrary commutative finite k-group
scheme G. In  other words, any Galois covering Y  o f  X  with
group G  is obtained by pulling back by 77 a n  extension in
Ext_ g ,(Alb(X/k), G )  and the extension is obtained from an
isogeny  B  of Alb (X/k), (c f .  [10]).

R em ark . The condition ( i i )  can be removed or weakered by

restricting a group G to the category , <J7, or

C hapter I V .  O n  th e  representab ility o f  PH-funetor

In this chapter, the field k  is supposed to be algebraically closed

and of positive characteristic p .  Let X  be a proper integral scheme

o f finite type over k  and G  be a commutative, affine algebraic k-
group scheme o f some type (cf. Lemma 4 .2 ).  The purpose o f this

ch a p te r  is  to  show th a t  PH(G, X / k )  is rep resen tab le  by  a
commutative group scheme, locally of finite type over k. For this

purpose, we shall apply the representability criterion by J. P. Murre
[1 1 ]. W e must verify the conditions (PO — (P7 ).

We shall begin with the condition (P1 ).

Lemma 4. 1. If G  is a commutative, aff ine alg2braic k-group
scheme, PH(G, X /k )  satisfies the condition (P1 ).

P r o o f .  Let C be the category consisting o f k-algebras o f finite
length and morphisms o f  k-algebras, and P  b e  the restriction of
PII(G ,X/k) on the dual of C . For the pro-representability of P, we
shall apply the criterion by A. Grothendieck, (FGA, 195-09, Théorème
1 ) .  The condition ( i )  and the case (a) of the condition ( i i ) ,  are
easily verified. For the case (b ) of the condition (ii). Théorèm e

2  (ibid.) is available. T h e  case (b ) is  as follows: Let A  b e  an

object o f C  which is a local k-algebra and b e  an  injective
morphism o f C such that the quotient module AV A is a  A-module
o f length 1. Note that in this case, the diagram

is exact. Then the diagram



Commutative affine group schemes 29

•77',1
P (A ) P (A ') P (A ' A ')

71- 2

is  ex ac t. L e t Y ' be an element of P (A ') .  By virtue of Lemma 1.3,
*Chapter 1, we can consider Y ' a s  an element of Hip,(X, , , G ), i.e.
we have a diagram,

CT p

G x 17 ' Y' X  .
Pr2

Put 9 1 = p * ( 0, , ). Then g ' is a  quasi-coherent and flat O X '-Algebra
such that Spec(g')=-- Y '. S in ce  G  is affine, th e  operation a  of
G  o n  Y ' given by a O X '-morphism o f  Algebras, d':

such that(d,Oidg , )d '=  (idcaOd')21' an d  ( id g iO s)d '=id g , ,  where
A G  (resp. e) is the diagonal ZIG: C IG- OGOOG (resp. the augmentation
S . O c - 1-k )  attached to th e  multiplication (resp. th e  u n it )  o f  G.
The elements of P (A )  and P (A 'O A ') a re  interpreted analogously.

If 7ri ( Y ') =7,(Y '), the descent data with respect to  th e  morphism
a r e  induced o n  g  an d  d'. Then, b y  th e  result o f  A.

Grothendieck (Théorème 2, ib id .) , there exist a  quasi-coherent

0,,,A-Algebra g and a OxA -morphism d : g OOG such that 9-1 -9 - 0
OXA

N I '  and It is easy to see that Y —Spee(g) is  an
°A A

.element of P (A ) such that i(Y) Y ' .  The injectivity of i  can be

proved by an analogous argum ent. Thus P  is strictly pro-represen-
table on C.

