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When we consider a transitive G-structure g o on a compact dif-

ferentiable manifold M , another G-structure g on M  is said to be locally

equivalent to g o , if there exists a local transformation f  of a neighborhood

U of each point of M  such that the G-structure induced by f  from g o

is equal to g  on U, and g is said to be globally equivalent to g o , if there

exists a global transformation f  of M  such that the G-structure induced

by f  from g o is equal to g  on  M .  The theory o f deformations o f G-
structures is considered to represent a  difference between the local

equivalence and the global equivalence of G-structures. In our paper,

we take note of a certain global property for G-structures and we con-

sider the extent of G-structures which are locally equivalent to g o and

have the global property. We represent the extent in the space o f G-
structures, using the theory o f deformations, and describe a relation

between the global property and the equivalence of G-structures.

We suppose throughout our paper that G is closed and of finite type

and the transitive G-structure g o satisfies th e  follow ing condition.

When go denotes the lift of go by p  on the universal covering manifold

o f M , where p  is  the covering projection, and a ( i -0 )  denotes the

sheaf o f germs of infinitesimal automorphisms of go , the L ie  algebra

of the Lie group of automorphisms of g 0 is equal to 1-P(M , a(go)).

9  Revised December 16, 1971
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Then the G-structures on M  correspond one-to-one to the cross-

sections of the associated bundle F (M )/ G  of the frame bundle F (M )
over M .  The set of all G-structures forms a Banach manifold g as
the space of cross-sections with respect to  a riemannian metric on the

bundle of jets of cross-sections. W e  regard the whole set .g )  o f G-
structures locally equivalent to g o a s  a  subspace of Q . Th en  de fo r-

mations of go are given by curves in g  through g o . L e t  u s  take note

o f th e  equivalence o f th e  infinitesimal automorphisms a s  a  global

property. We also regard the whole set S  of G-structures having the

infinitesimal automorphisms equivalent to those o f g o a s  a  subspace

of g .  A deformation g t of go is said to have the eq u iv a len t  in fin it e s im a l

automorphisms- ,  i f  each G-structure of g t h a s  the infinitesimal auto-

morphisms equivalent to those of go , that is, if g t is  a  curve in cg n .g)

through g o . L e t  e  be the subspace o f  g  consisting of G-structures

globally equivalent to g o and S  b e  o n e  consisting of G-structures

having the same infinitesimal automorphisms as go . T h e  group Diff(M)

of diffeomorphisms of M  is a transformation group of g ,  under which

and cg are the obrits of g o and  S  respectively. Then  there ex ists

a differentiable submanifold CV o f g  such  that 3  fig  in  a  neighbor-

hood Ug o  o f g o is  the image of cV transformed by the elements of a

neighborhood U , o f e  in  D iff(M ). The tangent space of C V  at g o is

isomorphic to some subspace iC  of the kernel of the homomorphism :

11 1 (M , :).1(go))—*1--P (M , 91) induced by the injection %(go)—>-W, where

1(go) is  the sheaf o f germs of infinitesimal automorphisms of go and

91 is the sheaf of nortnalizer of .1(go) in  the sheaf o f germs of vector

fields on  M .  Thus G-structures not globally equivalent to g o w ith

respect to the elements o f U e , but locally equivalent to g o and having

the infinitesimal automorphisms equivalent to those of go , exist in  Ug o

to the extent of S .  As for deformations of go , infinitesimal deformations

corresponding to elements of „IC can be extended to deformations having

the equivalent infinitesimal automorphisms, and classes of germs of

deformations having the equivalent infinitesimal automorphisms are

represented uniquely by curves in  CV  through g o . Then we have the
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following proposition as a special case. I f  t h e  homomorphism co is

in jective, deform ations having th e  equivalent infinitesimal auto-

morphisms are trivial.

§ 1 . The space of G-structures and the group of
diffeomorphisms.

L e t M  be a compact differentiable m anifo ld  of class C '" with

dimension n. G-structures on M  are reductions of the structure group

of the frame bundle F (M )  over M  to  a  subgroup G  o f GL(n), where

we suppose G to be closed and of finite t y p e .  They are represented as

submanifolds B 0 (M ) o f F ( M ) .  Let F (M )/ G  be the quotient space of

F (M )  b y  G .  Then G-structures are represented as cross-sections of

F (M )1G , where the image of B 0 (M )  by the quotient projection 71- '  o f

F ( M )  onto F (M )/ G  is the corresponding cross-section of F (M )/G .

In  our paper, we represent G-structures by not only submanifolds but

cross-sections.

R em ark  about the c la s s  of d i f fe r en t ia b le  G-structures. If the class

o f differentiable G-structures is Cr, BG(M) is o f class C r and the s-th

prolongation of B 0 (M )  is of class Cr — s. Then we take r> k , in order

that the k-th prolongation of B 0 (M ) with {e}-structure may be of class

C 1 , where k is the order o f G of finite t y p e .  Moreover, we suppose r

to be finite.

Let B y  be a finite dimensional vector bundle over M  o f class Cr.

The whole o f r-jets of cross-sections of B y  is a vector bundle over M

which is denoted by B .  W e  d e fin e  a norm on each fibre of B  w hich

is continuously dependent to xE M , that is, Or(x)II is continuous on

x for any continuous local cross-section Or of B .  L e t  u s  define a norm

11011( r ) o f Cr-cross-section of B y  b y  Max Ilixr011, where j xrck. is the r-jet
xEm-

of O. at x  and 11 j x
r OH is the norm of 4 .0 in the fibre B ( x )  of Brv  over x.

Then the whole of Cr-cross-sections of B y  is a Banach space with respect

to the above norm . Let us denote this space by r(r)(Bv)•
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Lem m a 1. Let B y  and B w  b e vecto r bund les of c la s s  C r over  M

and 71: B y --*Bw b e a f ib r e  m a p p in g  of c la ss  Cr su ch  tha t n is  in fin ite ly

p a r t ia l d i f fe r en t ia b le  w ith  respect t o  the f i b r e  of B y ,  ev e r y  p a r t ia l d e -

r iv a t iv e  of n of an y  o rd er  w ith  respect to  th e fib re is a lso  of c la ss Cr and

the di ff eomorphism of M  in du ced  b y  71 is  id en tity . Then, the m apping

r (r )(B y )---)- r (r )(B w )  d e f in ed  b y  (0 )(x )= 7 )(0 (x )) i s  o f cla ss

P roo f.  n  induces the continuous mapping -qr o f B r
y  in  Brw  well

defined by 77(jrz 0 )= jrx (0 )  for any j xrs6EBry . Then Tir is infinitely

partial differentiable with respect to  the fibre and every partial de-

rivative of nr o f any order with respect to the fibre is continuous on

Br  . Let 00 b e  a fixed element o f r (r )(B v ). W e have

1171r  (i r
x 0 +i ;Sbo) —77r  ( x

. cko)— d'f); ;0 0 ( j'x' sb)II <V i
z' 0I12 .K

for any element 4) o f Dr)(B v )  such that 11011(r)<€ for a fixed E ,  where

K  is  a constant independent to x  and c/76.,r0o is  the partial differential

of nr at j r
x yho w i t h  respect to  th e fib re  o f B r

y  , because every 2nd

partial derivative of nr with respect to the fibre of B  is  b o u n d e d  on

an open set U  I j rx 0EB rv (x ); 11.g .60—j rx0oll < 6 1 of B . L e t  ce-To o be
xEm

a  continuous linear mapping of r (r )(B v )  in to  r (r )(B w )  defined by

d7295,(0)(x)= " 6 0.(s6(x)), where c/77950 : B y —>-Bw  is  the partial differential

of n a t  00 w ith  respect to  the fibre. Since the mapping o f Brv  into

B r
w  induced  by ti72950 i s  66, 0 ° over x , w e have

I I 4)(96o + ck) —  F7(00 — cP25,5 (0) I ( r )

