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Introduction. It is well-known that a non-constant holomorphic
function is an open m apping." In this paper we consider the converse
under the assumption that the real and imaginary parts of a complex-
valued function are harmonic functions. Our main purpose is to show
the following

T heorem . Let R  be a Riemann surface and let u  and v  be
real-valued harmonic functions on R.

[ I ] Assume that RE  O A B  • 2 ) Suppose U  is not constant. Then
u -l-iv is an open mapping on R  into the complex plane, if and
only i f  u  has a  single-valued conjugate function u *  on R  and
v —au+ (3u*+r, where a ,  f3 and r  are certain real numbers and
(3*0 .

[II] Assume that REM E. Then there exist u  and v  such
that u + iv  is  an open mapping on R , the conjugate function u*
of u  is single-valued on R and v cvu+ (3u* +1- for any real numbers
a, j9  and r .

1. L et f  b e  a  complex-valued function defined o n  th e  disk
D = {z; Izi <1} . W e say that f  i s  open at the point z  in D , if, for

1) From the viewpoint of openness o f a  mapping, for exemple, G. T . Whyburn
[4 ] shows theorems about the theory o f functions of one complex variable.

2) REOAB means that R  is a Riemann surface on which every bounded analytic
function reduces to a constant (see, for example, [2], p.200).
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any open set V  containing z, the image f (  V) contains an open set
(w ith respect to the plane topology) which contains f ( z ) .  f  is said
to  b e  open on  a  subset S  o f D , i f  i t  i s  open at each point of S.
Under these terminologies, we have

Lemma 1 . Suppose that f is continuous on D and is open on
a punctured disk D— {0} . T h e n  f is  open at 0.

P r o o f .  It is sufficient to  show that f(0 ) is contained in the
interior of the image f (I zI <r) for any r  such that 0 < r < 1 .  We
m ay suppose f(0 ) EE f (I zl - r / 2) . Put p=-Mirilf (Z) - f (0) I (>0)
and U= {w; 0<lw— f (0)1 < p}  . Since the boundary of fa z I ._ r /2 )
i s  a  subset of f ( 0 )  Uf (I zl -- —- r /2) , i t  i s  disjoint w ith  U .  On the
other hand, U contains an interior point of f (  z I  _ r / 2 ) .  It follows
th a t U is contained in the interior of f (I zi - r /2 ) . Q.E.D.

The following lemma will be frequently used in what follows:

Lemma 2. Let u and v be harmonic functions on D .  Write

f =u+iv, j i =

au au
ax
av

ay
av

ax ay

and w(z)— (

dv + idv*  I  du + idu*  )
(z)dz I dz

where u* and v* are harmonic conjugate functions of u and v
on D.

Suppose that u  is  not constant on D . Then the following
conditions are equivalent:

(a) f  is open on D,
(b) the set {zE D; J1 (z) = 0 }  consists of isolated points,
(c )  w (z ) is holomorphic on D and the set {z D; Imw(z) =0}

is empty.

P r o o f .  For convenience' sake we put g9=u +iu *  and qp= v+ iv*.
I lSince u c o n s t . ,  w(z) —  fi
V (z )

( z )  i s  a  meromorphic function on  D.
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Observing that

and

f = (Ç9+i, k-F(9-i÷)2

./1=1.0 2 — ifd 2 = 4
1  (W + i/ 1 2 — iV — iliiii 2 ),

we have

{ zED; I1(z)=0}
={ zED; (z ) = 0}  U {zE  D; Imw(z) = 0 or w (z)= o0}.

We simply denote by E  the second part of the right hand side. Since
the set {zED; ço' (z) = 0} consists of isolated points and each connected
component of E  is clearly a continuum (cf. the footnote on page 387),
w e see th at (b ) is equivalent to ( c ) .  Also Lemma 1 implies that
(b ) induces ( a ) .  It thus rem ains to prove that (a)-->(c), namely,
if w  is  holomorphic on D and E  is not empty, then f  is  n o t open
on D . Since E  consists of continuums, we can find a point zo in  E
such that there exists a small disk with center at zo on which (p is
one to one. By change of variables:

=  ( Z )  g9(4)

dC 2

and by Jf (z )=J f (C)- , we can reduce our assertion as follows:dz

Let f ( z )=x +iv (z ) , w here  z =x +iy  and let v (z ) be a  (real-
valued) harmonic function on D . I f  J 1 (0)=0, then f  is not open
on D.

