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§ O. Introduction.

The aim o f this paper is to obtain energy inequalities for hyperbolic

mixed problems in  a quadrant :

l A u = f  i n  t > 0 ,  x > 0 ,  y E R ,

(P o ) B iu =  g i  ( j  =  1 , 2 , • • • , ii) o n  x = 0 , t> 0 , y E R n - 1 ,

Dit u = 0  (j-= 0 , 1 , - - ,  m -1 ) on  t= 0 , x> 0 , yE R n - 1 ,

where

A= A(t, x , y; Dt, Dx, Dy)= E x, y) Di, Dix  D'y
-1-1., 1=m

(aM 00 0 3  a 0 1 ) 1 0 1),

B i= B i(t , y; Dt, D , D )  =  E y )D it D
i+le+1 , 1=ri -

(N r i o  = 1 , 0  < r j < M - 1, * r ;  i f  i  \  j) ,

1   0 n 1   0 n 1  0  D
e

=  
 i  at '  " x œ  i  0 x  '  -"Yi i 6 'y i

j =1, 2, ..., n — 1.

Assumption (A ) on {A , B }  is as follows :

i) The coefficients of {A, B }  are  defined in  Rn + 1 = { t E R ', x E R 1 ,

y E Rn - 1 } ,  sufficiently smooth, and constant outside a compact set

K o  X k, le] = {(1. , y)E Ko, x E k,
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ii) A  is regularly hyperbolic with respect to  t ,  that is,

A(t , x , y ; r, E, v )= (t, y )  E R" ' , E E,  E R" ' , (6 72)  \  0

has real distinct roots with respect to  r. Hence

A(t, x, y; r ,  :6,7-1) = 0  ( t ,  x , y) E R " ,  Im r <0, rjE  R" 1

has only non-real roots with respect to E. L e t o f them have positive

imaginary parts, which we denote 1$111=1 ,...,,, and let

A . =  (E—
5-1

iii) {A , B,} satisfies the uniform Lopatinski's condition on x = 0 , that is,

{B ; (t, y; r, $, are linearly independent modulo A + (t, 0, r ;  r, E, V)
with respect to $, fo r (I, y) E R", Tm 7  <0, i E R" - ', (r ,  v)* (0, 0).

Now we define functional spaces g f „ , , (R » ) ,  g

„,

with posi-

tive parameter y as follows. Ç 7 (R 1 )  is composed of the elements u

such that e-  7 1 u  belongs to Hm(M - 1 ) ,  with norms defined by

lu11,7= Ç J ke r D;D x D  u (t,x , y)1 2 dt dx dy.
i+ j+ k + 1 : , 1 n1 

x > 0 .( t ,y ) E R '

Similarly, 9(,,, 7 (R") is com posed o f  a  su ch  th a t e - 7 ' u belongs to

1-1m(Rn), with norms defined by

< u > =  E Ç e - 7 1 y1 D i  D' 5u(t v)1 2 dt dy.t y 

Our main result is

T h eo rem . T here ex ist positiv e num bers C  an d  r o ,  such  that it

holds f or uE  „,..,(W _i») and  r To

r u1_,,,+
1=0

.0Auk; 7 + E< B , > 2

m - l - r i , 7 1 •

=

j÷ 1 0 . --m
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§ 1 .  Preliminaries.

1 . 1  Definitions o f  singular integral operators.

We denote fo r u E Co(R n ), —ir E R 1 , r> 0),

(6, 77) = e (t, y) dt d y,
R n

u ( t ,  y ) d t  d  y  (p  u )  (6, .>7).
Rn

We define fo r a  real number s

A s  u(t, y )=(27r) - n e i t ( ' - 1 7 ) + i Y " A (r, 0", v)sfi(6—ir, v) da dv

= e t 7 (27r) - n  e i t " i "  A (r, 6 , 77) s  e - "it (6, 77) da dv

A (r, , ô., 77) = (r2 +6. 2 + IV 2
)

1
) ,

th en  < A k  u > 0 , ,  is  eq u iv a len t to  < U >  k , 7  (k = 0, 1, 2, • • •), therefore
we redefine in  general

<  u > s , , = < A S a>0 , 7  ( s :  real).

L e t  a ( t ,  y; r, 6, 77) be sm ooth fo r  (I, y )  E Rn, r> 0 , (a , )E R",
homogeneous of degree 0 w ith respect to  (r, 0- , v )  and

sup Di, D 1:414. a ( t , y ; r, 0- , 72)1 < +

then define

a u = a ( t ,  y ; r, D t ,  D  U

= ( 2 ) e i t ( " " ) ÷i Y  a(t, y; r, ô., 79) -a (6 — ir, v) da 617)

-= e 7 t (27r) - " a(t, y; r, ô., 72) c ' t u(6, 77) d6 d77.
R "



352 Reiko Sakantoto

T h e n  w e  have follow ing properties from  those o f  th e  well known

singular integral operators in Hs(R n )  w ith positive parameter r .