Next, let 1? be the local component which pro-represents P  at
a  rational point E o f  P. R 4  is noetherian i f  P(4, E) = P (e) - 1  (6)
- -=Lie(PH (G , X / k))(k) is  a  k-vector space o f  finite length, (cf.
FG A, 195-07). O n  th e  other h an d , dimk Lie(PH(G, X / k)) (k)

dim, PH (Lie (G) , X  / k ) (k ) dim,1-11 (X , Lie ( G ) )  (cf. Chapter I).
Since X  is proper over k, I-11 (X, G (X, x )  is a  k-vector space
o f finite length. Therefore, since 11 1 (X, Lie (G))==- 1-11 (X, Ox ) "  for
some integer N, H 1 (X, Lie (G ))  is also a  k-vector space o f  finite
length. q . e . d .
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Lemma 4.2. P H (G , X/k) satisfies the condition ( P 2 ) ,  if  G
is  of the follow ing type:

(1) G is  a connected commutative algebraic k-group scheme,
smooth over k.

(2) G is  a commutative f inite k-group scheme.

P ro o f. T h e  c a se  (1 ) . G  is decomposed to a  d irec t product

of a torus (G,”) r and a unipotent subgroup U .  Then, PH(G, X /k)
is isomorphic to Pic (X/k)' x PH ( U, X  /k). Since Pic ( X/k) exists

and satisfies the condition (PO, the problem is reduced to the case
where G  is unipotent. When G  is unipotent, we shall proceed by

the induction on the length n  o f  a  composition series o f  G. If
n= 1, i.e. G-c- -- - G„, PH(G a , X/k) is representable, hence satisfies the
condition (P O . If n> 1, we have an exact sequence,

0 G H  0

where H  is  unipotent. Assume H  satisfies ( P O .  L et A  b e  a
noetherian, local k-algebra which is complete and separated with

respect to the Wl-adic topology (911 is the maximal ideal of A ) and
let A = A / T ' 1 for n=0, 1, 2, • •• . W e sha ll denote  by  O G  the
canonical morphism PH (G, X /k)(A)*)—.1im PH (G, X / k) (A„) for

a commutative k-group scheme G.
From th e  assumption o n  H , w e h ave  O H :  PH(H, X/k)(A)

PH(H, X / k )(A „ ). On the other hand, the sequence

0--->PH(G„ X/k)—.PH(G, X/k)--.PH(H, X/k)

is e x a c t . Therefore, we have a commutative diagram with exact
lines,

-->PH(G„, X/ k) (A) PH(G, X/ k )(A ) — .

loG„ loG
0--.1im PH (G a , X/k)(A„)--.1im PH(G, X/k)(A„)--.

*) PH(G, X ik )(A )= P H (G , X / k)(Spec A ) .  These types of abbreviations will
be easily understood unless explicitly mentioned.
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X/k)(A)

110H

PH(H, X/k)(A n ).

The diagram chasing shows that the canonical homomorphism OG is

injective.

It remains to prove the surjectivity o f OG. First, note that we

h a ve  isomorphisms, PH(G, X/k)(A„)'=-- --11 1 ( XA,, G )  and PH(G,
X  / k ) (A )=  (X A , G ) .  Therefore, an element o f PH(G, X/k)(A n)
corresponds to a principal fibre space Y. over L .  with group G . An

element o f lim PH(G, X/k)(A n )  corresponds to a projective system

{ Y„, IT, for m < n l where Y, belongs to Hi ( X A „, G ) and

satisfies 17 „,---= Y,,OA,, f o r  m < n  . L e t  X „ X A ,, lim X n and
-4,

= lim Y„. Then D is a principal fibre space over w ith  g ro u p  G.

Next, embed G  into a general linear group G '= G L, ( N N )  as a

closed subgroup. Then , for every n , we can construct a principal

fibre space Y,',*) over X n with group G', extending the group G  to
the group G '.  ço,„ 17 „,, Y„ is also extended to for
m < n .  T h en  Y,', and ço,„ form  a projective s y s tem  {Y ,
which is considered as an element o f lirn G ') . Let çj,j'—lim Y.

