
J . Math. Kyoto Univ. (JMKYAZ)
11-3 (1971) 545-551

On stochastic differential equations for
multi-dimensional diffusion processes

with boundary conditions II

By

Shinzo WATANABE

(Received, May 11, 1971)

The present paper consists o f complementary remarks on our pre-

vious paper [ 3 ] .  W e w ill d iscuss here the case of general sticky

boundaries. Thus, our probabilistic construction can cover the diffusion
processes with Wentzell's boundary conditions without jump terms.

Let D = (x 1 , x 2 , • • • , xn) E R"; x l 0 1 ,

D = { x E D ; x 1 ) 'O }  and OD= Ix E D ; x 1 = 0}.

Let 6 , b , r, 8 and p  be given as follows:

6 = ( 6 ) 7 , i = i ; D —) RnORn,

b = (b i )7 =1 ;D — R ,

r = ( T )  = 2 ; aD -±  R" - - 1 0 R n - 1 ,

8 = (49i )7 = 2  ; O D  Rn - 1 ,

to; 8 D oo).

W e assume that they are all bounded and Borel measurable. We con-
sider the following stochastic differential equation o f th e  process x i

4 ,  • •., 4 ) ;

f
dx1=--61 (x i )/D(x i ) dB i b 1 (x i ) ID(XI) d t 6 1 40 i;

(1) dx = 6 i(x t) ID (x t )  d B t+ b i (x t )  h (x t ) ri(x i) laD (x i) a f t
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g'(xt)/aD(xi) cAot, i -= 2, 3, • • ., n,

IaD(x  ds= P(x  d4 0

where B i = ( B ,  
D Z

•-., B 7), lif t=(M , • • M 7),

61(x t) ID(xt)dB t= 6 ( X t )  ID(x t ) d B , j -= 1, 2, • • •, n,
=1

and

r 1(x i ) laD(xi) dMi z-;(xt) i = 2, 3, • • •, n.
j= 2

A  precise formulation is a s  follows; by a  probability space with an

increasing family of Borel fields (.52, P; f ) ,  we mean a  probability

space ( Q, P )  with a  system i g . t h e [ o , . . , )  o f  sub-Borel fields of

such that it is increasing and right-continuous, i.e., Yr ti f  t  < s  and

W e assum e always that (s2 ,.F ,P ) is a standard
E>

probability space in  th e  sense o f  K . Ito [1 ].

Definition 1. By a  so lu tio n  o f  equation (I), we mean a  family

o f  stochastic processes 1=  { x l =  (x x7), , B7),

Mt= •, M7), Sorl defined o n  a  probability space with a n  increasing

family of Borel fields (..(2, go", P; such that,

(i) with probability o n e , they a r e  all continuous in  t  such that

B 0 = 0 , M o = 0  and ço o = 0 ,

(ii) they a r e  all adapted to i.e., f o r  fixed t ,  they are ..54-
1-

measurable,

(iii) with probability o n e , x t E D  f o r  all t  and ço t is non-decreas-

ing; further, ço t increases only when  x =  O ,  i.e.,

t= 1 t

o
IaD (x  ( 1 4 0 s,

(iv) (B e, M O is a  system of .‘F t -m artingales such that

<B 1, B i > t =  i f  t , <B i , Ml > t = 0  a n d  <  M i , M.)  > 1=  u

( y )  1 = 1, B 1, Alt , go,} satisfies
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— x 16  = 6 -1 (x s ) ID (x s) dB s +1
o
b i  (x s ) ID (x s ) ds +

— x6=1 
o

6 i (x s ) ID(x 3) dB s +5
o

bi (x s ) ID(X 3 ) ds

+5
o

r i (x s ) IaD(x s ) di I /91(x3) IaD(x s ) dça s ,

i =2, 3, • •., n,

IaD (x  ds =5 p(x 3) dço s ,
JO 0

where S clB  and 1dM  are  stochastic integrals.

Defin ition  2. We shall say that the  uniqueness holds for (1 ) if,
for any two solutions 1= (x 1, .131, M1, yo,) and 1' = (.x;, .131„ .1U, ço;) (which

may be defined o n  different probability spaces) such that x o = x  and
a.s. for some x E D , the probability law of the processes x t and

x i, o n  th e  space { W + , a ( v+)} coinsides, where W + is th e  Fréchet

space of all D-valued continuous functions on [0, 00) with the compact
uniform topology and d (1 V )  is  the topological Borel field on W .

N ow  Proposition 1  o f  [ 3 ]  holds and  hence, i f  we can show the
existence and the uniqueness of solutions 1=(x ,, B ,, M ,, yo,), then x , is
a diffusion process on D .

Theorem  1 . Suppose 6 , b, r, 8  and p  are bounded and Borel

m easurable. Suppose, f u rth e r, th at  6 , b, r, /9  are Lipschitz continuous
and that a constant c >0  ex ists such that

\ 1/2

16 1 ( X )  =(2 0 1 (x )2 )

Then, for any  Probability  law  g  on D , a solution 1= (x 1, B 1, Mr, yet )  of
(1) ex ists such  that P(x 0 E dx) = ,a(d x). Furtherm ore, the uniqueness
of  solutions holds.
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P ro o f. (1°) Existence. The existence is proved in  [31 if

(It is implicitly shown in  [31 that the solution constructed satisfies

1t
o I 0 D (x s ) ds= O.)