0  <au> 7 C < u > 7 . T h e re fo re  a  becomes a  continuous linear

operator in  g  ,,(R n ), w h ic h  w e  s a y  in  th is paper singular in tegral

operator with symbol a ( t ,  y; r ,
 cT, ??) .

ii) <(ab—a0b)u> „ 1 ,, < C s < u >

iii) <(a* —a
°
)u >  s+1, 7 < C s< u> w h ere  a*  is  the adjoint of a in

the innerproduct of Aci,7 •

I t  follows that

I < a A u , bv> 0, 7 —  <b A u , av> 0,7i<C<u> 0, 7 <v> 0,7,

if the symbols of a and b are real.

1 .2  Quadratic forms with coefficients of singular integral op-

erators.

Lem m a 1 .1 . L et us assum e that

( * )
m-1 m-1E au (t, y ; r ,  6, 77) >  c I z» 2 (z iE  C 1 ),

1=0

w here la i j  are  sym bols an d  c  i s  a positive c o n s tan t .  T hen it holds
f o r uf  E g e o ,..,(Rn)

m-1
Re E  <a i i (t, y ;  7, Dt , D 1) u , ui> 0,7

i , i =0

1 n i - 1 m-1
c  E </zi > g,,- c  <
2 =0 1=0

This is  Grding's inequality modified in  ge 0 ,7 (Rn).

Lem m a 1 .2 . L et us assum e that

m-1E ctu (t, x, y ;  r , 6,.1) 1J1. z(x) D.; z(x) dx
1.1=0 13

m -15.* m-2

>C )j = 0  0 1=0



M ix ed problem s for hy perbolic equations I 353

f o r z(x)EHm - l ( R ) ,  w here c  i s  a positiv e  constant and Ic11 are  real

constants. Then

m- 1
(**)' Re E x, Y;7*, Dt, D )  A Dix u, A mM  0 0 , 7i =0

m -2 u >2
2 1=0 • 1

 — C I A - 1  u1 2m - 1,7

f o r u E gem-1, 7 .

P ro o f. Replacing z (x )  by z(r x)(r> 0) in  (**), we get

m-1
E x , y ;  r , v)r 2 m - 2 - 1 - 1  D i  z(x) z (x ) d x

=0 o

m-1
> c E r l ) I D )  z (x ) 2 dx

1=0 JO

m- 2
E  C1r 2 ( m  1  — i ) - 1  D i

x z (°)
—

for r>  0 , z(x) Elim - l ( R ) .  The rest o f  proof is sim ilar to that of
WA-ding's inequality.

Lemma 1 . 3 .  L et us assum e that

(***)

Then

m- 1
E a,; (t, X • 5  y; r  6 5 V) e i+ ) . > 1)m - 1 f o r  E /21 (c > 0) .
d =0

m--1
(***)' Re E (au(t, x, y; r, D t , D y ) u, Am - 1 - 1 u ) 0 , 7

1 m-2
CIU 1,712 — Co E  < M u > 2— C I  A - 1 u1 2m— m-1,72 =o

f o r u E gem- 1,7 .

P ro o f. It reduces to lemma 1.2, since there exists C o such that

m- 1
E au ( t ,  x , y ;  r , or, oS

o
z(x) z (x ) d x

d =0



354 Reiko Sakamoto

m-1 y° m-2
>  C E D .;z (x )I 2 dx — C0 E I D -1.2. (0) 1 2 ..i=0 0 i=0

Lemma 1 . 3 . a .  L et us assum e that

ari(t, x, y ; 6 ,  7 i ) >  c ( $ 2 1 ) . _ ] .  f o r  E R 1 (c  > 0),
0 i , j< m
0 < i+ j< 2(m-1)

then

( * * * ) ;  Re E x, y ; y, Dix u) 0 ,7

0 < i+ j< 2 (m -1 )

1 
> c lu a - 1 ,7 — CoE < D u > n

2
z 1  2

1 ,7 —CI A -

2 =o
2

f o r u E

P ro o f. Using the integration by parts on term s w ith the differen-

tiation of order rn w ith respect to  x , this reduces to lemma 1.3.

Lemma 1 . 4 .  L et u s assum e (*) ((**), ..• ) in 2 ,  w here .S2 is  an

open set in Rn x S n (S n = 6, V); r E R', (6, n) E R", r 2 + 6 2 + 1 7712 = M ,
an d  le t  a(t, y ; 7-, 6,77) be a  symbol whose support is contained in Q .
Then (*)/ ((**)' , • )  holds only when u  is replaced by a u  in principal

terms, where we remark that only C depends on a.

P ro o f. W e can construct symbols {â,,} which are  equal to  { J }

in  ..S2 an d  h ave  th e  property (* ) ((**), . ) in  R" x S .  T h e n  w e  have
(*) 1 ((**) 1, •..) on . Here we remark that

A(ariau —a u arr)> 0,
7 <C <u>  0 , 7.

1 . 3  Green's fo r m u la .

