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§1 . Introduction

I n  th is article we shall derive a  necessary condition for the L 2

well posed Cauchy problem of the first order system and the single
higher order equation (Kowalewskian) with variable coefficients.

In the section 2 , we consider the Cauchy problem of the first order
system;

P

(1.1)
- E A (x, t)

au 
 + B(x,

Ox; + fOt J =1

0)=0

in  which Ai (x , t ) and  B (x , t) a re  sufficiently smoothly varying kx k
matrices defined o n  RP X  [0, T ]  a n d  u(x, =  t(u i (x, t), u k (x, t)).
When A ;  are constant matrices, K. Kasahara and M. Yamaguti proved
in  [ 1 ]  that E A k  is  diagonalizable for E RP -  0 ), if and  only if the
Cauchy problem (1 .1 ) is uniquely solvable for any low er order B.
Then (1 .1) is a l s o  L 2 -w ell posed. W hen A .  are  function matrices,
G. Strang in  [4 ]  proved that, if A  = A j (x )  are independent of variable
t, I A j (x)  is necessarily diagonalizable for L 2 -well posedness o f  (1.1),
and T. Kano in  [ 3 ]  derived th e  same result i f  th e  multiplicity of
characteristics o f EA ; (x, t) ;  i s  constant. Here we shall remove the

u(x,
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re s tr ic tio n  fo r  th e  characteristic matrix E Ai (x, t) ;  a n d  t h e  proof is
seemed very simple.

W e  sa y  th a t the Cauchy problem (1.1) is L 2 -well posed i n  [0, T ],

if  fo r any  f ( t )  i n  S l(L 2 (R P )) a n d  SP(H 1 (RP)), there exists the unique
solution u (t )  i n  S I(L 2 (R P )) a n d  in  SP(11 1 (R P )) a n d  satisfies

(1.2) iiu(t)11<c(T)5to if(s)lids

fo r te [0, T ], T > 0 .

Theorem 1 . 1 .  Suppose th at  the C auchy  problem  is L 2 -well posed
in  [0, T ] .  T hen the m atrix  A(x, t; is  diagonalizable f o r  an y  (x, t)

in  RP X [0, T], in R " -  {0 }, w here A(x, t; )=2 ' A i (x , tg i .

Remark. 1  I t  is  k n o w n  th a t th e  m atrix  A(x, t; has only real

eigen values, if (1.1) is w ell posed in  C°° topology [5].

N ext w e consider the single higher order equation;

( 1. 3 )  pu_r r u , a , ( x , t ; x  a  y- 1

•• •  ,a„,(x  )u — f,,t;
\ at / ox at ax

( : t
u(x, 0)=0 (j =0, 1, ..., in -1 ),

in  which ai (x, t; )  are  differential operators o f  order j. Denote by

P,n (x , )  the  p rinc ipa l pa rt o f P.ax
W e  s a y  th a t  C auchy problem  (1.3) i s  L 2 -well posed i n  [0, T ],

if  fo r any f ( t )  in  S tqL 2 (RP )) a n d  in  SP(H 1 (RP)), there exists the unique

solution u (t ) i n  e r i ( I i i (R P ) )  ( j  =0, ..., n i) a n d  satisfies

(1.4)
j = 1 (  Y- 1

u (t) c (T) t
o Ilf(s) Ilds

  

fo r t in  [0, T ].
Then for Cauchy problem (1.1) we have.

Theorem 1 .2 .  Suppose that Cauchy problem  (1.3) is  L 2 -well posed.
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T h e n  th e  ro o ts  o f  P„,(x, t; 0 = 0  w ith  respect t o  A  a re  re a l  and
d istinc t f o r an y  (x ,  t )  i n  RP x [0 , T ], i n  R P  {0} .

Remark. 2  W h e n  th e  multiplicity o f  th e  ro o ts  o f  P„,(x, t;

is independent of (x, t ) and the same result was obtained by T. Kano
[2].