To prove this, we may suppose that v(0) =0 and that v does not
v.depend on only x, i.e.,  O  on D .  Note that8y

avJ f  (z) = (z)ay

and denote by C  the connected component containing 0  of the set
av{z; J1  (z) = 0}. Since is  a nonconstant harmonic function, C isay

an analytic curve" which does not reduce to a point.
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First suppose C contains Y = { iy ; — 1<y<1 }. Then v=0 on Y
avSince v const. on D, we find a point iy  in  Y  at which * 0 .  Ifaxav (iy)>O, then there exists a small square with center at iy  whoseax

image by f  is contained the first and the third quadrants. Hence f
is not open a t iy.

02v Next suppose C  does not contain Y and 6 y2 =-0 on C. Since

/
Ov*

 i
6v 62vr" i 

 62v*— and Ij —  ay ay 6.3,2 6)12

we have
Im qp'= Re Vp" ---- 0 on C.

We find points z  on C at which the slope (=tanO) of the tangent
of C is  not equal to 00• Since

v / ( z ) = 1 1 / ( z +  h) — 11/(z)  _ ( z  +  h) —  (z )  I hi ew
h->0 h hie

i e hz _0,Ec
. i  we see from lirn —1 th at a pure imaginary number * "(z )  is

h-->0 h
equal to a•(1/e 0 ) ,  ( a :  a  real num ber). Because o f tan04 00, we
have thus Vp"(z) = 0 . It follows that qfr,"-----0 on D .  Hence V=aX - Fie

where a  and 19 are certain real num bers. This contradicts the fact

th a t 62,o n  D.ay

02vWe find a point zo =x0 +iyo on C at which * 0  and the slope ofay 2
the tangent of C is  not equal to 00• It is proved that f  is not open

a2 v ava t zo. For, if (z0)>O, then (zo) =0 implies that there existsayo ay
a a>0 such that

v(xo, y) v(xo, Yo)

for any y  which satisfies yo - 8 < y < y 0 + 8 .  It follows that f  maps
a neighborhood of zo into the upper part with respect to the following
curve:

3 ) C may have branch points.

a2 v Finally suppose th a t C does not contain Y andO  on C.a y 2
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f(z ); zE C  and jz — zo I <e , where e is a small positive number}.
Q.E.D.

2. We shall now prove the theorem stated in Introduction:

P ro o f o f  [ I] . If u* is single-valued and v= aU + fgVt*  + y 0)

on R , then  w e see that, on each parametric disk:  { z ;  z I <1} , we
have

(  d(v + iv*) d (u +  iu * )  ( z ) i 8 .
dz dz )

It follows from Lemma 2  that f  i s  open on R .  Let us prove the
converse under the assumption that R  OAB. Suppose that f= u + iv
is  open on R . Consider the following holomorphic differentials on R:

(o= d u + i(d u * ) a n d  a = dv+i(dv)*.

Then the quotient olco i s  a  meromorphic function on R , which we
denote by w .  This notation i s  compatible w ith  th a t in  th e  proof
of Lemma 2. For, on each parametric disk:  { z ;  z I  < 1 },  we have

a   (z ) w  (z )d  (v  + iv *)  I  d(u+ iu*)  ) ( z ) .
dz dz 

On account of Lemma 2 , we see that w  is  holomorphic on R and
Im  w  #0 a t e ach  point in R .  It fo llow s that Im  w > 0  o n  R  or
Tm w < 0  on R . Since R  0AB, the function w  must b e  a constant c
such that Ina c *  O. H ence

v = (Re c)u — (Im c)u* + r

where r i s  a  real number.

P ro o f o f  [II] . Since REE OA B ,  there exists a  nonconstant holo-
morphic function w  on R  such that Im  w >0 on R .  We can choose
a  single-valued branch of log w .  If we set

u = Re (log w )  a n d  v = Re w,

then we have, on each parametric disk,

d(v+ iv*)  I  d(u+ iu*) 
dz I dz

_ d w /  d  ( lo g  w ) w .
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Since Tm w > 0  on R  and w  is  nonconstant, we see from Lemma 2
that f  =u + iv  is  open and v  au + 8u* +r for any real numbers a,

13 and r.