L et us consider two polynomials with respect to  e

P(t, x, y; r, 6, 77; $)=;ct i (t, x, y; r, 6, ) Am- 1 (r, 6, ,7) .1,

m -1
(

t
,  

x
3 y; r, 6, ; = bi (t, X, y; r, CT, A m l (r, 6, 77) $3,J=0
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w here {a .„ b } a re  symbols, Ict,(t, x, y ; 0, 6, .?7), bi(t, x, y ; 0, 6, 77)1 are

real valued, a„,=- 1, and b m .t is real valued .

Denote

1 
4 ( 1 , x, r, 0 - 1 71) = {af(t, x, y; r, 0, 71) + ai(t5 x, r, 0, V)}2

1 
(4( 1. , x , y; r, 0 3 V )= 2 i r x ,  y; r, 0, 77) —  a i ( t  x 5  y ; r, 6,77)1,

then

Cl i (  5  x, y; r; 0, 72) = 4 ( t ,  )
C 5  y; r,

 o , )— i r a ( t ,  x , y; r, 0, 77)•

Moreover denote

P (t, x , y ; r, 0-, ; E x , y ;  r, 6, Am - i(r , 0. , 77)V,

P °(t, x, y ; r, 6,72; E)= E a.7(t, x, y; r, 6, 77) A » (7", 0 , V) ei,

P l (t, x, y; r, ; E ) = a)(t, x, y; r, 0 5 V) Ani - l(r, 0 - 5 77)$ 1 5

then

P(t, x, y; r, 0 3 V; E ) = P c) ( 1 5 x, y; r, o) ;  E )  i r  P l (t5 x 5 y; r, 0 , V; E).

Now we define

G
(

t  °C
5  y; r, 0 5 ; E 5

=P (1 , x , y; r, 0 3 V; E )0 ( t5  x , y; r, 0 5 ;

— P (t, x , y ; r, 6 , ;  ) ( 2 ( t 5  x 5  y; r, 0, ;

= A 2m -1-
1,1=o

E 1 P  ( b m = 0 )

= E (ci1= symbols),
1,1=o

x, y; r, 0 5 ; E 5
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1 / D o (
1 .  \ 15 X 5 y ; r, v; $)(P(1, X ) y; r, 0

-
5 V;

—P
°
(t, x, y ; r, 6 , 71; " )Q° (t, x, y ; r, a ,  ;

▪ 7-   i p l . ( t , „ . , A t ) f ) • y  f r •
) / 5 5 5 '< I V " ) y )  l u 3 S i

$ -4

— P l ( t
)  

X )  y ; r, 6 , 72; 6Q 1 (t, r, E)}

1 r n
E  {(aQ b1 — a .7 b7)+ 3- 2 (al b 1 —  b1)} A

m- 1
E  d ijA 2 m -2 -i-JE T (dif-=-clii: real symbols),

i.i=o

Gt(t x, y ; n 1577; E3 E)

1 
2  LIP (t, x, y ; n6377; E) 0t3  x, y; r, 71; 6

—P
°
(t, x, y ; na, x, y; n6,77; E)}

+ {P1 ( 1, x, y ; r, 6 , 77; )Qi° (t, x, y ; n6377; E)

- P °(t3 x5 y ; r, a, v; $)4 1 (t, X ,  y; n a, v; ))-1

—  1   Emb . 7  —  a .7 +  (a) 1)7— a7 bp} A
2 i.; =0

E j A 2 m _ 2 _ i _ J e i v (e  = e  j i : real symbols),
0<i,J‘m,
0<i + j< 2 ( m - 1)

then we have

G(t, x , y ; r, 0", v; E, )

-=(e--)Gx(t, x, y ; r, 6 , 71; E3 ) - 2 irG t ( t ,  x , y ;  r, 6 3'1; E,

Remark 1.

P °W Q°(0  — P °(0 Q°W  
7= 0 e
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Gt(E ;')=131($)(t(E)— 1)°()Q1($).

E specially  w hen  P, Q  a r e  re a l an a ly t ic  fu n c tio n s  w ith  respect to

r (= 6 — ir), then

Gt(E , E)  ( e )  42(E) — P (E) a
l 9 Q

t. (E)}1.

  

7= 0 7=0

Remark 2. L et P  be regularly hyperbolic with respect to  t ,  and

OPle t Q— .  Since
Or

P(Œ)Q(E) — P(e)Q(e)  _  P (r, e) Q(r, E)—P(, ç) 
G,(E, r — r r — r

w e have

G,($, $)> c( I r 12 + I E 2 + 1771 2 )n -
' for r E Cl , (E, 77) E Rn(c> 0).

Remark 3 .  In  case when

P ( e ) =P  R ( e ) ,  Q ( $ ) = R(e),

then

Gf . Q($,E)=G1'''' (E, e) R(e)R ( ),

Gç'o(e,)=G (e,.e)R(E)R(E).