4 -

Then Y/ is  a principal fibre space over with group G ' and is

isomorphic to D x G'.
G

We shall show that D' is algebraizable. In  other words, there
exists a principal fibre space Y ' over XA with group G' such that

Y' X I and Y' x X „ .  W e shall reca ll th e  fact that a
XA XA

principal fibre space over a  prescheme Z  with group G'=GL N

corresponds to a locally free Oz-Module o f rank N .  Therefore, the
projective system  { Y „  ço.,',„} corresponds to  a  projective system
{a „ ,  0 „,,„} consisting o f locally free O,-Modules ,_T„ of rank N  and

4 )  I ', is  d en o ted  b y  1 1 . ', x G ' accord ing to  Serre 's  term inology [17 ]. The

existence can be proved using the (fpqc)-descent for affine morphisms, (cf. [4]).
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isomorphisms 0, : (ço„„,„)*3/„==-3/,„ a n d  ' corresponds to a  locally
free Os-Module lirn M . o f  r a n k  N . Then, there ex ists a coherent

OxA- Module ,511 such  that i* ,',51)=1im 31„ , where i: X --)X  i s  the

canonical morphism (EGA, III„ 5. 1. 6). Let x  X o , R '=O x „ and
Then 31,OR' is  a free R'-module of rank  N.

W e can take a R'-basis ( e 1 , • • • , e N )  o f i'(,1/ )„  from such that
(e 1 , •- • , e N )  defines a surjective R-homomorphism R N ± .3 i_  The
kernel L  of g  i s  a R-module of finite type. Since R `  i s  R-flat
(EGA, I, 10. 8. 9), LOR'= O. H e n c e , L =0 (EGA, I, 10. 8. 11), i.e.
3 L  is a free R-module of rank N , (cf. Lemma (II. 4) of [11] , Prop. 18
and Prop. 30 of [15] ). Then, 3/ is locally free of rank N .  I f  we
take a principal fibre space Y ' over XA with group G ' which corre-
sponds to 3 1 , Y ' is then what we wanted to algebraize V' with.

N ext w e shall show t h a t  J  i s  algebraizable. The proof is
analogous to that o f  Prop. 19 o f  [15] . L et E o =Y 'x G '/ G  and

GI

E =9 1 x G '/G  where the operation of G ' on G '/G  comes from the
GI

multiplication o f  G ' from  th e left. Then, E  is isomorphic to
x G '/G  and E  h as  a section s  from which is induced from
G

x { G }  E T x G '. T h e  completion Ê'o = lim( x  G '/G )  i s  iso-
G I

morphic to E  (an isomorphism f : E ) .  Then . g  has a section
s'o =f - is  from  X . Since X  is proper over k  and E o is separated over
k , s'o comes from a A-morphism X A - - . E ,  (cf. EGA, III, 5 .4 . 1).
Let G operate o n  Y ' through the operation o f  G'. The quotient
prescheme is then isom orphic to Eo. Define Y  b y  Y' x (X , so).E.
Now, it is easy to  see that lirn Y„ is isomorphic to V.

The case (2) . T h e  canonical homomorphism OG : PH(G,
X/k)(A)--->lim PH (G, X /k )(A „) is  injective. The proof is done by

?I

the induction on the k-rank of G , as w e  have observed that
PH(G, X /k )  is representable for G =a, , p ,  (z/pz), and ( Z / n Z ) , ;

n E N ,  ( n ,  p )=1 . Therefore, it rem ains to see the surjectivity of
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Oc . Let 'A be the affine algebra o f  G  and { Y„ Y ,  for

m<;2} 1 e  a projective system of Jim PH(G, X /k ) ( A ,) .  Since Y„

is affine over X„, Y .  is  o f the form Spec ( g „ )  fo r  a  coherent Ox„-

Algeb:a E-T is given a  diagonal zl„ : g„--->g„OÇA which defines

the ope:ation of G on Y„, and satisfies g„OA„2--- g,„ and d„OA,„ - - - 7J„,A„
for 1;2< n .  Then, lirn g „ and lirn A„ define a  coherent Of-Algebra

/g‘ with a diagonal (cf. EGA, I, 10. 11. 4). Then there

exists a coherent ay ,-Algebra w i t h  a diagonal : (cf.