3 .  By making use of the theorem and Lemma 2  we find some
results:

Corollary 1. Assume that R E O ,B . Let P  be a point in R.
Let u  and v  be harmonic functions on R—  {P}  and have Laurent
developments at P  as follows:

-
u(z ) = R e  a. z" a n d  v (z )=Im  b . z " .

I f  f =u +iv  is open on R—  {P}  and a„=b„*0 fo r some n ± 0 , then
f  is  holom orphic on R— {P}.

Proof. Since R— {P}E OAB ,  Theorem [I] implies that v =ceu
+ P u *  + r. Hence we have, in a neighborhood of P,

-
— iEa„z "— olEaz "— ilgEa„z "+c

where c  is  a  complex number. We have thus — ib„=(a— i,9)a„ for
a ll ;1 O. Our assumption implies a =  0  and  [3= 1 .  Consequently,
f =u +iu * +ir.

Corollary 2. A ssum e that u  and v  are harmonic functions
on a punctured disk : D—  { 0}  = { z; 0<lzi<1 }  which have essential
s in gu laritie s  at O . Let they  have Laurent developments as in
Corollary 1. I f  f = u + iv  is open on D— {0} and a__„=b_ fo r  suffi-
ciently large n , then f  is  holomorPhic on D— {0}.

Proof. Let a_.„=b_„ for all n__>no and set

w (z)—  dv+i(dv)

Since f  is open on D— {0} ,  Lemma 2  implies that Im  w (z)>0 on
D— {0} or < 0  on D— {0}. Hence 0  is  a  removable singularity of
w ( z ) .  On the other hand, we have

nb„z'1
du+i(du)* E na. z" 1
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w(z) —

„ •i — i  E  nb„z"- 'e + 1

i
ft =  - ,1 0+ 1 (z)  — +na_. +  E  na 

—
0 z - 1E  na„z”---1

— 0 z '  -

where w 1 (z ) has at most a pole a t O . If w e assume that w 1 (z) 0
on D, then 0 m ust b e  an essential singularity of w (z ) . This i s  a
contradiction. Hence w 1 (z) O, namely, w(z)=------ i .  W e have thus
v= u* + r on D — {O}, where y is  a  real number. Q . E . D .

Corollary 3. [I ]  Assume that REO,B. Suppose that u is a
harmonic function o n  R  whose conjugate is not single-valued.
Then there is no harmonic function v such that f=u+iv is open
on R.

[II] If REEO,B, we can find a  harmonic fnunction u on R
which satisfies the following two conditions:

(a) the conjugate of u  has arbitrarily given periods,
(b) there exists a harmonic function v on R such that u+iv

in open on R.')

Proof o f  [II] . Consider a non-constant holomorphic function w
on  R  such that Tm w ( z )  0  at each  point z  in  R .  Write simply

1 W(z) — w hich is also  holomorphic on R .  It is well-knownw (z ) '

4 ) For arbitrary harmonic function u we cannot always find v such that f  =u + iv
is  open. For instance, suppose R  is  the punctured disk: {z ;  0 < lz !< 1 } and put
u (z )= lo g iz i. Since any harmonic function v on R  is of the form:

Re( an z")+c log I z

where c  is a  real number, we have

w (z )_
— d anz, anzn+c log z)/d(log z)
du+i(du)*

n a -n + c+ E n a . .z"
Then the set {zE R ; Im w (z)=0 } is not em pty. In  fact, if 0 is  an essential singu-
larity o f w, then by the Picard's theorem we find z  in  R  such that Imw(z)=0.
Next, i f  0 is a pole of w, the image w(I z I < 1 ) contains a neighborhood o f  00 (with
respect to  the Riemann sphere). Consequently, {zE R ; Im w (z)=0 } is not empty.
Finally, i f  0 is  a regular point of w, then, observing that c  is a  real number, we
analogously find z  in  R  which satisfies Im w (z )= 0 . Hence u-i-iv  is not open on R.
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that there exists a harmonic function p  on R  whose conjugate has
arbitrarily given periods. Put .1- dP+ i(dP )* and denote by {P„}
and m(n) the set of 0-points of holomorphic differential d W and its
order at P. respectively. By Mittag-Lefflerscher A nschm iegun gssa tz
( [3] , p. 257) for open Riemann surfaces, there exists a holomorphic
function g  on R  such that the order of zero of the holomorphic dif-
ferential dg— r a t  P. is  a t le a s t m ( n ) .  Therefore the quotient

dg —r 
d W

is  a holomorphic function on R , which we denote by Jr. Since the
equality

W d*= d(W qr)— *dW  =d(W 4,—  g)+

holds, the holomorphic differential Wdtp, h a s  the periods o f r. If
we put

u ( P ) =  Re( W d * ) and v = R e*

then the conjugate of u has the given periods and f= u + iv  is  open
on R .  In fact, on each parametric disk, we have

dv+ i(d v)*  Tm
 d u + i ( d u )

* —Im W d*

Consequently, u is  one of the desired functions. Q.E.D.

