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§1. Introduction

In this article we shall derive a necessary condition for the L2
well posed Cauchy problem of the first order system and the single
higher order equation (Kowalewskian) with variable coefficients.

In the section 2, we consider the Cauchy problem of the first order
system;

0u _ $ 4 (x p0u
= j;lAj(x, t)ax, + B(x, Hu+f

(1.1)
u(x, 0)=0

in which A;(x,t) and B(x, t) are sufficiently smoothly varying kxk
matrices defined on RPx[0, T] and u(x, £)="(u,(x, 1), ..., ux, t)).
When A; are constant matrices, K. Kasahara and M. Yamaguti proved
in [1] that YA;; is diagonalizable for £ € RP—{0}, if and only if the
Cauchy problem (1.1) is uniquely solvable for any lower order B.
Then (1.1) is also L2-well posed. When A; are function matrices,
G. Strang in [4] proved that, if A;=A,(x) are independent of variable
t, ZA(x)E; is necessarily diagonalizable for L2-well posedness of (1.1),
and T.Kano in [3] derived the same result if the multiplicity of
characteristics of YAj(x, t)¢; is constant. Here we shall remove the
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restriction for the characteristic matrix IA;(x, £)¢; and the proof is
seemed very simple.

We say that the Cauchy problem (1.1) is L2-well posed in [0, T],
if for any f(t) in &}(L%(RP)) and &?(H!(RP)), there exists the unique
solution u(tf) in &}(L2(RP)) and in &2(H!'(RP)) and satisfies

(1.2) lu(Oll< C(T)St0 lA(s)l|ds
for te[0, T], T>0.

Theorem 1.1. Suppose that the Cauchy problem is L2%-well posed
in [0, T]. Then the matrix A(x, t; &) is diagonalizable for any (x, t)
in RPx[0, T], & in RP—{0}, where A(x,t; &)=2ZA/x, t)¢;.

Remark. 1 It is known that the matrix A(x, t; &) has only real
eigen values, if (1.1) is well posed in C* topology [5].
Next we consider the single higher order equation;

(1.3) Pu=<§—t)mu+a,<x,t; a—ax— (ait)"_]u+ +a,,,(x,t; %)u =f,

(£ ) ux.0=0  (=0.1, ... m=1)

in which aj<x,t;—a—> are differential operators of order j. Denote by

0x
P (x t; 2 _6_) the principal part of P
™™ 0t Ox )

We say that Cauchy problem (1.3) is L2-well posed in [0, T],
if for any f(1) in &}(L?(R?)) and in &P(H!(RP)), there exists the unique
solution u(t) in &7 i(HI(RP)) (j=O, ..., m) and satisfies

Jj—1
(7)o

m

(1.4) 2

=1

<e( 17l
Jj 0

m—

for t in [0, T].
Then for Cauchy problem (1.1) we have.

Theorem 1.2. Suppose that Cauchy problem (1.3) is L2-well posed.
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Then the roots of P,(x,t; A, =0 with respect to A are real and
distinct for any (x,t) in RPx[0, T], & in RP—{0}.

Remark. 2 When the multiplicity of the roots of P,(x,t; 4, &)
is independent of (x, t) and &, the same result was obtained by T. Kano

[2].
§2. Systems

In this section we shall pove Theorem 1.1. Now we introduce
a notation;

en ow = Bedole(5) () v [
’ [u me = yem)oll© \or ) \Ox “ ’
where ||+ | is the norm of L2(RP), and m is any non negative integer.

Then we have easily from (1.2)

Proposition 2.1. Suppose that Cauchy problem (1.1) is L2-well
posed in [0, T]. Then for any f(t) in 2(RPx(0, T)) there exists
the solution u in C®(RPx(0, T)) of (1.1) and satisfies for any non
negative integer s and any positive number pu,

2.2) pluls, <const.[f],

where const. is independent of .

The proof of Theorem. 1.1 Suppose that for some (xq, t,) in
RPx[0, T] and &, in RP—{0}, [&|=1, A(x,, to; &) is not diagonalizable.
We may sappose (xq, o) =(0, 0) without loss of generality. Then we have
a non singular matrix N, such that for A,=A4(0, 0; &),