Corresponding singular integral operators to the above symbols, we

define fo r u E

P u = c i i (t, x , y ; r , D i , Dy)A n i — i Dix  u,
=0

m - 1
Qu= E bi (t, x , y; y, 131, D y ) Djxu,

= 0

G(u, 00, 7 = ECcii(t, x , y; r, D 1, Dy ) A '1"

Gx < u, 0,7= E < 0, y; r, D 1, D D i x  I I , D  II >  0,7,
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Gt (u , u)0, 7 =  E(eif(t, x , y ;  r, Dt, D ) ) A"2- 1 - 1  M u, A m - 1 - - 1 Mx. u ) 0 ,7 .

Then we have

(Pu, Qu)o,7 a, P u )o , ,= G (u , 0 0 ,7 +  R i(u , 0 0 ,7 ,

where

On

Ri(u, u )o, 7 ( r l o  A "z- 1 - 1 D  u , Am - 1 - j Dix  u) 0, 7 ,

Ti f = (b i ct i —  blioai)A — A (ct i —  a l o b i  A ),

ii) G (u, u) 0 :7 = iG x < u ,  u >  0 ,7 —  2i r  Gtoi, 00, 1 +R2(u, 00,7, .

where

nz

R 2 (1 1 ,, E (r:1; D I  a, A 70i- - 1 - i 0,7,,J=0

q i = — Dx ( d i J ) + ( A  cl1i_1— c111_1 A).

H ere we have

Lemma 1 . 5 .  (Green's formula)

(Pu, Qu) 0,7 — (Qu, Pa)0' ,7 = iG x< u, u > 0 7  — 2ir Gt(u, u )0 , 7  R ( u ,  u ) 0 , ,

where

R (u , u ) 0 ,7 -=-  R i (tt, u ) 0 ,7 -1- R 2 (u , u) 0 ,7 .

Finally in  order to estimate lower order terms, we have

Lemma  1.6.

m — I

I 11,7+ E <D ix u>1- 1-j _17< c .H A - IP026,-k ia ll_.,,,
J=0

In fact, since

Pa =  M " u  E a ;  A Dix  u,
=0
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w e  have

A D ':u  .7 A  P u  o,y + u 1.7,

and  then

<D T - 1 —  i f t ( A  'DT u, D 0 0 , 7 —  ( D T  u , A it)o,71

< I A D ' u ' m2  ,7 172n-1.7.

It fo llow s from  lem m a 1.5 an d  lem m a 1.6

G <  a , u >  0,7 —  27"G1(u, u )o, 7  I ‹
6.7 

(6: > 0 : arbitrary).

§ 2. Energy Inequalities.

2.1  Lopatinsk i's  conditions on th e  real axis.

A ll  t h e  assum ptions sta ted  i n  t h e  introduction a r e  assumed here-

after. W e  d e n o t e  r =6— ir,

{(T, O E S "; r >

Lo {(r, 7/) E S "; r =o} ,

and

X  =  ( t ,  x , y ;  r, 0- ,  77) E K x L '.

N o w  w e  r e s t r ic t  o u r s e lv e s  to  a  p a i n t  X o  (t o, 0, y 0 ; 0, Co, Vo)
E K o X L o a n d  its neighbourhood in  R" S " .  L et us assum e that

--.1 (X0; •-:)= i l  (E—V) ) ".1 II ( E— V),) (E—
j= 1 j= 1 j= 1

(m i + • • • + i +  2 s=  m ),

w h e r e  {Ey} a r e  r e a l  a n d  {E .7± } a r e  non-real. T h e n  t h e r e  e x i s t s  a

neighbourhood 11(X 0 )  su c h  th a t f o r  X E U( X0)
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A (X ; E )= A i(X ; A 2(X ; E )• • A l a ;  A 0 (X,

= A l (X ; E) A 2(X ; E )  A o +a ; A 0 (X ;

where

A f ( X ; ) = ( E - - e i (X ))m l a(X )(E  — E i (X))rni - 2  +a,i(X )(E —Ei (X ))m i - 3

+ • • • + ( j = 1 ,  2, 1),

A o± (X ;E)=E s - H17.± (X )E s 1 +  •  + 0 ( X ) ,

with following properties :

A;(Xo ; = (s ' — È j) m •1 (i.e . e';(-Vo) (1.(X  = • • -= (1, i (X 0 ) = 0)

Ao±(Xo; E)=1 - 1(E—s”±),.J=1

ii) { E ( X ) ,  c t ( X ) ,  a i)
- (X )}  are smooth in  11(A-0  and { E ( X ) ,  a ik(X)}

are real valued in  U (X 0)r(K  x Lo),

... 0c •
O r

 (X 0) -/ -  0 , where

( 4 ( X ) if m> 2

ci (X)
— E (X ) i f  m i  =  1.

