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§ 1 .  Introduction

W e consider th e  m ixed problem s fo r th e  first order hyperbolic
system s i n  a  q u a r te r  s p a c e  V= {(t, x); t > 0, x =(x 1 , x„) =(x',
x' xn>01

1-3- 1±-=L (t)u(t, x )+f (t, x )01

u(0, x )=g(x)

P(t, x 9u(t, 4 .„.0  =0

0 where L ( t ) =  A i(t, x ), + B (t, x ), A i (t, x ) and B(t, x) are N x N  matrices,1=1 10.Xi

and P(t, x ') is  an i x  N  m atrix . W e assume th a t A k  and B  are smooth
w ith  respect t o  (t, x ) , and th a t  P(t, x ')  i s  a  sm ooth m atrix of (t, x ').

Assume tha t the coefficients of L (t) and P  are analytic with respect
t o  (t, x )  and ( t ,  x ')  respectively, and th a t  the Cauchy data g (x )  and
the second member f ( t ,  x )  are also analytic and they satisfy the com-
patibility conditions of infin ite  order, w hich w e explain  in  § 2 .  Then
the Cauchy-Kowalewski theorem states that a solution u(t, x )  is analytic
w ith  respect t o  t ,  x  for sm all t. The a im  of th is  article i s  t o  show
this property in  th e  larg e , w hich w e give a s  Theorem  2 in  § 2. The
step-by-step reasoning could not be used directly for a n y  t  and x ,  be-
cause the size of each step (with respect t o  t )  in the argument depends
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on the radius of convergence of the Cauchy data obtained by the  previ-
o u s  s te p .  Therefore, f o r  th e  proof o f  T heorem  2  w e need  th e  addi-
tional inform ations about the solution u(t, x ) o f  (1 .1 ) , i.e ., w e  assume
the  cond itions C .1 , C .2  and  C .3 , stated precisely in §2 , w h ich  asse rt
th a t  the  so lu tion  u(t, x )  o f  (1 .1 )  satisfies th e  usual energy inequalities
a n d  t h a t  i t  h a s  th e  finite  propagation property. U nder these condi-
tions, our p roof is  carried  o u t  by estimating the successive derivatives
o f  u(t, x). W e cou ld  mention that th is m ethod w as a lready  used  by
S . M iz o h a ta  [4 ]  f o r  hyperbolic C auchy  problem s. C om pared w ith
Cauchy problems, th e  difficulty o f  th e  mixed problems is th e  treatment
o f  th e  n o rm a l derivatives o f  th e  so lu tio n  u(t, x )  w ith  re sp ec t to  the
boundary . A t  first, w e  estim ate  t h e  tangential derivatives o f  u(t, x).
Next, from the fact that A„ is non-singular, we can estimate the normal
derivatives o f  u(t, x )  from  th e  equation  (1 .1). I n  this w ay w e prove
Theorem 2.

In  th e  next section w e define our notations and state our results.
I n  § 3 ,  w e prove th e  regularity o f the  so lu tion  u(t, x ) o f  (1 .1 ) , which
w e sta te  a s  T heorem  1  in  §  2 . In  §  4  a n d  §  5  we prove Theorem 2.
In § 6, § 7 and § 8, we shall show tha t the  symmetric hyperbolic systems
w ith  maximal non-negative boundary conditions satisfy th e  above con-
ditions C.1, C.2 and C.3.

T he  au ther wishes to express his sincere gratitude to  P rofessor S.
M izohata and Mr. S. Miyatake for their valuable suggestions.

§ 2 .  Notations and results

L e t RI. be the set {(x 1 , x2, •••, x„)=(x', x„); x>0, x' 11. We
a a pu t Dx =(D 1 , D2, ..., DO where Di = ,  i —1, 2, ..., n ,  a n d  D 0 =  a t  •

aW e rem ark that, a lthough w e p u t  Do =  a t   , w e  d o n 't  u se  x o a s  th e

tim e  variable t in  th e  following sections.
Hs(R T ), s=0, 1, 2 , ..., i s  th e  s e t  o f  functions defined in RI_ whose

partia l derivatives o f  o r d e r  s  ( in  t h e  sense o f  d is tr ib u tio n ) a re  all
square integrable in R .  F or u H s(R T ), we define

IluU= E 11 1Y1u112 ,Œgs



A naly ticity  of solutions 325

HUIIZ0 = 1 1 1 3 " 1 1 4 2 *
I cci s,cc.=0

e f (E )  i s  t h e  s e t  o f  E-valued functions o f  t w hich  a r e  p-times

continuously differentiable. F o r  u  X f (L 2 ) n '  (111 ) n • • • n ep(1/9, we

define

Illu(t)111s=
i 0  

D  u(01
=

111u( t) Ill5 0 =
i=0

C ( R )  i s  th e  s e t  o f  functions defined i n  R 5^  whose partia l deri-

vatives o f  order 5 s  a re  all continuous in R .
s(RT) is  th e  se t  o f  functions i n  C s(R i) whose partia l derivatives

of order are all bounded.
L e t  u(t, x )  b e  a  sm ooth  so lu tio n  o f  (1.1), th e n  th e  g iven  data

shou ld  sa tisfy  ce rta in  co n d itio n s . F o r exam ple, i f  u(t, x )  i s  i n  H 1

((O, T) x R i), then

(2.1) P(0, x')g(x)lx„=0 =0.