= Max II j rX(7)(00+ ) — i)(00) — d170(0))11xEm
= Max 1177r(j rx (00+0D — n r ( i rx(00)) —  d71;26 o(i rx 0) II

x . i l l

< M ax  11/ 2 .K
xE M

== (II II( r))2 .K , f o r  11011(r) <€
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Therefore, we h a v e  lim 11 7)(4+0) — i)(00 — d'20 0(0)11 ( r )1 1  ( r ) = 0,
11011–o

that is, 7) is differentiable at 560 . Next, we consider the bundle Horn

(B y ; B w )  o f which the fibre over each x  is a linear space o f homo-

morphisms of B v (x ) into B w ( x ) .  The bundle Homr (B y ; B w ) of r-jets

of cross-sections of Horn  (B y ;  B )  can be identified with a subbundle
of the bundle Horn (B r

v : B'iv ), o f which each fibre has a norm con-

tinuously dependent to x ./1 4 - defined by the norm o f  B rv ( x )  and that

o f B r
 w(x) . The space Dr)(Hom (B y  ; B w ) )  with respect to the above

norm can be identified with a subspace o f th e  B anach  space L (r(r)
(B y ) ; w ) )  o f continuous linear mapping o f  f (r)(B v )  into r(r )
(B w ). Let c177 be the partial derivative of n with respect to the fibre of

B y  and then it is a fibre mapping o f B y  into Horn (B y ; B w ) .  I f  we

take the bundle Horn (B y ; B w ) instead o f  B w , th e mapping c/71
satisfies the condition of 77 in  Lemma 1  and we have a differentiable

mapping

77) :  n r ) (B v ) - - -  (Hom(Bv ; B  w)) c L(1' (r)(B y) ; n r) (B w))

induced from dn , such that ein(960)  for any y60 ./1 (r)(B v )  is the differen-

tial of at 00• F o llow in g  the above argument for any order of the

differential of in succession, we conclude the m a p p in g  is  o f class

C".

Rem ark. Even if  7) is not a mapping of the whole space o f B y

into B w  but a mapping of a fibre subspace B ' o f B y  into B w ,  Lemma

1  is right for r(r) (B ')  instead of r(r)(B v ).

Let B  be a  fibre bundle over M  o f class C "  and let us define a
riemannian metric on B  of class C " .  Let B r denote a bundle of r-jets
of cross-sections of B .  Since Br is a C"-bundle over B , we can define
a riemannian metric on Br of class C " based on the metric on B  such
that p x (77-r b , 7 rr b') < p r

x (b , b') for each x, where b, b' Br (x ), 7T
r
 :  Br --> B

is the canonical projection and px (resp. g )  is the distance along each
fibre B(x)(resp. Br (x)). L et r(r)(B ) be the whole of Cr-cross-sections
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o f B  with the metric defined by

p (r ) ( , Max p ( j j rz tk) for ch, E n r ) (B ) .
xEm

Applying the notion of the Banach manifold (see [2]) to r(r)(B ),
under the fact o f Lemma 1 which gives the smoothness o f th e co-

ordinate transformation, w e have

P rop os ition  1 . T he m etr ic  sp a ce  D r )(B ) i s  a  Banach m a n ifo ld
o f  c la s s  C " .  T he tangent sp a ce  o f  D r )(B ) a t  56 i s  the  Banach space
D r ) (V (B ) ) ,  w h e r e  V sb(B) i s  the bund le  of  v ertical v e c to r s  of  B at O.

D efin ition . T h e  s p a c e  g  of  G -structures o f class Cr on M  is
the Banach manifold D r)(F  (M )IG ) o f  class C°°, with respect to  a

riemannian metric o f the bundle space of r-jets of cross-sections of

F(M)/G.

The tangent space T g ( g )  a t  g  g  i s  the Banach space I' (r)
( V g (F  (M )IG )), where Vg (F  (M )IG ) is  the vertical vector bundle of

F (M )/G  at g.

Let B  and B ' be fibre bundles of class o v e r  M  and e
be a fibre mapping o f class Cr such that e is infinitely partial differ-

entiable with respect to the fibre of B , every partial derivative of any

order of 6 with respect to the fibre is of class Cr and the diffeomorphism

of M  induced by 6 is identity. Let us define the m app ing : D r)(B )

—>-1"(r)(B') by (N )(x )= e (y h (x )). Since e induces a mapping É of the

tangent space FM( V o (B )) to  r (r )( V o (B ')) fo r any 6EF(r)(B), ;/1
r (r ) (B ')  and is o f class C °' by Lemma 1, we have

P ropos ition  2 . T h e  m a p p in g  t-  i s  o f  c la s s  C°°.

Let us define a riemannian metric of class C°' on M .  The product

mainfold Mx AY is a trivial bundle over M  and the space C (r ')(M ) of
Cr'-transformations of M  is the Banach manifold r (r ')(M rx  M ) of C r'-
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cross-sections of the above bundle with respect to a riemannian metric

of the bundle j r '( M x M )  o f r'-jets based on the product riemannian

metric of M x  M .  Any element of the e-neighborhood o f identity of

C(r')(M )  is a  Cr'-diffeomorphism o f M  by the definition of the metric

o f C(r')(M ) and then the set of Cr'-diffeomorphisms o f M  is an open

subspace o f C (v )(M ). Let p(r') be the metric o f C(r')(M ) .  We define

the metric p(f i, f 2 )  on the set D iff(r ')(M ) o f  Cr'-diffeo-

morphisms of M .  Then Diff(r)(M ) is a Banach manifold of class C .
The tangent space of Diff(r')(M ) at anyf is the Banach space P(''')(T (M ))
with respect to the norm of each fibre of Jr'(T (M ))  based on the metric

of f r'(M x  M ), where T (M ) is the tangent bundle which is identified

with the vertical vector bundle of the trivial bundle Mx M  at f .

§ 2. In fin ites im al automorphisms.

Let 0 be a vector field of class Cr+i on an open set U of M .  For

gE g ,  let g ' be a cross-section of F(M ) on  U  such that 7r'g '=g  and

L o g '  be the Lie derivative o f a  tensor field g' with respect to  O. I f

w e  set _Cog' =g ' x a, then  a  is  a  gf-valued function o n  U .  Since

F(M ) x gI is the bundle of vertical vectors o f F(M ), g ' x a is a vertical

vector field of F(M ) at g'. The bundle of vertical vectors of F(M )/G
is  a n  associated bundle F ( M ) x f  o f  F ( M )  b y  th e  linear isotropy

G

representation i s :  G G L (f ), w here f=gt/g. Then  g ' x r a  i s  a
G

vertical vector field of F(M )/G  at g ,  where q is the projection gl f.

This field is determined by 0 and g, that is, g' x r a is independent to
G

a choice of g ' such that 7 r'g ' =g . We denote g'x q-ct by L o g .  Then
G

0 is an infinitesimal automorphism of g, if and only if Log---0.
By the condition of go in Introduction, g o is  of class W h e n

0 is a global vector field of class Cr+1 on M , L o g o is a global Cr-cross-

section of the vertical vector bundle Vg e (F(M )IG ) of F(M )/G  at go .