In fact, 1), ii)  follow from the fact that the roots o f A i and those

o f  A f (i  \  j )  d o  not intersect each other in  U(X ) ), because of the

continuity o f  roots o f  A  with respect to  X .  iii) follows from  the

hyperbolicity o f A , since

o ,
v

°A  (xo- EQ)= 21L (x -o• fl Ai(X0; VI), Ai(Xo; Ey) 0,oz. Or

•6 A ) (X 0; ED —
 a c  (X o )•Or Or

Let X 7 =(t 0, 0, y u; 7, 6 0, Vo) (7> 0 ) , then the roots o f A(X.,,; $ ) are

non-real, because of the hyperbolicity . Therefore the roots o f A,(X.,,; $)
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a re  non-real, m ï  o f  which have positive imaginary p arts  an d  n i l  of

which have negative ones (/// -= t i t ;  + + • • • + s m 7+ • • -

+ s in — ,u).

Lemma 2 .1 . L e t  {$ ik(X 7 )}  0 =1,2 ,..., mf  b e  t h e  ro o ts  o f  A ;  (X 7;

then

E j .k ( x o  = exp 2 7 r k a c i
tn ; ' O r  lA r)

1 2
W i+ O (rT, 6).

P ro o f. L et E: be a  root of A ) (X 7 ; .̀ e-), since

A i (X y ; -= (OE — Ei (X 7 ))mi a ( X ,) ( " : —  e• i (X.„))m-f - 2  + • • • + a i (X 7 )

= (E —  $J(X 7)) m ) - 1-  0 (r),

we have

then we have

Since

$ik (X y ) —  e1 (X 7 )  =- 0 (rn1,),

(E. E J ( X 7 ) ) m i  a 1(X7) = 0 (r 1 + )

O . •a;a 1(X7)
a f

'rn1 (x0)(— ir) + 0(r 2 ),

E(X7) + 0 (r),

we have the required results.

A s a  corollary of lemma 2.1, we have

is odd and  5cl (X 0) >0,
Or

is odd a n d  °--E.1- (Xo) < 0,ar

1 7 1 1  = -  1 i f  n i ;
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Now we denote

Fi i (;) = A ( X ° ' $)- =($ — II (e I1 (E — n+) 1ST(E — E2--)(E — E) " k=1 k=1

= -1 ,  2, ..•, mi, j=1, 2, •••, 1),

.- s- i A( Y. •
E i ( '" ) = - - ç A0_(XT0'= E s - 1  kl=11(gl. ç l r i k  ù ( E —  E f ik + )0=1

(1 =1 ,  2, ..., s),

th e n  -(F (,Ç ), E i C a- a r e  linearly independent polynom ials o f  order less

th a n  in, an d  d iv is ib le  b y  A  r (X0; E), where

5
A  ( lo ; (E -$”" ii II (e - s=.̀,L0-

O n  t h e  o th e r  h a n d , {B ; (_,Vc ; E)} ; _ i  ............ a r e  linearly independent

m odulo A(X0; Ç). Therefore  w e have

Lemma 2 .2 . LO(E)I i , tEi(e)}
{B iao  ; j=1,9 m ak e a  base of  poly nom ials of  order less than

2 .2  Construction o f  A '(X ; e) associated with A (X ; e)  i n  local.

L e t u s  denote

P (X ; $)= A i(X ;

ka ; (E — E(X  ))"' . 1 k  =  1, 2, •.•, mi,

Qo(X ; - )̀ = (r  — 6o) 

then

P °(x0;
acriPl (X o ; E )= m i 7ri  ( X 0 )  (E — e”)'" )

O r
2 (X0)(e eD m i - 2

Oaf
± • - • + (Xo),Or
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Qok (x 0=  ( $ E(.77)m.i+1-2k, k=  1, . . . ,

•
Qiao; = — (m1+ 1 — 2k) - (X o)($ — , k = 1 , m7,

Or

(18(x0; e)= 0,

Q(x0; $)=(E— Vj ) nr - 2 ,

therefore

2k-1
Gf " (X0 e 5  0  =  E (e— eD mi — $ y )

GfQk(xo ; C, E)= {— (2k— l) (g0)(e—Œ)mi - 1

ar

aa9
l d a i

(Xe) ,E in> (x -
0 )1( ±q

)
vni+1-20,

Oz- Or .7

Gf Q°(X0 ;  E, )=0 ,

GfQ°(X0; —  $y)2(mi - i).

Let z =  (zo, zi, • • z D E Cm ) . Replacing (1, (E— ED, •••, (C—$ .7) 1ni - 1 )

by (zo, z 1 ,  •  •  • ,  Z m i - i )  and (1 , g —  ED, • • — E.” " )  by (zo, Zi, • • •,

respectively in G r"(X o  ; w e have quadratic forms O fQ h(x 0 ;

F rom  th e  representations o f  th e m , w e  c a n  f in d  positive constants

l <  d i  <62—  < ( m; and C  such that

nt.7
E dkOr"(x0; z, Z. )  >  1Zmi -11 2+ 1 zm i —  12 + • • • + 1Zmi —mj 1 2k=1

—c(l z .m i_11 2 + + I z i I 2 + I z0 J 2 ).