W e say that (2.1) is  the  compatibility condition of order z e r o .  Similar-
ly, if  u(t, x) is  in  lim+ 1 ((0, T )x  Ri), then

D ( P u )  t=0  = 0 , k =0, 1, ..., m.
xn =0

I f  w e rewrite these by using g(x ) and f (t, x), w e ge t th e  compatibility
conditions of order m as follows.

Definition 1 . T he data g (x )eH m + 1 (R r.j.) an d  f ( t , x )e  H i n +  1 ( ( 0  T)
x R i)  are  said  to  satis f y  th e  com patibility  conditions of  order n i ,  i f

E  c o p ( 0 0 ,  ) 0 0 - 0 (x )lx „.0= 0, k =0, 1, m,
i= 0

where P ( 0 P(0, x ')= — (0, x '), go)(x )=g(x ) and g(P÷')(x) (p_-_0 ) is definedÇ(0,

successively  by the form ula
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n  0 i A
i 0 0 iB(2.2) g(P+1)(x)= (9 (

i=o j=1E .(0, x) +  . (0  x))g(P - i)(x)oti aX. O r  '

+  aP f x)o p  '

N ow  w e sta te  th e  following conditions C.1, C.2 a n d  C.3.

C.1) A non - singular and  rank  P=1.
W e need  th e  fo rm e r o f  th is  condition to  p ro v e  th e  regularity of

solutions of (1.1) and  the  la tte r  to  reduce th e  general case where P(t,

x , )  i s  a n  1 x N variable m a tr ix  to  the  constan t case  P(t, x ')= [E , 0],
where E, is  an 1 x I  unit matrix, i.e.,

  

0 . . . 0
10 0 0

0 1 ( ;

  

(E , 0) =

   

C. 2) L et the coef f icients of  L (t )  b e  in . 9 4 s ( V )  a n d  P (t, x ') i n  as
(R.f.x 1?" - 1 )  w h ere  s is larg e  enough . F o r  any  g (x ) H 1( R )  such
th at  Pgl x . , 0 = 0  an d  f o r any  f(t, x ) e g t t (L2) n 6 po(Hi%j there ex ists a
unique solution u(t, x) o f  (1.1) in  d',1 (L 2 ) n ep (H 1 ) w hich satisf ies the
follow ing energy  inequalities

(2.3) 11 u (t )11 co •e0tlIg1I+do t
o eP0( `- lif(s)Ilds,

(2.4) Diu (t)111 5_c1 '0'11*(0)111P + d 1 e ' ( -̀ s) 111f(s)111

where c o , c1 ; do , d,; p o , p , are  positive constants independent o f  u(t, x),

g(x), f(t, x) and  t.
W e u se  C.2 to  estimate the successive derivatives of the solution

u(t, x ) o f  (1.1) fo r  th e  proof o f  th e  regularity a n d  analyticity.

C. 3) T here ex ists a  conv ex  cone C={(t, x); t< --21x!, A>0} such

th at, f o r  a n y  p o in t  (to , xo)G V ,  t h e  d o m ain  o f  dependence o f  the

1) Illu(0)1111 is  the va lue o f Illu(t)1111 at Therefore, 0/(0)1111 =11 g IlL (0 )g+  f (0)  ,

but Illu(0)1111 *111g1111= II g III.
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po in t (to , x 0 )  w ith  respect t o  th e  equation (1 .1) is  con tained  in C +

x0) = C( t o , x 0 ) •

The condition C .3 means that, if  u(t, x)e C l(V  n co o ,x 0 )  satisfies

{

-9± -̀ = L(t)u + f(t, x)Di.

u(0, x)=g(x)

Pul x „=0  =0,

an d  if  f ( t ,  x )  0  i n  V n c(o,..) and g(x).= 0  i n  V n 
c ( o , x 0 ) n

 {t =0}, then

u(t, x )  0 in V n c(t 0 , x 0 ) .

W e  sh a ll sh o w  in  §  6 , § 7  a n d  §  8  th a t  th e  symmetric hyperbolic
system s w ith  m axim ally  non-positive boundary  cond ition  satisfy the
con tid ions C .1 , C .2  and  C .3 . K . K a jitan i [2 ] and  J. R auch [7] state
tha t the  strictly hyperbolic first order systems with uniformly Lopatinski
conditions satisfy the conditions C.1 and C.2.

We consider the  following problem

(2.5)

{

aaut i — L ( t )u i  + ;2 1 c u l l i  + f i  '

u(0, x) = g ,(x) 5i = 1 ,  2, ..., m ,

Puil x „,o =0 i =1, 2, ..., m,

i =1, 2, ..., 111,

where L (t )  a n d  P  a re  th e  same ones given in  (1 .1 ). T h is problem will
often  appear in  t h e  following sections. W e p u t  U =t(tu 1 , '142 ,— , 'um),
G=t(tg 1 , ig 2 , . . . , t g )  a n d  F = t(tf 1 , t f2 ,..., tf,,,). Then w e have

L em m a 1. L et the  cond itions C .1 , C .2  an d  C .3  be satisf ied for
th e  problem  (1.1). A ssum e cu e  1(V )  f o r  an y  i an d  j. T hen there
ex ists a un ique  so lu tion  U (t, x ) o f  (2.5) w hich satisf ies the conditions
C.2 and  C.3, i.e.,
( I )  F o r an y  g ,(x )e  I li(R T ) su ch  th at Pg,1„ . 0 = 0  an d  f o r any  A (t , x)

e S i(L 2)n  e?(H i), i =1, 2, ..., m , there ex ists a unique solution U(t, x)
o f  (2 .5 ) i n  6'' ‘ (L2) n 61(w) w hich satisf ies the follow ing inequalities
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(2.6) 11U(t)it cbe 4 tIlU(0)11+d'o St
o e4 0 - s) 11F(s)lids