Then we have a linear mapping Sg e  of the Banach space F(r+1 )(T(M ))
o f all vector fields of class Cr+1 on  M  into the Banach space f  (r)(V g 0

(F(M )/G )) o f  a ll Cr-cross-sections of V g o (F(M )IG), such that 8g0 0 =

L ogo.
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Proposition  3. The l in e a r  m a p p in g  go is  con tin u ou s .

P r o o f .  Since a vertical vector L ogo(x ) is determined by j 1
i 0  and

j 't g o , we have a mapping L  of the bundle P ( T ( M ) )  of 1-jets of vector
fields on M  into V9 0 (F(M )1G) such that L ( j 0 ) = L o g o  fo r any vector
field O on a neighborhood of x , and L  is a  bundle mapping of vector

bundles. T h e n  L  induces a  continuous linear mapping L  of f ( r )

(P ( T ( M ) ) )  into r (r ) (V g o (F (M )IG ) )  a n d  a  correspondence defined
b y  0 —>- P O  i s  a n  imbedding im  o f  D r+i) ( T ( M ) )  in to  r ( r ) ( j 1

( T ( M ) ) ) .  Then Lim  is continuous linear a n d  go
=—L 'iln•

Taking the germs o f each cross-section, the correspondence 0—›-
L ogo induces a sheaf homomorphism 8g 0 : where i s  a sheaf
of germs of vector fields of class Cr+1 on  M  and is a sheaf of germs
of Cr-cross-sections of V g 0 (F(M )1 G ). The kernel of 8 g , is the sheaf

W(go) of germs o f infinitesimal automorphisms o f g o . Since G is of

finite type, the sheaf %(go)  is locally constant and its stalks are finite
dimensional vector spaces. Then the set r(W (g o) )  (=H °(M ,W (g 0 )))
of g loba l infinitesimal automorphisms is  a  finite dimensional vector
space which is a  subspace o f r( r+i) ( T ( M ) ) .  Thus we have a closed

complement D  o f  r (% (g o) )  in  D r+ 1 ) (T (M ) )  and 8g 0
 is isomorphic

on D.

A  Cr+i-diffeomorphism f  o f M  induces a Cr-diffeomorphism f '  of

F(M ) such that l '(b .a)=( / '(b ) ) .a for any a EG  and b E F(M ) , and then

it induces a  Cr-diffeomorphism f *  of F ( M ) / G  such that 7rr(f ' (b))

f * 7r' (b) and f(7r(b/))=77-(f*(b')) where b 'E F ( M ) I G .  Let us define

j g  by (k ) ( x ) - - f * - 1 (g ( f (x ) ) )  fo r  any g E g .  Then .
-f g  is a new C r

cross-section o f F(M )1 G  and f  is  a transformation of the space .g.

The partial differential of f *  with respect to the fibre of  F ( M ) /G  is

a  diffeomorphism f * *  of the vertical vector bundle defined by f **v
=f '( b ) x  a, where a vertical vector y is an element b x a o f F (M )x  f,

G G  G
and f * *  induces a transformation f ** of the vertical vector fields f) by

(f ** 75)(x) =- f** - '(75(f (x)).
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Proposition  4 . f **(X 0 g)= -C fe(fg).

P ro o f.  I f  7r' g' = g  and _ f o g '  g' x a, then

(.1" f-i 0(f ' - 'g'))(x) f  "  - 1  (.1 0 g'( f (x)))

f  " - '[g '(f  (x)) x a( f (x))],

where f "  is a diffeomorphism of vertical vector bundle of F(M ) induced

by f ' .  T h e re fo re , w e  have

[_C f 0( f g)1(x) = f  " - 1 [g' (f (x))] q[a(f (x))]

= f * * [g' (f  (x))  X q(a(f (x))]

f * "[..0 g(f  (x ))] =- (f  **(X  g))(x ).

§ Transitive G-structures and associated G-structures.

In our paper, we suppose that the G-structure go is transitive, that

is, the local automorphisms of go act locally transitive on M  and more-

over those of every prolongation B g(p) of B G (= g o) act locally transi-

tive on B i ' ,  (s e e  [4], Appendix I).

I f  and only if n  is an element of the normalizer N  of G in GL(n),

the right translation of go by n is also a G-structure, which is called to

be associated to g o . By the theory of G-structures (see [1]), we have

Proposition  5 . A G-structure g i s  a s s o c ia t e d  t o  g o, if and on ly

if  g  h a s  th e  s a m e  local in f in i t e s im a l automorphisms as g o .

The product space N x  M  is a trivial C's-bundle over M  and then

a mapping o f N x  M  into F(M )/G  defined by nx x— >go (x ).n satisfies

the condition of 6 of Proposition 2, because g o is  of class C°°. Since

N  is a closed submanifold o f r(r)(N x M ) as the constant cross-sections,
the mapping pg 0  : N—>-.g defined by pg o (n)=g o . n  is  o f class Cc° by

Proposition 2. For each x , the set g o (x )n ; n N )- is  a closed sub-

manifold of the fibre of F(M )/G  over x. Thus we have
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Proposition 6. L et a  b e  t h e  s e t  o f  G - s t r u c t u r e s  o f  c l a s s  cr
a s s o c ia t e d  to  g o . T h en  c.,q i s  a  c l o s e d  subm anifold o f  g.

If a n d  only i f  n.n' - i E G , w e have pg o (n)=p g o (n'). Then p g  in-

duces a  C - -im bedd ing  P g  :  N I G  g  su ch  th a t pg q' =  pg , where

q' : N  N I G .

We consider a  mapping o f  Diff(r+1)(M )x  N /G  into g  defined by

f x n—> f 75g  o ( ) .  Let j'(./1/, a ) (resp. ji(m, p)) be the fibre bundle of

invertible 1-jets o f  diffeomorphisms o f  M  with the source projection

a(resp. the target projection p) as the bundle projection. Each jet

P f - 1  w ith source y and target x  operates on the fibre of F(M )/G  over

y  such that (P f - 1 )-g(y )=(f g)(x ) for each g E  g .  The product space

f '(M , p)x N IG  is  a lso  a  C "-bundle  over M  with the projection /3:

( j 1f , it) f l(j 1f ) .  Since g o is  o f class the mapping o f p(m, p)
x N IG into F(M )/G  defined by (P f - 1 , fz) —»(j 1f - ').(fi g o (17/)(y)) is a fibre

mapping o f  class Cc°. Then, b y  Proposition 2  w e have a C°°-map-

p in g  T '  :  f ( r )  ( 1 1 ( M ,  /3) x N I G) ( r )  ( F  ( M ) I G ) .  T h e  space f (r)
(P(M , /3) X NIG) is C'-diffeomorphic to F(r)(J'(114 -, /3)) x F(r)(M, NIG).

On the other hand, the correspondence j l
x f  f - 1 ,  where y =f (x ) ,

g ives  a  C '-isom orph ism  o f th e  bundle P ( M ,  a )  onto f l(M , [3),
which induces a  C'-diffeomorphism  t  :  F(r)(11(M , a ) )  r ( r) ( J 1(M , p))

such that t( j 1f ) = N - 1 . From the definition of the Banach manifold

Diff (r+i)(M )  in  §1, w e  have a C - -injection t ' o f Diff(r " ) ( M )  into r(r)
(P-(M , a )) such that t '( f ) = j 11 , and we have a C - -injection c" o f Diff
(2-1-1 )(M ) into no(fi(m, p)) such that c " ( f )=t- i '( f )=P f - 1 . The C°°-
manifold N IG, o f which each element can be considered as a constant

mapping o f M  into N IG , is a  C - -subm anifold o f  _P(r)(M, WIG) and

then we have a C''-injection  K :  NIG— )-F(r)(M,  WIG). L e t  T  be the

composed mapping of

T "  X  K  : Diff (r+i)(M ) x  WIG r  ( r ) ( f i (m ,  /3)) x r(r)(M , WIG),

the isomorphism: P(T )(/'(M , /3)) x Dr)(M , WIG)

F (2 )(R M  , /3)x  N  I G)
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and T ' : n r ) (1 1 ( M , ,5) X NIG)—›- 11 (r)(F (M )IG ).