Let u s  introduce a  param eter 2 (0  <  < 1 ) ,  and  le t z x = (A m a- l zo,

2"5 - 2 z i , • • •, z„ 1 ) ,  then

m.7 m7
E ok6 -f " ( x 0 ;  zx, 

t x ) =  

k

E

1 

ak 2 2 ( k - 1 )
61:Qk(X;

k = 1
o

=

therefore
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Ea k  2 2 ( k - 1) 6 xPQk (X 0 ; Z, Z )  >  2 2 ( m )  1 ) (1 Zm j - 1  1 2 + + 1 Zm j - m j  1
k =1

2)

CA2mi (1 Zm-mi-11 2 + • • • + 1 ZO 1 2 ).

O n  th e  o ther hand, we consider E 6 k 2 2 (' — ') GçQk (xo ; a s  a
k- 1

polynomial w ith  respect to  ($ — $ ;), th e n  it s  constant term  m ay be
ac iappear only when mi  is odd and (X 0 )<O , and it becomes negative.Or

Therefore we have

,n,E  6 k  2 2 ( k - 1 )

Gi
t
' " (X 0  ;  e3 < ( ep 2(mj-1)+ 22»i_3 D

11=1

< C (2 -cej I e 2(mj -1)+ 22m j )

(a1=2-(m7(2m i -3)— (nt i -2 )( tn i -1 )1 ) .

Now we denote

m-.77 -
P i (X ; E )=  E ok 2 2 i  — k ) Q h ( X ;  ) — C 2 - a i - 2 ( i n i - 1 ) Q 0 ( X ;  e),

k =1

then w e have

6 1'P ' (Xo; z ,  2 ) >  ( 1 zmj -1 1 2 + • • + 1 Zmi–mi- 12)

— C/Z2 ( 1 Zm i – m ;-1  1 2 + • • • + 1 Zo 1 2 ))

G r ' (X0 ; C, C) <

W e  have associated P'(X ; $)=A 5(X ; .;) w ith  P (X ; e)= A . (X; Œ)

for XE U(X 0 ) ,  j=1 , 2 , ••• , / . Now since

GPA:1,24(X; $, E)= A;•,l'ITi (X ; C)

= G P '114 (X ;  e l  )  j .  ( X; 0 (  j . ) ( X ;  )5

E, )=G'14 P A ; (X; AA (X; E )( AA  . ) (X ;  E),

w e have, replacing { CI by by respectively,



M ixed problem s for hyperbolic equations I 365

A
mj

G i
x
L k gi,i(X0, Z , Z)> E I Fii(z)1 2 — 1 z12 (z E Cm ),

i 1

and

(X 0 ; E, e) < CA2 (6 2 +1) m --1E

Here we denote

A(X $) a A
A' (X ; $) A ;  ;

;
A  i ( x  $)— - (X ; g ) ,

then we have

G ' (Xo; z, •E')-> Eji(z)12 —  C21 z1 2E  Cm ),1 

G P' (X0; C, 6 )< —  cA(62 + 0 ' 1( $  E  , < 2 < 2 e).

From th e  uniform Lopatinski's conditions on {A , 13} ,  taking 2 small

enough, we have

Lemma 2 .3 . Let X0 E X 0 x L 0 ,  then  there  ex ists 211 (X; 6), which
i s  a polynom ial in  $  o f  o rd e r le ss  th an  in  w ith  sm o o th  coefficients

def ined f o r  X E U(X0 ), w h e re  U(X0 ) i s  a  neighbourhood o f  X0 i n

R"' - ' x S", and satisfies

0 1 zI 2 <C { G P '  ; z, Ê 1 EAX ; z)1 21 B  A X  z ) 1 2 1.J=1 =1

f o r X E U(X0 ), z E

(e2 +1) m
-

1 < —  CGP4 ' (X; E, e) fo r  X E U (X0 ), C E ,

where

ÇS_JA(X; C) Ef (X; 6)— Ao_(X;

and C is  a positive constant.

2 .3  Constructions of A'(X; e) in  g loba l an d  energy inequalities
in L .
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Let us denote X= (X', X'') (X ' =(t, x, y), X" = (r , 6, 0), a neigh-
bourhood of i n  IV - 1  b y  V ( r ) ,  and th a t o f X "  in  S ' b y  IV (X ").

In  lem m a 2.3, we corresponded A 'x „(X;•,i-- )  to  ev e ry  point X 0 E Ko x Lo
defined in  U(X 0 ) =  V (X ) X V A . /D. In addition to them, we remark

G11 .4 147  (X; e($2 +1)'" - for E  R 1 (c>  0).