(2.7) 111(401111 c'keP11111U(0)1111+ d '1 1 e ( t- s) IIF(s)111 i d s ,

w here 111[404= idui (t)111k (k =1, 2) and  c'0 , d'o , 14 and  WI are
i=t

positive constants.
(II) L e t C  b e  th e  cone stated  in  the  condition  C.3. T he dom ain of
dependence o f  th e  p o in t (t o , xo )  w ith  respect to  (2.5) is  con tained  in
C+(t 0 , x0 )=C ( t o ,x 0 ) .

W e sha ll p rove  th is  lem m a i n  § 3. Concerning th e  regularity of
the solution, we have the following theorem.

Theorem 1. L e t th e  c o n d it io n s  C .1  a n d  C.2 be satisf ied. W e
assum e that i s  b o u n d e d  in  V , an d  th at  P (t, x ') i s  constant out-
s id e  a  c o m p ac t  s e t  in  V  n  {x=0 }. S uppose th a t  g(x)eHm(R74.) and
f(t, x)ecn(L 2 ) n • •• n 67(Hm) sat is f y  t h e  com patibility  conditions of
o rd e r (m -1 ) (rrt 2), th en  th e re  ex is ts  a u n iq u e  so lu tio n  u(t, x) of
(1.1) in  e ( L 2 ) n  n  e t

) (Hm) w hich satisf ies the follow ing inequalities

(2.8) Illu(t)111k cke"111(0)111,

+ d4 t ek ( " ) 111f(s)111kds, k =0, 1,..., m,

where ck, dk an d  ilk are positive constants.

N o w  w e  c a n  s ta te  o u r  m a in  theorem  o n  t h e  analyticity o f the
so lu tio n  o f  (1.1). T a k e  a  p o in t  (to , x0 )  i n  V. D en o te  b y  C o t h e
intersection of the cone C ( t o ,, o )  w ith  the initial plane {t =0} n  V .  Then
we have

Theorem 2. L e t  C.1, C.2 an d  C.3 be satisf ied. W e  assum e that
the coeffic ien ts o f  L (t) an d  P(t, x') are  analy tic i n  V a n d  V n {x„=0}
respectiv ely . S uppose th at  g (x ) an d  f(t, x ) a re  an aly tic  i n  a  neigh-
borhood o f  Co a n d  Co o ,,o n V respectively , an d  th at th e y  satis f y  the
com patibility  conditions of  in f in ite  order, then  the  so lu tion  u(t, x) of
(1.1) is  analy tic  w ith  respect to  (t, x) a t  the  po in t (t o , x0).
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W e rem ark that, although we assum ed the coefficients of L (t)  and
P(t, x ')  to  be analytic  in  V  and  V  n {x„ =0} respectively, it is sufficient

for the p roo f of Theorem 2  t o  assume th a t th e se  coefficients and P
are analytic in  a neighborhood o f  V n C( t o ,,,o ) a n d  V n {x„--o} n C( t o ,„° )

respectively.
W e confined ourselves here  to  the case of half-space. However,

i f  w e  taked account o f th e  finite  propagation property an d  u sed  a
suitable local transformation of independent variables, we could obtain

the same results in  a  general domain [0, 7 ]  x 0 ,  where Q  i s  open in
R " whose boundary is compact and analytic.

§ 3 .  Proof o f  Lemma 1  and Theorem 1

Proof o f Lemma 1 .  W e prove this lemma by successive approxi-
m a tio n . L et u s  construct a  series o f functions U(k)(t, x )= t(tt4 0 ,...,

ti
(

„k ) ) E SP (1 / 1) n 6'" (L 2 )  (k  1, 2,...) as fo llow s: Let U o k t, x )= 0  and
we define U ( kk t, x ) for k  1 successively by the formula

(3.1)

.
3  u(k )=L (000+ 2 c..u o +f iat i , 1 J  J

1.4k ) (0, x )= g i (x )

i =1, m

i =1, m

P u (i.' l x 0  = 0  i =1, m.

The existence of U (k)(t, x ) (k =1, 2, ... ) is  a s s u re d  b y  th e  condition
C .2 . The sequence {U(k ) (t, x)}, =0 ,1,2 ,... converges in S t'(L 2 ) n gP(I-11).

In fact, since

(u (
i k+1 ) —u (

i k) ) =L (t)(t4k + 1 ) — uk ) )-0 7 -13

(3.1)' + c o (u (
j k) — u5k -  1 ) ) ,

t=1
j =1, 2, ..., m

(14k+1 ) — u (
i k) )(0 , x ) =0 1=1, 2, ..., m

po4k+i))_14.1k))!xn=0=0 i =1, 2, ..., m

for any k 1, the application of the inequality (2.4) to (3.1)' gives

e - Alt illti k+i)(0—uk)(1)1111
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K1t iiiii(ik)(s) -1 4 k - i ) (o d id s
- j=1

for k  1  w h e r e  K  i s  a positive constant independent o f  U ( k) (t, x )  and
t. From  the above inequality, we get

e- ut , i i i . ( i k -F 1 )(0 -,e (t )iii1
i=i

(Kt)" 
sup ( 6 . - 1 ' 15k  = 1 ,  2, ...,

k! sEto,r1 i=1

which shows the convergence of U ( k) (t, x ) in  6°,1 (L 2 ) n sP(1/1 ). Denote
its  l im it  b y  U(t, x)= t(u i , tu 2 ,..., tu„,) a n d  p a s s  to  th e  lim it  i n  (3.1),
th en  w e  see  tha t U(t, x )  is  a  unique solution of (2.5). F o r  th e  proof
o f  th e  energy inequalities (2.6) a n d  (2.7), w e apply  (2.3) a n d  (2.4) to
each ui (t, x ) and sum  up the  obtained inequalities from i =1 to  in , then
w e  g e t  (2 .6 ) a n d  (2.7).