Then T is of class C " from Diff(r-M(M) X N IG  into g  such that r ( f  X n)

= fp g o (n). By the definition o f  L o g o ,  the partial differential o f T  at

(identity x è) with respect to Diff(r+1)(M ) is a continuous linear mapping

Sgo in Proposition 3. The partial differential of T at (identity X e) with

respect to NIG is a continuous linear mapping of n/g into (
r

) (  V g o (F (M )I

G)) defined by x //, where go=71- 'e o . Thus we have
G

Proposition 7. T he m a p p in g  T  i s  of  c la s s  C " .  T he d i f fe r en t ia l

o f  T  a t  (identityxè) i s  a  c o n t in u o u s  l in ea r  m a p p in g  o f  r(r+ 1 ) (T (M ))

X rt/g i n t o  f (r )(V  g o (F (M )IG ))  d e f in e d  b y  Oxh--)- 89,00+ (g ,Sxh ) w h e r e

77. g o =go.

§ 4. Transformation of the infinitesimal automorphisms.

Proposition 8. L et f  b e  a lo c al dzff eomorphisnz o f  c l a s s  Cr+ 1

w i t h  d o m a i n  U .  A  lo c al i s o m o rp h ism  o f  the  s h e a f  Z  in d u c e d  b y  f
m a p s  a potion W(go) I U  o f  a(go) o v e r  U o n to  a (g o ) I f (U ) ,  i f  and o n ly
i f  a  G-structure I g o in d u c e d  f r o m  g o b y  f  h a s  th e  s a m e  in f in i t e s im a l
automorphisms as g o o n  f (U ) .

P ro o f.  B y  Proposition 4 ,  w e  have f (a (g 0 )1 U )=  a(f g o )lf  (U ).
Then 521(go) I f (U ) --=  f (a (go)IU ), if and only i f  %(go) f ( U)=T-1(f go)I
f (U ) .

Proposition 9. L e t  f ( t )  b e  t h e  1 -p a ra m e t e r  diffeomorphisms
(exp t o )  g e n e r a t e d  b y  a  lo c a l  v e c t o r  f ie ld  O . I f  an d  o n ly  i f  e a c h  f ( t )
s a t i s f i e s  the condition of  Proposition 8 , the g e r m s  o f  O b e lo n g  t o  the
s h e a f  91 o f  normalizer o f  '21(go )  i n  Z.

P r o o f .  L e t U  be an open set of III and 0 be a vector field on U.
For an open set V U ,  each f ( t )  is diffeomorphism with domain V for
a suitable small interval o f I tI such that f (t)• V C U. I f  f (t)(91(go)i V)
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=K (go)If  (t)V  , th en  [O, A ] is  an infinitesimal automorphism for any
infinitesimal automorphisms A on V .  S i n c e  V  is  an y  open set of U,
the germ of 0 at any x U  is in W . Conversely, let n  be a vector field

o n  U  such that its germs belong to 91. Then ead(tn) is  an infinite-
sim al automorphism o n  U  fo r any A. Local diffeomorphisms (exp
tn).(exp sA).(exp tn) - 1  f o r  a  small fixed It  a re  lo ca l automorphisms
a(s) of g o fo r  a  suitable small I s I and on a suitable domain such that
th e above compositions are considerable, because (exp tn).(exp sA)•
(exp In) - 1 = exp (ead(tn)sA). B y  Proposition 4,

X (exp tn)A go =  (eX p tn)** 41((exp tn) - 1  g

On the notation (  ) '  in §2 , we have

C,1((exp t 1 g 0)' (x) —[ d
d
s  (exps A r i(e x p  t n)'

g(exp tn )(exp  sA )x) 1
s=0

= [ d
d

s  (exp tn)' - 1 a(s)' - 1 (gaa(s)(ex p tn)x ))1 = 0

= [(exp  tn)/ - 1
d
d  g' (s)((ex p tn)x )l s ,

where g '(s)=a(s)' - lgo . H ere a' (s)(y) E G ,  if  w e  set g' (s)(y )= g(y )
d 

(a' (s)(y )) and then a ( y ) E ,  i f  w e set [  d s  g'(s)(y ) L o = g a y )  a ( y ) .

Therefore,

((exp tn) - 1 g o)(x)

= (exp tn)** - 1 [g (') ((exp tn)x) X a((exp tn)x )1= 0

and then (exp tn)A  i s  a local infinitesimal automorphism.

Proposition  10. The dimension of th e  s talk  of is  f in ite  and

constant for ev ery  x E M .

Proof . F o r  a  p o in t  x o E /tf, the adjoint representation o f 91(xo)
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on a (g o)(x o) defines a homomorphism K  from an additive group 97(x0)

into an additive group Hom(K(go)(x0)), where W(x0) (resp.W(go)(xo))
is a stalk of 91 (resp. W(go)) at xo . Each element of kernel of K  is the

germ of vector field n on a neighborhood of x o at x0 such that [n,A1 = 0

for any infinitesimal automorphisms A on  U .  Since g o is  transitive,

there exist n independent infinitesimal automorphisms  A  (1=1, n)

on U .  The condition  [n , A ] = 0 ( i  1 , . . . , n) is  a  system Ai(ni)=

E  nk ( i ,  j = 1 ,  . . . , n )  . . . ( * )  o f  linear differential equations, where

n = E  niAi and [Ai, A/1= c i.c .A k . B y the uniqueness of solution for
k

the initial condition n(x0) ,  the dimension of the solutions is finite.

Therefore the dimension of kernel o f K  is finite. S in c e  dim. (Horn

(K(go)(xo))) is finite, dim. W(xo)  is finite. S in ce  g o is transitive, there

exists a local automorphism f  of a neighborhood of x  onto that of x'

for any x , x ' of M  and f  induces an isomorphism of W(x) onto 9Z(x').
Then, dim. Tt(x)=dim. W(x').

Proposition 11. The sheaf  i s  l o c a l l y  constant.

Proof . S in c e  dim. W(xo )  is finite, W(xo)  is  the germs o f vector

fields n  on some common neighborhood U  of x0 such that [n, A] are

infinitesimal automorphisms on U for any infinitesimal automorphisms

A on U .  Let (9Ft, U ) denote the whole of such vector fields n on U and

let n 1, n2E(W , U ) .  If n1 = n 2 on an open set V of U , then [n1—n2 , A]

= 0  on U for any A. T h e n  n 1—n2 is  a solution of the system (* ) in
Proof of Proposition 10 and then n 1 =n 2 on  U .  Therefore each vector

field of (W , U ) has a respectively different germ at any x E  U .  Since

dim.W(x) is constant, the whole of germs of vector fields of (91, U ) at

every point of U  is the portion WI U .  Therefore 91 is locally constant.
Since the dimension of the space .P(91, M )  is finite, we have by

Palais' theorem ([5])

Proposition 1 2 .  L e t N (g o)  be the group of Cr - hl-di eomorphisms
o f M  w hich  m ap  all the local inf initesim al automorphisrns of g o  onto



338 T oshim asa Y agy u

t h e m s e l v e s .  T h e n  N  ( g o )  i s  a L ie  group.

