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The present paper consists of complementary remarks on our pre-
vious paper [3]. We will discuss here the case of general sticky
boundaries. Thus, our probabilistic construction can cover the diffusion

processes with Wentzell’s boundary conditions without jump terms.

Let D=R;={x=(a}, 2%, ..., x") ER*; x* >0},

D={x€D; x>0} and 0D={x € D; x*=0}.

Let 0,5, 7, 8 and p be given as follows:
0=0)%;-1; D—->R'QR",
=%, ; D—R,
t=(t)%;=2; 0D—>R"IQR",
B=(8)12 5 0D—>R",
0; 0D —[0, o).

We assume that they are all bounded and Borel measurable. We con-
sider the following stochastic differential equation of the process =«

=(x}9 x?) Tty x’;);
dx}=0"(x,) Ip(%;) dB,+b' () Ip(x;) dt + dy,
(1) \ dxf =0-i(xt) Ip(x,) dB+ bi(xt) Ip(x,) dt + Ti(xt) Ip(xy) dM,
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+Bi(xt) IaD(xl) d¢t) l:2a 39 sy Ty
Lp(xs) ds=0(x,) dos,
where B,=(B}, B, ..., B?), M,=(M?, ..., M),

O'i(xt) ID(xt) dBt='Zlo-;:(xt) ID(xt) dBJ;) i=1,2,.,n,
i=
and
t'(xy) Top(x,) dM;=‘ZZz'J’:(x,) Lp(x)dMi, i=2,3,...,n.
i=

A precise formulation is as follows; by a probability space with an
increasing family of Borel fields (2, &, P; &,), we mean a probability
space (2, #, P) with a system {%};c(0,y Of sub-Borel fields of &#
such that it is increasing and right-continuous, ie., F,CF; if t<s and
.9",,,0584\0.97”5:.9‘7,. We assume always that (2, &#, P) is a standard

probability space in the sense of K. Ito [17].

Definition 1. By a solution of equation (1), we mean a family
of stochastic processes X={x,=(x}, x%, ..., x7), B,=(B}, B?, ..., B}),
M,=(M:?, ..., M?), ¢;} defined on a probability space with an increasing
family of Borel fields (2, &#, P; &,) such that,

(i) with probability one, they are all continuous in ¢ such that
By=0, My=0 and ¢,=0,

(ii) they are all adapted to £, i.e., for fixed ¢, they are &£,
measurable,

(iii) with probability one, x,€ D for all ¢ and ¢, is non-decreas-

ing; further, ¢, increases only when x;=0, i.e.,
t
@1= goIaD(xs) dos,

(iv) (B;, M) is a system of &, martingales such that
<Bi, Bl>1:611t, <Bi, M] ;=0 and <Mi, Mj>;=6ij(0;,
(V) X= {x,, Bt) M[, ¢t} satisfies



On stochastic differential equations for multi-dimensional diffusion 547
t t

wt—wp={ o) 1o B+ 00 Do) dst g,
t to

wi—wi={ o) Io(w) dB 4+ { 4w Io(,) ds
0

19 + S;r"(xs) Lop(xs) M+ S;Bi(xs) Iop(x5) ds,

i=29 3) vy Ty

t t
Sozapus) ds=gop<xs> dos,

where SdB and SdM are stochastic integrals.

Definition 2. We shall say that the uniqueness holds for (1) if,
for any two solutions X=(x,, By, M;, ¢;) and X'=(x}, B}, M, ¢;) (which
may be defined on different probability spaces) such that x,=2x and
xy=2x a.s. for some x € D, the probability law of the processes x; and
x; on the space {W™*, #(W*)} coinsides, where W* is the Fréchet
space of all D-valued continuous functions on [0, c0) with the compact

uniform topology and Z(W *) is the topological Borel field on W'*.

Now Proposition 1 of [3] holds and hence, if we can show the
existence and the uniqueness of solutions X=(x;, B;, M,, ¢;), then x, is

a diffusion process on D.