EGA, III, 5. 1. 6), and {g, z} defines a principal fibre space Y  over

XA with group G  such that OG( 17 ) -=  Y,,, q.e.d.

R em ark. The condition (1) 2)  seems tp be true fo r  all com-

mutative, affine k-group schemes G , if we can embed such G  into
GL N  fo r  some integer N.

Lemma. 4. 3. If  G  is a commutative, affine algebraic k-group
scheme, PH(G, X /k )  satisfies the condition (P,).

P ro o f. For the proof, we refer to SGAD, Exp. VI R  ,  ( 10. 16).

Lemma 4. 4. Let G be as in Lemma 4. 3. Then PH(G, X/ k)
satisfies the conditions (P4) and (P,).

P ro o f. Trivial from the definition o f PH (G, X/k).

Lemma. 4. 5. Let G be as in Lemma 4. 3. Then PH(G, X /k)

satisfies the condition (P6 ).

P r o o f .  First, note that G  has a composition series whose
quotients are elementary k-group schemes (i.e. G,, a ,  g p  ,

(z/pz)„ and (Z /q Z ),; q : a prime such that (p, q) = 1 ) .  For these
elementary group schemes, the cond ition  (P,) holds because
PH(G, X / k )  is representable. T h ere fo re , fo r  th e  proof o f  our
assertion, we have only to show the following :
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Let (*) : G3 - 4 " 0 be an exact sequence of commuta-

tive, affine algebraic k-group schemes. If the condition (P ,)  holds

fo r G, and G 3  it holds for G,.
The exact sequence (4) gives an exact sequence,

0--->PH(G1 , X/k) PH(G,, X/k) - ->n  PH (G ,, X /k).

L e t  T E (S ch / k ) and $ : T--43 11(X2 , G / k ) .  Then, applying the
condition (P 6 )  to n•$ , there exists a  closed subscheme N ( r• e )  of
T  such that for every 7 '  (Sch/k) and every morphism a:
we have n •E •a=0  if and only if a  factors through N (r•$ ) :

T ' T

N ( )• $)

Let j  b e  the canonical injection of N (n •-$ )  in to  T. Then

n •$ •j= 0, hence E •j factors through i :

0-->PH(G1, X /k ) ).PH (G 2 , X /k )

N  (71- • $ )

Let $ ' h e  the morphism N (7r • $)-->PH(G„ X/ k )  defined from

the above diagram. Then, applying the condition (P 6 )  to w e

have a closed sutscheme N ( 6 ')  o f  N ( n • $ )  such that fo r every

T "  (Sch/k) and every morphism 0: T "--->N (n•$), we have $'• =0

if and only if [3 factors through N ($9.
Let T i E (Sch/k) ard y be a  morphism T 1 - - T  such that

Since r •E-r =0, y  facters through N (T c $), i.e . th ere  ex ists  a
morphism Ti--->N (r • $) such that r =j-r'. Since $• r =$ • • r' =i -

$' • r' =0 and i  is injective, 21 = 0 .  Hence, 71  factors through N ($9.

This shows that N ($ )  exists and is isomorphic to N (E'). q.e.d.

Lemma 4. 6. Let G be as in Lemma 4. 2. Then, PH(G, X /k)
satisfies the condition (PO.
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Proof. T h e  sam e argument as in Lemma 4. 5 reduces the
problem to the following:

Let (*) : 0 be an exact sequence o f commuta-
tive, affine algebraic k-group schem es. If the condition (P O  holds
fo r  G , a n d  if PH(G i , X / k ) is representable, the condition (P 7 )
holds for G2.

Let C  be a complete, non-singular, irreducible curve in  (Sch/k),
T  be a finite set of closed points on C and E  be a  morphism from

T  into PH (G 2 , X/k).
Consider the exact sequence,

0-> PH(G„ X/k) >PH(G 2 , X/k) >PH(G 3 , X/k).