Let go be the lift of go on the universal covering manifold fq of M.
We have a Lie group N (go) in the similar way to N (g o). We denote
by t  the sheaf of germs of vector C 4 -fields on /TY and by a (g0) that
of infinitesimal automorphisms of g o . The Lie algebra of N (go)  is a

subalgebra of r ( t, k ), where §I is the sheaf of normalizer of W(go)
in  t.

§ 5. Deformations of a transitive G-structure.

D efin ition . Let g t  be a  1-parameter family of G-structures of

class C r parametrized by t  of a neighborhood I  of 0 in R .  A  family

g t is  a d e fo rm a t io n  of go , if there exist an open covering { Ui ; E j }
of M  and a family { f i(x , t) ; iE  of local continuous transforma-

tions o f M x I  such that (i) the domain of f i  is  Ui x I ,  (ii) f t(x , t) for

each fixed t  is a local C ' 1 -transformation of M x t ,  (iii) partial deriva-

tives of f i(x  , t) of any order (‹ r + 1 )  with respect to x  are continuous

o n  Ui x I, (iv ) f  (x  , t) - 1  go ( f (x , t)) = g  t(x ) fo r  xE U 1 , ( V )  fi(0) =-

identity fo r each i  and (v i) {fi(U i, t ) ; i E j }  for each t  is  an open

covering of M .  Each G-structure of a deformation of go is called to be

d e fo rm a b le  to go.
Two transitive {e}-structures are locally equivalent, if they have

the same constant structure function (see [6]). When we follow the

proof of the above fact, while parametrizing by t ,  we have

Lem m a 2. L e t { 0 "(x , t); a N }  b e  a  s y s t e m  o f  in d ep en d en t
co n t in u o u s  1 - fo rm s  on  RN x I  s u ch  th a t  e a ch  1 - fo rm  i s  of  c la s s  Cr' on
RN x t  f o r  e a c h  t, p artial d e r iv a t iv e s  of  Ot'(x ,t) of  a n y  o r d e r  (‹ r ' )  w ith

a
respect to  x  are c o n t in u o u s  on RN x I ,  <Oa ,  -a t-->=1 )  and c5 r a re  con -

s ta n t , w h er e  clx 0a E c5, A Or an d  d x i s  the  ex te r io r  d i f fe r en t ia t io n
P,7

w ith  respect to  x. T h en  th er e  ex is t  a n e ig h b o rh o o d  U  of  ea ch  p o in t of
RN and a hom eom orphism  « x ,  t )  o f  U x  I  in t o  RN x I  su ch  th a t  4)(x, t)



D efo rm a t io n s  o f G -stru ctu res 339

f o r  a n y  f ix e d  t  i s  a  Cv+i-diffeomorphism o f  U x t, p a r t ia l d e r iv a t iv e s

o f  0(x , t) o f  a n y  o r d e r  ( ‹ r' +1 )  w i t h  r e sp e c t  t o  x  a r e  c o n t in u o u s  on
RN x i -  4,*(x  t )-loa(0( t ) ,  0 )=0 " (x , t )  and  ck(x ,0)=identity .

Since g o is transitive, the k-th prolongation of go is an {el-structure

with a constant structure function, where k  is the order o f G .  Let g

denote th e  subspace o f  .g  consisting of G-structures of which k-th

prolongations have the same constant functions as that o f g o .

P roposition  1 3 .  A  d e fo rm a t io n  o f  g o i s  a  c o n t in u o u s  m a p p in g

g(t) o f a  n e igh b o rh o o d  I  o f 0 in  R  in to  g  w ith  g(0) =go and  co n v e r s e ly .

P r o o f .  From ( i i)  and ( iii) , a  correspondence x -->jr,(f i(t)g o )  for

xE  U1 defines a continuous cross-section of j r(F (M )IG)x  L over / ,
by the application of arguments in Proof of Proposition 7  on f
where oci , ui ; defines the deformation g t and

( f i ( t ) g 0 ) ( x ) - - f t ( x ,  t ) - ',gro( f i(x , t)).

Since f i( t )g o = g t ,  j rg t  is  a  continuous section  of f  r(F (M )IG)x  I .
Therefore g t is a  curve in  g .  Since gt is locally equivalent to go, each

g t has the same structure function as go . Therefore g t is  a curve in g
through g o . Conversely, let Vi; i f  }  be an open covering o f M
such that the restriction of the bundle F ( M )  on  each V i are the

product V  ix G L (n ). Since a  curve g ( t )  in  . 0  through g o i s  a n  1-
parameter family of G-structures continuously dependent to t  and

k  < r by remark o f  § 1 , a set of the portions of the manifolds of k-th
prolongations of g(t) on  Vi for all t E  /  constructs a domain Vi x Vx /
on RN x  I, where N  is the dimension of the manifold of k -th  prolonga-

tion, and the {e}-structures o f k-th  prolongations of g ( t)  construct a

system 10"(x , t); a E N I  o f  1-forms which satisfies the condition of

Lemma 2  w ith  r ' =  r— k .  By Lem m a 2 ,  w e have a neighborhood

Ux (Œ V1) o f  each point x  of V1 and a homeomorphism cYx (x ', t )  of

Ux  X V X  / in to  R s x  /  such that they satisfy the condition of the
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conclusion of Lemma 2. Since local automorphisms of the prolongation
of the G-structure induce those of the G-structure, rk'x (x ' , t) induces a
diffeomorphism Ox (x ", t) o f Ux  X / into Vi x / such that x (x ", t) is a
Cr+l-diffeomorphism o f  Ux  X t  into Vi x t  for any fixed t ,  partial de-

rivatives of Ox (x" , t) of any order ( rH-.1) with respect to x "  are con-
tinuous o n  Ux X /  and g ( x " ,  t) - 1 go(q6x (x ", t))=g(t)(x ").  Then for
a  suitable index J, { U 2 ; A E J }  and {Ox2 (x, t); A E J }  define a de-

formation g t of g o such that g(t)=g t . This fact holds good, even if
we use any one of g ( t)  in place of go . Then we have Propostion,
extending the above proof on I  successively.

Two deformations g l  and g i of go is said to have the same germ

o f  def orm ation at 0 i f  there exists a positive number to such that

g l = g i  on (—to, to). I f  there is a positive number t 'o and a continuous

fam ily { f t; t (— t ,  t ) }  i n  Diff(r+1)(M )  through e = f 0 such that

f t g l = g i  fo r  any t (- 6  t o'), the germ o f  g l  at 0 is said to be

equivalent to that of g i .  Thus we have the equivalence class of germs

of deformations. Let 0(x , t) be a local transformation of M x / such

that 0(z, 0) is identity and 0(x, t) for any fixed t is a local automorphism
o f g o . L e t [A(go) x t ]  denote the whole o f germs of such 0(x , t) at

every point of M x 0. Then [A (go)x  t] is a sheaf o f group on M  and

we have the 1-chomology set I I -1 (M , [A (go) X t]). It is well known

that 11 1 (M , [A (g o) X t ])  is one-to-one correspondent to the whole of

equivalence classes of germs o f deformations of g o(see [3 ] or [7]).