Theorem 1. Suppose 0, b, v, 8 and 0 are bounded and Borel
measurable. Suppose, further, that o0, b, v, 8 are Lipschitz continuous

and that a constant c¢>0 exists such that
” 1/2
o' =(Z i) =,
i=1

Then, for any probability law u on D, a solution ¥=(x, B, M,, ¢.) of
(1) exists such that P(x,€ dx)=pu(dx). Furthermore, the uniqueness
of solutions holds.
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Proof. (1°) Existence. The existence is proved in [37] if p=0.
(It is implicitly shown in [3] that the solution constructed satisfies

S:)Iap(xs) ds=0.>

Let ¥=(x,, By, M;, ¢;) be a solution corresponding to [d,b, 7, 83,0
=0] on (2, %, P;#,). We take (2, #) sufficiently large so that
there exists an n-dimensional Brownian motion B, on (&2, #, P) such
that B and X are independent. Let A,=t+$;p(xs) dgs and A;! be

the inverse function of t— A,. Set
Xr=x4;% Mt:MAZI’ P1=@arl
ZF,=the o-field generated by F ;' and {B,, s<<t}

~ t
and B1=BAZ’+SOIaD(5‘3s) dB,.
Then X=(%, By, M,, ¢;) is a solution on (2, &, P; ZF,) corresponding

to [0, b, 7, B, 0). This can be proved easily by Doob’s optional sampl-

ing theorem and the following easily verified relations;
t t t
= Io(z)ds, | T(ads={ o) do.
0

(2°) Uniqueness. Let X=(&,, B, M,, $,) be a solution corresponding
to [0, 0,7, B8, 0] Set J,=S;ID(523) ds. Then, with probability one,
A, is strictly increasing in ¢ In fact, if, for rationals 0=<r,<r,
A,,—A4, =0, this would imply %,€0D, Vs€[ry, o] and hence,

SerBD(is) dS=S:20(&s)d¢s=T2—r1>0,
impling ¢,,—@,,>0. On the other hand,
(PG G aB=0, ("51G@)IE)ds=0
7y 71

and hence, we would have
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}z=§}1+¢’z—¢’1>iil

and this contradicts %},=0.

Thus, the inverse function A;! is continuous. Define X%
= (%4, Bi, My, ¢1) by

A1 . -
X=X g1, Bt:So‘ In(%s)dBsy, My=My;* and ¢, =@ ;.

Then X¥=(x,, B;, M,, ¢,) is a solution corresponding to [0, b, 7, 8, 0=0].

Furthermore, since

t t t
1= 1oz ds+ | T3 ds=d,+ { o(3,) dp,
we have
- t
ap=14 o(x) do.
This shows that ¥ is obtained from ¥ as in (1°). Since, as we have

shown in [3]), the joint distribution of the solution ¥ is unique, we have

the uniqueness of . Q.E.D.
Remark 1. By a generalized Ito’s formula on stochastic integrals

(cf. [2]), we have, for f€C2(D) (=the space of all twice continuously

differentiable functions on D with compact support),

f (@)= f(v)=a martingale+ | Af () Io(x.) ds
+{ 1f w0 Lontx) do,
—a martingale+ (| 47(x) ds+{ L (x.) Lon(x.) do,
—{ 47 2 Lon(z0) s

=a martingale+ S;Af(xs) ds+ S;(Lf— 0-Af) (%) Lp(%,) dos,



‘ 550 Shinzo Watanabe

where

Af ()= 3 a5+ T b of  xeb

i,7=1 0”

and

L= a0 0L+ fge L 2 o

with

2 =3 6ic] and 2a"=3cici.
k=1 k=2
Thus, we see that the infinitesimal generator of the semigroup of the
diffusion process constructed in Theorem 1 (which turns out to be
Fellerian if p is continuous) is an extention of the differential operator
A with the domain 2(A4)={f€C¥D); Lu=p+Au on 0D}.

Remark. 2. The time-dependent case, i.e., the case when the
coefficients [0, b, v, 8, o] are functions of (¢, x), ty<t<oo, x €D,
can be discussed in our framework: for simplicity, we assume ¢,=0.
Let D'={z=(x, 2"*"); x €D, a"*' € R'} =R%*! and set

. oci(x", %), i,j=1,2,..,n, x€D
i(3)
0, if i=n+1 or j=n+1

) bi(x™+1, x), i=1,2,..,n, x€D
b' (%) ={
1, i=n+1
N ti(x"*1, x), i,j=2,3,..,n, x€0D
z"'”(?c)={
0, : if i=n+1or j=n+1

» Bi(x"*1, %), i=2,3,....,n, x€0D
B (%)=
p(@)=o(x"", x),  x€0D.

Consider the stochastic differential equation of %,=(x;, x%*!) for [&, b,
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%, 8, §] with an initial condition x%*'=0. Then, the last equation

reduces to

dx?1=1Ip(%)dt+ Ip(%;) dt=dt

and hence x?*!'=¢. Thus, we see from the theorem 1 that, if [0, b, 7,

B, 0] are bounded and Lipschitz continuous in (¢, x) €[0, o) x D’ and
if a constant ¢>0 exists such that |¢'(¢, x)|=c, (¢, x) €[ 0, o) x D,

then the solution exists and is unique.
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