D, 0
N61A0N0=D=

Jo 1.0
where D, = “..'1 | is a Ix! Jordan’s matrix, [>2 and D, is a
0 Ao

(m—D)x(m—1I) matrix. Let us recall that 1, is real (Remark 1.).
We consider the following Canchy problem,
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@.3) (%—A_B)u =
u(0)=0,

where A=Z‘A,-%, f=Ng!%(0, 4,0, ...,0) and g is a scalar function in
J

®(RPx (0, T)). We define «(f) as a function in C=(0, T) which is
equal to one in a neighourbood of 0 and zero at t=T. We apply
a(t) to (2.3),

g 1y =
(2.4) { (W—A>(0m)—ot8u —a'u=af

oau(0) =0
By virtue of (2.2), we have, for u>0
2.5) plaulo < const.[f]o , < const,[g]o,,

Let n be a positive integer. We decompose (2.4),

(2~ indo o) — (A= indo)ow) —aBu—otu =ef

We put v=Ngloau. Then we can write
2.6) (’aaT — inD)v +o=N3lof

where ¢ =Ng!{(ind,— A)au —oBu—o'u}.
Here we note that ¢ satisfies

8u} |: 0u}
< . A i
@.7) [¢]o,, < const {?[‘ax, ot EL5 105

+ ?KE%_ i”'f?)“]°'” + [u]""‘}

where €0=(§?’ é(z), cres ég)'
Now we define @i by

T
i =S e~ utindodiy(r)dy.
0
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Then it holds

- 1
i< const.\—/ﬁ[u]o,ﬂ.

Multiplying (2.6) by e (2#*into)t and integrating with respect to t in the
interval [0, T], we have the following relation,

Zﬂﬁl—inl~)2+¢1 =0,

2ub, — inby + ¢, =ag,
(2.8)

Zﬂﬁj_inﬁ1+l+¢j=0a (j=3, ey l—l)

2[“'61+ ¢l =Os

in which #; and ¢; is the j-th component of # and ¢ respectively.
Hence from (2.8) we have

J

2l < 24 42 5 '(L g
I8l < ZHleal+ 25+ 5 (5) ol

If n>u, we have

2.9) 12911 < const. {(-2-) 1011+ £ 11

< const.ﬁ{(%)l_z[go] o +“72[u 1 o,u},

where const. is independent of u and n.
Now we choose g(x, t) as follows,

(2.10) 9Cx, 1) =B(nx)nSy(uipieiniort intox
where y(¢) in C®(0, T) and B(x) in CP(RP) satisfies
S:e"y(t)dt=1 and S|ﬁ(x)|2dx=l

respectively.
Then we can obtain easily,
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Lemma 2.1. Let g(x,t) be defined in (2.10). Then g(x,t) satisfies
(u<n)

D lagll=1,

2) [gl,,.<const./un®  (s=0,1,2, ... ),
dg n
3 l:t—] < const.——,
) 0x;lo,u \/ﬂ

..‘7_9_] [i_- 0 ] n
4) [x'éxj 0’u+ (6x,- mE,)g 0’”<const.\/;m,

where const. is independent of p and n. Moreover, taking account of
Proposition 2.1, we have

Lemma 2.2. Suppose that (1.1) is L?-well posed and u is a solu-
tion of (2.2) for g. Then u satisfies

1) ;j[x,-‘%‘j]omg const.{}l Z[ ,gf] ﬁly[g]n,,.}
2) Z[ g:j:l <const.{l+§:|:axj]0" ’ul—z[g]l.u}

? ;[(%—i"f?)u}o' <const{ [(—— ing9 ) ]M

J

Lo

where const. is independent of u and n.

Proof. 1) applying xi-i— to (2.3), we have
i

J(a: ) (T ) "'a | A= B, xig ]
] (x,-%)(x, 0)=0

Hence, by virtue of Proposition 2.1, we obtain



A necessary condition 397

u[x@l‘—il ’ <const.{[x,.aa%J

3
é’xj o,n j-0,u

+luu

59} €L }
<const.{[xia? O’”+ T [g11,u¢-

We can prove 2) and 3) as same as 1).
Taking account of Lemma 2.2, from (2.7) we have

[go]o,u<const.ﬁ{2[ gf,] +Z|: :ax]

32, +to0.)

Moreover by virtue of Lemma 2.1, we obtain

[50] O,u < const. {# + ,\/_Z_}’

which and (2.9) imply

-1 -3
(2.11) l<const{n +n—,_21-+L}
utou n

1
20=1y

n is sufficiently large. This proves Theorem 1.1.

We put pu=n® 1>6>1— Then [>2 contradicts to (2.11), if

§3. Single higher order eqtations.

In this section we shall prove Theorem 1.2. In principle this
proof is as same as that of Theorem 1.1.
At first, we introduce an operator A,; (t=pu+io),

Au =Se("”"‘5)(t+ IEDAE, v)dédo
where 4(&, ) is the Fourier-Laplace transform of u(x, t), that is,
ace, 1:)=Swe‘"dtSe‘i"fu(x, fdx.
(1)

Then it follows easily that
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Lemma 3.1. It holds that for u in CZ(RP x (0, ))

1) [ul,,<c[A5ulo, <cy[uls, for any non negative integer s,
where ¢, and c, are in dependent of .