Applying ( P 7 )  to  7.6, 7•E has a module npP w ith  support
P E T

on T .  Let Jam be the generalized Jacobian o f  C  w ith  respect to
the module 9).1 and b e  a  s e t  o f  systems of positive integers
( 1 p )  P C T  such that 1,> n ,  for every P E T .  Introduce an order on
putting (/,) >  (ip' ) , ,  if and only i f  / > / ,'  for every P E T . Take
a  totally ordered subset of w h ich  is  cofinal The

elements of correspond to modules with support on T  and we
denote them by n ( " ) , w here a is an index defined by the total order
on L e t  h e - )  b e  the generalized Jacobian w ith  resp ect to  a
module 9J1 . Then for 9)1( a)  of we have an exact sequence of
commutative algebraic groups,

0 K — > J9k , ) —P
> J>  O,

where K a  i s  the kernel o f th e  canonical surjection Pa : j9-je , 0 - 4 9 y .

We must clarify the algebraic structure of K .  For this purpose,
we use the terminology of J.-P. Serre [16]. Then K a  is  g iv e n  in
the form, K a -- -= , Ker(R9k.)->Ran) {th e  se t o f rational functions f
on C  such  that np<vp(f -1)<n`pa ) fo r  every P E T }  , (c f n° 13 of
Chap. V, ibid.). For S'>- tr, we have a commutative diagram with
exact lines,
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0 --> K s J (fi) --->  Jut 0

0 IstR(.) —> Ts.ut — * 0

Then passing to the projective limits, we have an exact sequence
of pr3algebraic groups,

0 lim K ccl i m  jgjp) — > j - cot O.

Let g c,- he the abelian group o f all divisors on C o f  degree 0
which have no component on T .  Since ht( ,,) is the quotimt of 21
by the relation D—D' D ' =  ( f ) ,  f  - _ -=-1(mod n(a)), we have the
canonical surjection p : Jn(-)---->0. T h e  kernel o f  p  is

formed by rational functions f  such that vp(f — 1 )> N  fo r any
positive integer N  and for all P E T .  Hence f  is constant 1. This
means that 2?- has a structure of a proalgebraic group lim 19R(.).

Let Q be a universal domain which contains k  and let gl - (S2)

b e  the abelian group o f  all divisors o n  C  o f  degree 0  whose
components are 2-valued points of C' =C— T .  Then the morphism
E: C' , PH(G 2 , X/ k ) define homomorphisms $S2) : 2 °,-(2)--)-PH(G2,
X/ k) (D ) and $0 (.2) : (lim K ) (Q)-->PH(G i , X/ k )(D ) which cpmmute

a diagram,

O --.PH(G„ X/k) ( 9 )  PH(G2, X/k)(Q):Z.PH(G 3 , X/k) (S2)

(* ) E0 (D) Ï (Q)

(1im K a )(s2) ( 2 )   A lt (S2  )

On the other hand, K a  is isomorphic to a direct product H  K ,
P E T

affine algebraic groups K „ ,, whose elements are of the form
cro

(a„,, •••, a) _1) E 12" P  " P and whose multiplication is defined by
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(a„p , • • • , a„(,)_1) (b ,,  • • • , b„ )_1 ) = (a, p + b ,,  • • • , a1 +b 1 + aibk • • •) •
P

P
J + k - - 1

I f  t= tp is  a generator of the local ring Oc,, o f  C  a t  P ,  a  rational
function f  o f ,Q (C ) is  of the form

f —a_„t - "+ • - •+a o + a , t + ........ ;  a _ , ,  • ,  a o , a 1 , •-•

The elements o f K „,,, is identified to functions f  of the form

f =1 + + • • • + a„(p .)_ i t"̀PO E ) - 1

and the elements lim is identified with the functions of the

form f  =1 + a„t"P + ........