L et X= (x t , B t , M ,  yot )  be a solution corresponding to [6, b, r, (3, p

= 0 1  o n  (D, F ,  P; .F t ). W e take (D, ..F) sufficiently la rge  so that

there exists a n  n-dimensional Brownian motion Et o n  (D, F ,  P )  such

that E  and  2i, a re  independent. L e t A t = t
o
p(x s ) o  s  a n d  AT1 be

the inverse function of t — ÷ A .  Set

M t=M A T I, (4t

.0,--=-the 6 - field generated by FAT' an d  {E„ s <t}

and f3t = BA T' +  I a p(oi t )  d  ,.
Jo

Then Et, A, o i )  is  a solution on (D, F ,  P ;  t )  corresponding

to [6 , b , r, 8, p j .  This can be proved easily by Doob's optional sampl-

ing theorem and the following easily verified relations;

f t t f t

A '= O d s ,  1
0
-TaD(is)ds=

o
P(' - s)c10".,.

JO

(2°)  Uniqueness. L e t -11=C i
t

, Et, Mt, Ot) be a solution corresponding

to [6, b , r, 8, p l .  Set 1-o ( " s ) d s .  T hen , with probability one,

At is strictly increasing in  °t. In  fa c t , if , fo r  rationals 0 <ri<r2,

A r 2 Ari O, this would imply "i", E OD, vs E [ri, r21 and hence,

(2. 2

.raD(07s)
r2

d s =  p (1 "X r2— ri>

impling Or 2 — O r i  >  O. On the other hand,

r2
6 .1 (

s  )  D  s  ) dB s —0 b1("s)1D(1-s)ds=0
— —

r1

and hence, we would have
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orz — or,>
and this contradicts , = O.

T h u s ,  th e  in v e rs e  function is co n tin uo us. D efin e
(oct , B 1, Mt, ç 1) b y

p i l l
oct- - -131=  

o
 I D ( ) d B 8 ,„ M1 =4/-  AT' and vt -=

T h e n  = (x 1, B 1, M t , got )  is  a solution corresponding to [6, b, r, g, p 01.
Furthermore, since

t -EI D C  ds laD(` s) ds= A t +J oo o
P(' s) dOs,

w e have

rt
-=t - E

o
P(xs) cIS 0 s.

This shows th a t  t  is obtained from as in (1°). Since, as w e have

shown in [3], the joint distribution of the solution N, is  unique, we have

the uniqueness o f 1. Q.E.D.

Remark 1. B y  a  generalized Ito's formula on stochastic integrals
(cf. [21), w e have, for f  E cg(D) ( = the space o f all twice continuously
differentiable functions on D  w ith compact support),

f (x 1) —f (x 0) =a martingale + 1
0

Af (x s ) I D (x s ) ds

o
L f  (x  s ) I a D(x s ) dq)

= a  martingale + 1
0

Af (x s ) ds
o
Lf (x ,) lao(x s) clç 0 s

A f  (x  s ) I a D(x s ) ds

= a  martingale + (x s) ds +5 0 (If —  19. A f)(x s) Iap(x s)
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where

a 2 f no f
A f ( x ) =  E  au(x )  1 E b '( x )   o x.  5id =1

1 x E D

and

82f n Of
(X )= a ii(x )

i

o x i . l a  x i  + 1 :2 8 '(x )  
ax'4 = 2

x EOD

with

2a il =  En 601, a n d  2 0 =  En  r ik z-;:.
k =1 k = 2

T h u s, w e  see  th a t the infinitesimal generator of the semigroup of the

diffusion process constructed in  Theorem 1  (w h ich  tu rn s out to  be
Fellerian i f  p  is continuous) is an extention of the differential operator
A  w ith the domain 2 ( A ) = I f  E C 6(D ); L u= p•A u on M I .

Remark. 2 .  T h e  time-dependent case, i.e., the case w hen  the

coefficients EcT, b , r, j9 , p 1  are  functions o f  ( t ,  x ) ,  t 0 _ t < 0 0 ,  x  E D,

can be d iscussed in our fram ew ork: for sim p lic ity , w e assume 4=0.

Let D '= = ( x ,  x 1 ) ;  x  E D, xn+ 1 E  1V-} 1?7,+ 1 and set

bi
x ), i = 1, 2, • • •, n, x  E D

1, i- =n +1

= I r itcn+1

0, ' i f  i = n + 1  or j ---=n +1

X , i=  2, 3, • • •, n, x E OD

j
i3i (x n + 1 , x ), i = 2, 3, • • •, n ,  x  E OD

IVM
i = n + 1

( ) = p ( x ' ,  x ) , x  E OD.

Consider the stochastic differential equation of "",.= (x t , x7+ 1 )  fo r  iff,

r
1 i (x 1 , x),i ,  j= 1 ,  2, • • •, n, x E D

0, i f  i = n + 1  or j = n + 1
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, w ith  an initial condition x r  =  0 .  Then , the last equation
reduces to

d x ? "  =  r y (.",) dt l a r y (9- ,) dt =  dt

and hence x7 + 1 = 1 .  Thus, we see from the theorem 1  that, i f  [6 , b, r,
8, p ]  are bounded and Lipschitz continuous in  ( t ,  x ) E [0,  0 0 )  D '  and

if a constant c >0 exists such that I 6 1 (t, c ,  ( t ,  x )  E [0, 00) x D,
then the solution exists and is  unique.

D E P A R T M E N T  O F  M A T H E M A T IC S

F A C U L T Y  O F  SCIEN CE

K Y O T O  U N IV E R SIT Y
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