§ 6. G-structures having the same infinitesimal
automorphisms

Let N (g 0)(resp. A e(go) be the e-component of N ( -6 ) (resp. A ( go)) •
On the notation and the argument of §4 , a G-structure 7 g o  on /17/

for J N e ( g o )  has the same infinitesimal automorphisms as go . By

Proposition 6, there exists an element a  o f N  such that b o = go .a.
If i g o = go .a-=-1-

0-d , then a.a' - 1 E G .  Thus we have a mapping a : N ,

(go)--). NIG defined by a(h =q '(a)  where k io = go .a and q' : N I G .
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Proposition  14. T h e  m a p p in g  a  i s  a n  anti-homomorphism a n d

o f  c la s s  C— f r o m  th e  L ie  g r o u p  Ne(go)  in t o  NIG.

P r o o f .  Since 
( f r f 2 ) g o = f i g 2 g 0 ) = ( g o . a 2 ) . a i  =g0.(a2a1), the map-

ping ci is an anti-homomorphism . Since Ne(g o) is a Lie transformation

group of i17,
 the correspondence / —>:/(2) for a fixed .t- E R  defines a

C°'-mapping y :  Ne(g o)—.R. Moreover, N e (g o ) is a Lie transformation

group o f  F(R )/G , that is, the correspondence y x .7----)-P ( y )  defines a

C°'-mapping o f  F(.11)1GxN e(go)  into F(11-1)1G, where / *  is a  trans-

formation of F(M )/G  induced by :f. Since J ( y ( j ) )= 2 , the composed

mapping

YU) g0(Y (.7 )) --* f *'(go(Y (.7)))

is o f class Cc° from N e(go) into the fibre F(R )/G I ".i"- of F ( i ) / G  over 2.
By the right translation of F(R )/G IX  b y  N ,  w e  have an  imbedd-

ing * -  o f N IG  into F(M )/G 12  such that v il'(a)=g 0(i -c).a for aE N .
I f h o =g o .a. w e  have

a'( f) = f * —1 (g 0( f  (i-))) =Igio ( i) = go(ir). a = (a)

Then we have a C°'-mapping 1.4 1-a ' o f N e(go)  into N IG , which is a.

Proposition  1 5 .  F o r  each l  E Ne(gb), th e  G -s tru c tu r e  pgo -aC his
d e f o r m a b l e  t o  g o  a n d  h a s  t h e  s a m e  in f in i t e s im a l  autom orphism s as

go, w h e r e  pgo i s  t h e  C'-im bedding o f  N IG  in t o  g  i n  §3.

P r o o f .  Since N 0( 0)  is  arcw ise connected, we have a curve A t)
of iv e( g o  for t  of an interval I  such that :1(0)=  identity and 1(t0 )=1
for some to . There exists an open neighborhood (.4- o f  each
such that the covering mapping p : /1—/—)-M  is  diffeomorphic on :f(t)
( [4 )  for every t ./. Then the correspondence ( (y), t)-->-(p( (t)y), t)
i s  a  continuous transformation h ( x  ,  t )  o f a n  o p e n  neighborhood

p ( t / - )x  I  into Mx I such that ti(x  , t) for any fixed t  is  a local Cr 1 1 -
transformation o f  M x  t  and  a  system i f i ( p ( t r i ) x I ; is an
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open covering of M x ! .  I f  f-i(p(1 - 4 ) x  n (p(Cr- , )x
a diffeomorphism t)-1/2, (x, t) is  a local automorphism o f go
o n  (h ) — I- V, because J ( t ) g 0 go .a (t)  =  p (go .a (t))  and then (h g o ) ( V)
=  g o ) (  V )  =  (g o a (t ) ) (V )  w here a (f (t)) q ' (a (t ) ) .  Since M  is
compact, there exists a finite index j  such that { p ( t ) ;  j E j }  and

i ; j j }  satisfy the conditions of definition of deformations. Since

s o  (go . a(t)) ( p (C )  x  t )=  (N o g( (t )))1 (p (0 - ; ) x t), t h e  family
pg0 -0-(f- (t)) is a deformation of go. Since each G-structure of pgo .a(f (t))
is associated to g o , it has the same infinitesimal automorphisms as go.

By the condition of g o in Introduction, H°( a (g 0) )  is  the Lie

algebra of the Lie group A ( g 0) of automorphisms of go .  Then, if l u (t)
is a 1-parameter family of local automorphisms such that .7 u ( t ) ( )  is
continuous on (/ x / and .70(0) is identity, each of .7 (t) can be extended

to a unique element of A e (go . Let g be a G-structure locally equivalent

to go . Let i r be a local bi-G-mapping of g into go on an open neigh-

borhood 0, satisfying the condition that there exists an 1-parameter

family thy (t ) of local bi-G-mappings such that ilio(t)(X ) is continuous

on ( I x  I , h (1 )---t i;  and tfi c-7-(0) is identity. T h e n  the germ of a local

bi-G-mapping at any y  o f  0 , satisfying the similar condition to 0E,,
is the germ of a t  y for some J  of A (g o ). Therefore the portion of

the sheaf o f germs of local bi-G-mapping which satisfies the above

condition on U , is isomorphic to (/ x A e (a .  Since IT/is simly connected,

the tk-; can be extended to a global G-mapping of g into go.

Proposition  16. I f  g t i s  a  deform ation o f  g o  su c h  th at A(gt)
=A (go ) f o r  each t, then g t i s  tr iv ia l.

P ro o f .  There exists a  continuous mapping ti;iy(t) o f  ( I x  I  into

for some CI such that for each fixed t, tif& (t) is a local diffeomorphism

of CT into "fl and a bi-G-mapping of g t into go on U .  Then k ( t )  can

be extended to a continuous mapping -tii(t) o f  eR x I  in /TY such that for

each t, 4 (t) is a G-mapping of g t into go . Because A (g0) = A (go and

g t satisfies the condition of go , we have a G-mapping V's'(t) such that
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tri'(t)1 U = -441-y(t)- 1 . Since tri(t)lk(t) : R—.1fi is  a  G-mapping and (4-(t)

(t)I U =identity , , ti(t)1,-bAt)=identity, that is, ti (t) is a diffeomorphism

of M  such that tk (t) gb=gt . Therefore g't  is  trivial.

We denote by S the g o-component of the space of G-structures which

are deformable to go and have the same infinitesimal automorphisms

as go, that is, the g o-component of A  fl .0.

Proposition 17. The C"'-mapping fig o cr (.=--,u) maps iv e(go) on  S
and the dif f erential dp, o f p, a t  e  satisf ies a  f o rm u la _h(dp,)ñ =
f o r  fi Er (97(go ) , :1171), w here p  i s  the m apping  f rom  F(V g 0 (F(111)1G))
o n t o  ( V 0. 0(F (11)1G)) induced by p and 91(h) is the sheaf  of vector fields
o f th e  L ie  algebra o f N(g0)•

P ro o f .  B y  Proposition 15, p,(.1■7,(10 ) ) C S .  For any g E  S , let
g(t) be an 1-parameter continuous family in S for tE [0, 1] such that

g(0) = go  an d  g (1 ) = g . Then the lift g ( t)=h ( t)  of g ( t)  is  a  defor-

mation of go on ir B y Proposition 16, we have an 1-parameter (t)
of C 4 -diffeomorphisms o f If? such that .1-(t)g0 = g-( t)  and :/( t)( f )  is
continuous on R x I .  The G-structure g(t) for each t  has the same

infinitesimal automorphisms a s  go . S in ce  A (0)) = A (f M g0)=
(t)A (go, e a c h  (t) transforms A (go) onto itself and then .7 (t) E  N e(g0).