N ex t, w e  p ro v e  ( I I )  o f  Lem m a 1. T a k e  a  p o in t  (to , x0 )  i n  V.
Assume th a t  F(t, x )= 0  i n  V n C( I o ,x . ) a n d  G(x)•..0 i n  V n C( t o ,x . ) ,  then
the condition C.3 means that

U ( k)(t, x)=0 in V n C( f o ,x o ) , k = 1 ,  2, 3,...

w here U(k)(t, x )  is  de fined  by  (3.1). A s th e  so lu tio n  U(t, x )  o f  (3.1)
i s  th e  lim it o f  th e  sequence {U(k)(t, x11.,,k=1 ,2 ,-, w e  se e  th a t  U(t, x)=0
i n  V n C( l o ,x . ) . T h is  completes th e  p ro o f  o f  L em m a 1. q.e.d.

Using th e  results o f  Lemma 1 , w e prove Theorem  1.

Proof  o f  T heorem  1. It will be sufficient to prove our statements
in the case m =2, because we can apply our reasoning to the case ni
in  th e  same w a y . W e shall show  in the appendix that the  general case
P (t, x ') can be reduced to the constant case P(t, x ')= [.E 1 0 ] by a  unitary
transfo rm ation  o f unknow n functions. T herefore , w e  consider (1.1)
u n d e r  th e  c o n d itio n  P (t, x ')= [E i 0 ] .  W e  sh o w  t h a t  D i u(t, x ) (1=0,

1 , ..., n -1 ) i s  i n  S1(L 2 )n  eP(H 1). T h e n , a s  A „(t, x ) is non-singular,
it follow s that D„u(t, x) is also in  e tl(L 2 )n s p (H 1 ) . L e t u s  p u t U(t, x)
= f(tu, 'D o n, tD i u ,..., iD „_,u ). Then, b y  th e  same reasoning a s  Lemma
1.1 o f Lax and  Phillips [3 ], w e see  tha t U(t, x )  belongs to  SP(L2(R))
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(3.2) U(0, x )=G (x ) in L 2 (R1)

P U = 0 =0 in I-1; 1 (R.;_x 12"- 1 )

where, i f  w e deno te  by  E N  an  N x N unit m atrix and put Ao (t, x)=
-  EN,

L (t) 0 0 • 0

L(t) AD 0 (A ; B )
=

An D i (AV Mn

L(t) , A„D„_:  1 (A; 'B)

Mn =[A„D i (A; 1 A i ) ] ( )  i ,„_ 1 ,

n dqn(H -,- 1(Rt xRn - i) )o  (p> p i )  and it satisfies

lau---E -=L (t)u+ F(t , x) in distribution sense

              

P =

  

, G =
L(0)g + f(0, x)

D
and F=

An D o(A; l f )

An D i (A; i f )

An D„_ :
1 (A; i f )

 

P ,

           

Since g (x ) and f (t , x ) are in  H 2 ( R )  an d  e?(L 2)ne ti(H1)nep(H2)
respectively and they  sa tisfy  the compatibility conditions of o rd e r  1,
w e  s e e  th a t  G(x)e I I i (R ) ,  13, G lx„=o =CI and  F (t, x)E67(11')n e (L 2 ).
Therefore, by using the results of Lemma 1, w e see that there exists a
unique solution I/(t, x)=t(tv, tv o , tv i ,..., tv„_ i )  o f (3.2) in ( L 2 )  fl SP
(F P ) .  Our assertion is  to  p ro v e  Di u =v i for  1 =0, 1,..., n-1. Let us
p u t  w =u— v a n d  wi =D i u —vi (i= 0 , 1 ,..., n -1 ), t h e n  W=t(tw, two ,
swi,--, t wn-i) is in  al' (V )  ne,?„(g7 1

a w  — L(t)Pv

(R 11 x Rn- 1 ) )  and satisfies

in distribution senseOr
(3.3)

{.

W(0, x)=0

P w l 0 =  0..=

in L 2  (RI.)

in I-1; 1 (RI. x Rn- ').

1) H; 1 (R.f. x R 4 - 1 ) is th e  s e t  o f th e  functions u ( t ,  x ')  su ch  th a t e - ot u (t, x ')
e H - 1 (10 x R' - '). H - 1 (121x R" - , )  is the dual space o f .//,I (RI. x  R n-1).