§ 2 .  Systems

I n  th is  section w e  sh a ll pove Theorem  1.1. N ow  w e introduce
a  notation;

2
(2.1) [u] = E

j-Hat<S )
j-- )2  u (t )e- Pt( dt,

\ at / \ax /

where 11• 11 is  th e norm  o f L 2 (RP), and  m is any non negative integer.
Then we have easily from (1.2)

Proposition 2 . 1 .  S uppose t h a t  C auchy  prob lem  (1.1) is L 2 -well

posed  i n  [0, T]. T h e n  f o r  an y  f ( t )  i n  g(RP x (0, T ) )  there ex ists
the solution u  i n  Cœ(RP x(0, T)) o f  (1.1) a n d  satisf ies f o r  an y  non
negativ e integer s  an d  an y  positiv e num ber p,

(2.2) p[u]s,„<const.[f],,„

where const. is independent of  p.

The proof  o f  Theorem. 1.1 Suppose t h a t  f o r  s o m e  (x 0 , to) in
RP X [0, T] and i n  RP — {O}, =1, A(X0, t o ;  1:,) is  n o t diagonalizable.
We may sappose (xo , to )= (0 , 0) without loss of generality. Then we have
a non singular m atrix N o s u c h  th a t  fo r A 0 = A(0, 0; 4),

A0 1 .0

where D 1 =

0 Ao

is aI  x l Jordan's matrix, 1>2 and  D 2  i s  a

(m — l)x (m — l) matrix. Let us recall that .1,0 i s real (Remark 1.).
W e consider the following Canchy problem,
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A— B )u =f ,
(2.3)

u(0) =0,

w hereA = - - -
a x ;

 f  =1V 1 t(0, g, 0, ..., 0) and g  is  a  scalar function in

CARP x (0, T ) ) .  W e define  a( t)  a s  a  function in  C (0 , T )  which is
e q u a l to  o n e  in  a  neighourbood o f 0  and zero a t  t = T .  We apply
Œ(t) t o  (2.3),

(2.4)J t — A)(au)— aBu — a' u =af

au(0)

By virtue of (2.2), we have, for ti > 0

(2.5) p[Œu]0,i < const.[f] o i l i < const,[g] o ,i i .

Let n be a positive integer. W e decompose (2.4),

(.-
,-49 — inA 0 )(au) — (A — inA 0)(au)— aBu —a'u = crf

W e put y = No-  'cru. Then we can write

(2.6) — inD)v+ so =N -
0
-  1  otf

where so = N-
0

1 {(inA o — A)au — aBu — a' u).
Here we note th a t y) satisfies

(2.7) [so] 0 , auconst. {E[t —n auE[X
j UX jUX

+ —bgy)ul o ,„ + Cu ] 0,4
L X

where = ..., 4).
Now we define û by

=5 e - ( 2 g+ i "n t 14(0dt.
0
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Then it holds

11<const. — [u i o •
1

1117
Vkt '"

Multiplying (2.6) b y  e- (2 u+inl0) t and integrating with respect t o  t  in the
interval [0, T ], w e  have the following relation,

(2.8) 121.1111 —in132 + 0, =0,

2tti32 — ini53  + 02 =0?d,

2 — ja i +  i  + 0 .1 =0, (j =3, ..., l — 1)

2i1ry-0 / =0,

in  w hich  13 and o i  i s  the j-th  component of 13  and respectively.
Hence from (2.8) we have

IF011< + 4 2 + i t 2 ( - ; 7 1 Y - 2 1 1 0 . i i i •

If n> a, we have

(2 .9 ) ) I 2 Wit- ÷ .12111314const.i(T
n
i :

1 n 1 -2 11
2

< const.—
(
( — ) r

Vti

where const. is independent of 11 and n.
Now we choose g(x , t) as follows,

(2.10) g(x, t)=fl(n 4 x)niy(at)pte i n . t o t + i n 4 o x

where y(t) in CV(0, T ) and I3(x) in CV(RP) satisfies

CT
j o e- t y(t)dt =1 and 1/3(x)I2dx =1

respectively.
Then we can obtain easily,
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Lemma 2.1. L et g(x, t) be def ined i n  (2.10). T hen g(x, t) satisfies
(z n)

1) 11«411=1 ,

2) [g],,,<const. I tins (s =0, 1, 2, ......  ) ,

3) const.[ t n
ag

4) [x • A l + [( œ° -  in  c.')g lx;  0,, 0x;
< const.,/ tin ,

where const. is independent o f / I  and  n. Moreover, taking account of
Proposition 2.1, we have

Lemma 2.2. Suppose that (1.1) is  L2-well posed and  u  i s  a  solu-
tion of (2.2) for g .  Then u satisfies

1) Ou < const.