Now from the compactness o f K 0 x L o  and OK° x L 0 (0K 0 : boundary
o f K 0 in  R ")  in  R "' l  x  S " ,  w e have

Nu
K o x  L, \ J (X l., X 2 , •  •  • , X N 0 E Ko X Lo),

j=1

N1
OK() x L (Ja i ) (XN0+15 XN 0

, 25 • 5  X N 1 E 0 1 ( 0 )  < 1 , 0)5
i=5No+1

therefore there exists d >0 such that

No
K 8  X  L 8  C U  U( X ),

1=1

N,
(OK) s x  1 ,3U ( X i ) ,

t=N,-1-1

where

K 3 = -(X :' E ; 'OE Ko, x I < 0 ,

( K ) 3 =;  ( t ,  y ) E a K o ,  x I <a},
L 8 =  { X " E  S " ;

Let

U = U(Y -i) (i =1, 2 , • ,  No),

Ui= {Ds — Ks} x  [V(X l) (i =No+ /, No+ 2, • N 1 ) ,

UN= { R n +1  — D }( N =  N i + 1 ) ,

where
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--={KER" + 1 ; <6 },

then

R '  x I  (\ jU i.
i =1

Hence we can find non-negative smooth functions {cei (X)} i=1,2,...,N with

supp L c:4(X )] U i  a n d  E ai(X )= 1 in  R " 1 x  La.
i =1

Now let us denote

N - 1 6 AA t (X ; $)= E c4(X ) A  (X ; $ )+ a 2
N (X ){ (X  • $)

ar•j=1

Ei. f (X ; $)=ct i (X )E f  (X ; $) ( j= 1, 2, • • •, s i ,  i =1 , 2, • • •, N - 1 ) ,

and

N - 1  s i
H (X ; $ ,)= G 'xIA' (X ; $, E E $)Ei (X ; e)

i = 1  ; = ,

131(X; $)13 ; (X ;

then w e have

z 2 <  C H  (X ; z , ) for XE R" x L s , z  E Cm,1 1 2

($2 +1) m - 1
-< — CGII A '(X ; E ) for XE R 1 X  L 8 ,  e  E R l .

Since a  smooth function on  I?'  x  S n ,  m ultiplied by A (r , 6, v) k ,
becomes a  smooth function o n  Rn+ I x (R n + 1 —  {0 ) ,  we write homo-
geneous extensions w ith  respect to (r, 6,v; E, - ) by the same notations :

A ' (X ; $ ): homogeneous of order m —1,

E j( X ; 6 ) : homogeneous of order m —j,

H(X ; homogeneous of order 2(m —1).

Now, taking g (7. , 6, v) such that supp Egi C L s ,  w e have from
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lem m as 1.1, 1.3.a, 1.4

Lemma 2.4.

m - 1 m - 1
i) E <D xf 8u> n

2 ,_1 _1 ,7 — CE<M u> 2 _; ,,
1=0 i=o

N  s i
<  C Re Gx < fiu>o,y-f-E E ieu>3-1,71=11=1

I i

+ E <B ;  8u> 2
m - 1 — rj ,7 )

1 =1

in -1
ii) Igulm2 -1,7 —  Co E<DOu>„,2 -1-i- 1

' 7
— C1 A - 1 u m2 -1.7J=0 2

< — C Re Gt(87i, 000,7.

It fo llow s from  lem m a 2.4 that

C Re{G x < d u , 8u >0, 7
—  2rGi(gu, 800,7}

m-1 m - 1

> 2r + E<Dxl  8u>1-1-; ,7  —2co r E <Dx j 13u>2 1m  1  j  
2

,7
1=0 1=0

N  s i
— {E <Bi8u>i_i,_

i=l 1=1 1=1 »

m -1
_,,,+ E < Dix  u>1 }—2—j.7 •

1 -0

Since w e are allowed to consider sm all enough to satisfy

11-26 C o >  
2

we have

<D xl fiu>1_ 1 _; ,7 -2 r

(c>0, C> 0).

Here we have from lemmas 1.5, 1.6
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Proposition 1.

nt - 1

r I 19u < D 3 u > 1 _ 1 ,7
.J=0

<Ci  1   l A u lF - F lu l l ,H - i< B iu > 1 _ 1 _r j o ,J=1

N  s i+
i =11=1

2 . 4  Energy inequalities in elliptic zone L+ —L 8 .
2

W e have for X E R i  x

A (X ; $)= A .,(X ; $)A _(X ; e),

where

A +(X ; E )= ($ — E1- (X))
=1

> 0)

=$ " at(X )E '' - 1  + • • • +a -,- (X ),

71,  —

A  (X ; e ) =  (E—ei(X)) Om $7 < 0)

=- e n " ' + + • • • + a;,(X ),

and a ( X )  are  symbols. Now we denote

E (X ; $)-=$"‘ - i A + (X ; $),

then  NEJ (X; {41(X ; C )}1 = 1 ,2 , . . . . „ ]  m ake a  b a s e  o f  poly-
nomials of order less than in  with respect t o  C .  Let

ao(X )=ao(T, 6 , V), 0  < a o (r , 6 , V )< 1 ,

ao(r, 0 ,  7) = 1  o n  L — L ,  s u p p ia o (r ,
 o ,

 77)] CL+ — 3

and we denote

E .7(X ; $)= ao(X) Ei(X ; E).
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Then iffe have

Lem m a 2.5.