Let E  be a compact set in the complex plane. It is well-known
that, i f  E  is linear m easure zero, then E  is A B-removable (see
[1] , p. 121). Using this fact, we shall prove

Corollary 4. I f  E  is linear m easure zero, then  E  i s  OB-
removable. Namely, let G be a conn e , : t e d  open set t i ' l i ch  contains
E  and suppose that f= u + iv  is  a bounded open harmonic mapping
on G — E . T hen it is possible to f ind an extension of f  which is
bounded and open harmonic on all o f G.

Proof. S ince f= u + iv  is open on G— E, Lemma 2 implies that,
dv+ i(dv)*  if we put w(z) — '  then w (z) is  a holomorphic functiond u + i(d u )*  
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on  G—E  and Im  w (z)> 0  on  G—E  o r  < 0  on  G — E . We may
suppose Im  w (z)>0 on G— E. Using the fact that E  is removable
for all AB-functions, we can find an analytic function vb(z) on G
which is equal to w (z ) on G— E. By maximum principle we have
Imi,b(z)>0 on G . For simplicity we write t ( z )  =Re /2)(z) +i Imi,t(z)
=p(z )+ig (z ) on G . We have on G—E,

dv +i(dv )* = (P+iq)(du+i(du)*)
and hence

dv=p(du)— q(du)*.

By virtue of q at each point in G, we can write

(du)* =  P  (du)— (dv).

Observing that

Pq   (d u )=d (Pq   u) —u d (Pq ) and  q
l   (dv) —d( v) —vd(

we obtain, on G—E,

(du)* — d (P u
—

v )  u d ( P   )+ vd ( 1q ) .

Now, let S  be any subregion of G which is bounded by a Jordan
curve in G - -E .  Let 0  be an  arbitrary simple closed analytic curve
in  S —E  and denote by S ig  the subregion of S  which is bounded by
[3. For a given e> 0  à  priori, let { }  be th e  peripheries, of total
length < e , of circles in  So th a t  enclose the subset of E  contained
in S .  Since 0 is homologous to a cycle E 0 ,  where 8,,' is  a certain
subarc of 0,, we have

,s (du)* J
E a'

(du d(Pu  v )— ud(P  )+ vd ( 1
q q

(— u)d(P  )+vd( 1
g'

1 
q

On the other hand, by the assumption u  and y are bounded on G—E,
and the function p /q  and 1/q  are  continuously differentiable on G.
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We have thus, on any arc 7. on  S— E,

I(—u)d(P/q)d - vd(1/q)l lulld(P/q)1+1v1Id( 1-/q)1 _1111dzi

where J dzj is  the line element of r  and

M ==

E

I u(z) I 1/(°(Pa.,/q)(z)) 2 + ('( .),/q)(z)) 2
}

( < c>0).

± V(Z) 1/(9
(1 /

q )  (z)) 2 + (
a ( l

ay
/ q )  (z))

2

  

Consequently,

We le t e-->0 and hence

(du )* =0.

Moreover, since the region S  is simply connected, it follows that u
has a  single-valued conjugate function u* on S — E, that is , u+iu*
i s  an  analytic function o n  S — E .  O bserving that E  i s  an  AB-
removable singularity and  u  is bounded, we can find an  analytic
function us +iu : on S  which is equal to u +iu *  on S — E.

Analogously, there exists an analytic function vs +iv : on S  which
is equal to v +iv * on S — E .  Obviously, we see that

Tm du,+iclu 
— Ima)(z)>0 on S.t

Hence the mapping u s + iv , is  open on S.
Since S  is arbitrary Jordan subregion of G, if  we set

7,2=u, and b=v, on each S,

then /2 and i) cleary define harmonic functions on G . If we consider

f =et+h) on G, then the mapping f is the desired extension of f.
Q.E.D.
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