Therefore, p,(.7 (t)) = g(t) and the image of p. is S. M o r e o v e r ,  for

TiEr(V1(g0 ) ,  -M ) w e  have

p**dp,(ii)(x)—{
d
d

 t P* (go(x a(t))} ,, - - Idd
 t (go()*a(t»L o

=1dd
 t
- C7 (t)go)(±-)},_° =-Ciiilo(-g),

where fi(X) = x, ( t )  =  exp t , o-(1 (t)) = q' a(t) and p* (resp. p**) is
the mapping of F ( M ) / G  (resp. V g o (F (M )IG)) onto F ( M ) /G  (resp.
Vao (F(R )/G )) induced by p .  Then rh(dp,( -ri)) = L ig o .

Theorem 1. The subspace S  is  an im m ersed submanzf old of g.
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P roo f. I f  a n d  only if p,( f i )= P , ( i2 )  for fi, 12E N e(go), then A go=
f2b, that is, f- 1f- Y1E A (g0 ). Now, N(g0)nA (g-o) is closed in  Ne(gb).
The differentiable mapping p induces a differentiable injection /2 from
a factor space Ne(goi[Ne(gon A (go)] into the space g .  Here, the
image of p, is S and the image of its differential dp , at e  is that of dp.,
of which the rank is equal to the dimension of Ne(go)/[Ne(go) n A ( ) ] .
Then c l t i  is  injective and split. T h e re fo re  S  is  an immersed sub-

manifold in g .

C o ro lla ry . The tangent sp a c e  o f  S  a t  go i s  the v e c to r  sp a ce
(5 g 0 p V ( g- 0 ), M )  o f a l l  the sections of the su b sh ea f 8 0 0 p'91 (g0 )  of V,

w h e r e  p ' i s  the sh ea f m a p p in g  in d u ced  b y  p .

P r o o f .  A  diagram o f sheaves

TI(go) 91(g0)
5-bo

P '1 1 5 '

a(g o )  pv(go
1 g0

is commutative, where i  is the injection. Since 91( 0) is a constant

sheaf, we have r ( 8 #091 (g0), =  8 #,F(1(g0), M). Since XiigoE
8 .d or((<6 ), R ) for an  fiEr(Vt(go), R ) and P'4091 (gb)= 8 gopT(go),
w e have dp (ii)E T (8 g a p'91( 0 ) ,  M )  b y  Proposition 17. Conversely,

we have , gEr(8-4 0(9z(g0 ), 11)-8 g o r(T(go), R ) for an rm(go),
where g is the lift of g- by p .  Then ir=dt.c(ii).

§ 7. Equivalence of G-structures having the same

infinitesimal automorphisms.

Since M  is compact, there is a positive number E  such that the

covering mapping p  is diffeomorphic on each connected component of

p - -1 ( U 1(x )) for the E-neighborhood U E(x ) of any point x  o f M .  For

this E, each cliffeomorphism f  belonging to the E-neighborhood DE(e)
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of e in Diff(r+1)(M ) induces a diffeomorphism :f of KJ such that p(jf (1))--
f  (p(2)) for any X-ER and_7(i) belongs to the same connected component

of p-1(u e(p(5-c))) as 1. The correspondence f.—)-5' defines a continuous

injection p of D E(e) into the topological group D iff(R ) with the compact-

open topology, because the topology o f  Diff(r - 0 )(M )  is stronger than

the compact-open topology. S ince th e  topology o f  th e  L ie  group

A (g o )  (resp. Ne (g o) )  is the modified compact-open topology (see [5]),
the identity component o f  A e (go) fl D e(e) (resp. N e (go) 11 D E(e)) is  an

open neighborhood o f  e  in  A e (g o) (resp. Ne(go))•
The Lie algebra A  (resp. AO of A (go) (resp. N ( g o)) is ./"(.1(g0),

(resp. r(91(g0), R ) ) .  Let N be the lift 'p(r(91, M )) of the Lie algebra

P ( ,  .31) of N ( g o). Then N and A  are respectively subalgebra of the

L ie  algebra N  o f N (g b ) . Take a complement of the sum N +A  in
N  and a complement i\:7' o f A  in  N + A .  Then, N = f rC ) N ' (D A.
Since A e (go) is closed in N e (go) and -p(Ae(go) n D E(e)) is locally closed

in  N e (g0) ,  w e have

Lem m a 3. T here ex ist open neighborhoods .jo, .AT ) an d  Vo  o f  0
in  A ,  N ' and 1  respec tiv e ly , such  that the  m apping

cli : (a, b , c) (exp a).(exp b).(exp c)

f o r aE il o , bEN;), cE Vo

i s  a  dzffeomorphism o f  ., -4- oo N e  V o onto an  open neighborhood
o f  e  i n  Ne(go) an d  0(NOH-Vo) n Ae(go)—e.

Let l  d e n o te  the submanifold {exp D ; D E  fro} Of N e (g o ) •  The

restriction of pc on V  i s  an imbedding and then its image tt( -'") is  a

differentiable submanifold o f  S  which we denote by CV.

P roposition  1 8 . I f  f ( t)g (t)  i s  a  curv e in  CV  for a curve f ( t )  in
Diff(r -0 )(M ) through e = f  (0) and  f or a  curve g(t) in  cV  through go=
g(0), then there ex ists t o > 0 such that f (t) f o r tE  [—to, to] is in  Ae(go)•
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P roo f. W e  have curves ñ ( t )  and ii'( t)  in with ñ(0) h ' ( 0 )  e
such that iu (k t) )  = g ( t)  and pc(iV(t)) =f (t)g (t) . Since f  (t) E(e) ,
where I tl <to  for some to >  0 ,  we have h"(t)go  =  (pf (t))z(t)g o ,  that is,

(t)) - V  f  (t))ii(t)  = (t) c A  e( o). T h en  R  ( t )  =  ( t ) -b(t)fi(t) - 1  C N e ( g O ) .

Taking a smaller to if necessary, we see that the curves -fif (t), (t) , ( t)b  ( t)
and k(t)b(t)IV (t) - 1 =  ( t )  are in U .  S in c e  -p(f (0 71 (t)---- (t)b (t)=
' (t)ñil (t) , -f i(f  (t))c  U n P (D e ( e ) ) , i i ( t ) c  ,  ( t ) -  and 'b'(t)ci Un  A e(go),

w e have :fir( f  ( t ) )  =  ( t )  and ñ ( t )  i V ( t )  by Lemma 3. Therefore,
(t)) Œ (A e(go) n D E(e)) , that is, f  (t) c A e( g

Proposition 1 9 .  I f  w e ta k e  a  su i ta b le  c o n n e c t e d  n e ig h b o rh o o d
Uo  o f  go on S , th en  fo r  ea ch  g  o f  Uo  t h e r e  e x i s t  a unique g ' E c V  and

an f  E  Ne(g o) n D (e )  su ch  th a t  g = f g' , and the c o r r e s p o n d en c e  g—> g'
i s  a  d i f f e r e n t ia b le  m a p p in g  o f  U0 on to C V .

P ro o f. I f  we set U0 = (  0 ) ,  then we have Proposition from the

definition o f (1 and by Lemma 3.

§ 8. Deformations having the equivalent infinitesimal
a u to m o rp h ism s .