1z1 2 <C iE  Lq(X ; z)1 2 +  I B./(x; z)1 2 1—1

fo r  X E R" X (Li —  Lp, z  E Cm ,

ii) ($2+1)7n< C A (X ; e)1 2f o r  X E R (L+ — e ER'.

Let

8 0 (X )= i3 0 (7 - , 0
, V), suPPD0(r, 0 ) `17)1

then w e have in  the sam e w ay a s  in  2.3, using lemmas 1.1, 1.3, 1.4,

m-1
E <D i9 o u > •.1 • 7

—  C E <D x../ >
=0 2, 1=0

<  C  { E  <E ; u > 2
- 1 ,7 >  7

2
, 71

1=1
,-1—

1=1

m-1
ii) o u i2  — Co E • A - lu  m

2 ,7 <  A ul
j

Here we have

Proposition  2.

m-1
130u1,2n,y+ E<D:',.8 0 1t > 2  .  1

1=0

16 ni-
< C E GB ;  u

' 
-1- E <.E .? u > _1 

' 
7+

1 =2 • I  21=1 1

Taking A uu  o f  u  in proposition 2, we have

Corollary.

ni-1
7"180u E<DMou>1-1- 1 ,7

i= o
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<C (   1
.J=1

2
nt —t

+E <E Y
:1=1

2 .5  Estimation for {E ) - .

Let

i i i - 1,7 )  •

U0 = R l x — L p ,

then {U 1} 1 0,1 N0, becomes a  covering of I V  x  L ± .  Now let

r i a>=1 on suppra 1(X)1, r t
i (X ) =1 on supprr i (X)1,

suppEr t
1(X)1E Ui ,

and

A (1(X ; $)=y ,;(X )A _(X ; $), s o = m -

A f_(X ; -)=7 - 1 i (X )f iL l(X ; .g7) ( i= 1, 2, •

Since

1,1(X; D x )z(x)1 2 d x > c Es ' 111Y„z(x)1 2 d x  (c > 0 )
=o

fo r X E  supp[r 1(X)1, z (x ) E Ilsi(R 14), w e have from lemmas 1.2, 1.4

lA i-TivH,7> 1
2  c lr iv IL7 — C A - 1 vH,, 7f o r  u E g

Replacing v = _ E !  ,  w e have

lAua- r >cTELuH i ,7 — C1 1n2t,7 fo r u E

Therefore we have

Proposition 3.

0 ,7 < CC AU Ô,7+ 116 11-1,7)

:1=0, 1 ,  •  • ,  si, i=0, 1, • • •, N.
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Corollary.

< E fi a> .1_. • r < C 
/ 1

11- 1,7)

j= 1 , •  ,  s , i =0,1, • • • , N.

Here we have theorem stated in the introduction from propositions

1, 2, 3.

F in a lly  w e  sta te  so m e en ergy  in eq u a litie s  in  v a r ia n t  fo rm s as

corollaries of the theorem.

C o ro lla ry  1 .  L et s be a real number, then

-1

r  A  u I -1,7 + E
j=0

1
C .3 {  r  A ' - 4 a A 7 +  E < B ja > ;2

7, - 1 -  S  7}l= - 1

f o r  A s  E r > r5.

P ro o f . W e  have

' A  Asa= A sAaH-(A As— ASA) u,

,BJ Asa= AsB ;  +  (BiA s — As Bi ) a,

where

.r i l A s —  A  il)u10 ‹  Cd A 5 u,
yz - 2

( < (B 1\ s —  A s B i) l t> ,„ _ i_ _ r j , , < C s i E  < D r ix t t > m - 2 - j + s , 7 < C s 1  A s U

Then th e  above theorem insists o n  corollary 1, replacing u by A  s u,

and taking y s  la r g e  enough.

C oro llary  2 .  Let k = 0 , 1, 2, ,  then

m  1 k

7- u k , 7 E k -  j ,7
j= 0
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1
<C h i - - ,  7+ E<

=

f o r  u E

P r o o f .  Since

D "x i u = A u — (a l  DT - 1  u a 2  xn  2 a + am u ) ,

w e have

(I A 5 U m/ 7  <  C s h ( lA s A t t  h , 7 +  A .9 1-11-1
h-1 .

DT + h  a > S ‹  C sh(< M  A u > ,, y + E  < I Fx U >m+h-1-,-;,7),
j =0

therefore we have

U 7‹  C 0 (l A u l k - - 1 ,7 +  A k a 1m- 1, 0)
-1+k m-1E  <Mu> ni k 1,7 ‹  C k (< 1?- 1 , 7 + E <  D . u >
=o 1=o

k = 1 ,  2, . • •.

Here we have corollary 2 from corollary 1.

A d d e d  to  the p ro o f

Author's method in hyperbolic equations o f higher order is similar

to  Kreiss' method in  hyperbolic systems with constant coefficients.

NARA WOMEN'S COLLEGE