Let be the canonical regular section of into IG  defined
b y  (a„, • • • , a„co,v--1 — )•(a„, • • • , 0, 0, • • •) . Put Ea p = E0 (D) • ia,F -
W e shall show that E c x ,p  is  a  regular m ap for e v e r y  a  and PE T.
Let (a„, • • • , a„(7,)_ 1)  b e  a generic poin t o f K a ,p g c , =1 + a„ p t"P + • •

+ a „(cip _i t" ( c» - 1  a n d  ( ga) = + P. —  +1 —  —  P 2 .  ( E  ( Q ) ) .
W e  sh a ll c la r ify  th e  m a p  (,s2) f o r  (g a) . F ir s t , note th a t  a
morphism E corresponds to a principal fibre space Y  over X e  with
group G 2 ;

G2x Y — ;

Let X „  Y , he the fibres of X e  and Y over P 1 (1=1, • •• , 2 n ).  Then
Y, is  a principal fibre space over X , with group G , defined over the
field k ( P 1)  for i =1, • • • , 2n. Let K o =k (a„, •  •  ,  •  •  ,

P2.), L = a  normal closure o f  K  over K ,  a n d  0  Gal (L/K 0 ). We
denote X, L ,  Y ,  Ø  L  b y  th e  sa m e  le tte rs  X, , Y , .  Then

k (P1) k (P1)

Y  ' e ( s 2 )  ( (g ,,) )  is obtained by changing the groups by a morphism

G ,x  • • • x G ,— .G , (x , x • • • x x ,„) --> x i+  •  •  •  +  x , —  x n + i  — • • • — x2 „) from
( x • • x Y2„) x (X® L ,  d'"), w h ere  X i  x ••• x X "O  L

L L (X  i x  x  X 2 x ) k L L
L  L

and d2 '  i s  the diagonal xE XOL— x ) E X 2 "OL.
On the other hand, an element a  o f  0  operates on the set

17 1, ••• 172,} a s  a  p erm u ta tio n . T h en  it is  easy  to  see  th a t IS
operates on Y ' and th a t Y ' is indeed invariant with respect to this
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operation. T h e r e fo r e  Y '  is defined over K ,,  i.e . th ere  ex ists  a
principal f ib re  sp ace  Yo o v e r  X i c ,  w ith  g ro u p  G2 s u c h  th a t
Y i=  Y oO L .  From the diagram (* ) ,  w e  s e e  th a t  Yo comes from

IC,

an element Z G, of PH (G „ X /k )(K o)  w h ich  is  equa l to  $0(9 ) ( g . ) •

Since PH (G 1 , X / k )  is representable, th e  m ap $OE,, :
ZOEE PH (G „ X /k )  is  a  rational map which is defined everywhere.

If p > a ,  the locus E ( g o )  o f  f l ,,,(g- )  in  PH(G i , X /k ) contains
E„,,„(ga ) .  Therefore $3,p(go) (gc,), for ,3>  a .  Therefore, there exists
an index a , such that for r > a o , w e  have ( * * )  $ 7 ,p (gY ) = Eao p( ga0),

because E„,p(ga )  is connected . This n o depends o n  P .  However,
since T  is  a  finite set, we can suppose the equality ( * * )  holds for
a l l  P E T .  T h en  E = H Ea„ P 'C a p =  n X / k )  i s  a

PE T PET

morphism of group schemes such that E T :  K y —.PH(G,, X /k )  i s  a
composite morphism K y K ao--P11(G„ X /k ) for every r>  a°.can. proj.
Finally we shall note that $13 is not necessarily morphism of group
schemes if  (3 < a o . Then it is easy to see that VIP' )  is  a module for
$ with support on T. q.e.d.

Consequently, applying th e  representability criterion o f  J .  P.
Murre, we have

Theorem 4. 7. L e t  X  b e  a proper, in tegral k -schem e of
f in ite  ty p e  and G b e  as in  L em m a 4.2. T hen  PH(G, X /k )  is
representable by  a commutative k -group schem e, locally  o f finite
type over k .
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