Ertk_in <2) ux i  jo, p
const

• k

3) -
o,p

u
rt n

ô g 1  r  a 1
x i i t 2 -  1 ,P }

const.{-1-p
uxi o,p

+---2 EghP

where const. is independent of p  and n.

0P ro o f .  1 )  applying x i —  to  (2.3), we haveOx;

1(-1Ï -  A - BXx if j-ic‘i )= x f ri +LA

1(xiST
i
c
i

.)(x,0)=0

Hence, by virtue of Proposition 2.1, we obtain
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Ou < const.
F
 x  + [u ] 1 ,„}

ux ;  ( ) , uXj10,

< const. [ x i

a g

+Ox

W e can prove 2) and 3) as same as 1).
Taking account of Lemma 2.2, from (2.7) we have

_ ag 
[ÇD] < const.

1 a
d - E [ X • n

U X  0 , 1 1 i , J i C / X j 1 0 , i i

[ g ]1-1.
Moreover by virtue of Lemma 2.1, we obtain

[49] 0, < const. n 
PA/ ti I i i '

which and (2.9) imply

(2.11)
,

711 -

I < const.  
3

+  + 

1 W e  p u t /I = n a ,  1 > 6 > 1
2 (/  —  1 )

. T h e n  / 2  c o n tra d ic ts  to  (2.11), if

n is sufficiently large. This proves Theorem 1.1.

§3 . Single higher order eqtations.

I n  t h i s  section w e  sh a ll p ro v e  T h e o re m  1.2. I n  principle this
proof is as same as tha t of Theorem 1.1.

At first, we introduce an operator Am; (T = y + io - ),

Awl = e

( rt+ i x )
(

t t)cgda

where f i ( ,  t )  is the Fourier-Laplace transform of u(x, t), tha t is,

T)=1 0 e- ndte - 1 x4u(x, t)dx.

Then it follows easily that
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Lemma 3.1. It holds that f o r u in  CARP x (0, co))
1) [u] <c i [A7,u10 < c 2 [u] f o r  a n y  n o n  n eg ativ e  in teg er s,

where cl  an d  c2  a re  in  dependent of  p.
2) f o r s =1, 2, 3, ..., and f or e- i"u(t) in  L 2 (RP x (0, 00))

((--1-i-) A  su)(x, 0) =0, (j =0, 1, s -1 ) .

Now we consider the following Cauchy problem,

— (

a  Y u +  E  a,,; (x, a
a
x  ) 2 (  St   y u  =fat al+ j< n i

j< m —  1

 u(x 0)=0 (j=0, 1, ..., m-1).

Denote the principal part of P  by P„,(x, t; a a As same as Pro-

position 2.1, it follows from (1.4) that,

Proposition 3 . 1 .  S u p p o se  th at C auchy  prob lem  o f  (3.1) is L 2 -
w ell posed in  [0 ,  T ].  Then f o r p > 0  it holds that,

(3.2) p[u ]_,,,<const. [f ],„,0

where const. is independent of p.

We apply (m- 1 ) to  (3.1). We can write,

P(A ; ( i n —  1 ) 14) =  A;( 7n-  1 ) f+ Qu

(3.3) ( ( k ) i 1)u)(x, 0) (j =0, 1, m —1),

where Q  i s  a  pseudo differential operator o f order O . A pplying (3.2)
to  (3.3), we obtain,

(3.4) p[AT;("1-1)u],n_
 i ,

const. {[A,Vm- 1 ) f ]0,A + [Qu]oail

By virtue of 1) of Lemma 3.1, we have

[A ; ( m - D uim-1, const. [u]o,A.