332 M ikio Tsuji

H ere  w e  rem ark  tha t, f o r  th e  validity o f  th e  inequality (2.3), it
su ffices  on ly  to  be  u(t, x)e SP(L 2 ), and th a t  th e  assumption u(t, x)
Sl(L 2 ) n sp ( H I )  is  no t necessa ry . W e  can  p rove  th is  fac t by  u sing
th e  mollifier with respect t o  (t, x ') a s  th e  reasoning o f  M . Ikawa [1],
p. 131. Since we u se  the  same method in  th e  proof o f  Theorem 4 in
§7, w e  om it its process here. A pplying th e  inequality (2.3) t o  (3.3),
we get

e0(t-s)11 W(s)Ilds

where K  i s  a  positive  constant independent o f  W a n d  t. From  this
inequality, we have

11 w(t ) I I ( K t,rn s u p  (e - "°s11 W(s )II),) I I),s  
m=1, 2 .....

H ence w e obtain W(t)=0, i.e ., vi = k u  fo r  a n y  i, which implies u(t, x)
is in  d' (L 2 ) n (H1) n ep(H2).
N ext, w e prove th e  inequality (2.8) fo r  k=2 . Applying (2.7) t o  (3.2),
we have

(3.4) 111U(01111 c'2e 2 f111U(0)1111 +

where c'2 ,  c 4  and  it2 are  positive constants. A s it holds

n - 1
D„u(t, x )= {D o u(t, x)—  E A i (D i u)(t, x)— Bu(t, x) — f (t, x )} ,

i=1

we have

(3.5) ilD14(t)115_const.{111U(t)1111+11D„fit)ii+11.f(t)111.

And we see easily that it holds

(3.6) iiDn.R011 11D„Dof(s)Ilds+ilD„f(0)11

. t
c , 11D„D0f(s)lids+11D„(L(0 )g + f(0))

+ ilD.(1,(0)9)11
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.5 t

o
liD„Dof(s)Ilds+const. III u(0)1112

and

(3.7) 11f(s)11. 1: Ilr(s)Ilds +11L(0)9 + A0 )11+ H40 )911

5-1t const. u (0)1h.

Recalling that U(t)Ill +11D 11(0112 = u(t)IIIi, and com bining (3.4), (3.5),
(3.6) and (3.7), w e get the inequality (2.8) in the case k = 2 . The proof

o f  T heorem  1 is complete. q.e.d.

§ 4 .  Proof of Theorem 2  (I)

As w ill be  seen  in the appendix, w e can reduce the general case

P(t, x ') t o  the constant case [E, 0] b y  a  unitary transformation of un-
know n functions w hich is analytic  in  a  neighborhood o f  C( t o ,x 0 ) n V.
H ence  w e can  put P(t, x ')= [E , 0 ] w ithout loss o f  generality.

W e can see from  Theorem  I  th a t the solution of (1.1) in th is  case
is Cc° in  a  neighborhood o f C( t „,,o ) n V. T h e  a im  o f th is  section is to
define a  series o f  functions v(t, x), v0 (t, x), v i (t, x),..., v„(t, x), vi i (t, x),
..., which are e q u a l  to  u, D o u, D,u,..., D u , D .u , ... respectively in a

neighborhood o f  C( t o , o ) n V. F o r  th is  p u rp o se , w e  e x te n d  the set

C( t o ,x . ) in  th e  following way; Let S( 0 ,x 0 )  b e  a  sm a ll b a ll in  V  with
center (t 0 , x0 ). Denote by 3  the set

( qt,x)) n V,
(t ,.).s(to.")

and b y  g o the set g- n {t =0}. H ere w e take the ball S( t o r x o )  so sm all
that f(t, x ) and the coefficients of L (t ) are analytic in  neighborhood of
g  and th a t g (x ) is also analytic in a neighborhood of g o . We choose
a function a(t, x) 0 (R n + ') which takes the value 1 in a neighborhood
o f g  and whose support is contained in the domains o f analyticity of
g (x ),  f (t ,  x ) and the coefficients of L ( t ) .  W e  d e n o te  of(x)=40, x).

Now we define v(t, x) by the solution of



i =0, 1,..., n-1

1=0, 1,..., n-1

i =0, 1,..., n-1

(4.2) (D1u)(0, x)=g i(x)

P(D iu)l 0 =0x ,,=

{ 0—a-t-(Dy)= L(t)(D iu)+ (D iL(tpu + D i f , ,
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(4.1)

f  av =L(t)v+a(t, x)f(t, x)

v(0, x)=Œ(x)g(x)

Pvl x ,,=0 =0

W e know from  the conditions C.1 and  C.2 th a t the solution v(t, x)
o f  (4.1) exists uniquely i n  SI(L 2 ) fl (H 1 ) w ith  t h e  property that
v(t, x)=u(t, x )  i n  2 ,  because the  in itia l va lue  o f v(t, x) coincides with
th a t  o f  u  i s  a  neighborhood o f  go.

N ext, w e  opera te  Di 0 = 0 , 1, n - 1) o n  t h e  bo th  sides o f the
equation (1.1), then

0= (D
i A i ) a x

+ ( D iB )  a n d  gi(x )  is a n  in itia l v a lu e  o f
J=1
g0 (x )=L(0 )g +  f(0 ) a n d  gi(x )=D ig(x), i = l ,  2,..., n - 1.

not sa tisfy  (4.2), because P(Dn u)l x „_ , is not necessarily
H ow ever it is represented by a  linear combination of

..., n - 1) and f  as follows

n-1
(4.2)'D u  = ;  1  {Du — E A i(D iu) — Bu — f }.