D efin ition . A  deformation g(t)  of go is called to have the equ iva -
l e n t  in f in i t e s im a l  autom orphism s, i f  each g ( t )  have the infinitesimal

automorphisms equivalent to those of go, that is, if there exists a con-

tinuous curve cb(t) in  Diff (r+')(M )  through e  such that « O )  = e  and

ck(t)A (g0)=A (g ( t ) )  for each t.
The composed mapping 1- '  of a : N e (g-

0) —›-N IG  and -7- : Diff (r+1 )(/1,1)

X NIG —>-g  is a  C - -m apping o f Diff (r+1)(M) x ive (go) into g .  More-

over, T '  defines a  C ''-m app ing  T "  o f  Diff (r±')(11/) X S  into g  by

formula 7-"(id. x /..c) =-7-', such that r " ( f , g )= f g  for f  E  Diff(r+1)(M )  and

g E S

Proposition 20. T h e r e  ex is t s  an  o p e n  n e i g h b o r h o o d  U ,  o f  e  in

Diff(r+O(M ) s u c h  t h a t ,  i f  and o n l y  i f  a  d e fo rm a t io n  g ( t)  of g o have
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the equiv alent inf initesim al a u t o m o r p h i s m s  g ( t )  i s  a  curv e through

go in the image of U e XCV by the C"`"-mapping T "  f or t  of some neighbor-
hood of 0 in  R.

Proof . T h e  differential o f  T "  a t  (e, g o)  i s  a  continuous linear

mapping 0-1-g—>-8g0 0 I-g  fo r  BE Te(Diff (r+1 )(M ))  and  g E Tg ,(S ) .  I f

g- is tangent to cV, we have ti E  Vo such that d (fi) =  g  and -Cao.
I f  8,0 0-kg 0, we have

Agoe+R --- -r ip e g o + -C i ,g0= 0

and then 'ft0E A + fr, where 'p  denote the lift of vector fields on M.
Since 'pl9E1ÇT, we have 'pO E A nN  and then OE r (a (g o), M ) .  Since

there exists a closed complement D  of .P(W(go), M ) in Te(Diff (r+i)(M)),
we have an open neighborhood Ue of e on Diff (r+1-)(M ) and a submanifold
C  tangent to  D  at e  in Ue such that r"(U e x cV )=r"(Cx CV ) and T "

is  diffeomorphic on Cx V .  I f  g ( t )  is  a  curve in  r"(C x CV) through

go, then we have a curve f ( t)  in C and a curve 0(t) in cV such that g ( t )=
f (t)v (t) . Therefore,

A ( g (t)) = A ( f (t)v (t))  = f  (t) A (v (t)) = f (t) A (go),

that is, g ( t )  is a deformation having the equivalent infinitesimal auto-

morphisms. Conversely, i f  fo r  a  deformation g ( t )  o f g o there exists

f  ( t )  such that A ( g (t)) f  ( t )  A (g o)  and f(0 )  =  identity, then A (go )-- ---
A ( f ( t ) - , g-(t)). By Theorem 1 and Proposition 19, A t) -  g (t) is a curve

v ( t )  in CV for a sufficiently small I t I . T h e n  f  ( t )  is in  Ue for t  of some

neighborhood o f 0 in R  and g  (t) =  (t)v  (t)  is in r" (U , x CY).

Taking germ s at t=0 , the above facts are  represented in the

cohomology with coefficient sheaf as follows. Let { f ( t ) ,
be a system of an open covering I Ui} of M  and local diffeomorphisms
f i  defining a deformation g ( t )  of go . F or i ,  j E j  such that Vi n

0, a local transformation f i ( t ) - i f i ( t )  is considered as a 1-parameter

family of local automorphisms of g o continuously dependent to t  and

its germ  at t 0  is  a  section of the sheaf [A (g o ) x t ]  over Ui n u1.
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L e t  tii(x , t) b e  a local transformation of M x /  such that 0(x , 0) is
identity and t/i(x , t) fo r any fixed t  is  a local Cr+ 1-transformation of

M x  t which transforms W(go) onto itself and such that partial derivatives

o f tii(x , t) o f any order (‹  r +  )  with respect to  x  are continuous on

M x  I. Let [N (g o) X t] denote the whole o f germs of such local trans-

formations at every poin t o f M x  O . T h en  [N (g o ) X t ]  is  a sheaf of

group and [N (g o ) X t] D [A (go) X t]. Therefore, a  system

{germs of f i(t) —If i(t) at 1= 0 ;  i , j E J  such that Ui fl U1 I  0}

is  a  [N (g o ) X t]-valued 1-cocycle of the nerve o f 1 U 1 } . This cocycle
is coboudary, if and only if the germ of g (t)  is equivalent to a defor-

mation having th e  equivalent infinitesimal au tom orph ism s. L e t  Q
denote the correspondence

IP(M  , [A (g o) x t]) H 1 ( 1 1 1  ,  [N  ( g o ) x t])

induced by the injection A (g o ) -->- N ( g 0 ) .  Then we have

Theorem 2. A  cohom ology  class g  o f  H i(M ,[A (g 0 ) X t])  corre-
sponds to  a  class o f  g e rm  o f  a  de f orm ation  hav ing  th e  equivalent
inf initesim al autom orphism s, if  and only  if  Q•g is coboundary in  H 1(111,
[N (g o ) x t ] ) .  A ny  such  c lass is  represen ted  by  a u n iq u e  g e rm  o f  a
curv e in  CV .

Since dr"( T e  (C )+T  g o (CV))-= {8 g o 0 + V ; 0 ET  ,(C),  E  T g o (c(2)} ,
the tangent vector o f a  differentiable curve in  7-"( t ie x c7) )  at t =  0  is
Sgo O + D . Conversely, for any OE  T e(C) and any V ET  g o (c V ) , a vector

8go 0 + D  is  tangent to  a  differentiable curve in  7"( U x  cV ) a t  t =  O.

Here, from the definition o f C  and CV,

IS g e 0 +i); 0 E T ,(C ), D E T g o (cV )} =- -(8 g ,r(Z )+F ( 8 goP'91(b))} •

Each element o f  8,0 r(z)+P(8, 0p1t(go) is  ca lled  a n  inf initesim al
deform ation o f  g o h a v in g  th e  equiv alent autom orphism s. Thus we

have
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Theorem  3. E v er y  in f in i t e s im a l d e fo rm a t io n  h a v in g  the equ iva -

l e n t  i n f i n i t e s im a l  autom orphism s c a n  b e  e x t e n d e d  t o  a  d e fo rm a tio n

h a v in g  th e  e q u iv a le n t  in f in i t e s im a l autom orphism s.

The whole o f equivalent classes of infinitesimal deformations of

go is a linear space F(8 g0 Z)/8g0 r(Z ) which is isomorphic to H l(M , Wg0)).

Since s)-1(go) Œp'91(g0), we have a homomorphism to' : H I (M , %(go)) —›-
11 1 (M, pY Z(g0 )). Ker co'(=,I( in Introduction) is the whole of equiva-

lent classes of infinitesimal deformations having the equivalent infini-

tesimal automorphisms and this is a  linear space with the dimension

o f th e m an ifo ld  c V , which is equal to [dim .N(go )—dim.A(g0)—
dim. N (g o )±dim. A (g o)]. T h e n  w e  have

Theorem  4. I f : 1-1 , (M , W(g0 )) —›-H , (./1/, p'5.11(g0 ) )  i s  injective,
th a t  i s ,  i f  [dim. N (g 0)— dim. A 4 o - d im . N  (go)+dim . A (g 0)] = 0 ,  th en

e v e r y  d e f o r m a t i o n s  o f  g o h a v i n g  th e  e q u iv a le n t  in f in i t e s im a l a u to -
m or phism s are  t r iv ia l .

Kyoto University
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