2) for s=1,2,3, ..., and for e *u(t) in L?(R?x (0, o))

((%)JA;W)(& 0)=0, (j=0,1,..,s—1).
t
Now we consider the following Cauchy problem,

(o e AR )

@3.1) - -
<_6t_) u(x, 0)=0,  (j=0, 1, ..., m—1).
Denote the principal part of P by P,,,(x,t; -(%, %) As same as Pro-

position 2.1, it follows from (1.4) that,

Proposition 3.1. Suppose that Cauchy problem of (3.1) is L2-
well posed in [0, T]. Then for >0 it holds that,

(3.2) Hludm- 1 p<cOnst. [f 1o,
where const. is independent of p.
We apply 4;™ D to (3.1). We can write,
P(A;(m—l)u)=A;(rn‘l)f+ Qu

(33) ((_gt_) A;(’"‘”u)(x, 0)=0 (j=0, 1, ..., m—1),

where Q is a pseudo differential operator of order 0. Applying (3.2)
to (3.3), we obtain,

(3:4) pLA; ™ Vul, g u<const. {{A; ™ P f1o,+[Qulo,u}
By virtue of 1) of Lemma 3.1, we have

[47 =Vl >c0nst. []o,e
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Moreover, since Q is of order 0, it follows

[Qul,,, <const.[u]o,,

where const. is independent of u. Hence we have from (3.4), for p
(sufficiently large),

3.5) plulo <const. [A;™ Vf ], ,

The proof of Theorem 1.2. Suppose that there exists a point {o=
(&9, ..., €9) in RP, [&o|=1 such that

(3.6) P.(0, 05 1, &) = ,1'1 A=), (5>2),

where Zv =m, A;xA(i%j), and A; is real.
Multlplymg (3.1) by a(t)e~(2r+itont) and integrating it over [0, T], we
can write

~ ~—
3.7 oaf =P, (0, 05 2u+ilon), in Eo)ali+¢+Qqu
where Q, is a differential operator of order m—1 and

so={P (x t,% %)—PM(O,O;(2u+inAO), in co)}au

Here we note that it holds, when pu<n,

(3.8) [Qu]o,,<const.[u],—1,,
and
au (3u
(3.9) [?]o,u<°°mt'{ %["iax—j]m_,,”*?[’ﬁj]m-l.u
med m—k—l[ _6__. 0 :|
+§: kgon (5xj "l61>u k,p
+[u]m—l,u}

For, we can decompose

o @ o
P,,,(x, s W)—P,,,(o, 0, Qu-+indy), inéy)
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N/ oV
= pfen fouse 0000 (57)
+a, 0, 0((L) - nzo Y 2)'}
Therefore it follows from (3.6) and (3.7) that

~ ~ ~~
(3.10) lloof ||< const. {p>en™=vollou ||+ [|¢ ]|+ [1Q 1}

Ci)/n;t {uv()nm vo[au]o“-l'-[(p]() ﬂ+[Q1u]0 It}

As same as Lemma 2.2, making use of (3.2) or (3.5), we can derive
Pt
MZ': tax :|m—l,u<con5t {2[ lax T[f]l,u )

y%} [(%—in ég?)u]k,u < const.{%][A;(m— l—k)<%j—in é}’)flw

1 —m—1—
+7[A (m—1 ky]l,u}’

for k=0,1,2, ..., m—1, and

3ige] ceomlyfL] v

Hence from (3.8), (3.9) and (3.10), we have
~ 1 o
(311) ||afl| <C0nst.\—/j{‘uv0—1nm—vo [A“(m ly]0,u+%[f]0,u

—1_ _1— m—l|: —(m=1-k) i_. Q il m—k—1
+ 12 [/t m ; ,;O Ay <axj mé’>f o,un

B e o] |

k=0

Here we choose f(x,t) as same as g defined in (2.9). Then making
use of Lemma 2.1 and noting that

[4;4 10, u<const.\/un*, (k=0,1,...),



and

A necessary condition 401

[A;% 1, ,Sconst./un 1, (k=0,1,2,..),

we obtain from (3.11)

vo—1 W
T<const.{(L )" Ly 1Y
n u op

which is not valid, if we put u=n?, l>5>—l— and vy>2 and if n is

2 I

sufficiently large. This proves Theorem 1.2.
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