(3.1)
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Moreover, since Q  is  of order 0, it follows

[Qu] 0 i l i < const. [u] 0 ,,

w here const. is independent o f p .  H ence  w e have from  (3 .4), for
(sufficiently large),

(3.5) tt[t]o,,,< const. [11,-(m- " f ]0 ,1 1 ,

T he proof  o f  Theorem 1.2. S uppose  tha t there  ex ists a  point =
(V ?, ..., 1

1:;) in  RP, !GI = 1  such that

(3.6) P.(0, 0; A , (:1) = (A— (v 2),
o

w here E vi =m, /1; 4 j) ,  and A;  is real.
=o

Mu
i

ltiplying (3.1) by a(t)e - (2 A+i/oni) and integrating it over [0, T ], we
can write

(3.7) cçf=P?„(0, 0; (2p+ 0. 0 n), in  W c- al + 0 + Q

where Q , is a  differential operator of order m — 1 and

a v=ip„,(x a, _, t ; ) — P „,( 0 ,  0; (2ii +in ) O, in q t ta .e t  ax

Here we note that it holds, w hen p<n ,

(3.8)

and

(3.9)

[Qu]0 const. [u],„_

Cd 0 , ,  const. E
E ô u 1+  E L t 

 au
a X i im -  1, tz

aE  mE  n m -k - 1[( in uk=0 1,P

[ U ] m -  1,4

For, we can decompose

aprn(x,t;
a

a t ,   ax )—P„,(0, 0, (2/i+ ino )
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= IOEI±Ei < „, ictOEi(x, t)— aOE1(0, 0))( a ) 2 ( Ya x ati‹„,- 1,

Therefore it

(3.10)

+ a(0, : x ) 2  — (ino) œ ) (

follows from (3.6) and (3.7) that

11071 < const. tu"n"1 - 0 11- 0 -u +11011+1Q1u11}

const. 
—  {/.1" , en - "Caulo,,+  Modi+ EQiulo,}

As same a s  Lemma 2.2, making use of (3.2) or (3.5), we can derive

it E [
xi —,au < const. 1E Lx,  naf 1   

M }
U  X  ilm -1 ,g  U X  •  0  itJ

a ti E [ (
a

— in u1c o n s t . [A  ( m -  i - k ) ( — i n  (? ) f l
j k/X k,j a X i o,ft

+  1   [A- un-
J  ] 1 ,4 9

for k =0, 1, 2, ..., m — 1, and

Ott 1ItE Lt,1<  c o n s t .  { E [  
C/

t  ,8 f + L j
X i  0,g Pt

Hence from (3.8), (3.9) and (3.10), we have

( 3 .1 1 ) 117(':Cf <const.
1  i H i• 0— l m — vo [A 1){1 1  r

0,A LJ J0,14

1 m-1
+  2  [1 ] 1 0 2  E  E a  — in  V ) km-k-1

j  k=0 0X J
0,p

m— 1,,m—k— 1
[ A t v m-k- o 1O ff ]  ELt

k•=0 R2

Here we choose f (x , t ) a s  sam e a s  g  defined in  (2.9). Then making
use of Lemma 2.1 and noting that

[A 1
-„k f ] o  p <const.,ru n - k , ( k =0, 1, ...),
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and

[A-kf ]1, <const. \  II  i r k +  I ( k  =0, 1, 2, ...),ti A=

w e obta in  from  (Ill)

1<const.1( ) v ° - + n
2

}
(\  n 11 11

w hich  is  no t v a l id ,  i f  w e p u t  11=116 , 1> 5 > - ,  a n d  v0 > 2  a n d  i f  n  is

sufficiently la r g e .  T h is  proves Theorem 1.2.

KYOTO UNIVERSITY

R eferences

Kasahara, K . a n d  M . Yamaguti, Strongly hyperbolic systems o f  linear partial

differential equations with constant coefficients, M em . Coll. Su. Kyoto Univ.

Ser. A  3 3  (1960), 1-23.
K an o , T ., O n  th e  C au ch y  problem fo r  equations with multiple characteristics,

J. M ath. Soc. Japan 2 1  (1969), 164-188.
,  A  necessary condition for the well-posedness of the C auchy problem

fo r  th e  first order hyperbolic system with m ultiple characteristics, Publ. RIM S,

Kyoto Univ. Vol. 5  (1969), 149-164.
Strang, G ., Necessary and insufficient conditions for well-posed Cauchy problems,

J .  Diff. Eq. 2  (1966), 107-114.
Mizohata, S., Some remarks on the Cauchy problem, j .  M a th . K yo to . Univ.

1  (1961), 109-127.