1=1

w here  (D iL(t))

(D iu)(t, x ), i.e.,
D„u(t, x )  does
e q u a l to  zero.
u, D y (1=0, 1,

Taking account o f  these, w e define vi (t, x) (1 =0,n )  in  th e  follow-

ing way: vi (t, x) (1 =0, 1 ,..., n -1 ) are solutions of

1
 a
Tai-vi= L(t)v i + Œ(t, x) i ±l

 i (D iA i)vi +a(t, x)(D iB)v

+Œ(t, x)D if, 1=0, 1,..., n - 1

vi(0, x)= a(x)g i(x)

Pvil,=.0 =0

(4.3)
, i =0, 1,..., n-1

, i =0, 1,..., n-1

w here vn (t, x )  w h ich  ap p ea rs  in  th e  lo w er o rd e r te rm s o f  t h e  right



A naly ticity  of solutions 335

hand side of (4 .3) is replaced by a  function

n -
(4.3)'Œ ( t ,  x)A ; 1 tv o —a(t, x) a(t, x)Bv —a(t, x)f}.

j - 1

T his i s  a  system o f  equations f o r  unknown functions v o , v 1 , v„_ 1 .
N ow  w e can apply Lem m a 1 to such a  system . F o r this purpose it is
necessary to be

a(x)g i(x)e H i (R1.) , i =0, 1,..., n -1 ,
(4.4)

P(a(x)gi(Oix.=0 =0, 1=0, 1 ,..., n -1 .

T he  fo rm er o f (4 .4 ) i s  tr iv ia l. T h e  la tte r  is  sh o w n  in  t h e  following
w a y . A s  th e  compatibility condition of o rder 0  m eans P g , = 0 , it
follows

P(Dig) 0 =0,1 = 1 , 2, ..., n -1 .

The compatibility conditions of order 1 assert moreover

P(L(0)g +f(0)) x  0  =0.

F ro m  th e  definition o f  g i(x ) (i =0, 1, n— 1), w e  g e t  th e  la tte r  o f
(4.4). H ence w e see  by  L em m a 1  that there  ex ists a unique solution
{vo , v 1 , •.., v„_ 1} o f  (4 .3 )  in  g ( L 2 ) n e°(H1 ) which satisfies

vi(t, x)=D iu (t, x )  in g , i =0, 1 ,..., n-1.

N ow  w e define v„(t, x )  b y  th e  fu n c tio n  (4 .3 ) '. I t  is  e a sy  to  se e  th a t
v„(t, x)=--D„u(t, x) in  g  and v„(t, x) is  in  e l(L 2 ) n sp(w).

W e operate D i D;  o n  t h e  bo th  sides o f  ( 1 .1 ) .  I f  i * n  and  j* n ,
then

(DiDiu)=L(t)(DiDiu)+(DiL(t))(Diu)+(DiL(0)(Diu)

(4.5) +(DiDiL(t))u + ( D  f )

(D1Di u)(0, x)=g i i (x)

P(DiDi u)l x „=0  =0
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where g 11( x )  i s  a n  in it ia l  va lue  o f  (Di Di u)(t, x ),  i.e., g0 0 (x )= 0 2 )(x),
g i o (x )= g01 (x )=D 1g( 1 )(x) (i =1, 2,..., n-1), gu (x)=D,D i g (x ) (i, =1 , 2,...,
n - 1 ) .  The functions g( 1 ) (x )  a n d  g( 2 ) (x )  a re  defined by (2.2) i n  §2.

I f  i = n  o r  j=n , D ,D i u(t, x) d o es n o t sa tisfy  (4.5). However D.
D„u(t, x) is  rep resen ted  by  a  linear com bination o f  u, D i u, ..., D u ,
D,Do u, D , D „ _ 1 u  a n d  D J .  In  fac t, operating D. t o  (1.1), we
get

n- 1
(4.5)' DiDnu=A;1{D,Dou — E A (Dpp)— B (D i u)

—(D,L(t))u— Dil l , i =0, n.

W e rem ark  tha t D,D,u =D f Diu  i n  a  neighborhood o f  C(Io,x0) n V.
Taking account o f  these , w e  define  vi j (t, x )  a s  fo llo w s: vi i (t, x)

(i, j =0, 1,..., n-1) are solutions of

a 
ôt y,1 =1.,(0v11 + c(t, x) E (DiA D

j
A

k
V

i kk= 1

k= I

+ CO ,  A D  i B ) V i  a(t, x)(D,D i B)v+a(t, x)D,D i f

x)=oc(x)g i i (x)

P V1,11 x. = 0 =0

w here each v,„(t, x ) (i n ) which appears in  th e  low er order term s of
the right hand side o f (4.6) is replaced by a  function

n-1
(4.6); a(t, x)A„- 1 {v10 —cx(t, x) E A k vi k —Œ(t,E (DjAk)11k

k 1 k=1

—a(t, x)Bvi —Œ(t, x)(D,B)v— Œ(t, x)D,f}.

T h is  i s  a  system o f  equations f o r  unknown functions v11 ( i * n  and
j * n ) .  N ow  w e can apply  L em m a 1 t o  (4.6). F o r  th is purpose it is
necessary  to  be  a  (x)g H l ( R )  a n d  P (a(x)g ,; (x))1 x „.= 0 =0 (i, j =0,
1 , ..., n -1 ). This fac t is seen  by  th e  compatibility conditions of order
2 which mean concretely

(4.6)
+Œ(t, x) (DiDf fiovk+ cx(t, x)(Di B)vi
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Pu
t=0
x,, 00

= P(D o u)
t=0
x,,=0

=P(D 6u) = 0.
t=ox,,=0

M oreover we see that vi1 (0, x )=(D 1Di u)(0, x )  in  2  and  vi i (0, x)—v(0, x)
i n  [In { t= 0 } . Therefore, by Lemma 1  w e  g e t a  un ique solution {v,i

(t, x); 1 ,  j = 0, 1, ..., n -1 }  o f  (4 .6 ) in 6" ti(L 2 ) n  ( H i )  which satisfies

vu (t, x )=D i Di u(t, x )  i n  3, i, 1=0, 1,..., n -1 ,

vi i (t, x )=v i f (t, x )  in  V ,I ,  j =0, 1,..., n-1.

Now we define vin(t , x ) b y  (4 .6); fo r  i =0, 1,..., n-1. Next, we define
v ( t ,  x )  ( i * n )  b y  v„i(t, x )=v i n (t, x ) ,  v ( t ,  x )  b y  (4 .6 )  replaced i  b y  n.
W e see  tha t any  vi i (t, x )  is  in 1 'R L 2 )ne?(1 -1 ') a n d  satisfies

vu (t, x )=D i Di u(t, x) in 3,

vi i (t, x)=v i i (t, x) in V.

A ssum e that w e could  construct x )  in (L2) n‘p(1-11)
(i i ,..., i k =0, n; k =1, 2 , . . . ,  m - 1 )  w ith  t h e  properties that

Vi l ( t , x ) in

and

x) in V

w here (jp..., j k) i s  a  perm utation  of (i 1 ,..., i k). Under these assump-
tions, we construct x).

I n  genera l, w e  ope ra te  Di ,  ... Di n , o n  t h e  b o th  s id e s  o f  (1.1).
I f  no  { i„..., i n ,} ,  we have

' — (D . ...  D . u)=L(t)(D i , D u )et "

+ E E (Di Ak)(D. ... D. D  D k u)
k=1 p= 1 P -

+E E (Di D i A k )(D. D . ... Di g  D . Dk u)
n 1

 p , p L i  ... t p t q

+ • • • + kA (Di ,  ... Dinflk)(Dku)

(4.7)
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+ (D• B)(D. 15 D• u)+

+(D i ,  ... D i B)u + (Di , Di ,,,f )

(Di ,  ... D u)(0,

P(D i i D 1„,u)l x „= 0 =0

where g i ,... i (x ) i s  a n  initial va lue  o f (D i , . . . Di u )(t, x ), i.e ., i f  w e  use
functions g ( k) (x) (k =0, 1, m )  defined by (2 .2 ) i n  §2,

Di m _i g ( i ) (x) (i 1 ,..., j= 0 , m).

I f  n E { i„..., (Di, ... D u )(t, x ) don 't sa tisfy  (4.7). However such
(Di ,  ... x )  h a v e  th e  follow ing properties. L e t  t h e  num ber of
n  contained i n  {i„ i„,} b e  r. W e tak e  o u t  th e  in d e x  i  o f  th e  r

indices which a re  equal to  n ,  and operate Di ,  ... Do  ... D 1 t h e  both
sides of (1.1), then we get

(Di , ... x)=A;,--i{DoDi„ Di,,,u

n - 1
- E itaD iD • D•

k
D u)

k=1 

- E(4.7)' (DiA x p i,  . . .  Ii D i , „ D k u ) -  ..•
k = l p j

— k 1 
(Di , ... Do  ... D i Ak )(Dk u)—B(D i t  ... Do  ... D i u)

=

- E  (Di B)(D i . . .  D . . . . D . ... D• u)— •••
p o i p 1 lp I , ”

— (Di , ... Do  ... D i ,,,B)u — (Di . . .  Do  ...  D J ) }.

The equality (4 .7)' shows tha t Di ,  ... D i k u (t, x ) in  th e  right hand side of

(4.7)' have the following properties
(1) i f  k = m  where k  i s  th e  number o f the  ind ices i„ ik ,  th en  the

number o f  n  contained in  {i 1 , ik } is  r- 1 ,
(2) i f  0 5 k _ m  —1, th en  th e  num ber o f  n  contained i n  {i 1 , ik }  is

r  at most.
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H e re  w e  re m a rk  th a t (4 .7 ) ' h o ld s  fo r  a n y  j1, ., i i _ i '  1j+ i , " , L
and  tha t D. 1 . . .  D u ( t ,  x) is invariant by perm utation of (i 1 , . . ,  tm), i .e . ,

D, 1 . . .  D 1,, u ( t , x) =D ,  . . . x )

if (j1,..., Jm) is a  perm utation of (i 1 , . . ,  i,,,).

W e will construct v , 1 (t, x )  a s  in v a ria n t b y  p e rm u ta tio n  o f  (i 1 ,

i,,). Therefore, it is sufficient to construct x ) ( l i , . . . '  ' m j
\j/

*n; j=O, 1 ,..., m).
Taking account of these, w e define  v 11 ,,,(t, x )  a s  fo llo w s :  v11

(t, x) (i1,
'  m ° ' . . . ,  n -1) are  so lu tions of

x)( D l A k ) v I 1 7 l k
t k = 1  p 1

+Œ(t, x)E ( D j p D i q A k ) V i i p q i k + • •
k 1 p , q

n
+ ( t ,  x ) (D 11 . . .  D  A , jv k

k 1
(4.8)

+cc(t, x)

+Œ(t, x ) ( D 1 ,  . . .  D1,,,B)v+Œ(t, x)(D 1 ,  . . .  D . f ) ( t ,  x )

v 11 1,,,(O, x )  =Œ(x )g 11 1,,,(x)

PVI I ...im lX,l =O =  O

where each x )  (j 1 ,...,  m i ^r fl) w h ic h  a p p e a rs  in  th e  lo w e r
order term s of the  righ t hand  side  of (4 .8) is rep laced  by  a  function

(4.8) 
i i

Œ ( t ,  x ) A ;  1 ,o Œ (t, x) ,k

n m- 1
— c (t, x)( D j p B ) V j i . . . Î p . . . j m _ j k

k=1 p = l

- (t, x) (D1 . . .  D j m _ 1 Ak )v k  -  Œ(t, x)Bv1 
,

—Œ(t, x ) (D1B)v11 i ; ,  -

- (t, j . . .  Di m  -  1 B)v -  Œ(t,i l D 1 , f)}.



340 M ik io Tsuji

T h is  i s  a  system o f  equations f o r  functions vi 1 . . . 4 ,(t, x) (i i ,..., i„, #n).
Since g ( x )  a n d  f ( t ,  x )  satisfy t h e  compatibility c o n d itio n s  o f  order
(m-1), a n d  since g(x ) and f(0, x) a re  analytic o n  th e  su p p o rt o f  a(x),
we see that

cx(x)g H '(R11.), 1, • • •5 =0 , 1 , ..., n -1 ,

P(oc(x)g „= 0  =0, , 0, 1, ...,

H en ce , ap p ly in g  L em m a I to  (4.8), w e  c a n  g e t  a  unique solution
x); i,„* n1 o f  (4.8) i n  6' (L 2

)  n 6 7 (1 1 ')  which satisfy

and

v1 1 . . . 4 ,p , x) in V

where (j 1 , j„ ,) i s  a  perm utation  of (i,, i„,). Now we define
x )  ( i , , . . . , _ , # n )  b y  t h e  fu n c tio n  (4.8); i . . . 4 „_,, a n d  define

V,
 • i k n i k +

i ( k  = 0 ,  1, ..., m-2) by.. 

Vii...iknik+ 1•••int—  I  =  V i 1•••im - I ir

T hen w e see  by  (4.8); i . . . 4 _ ,  that x) i s  invariant by permu-
tation of (i 1 , i„,_ 1 ).

If w e  d e f in e  v11 ...4 2„„ b y  th e  function
replaced 1„,- 1 b y  n. Any x) whose number o f  n  contained in

i„,1 i s  2 is  d e f in e d  b y  v, x ) w here  (j 1 ,
j,n _ 2 , n ,  n )  is a  p e r m u t a t io n  o f  (i 1 ,..., i„,). S in c e  (4.8);,...4 _,

shows th a t  v1,...4 _ 217„ i s  invariant b y  perm uta tion  o f (i 1 ,...,
 k m - 2 ) ,

 t h e
above construction of is well-defined.

Similarly, by induc tion  on  the  num ber o f  n con ta ined  i n  {i 1 ,...,
i„,}, a n d  by  using  (4.8);,...4 ._,, w e can construct all  x) in  S,'
(L2 ) n 67(11 1 )  which satisfy

x )=D 1 ix ) in

and
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x)=v i i . . " (t ,  x ) in V

where ( j 1 ,..., j,„) is  a permutation of (i„..., i„,).

§ 5 .  Proof o f  Theorem 2  (II)

I n  th is  section w e  estim a te  a  series o f  functions y, y () , y 1,..., y„,
defined in  §  4 .  Before we proceed to the m ain subject, we state

the  no ta tions. F o r a n y  u  a n d  y  in  CN, we write wy = E ui yi a n d  Iu  =
=l

V a .u . F or any N x N matrix C = [ c ] ,  we denote
i

CI =supIc1.
J

Then there exists a positive constant o -  depending only o n  N  such that

any u

A t  f ir s t , w e  re c a ll th a t  the coefficients Ak (t, x ), B (t, x ) and the
second member f (t , x ) a re  analytic o n  th e  su p p o rt of a(t, x), a n d  that
A„(t, x) is non-singular, then it follows

la(t, x)D iD i p Ak (t, x)15_ p!aPK, p=0, 1, 2,...

(5.1) la(t, x)D i i D i p B(t, x)I p1aPK, p=0, 1, 2,...

110(t, x ) D i t x ) 1 1 i . , 2 ( 1 7 . ) P 1 a P K , p =0, 1, 2,... ,

lŒ(t, x)A,7 1 (t, x)I K

f o r  a n y  (t, x ) e  V . L e t  u s  M a  = y ,  and assume  Y i 2  b y  t a k in g  K
large.

Next, we set

(5.2) Oat) =114011,

0.(t) = m =1, 2,...

and

n - 1
(5.3) 0.-p,p(t)= E

P\p%
p =0, m.
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Since g (x ) and f (t ,  x ) are analytic in  a  neighborhood of the supports
o f  a (x ) and a(t, x ) respectively, (D i i ...Dim u) (0, x) =g i i ...im (x ) ,  defined in
(4.7), are analytic in  a  neighborhood of the support of Œ(x). Hence
we get

n -  1
(5.4) 4).,o(0)= E I la(x)g ,...i„,(x)I I  m !PmA, m=0, 1, 2,...

Under these conditions, we want to prove

Lemma 2. A ssum e th at  P o '  c 0 1, d0 11) ,  an1  and
and  tak e a positive constant p  as  larger than  2atiland 0 y1 (1+yi) 2 +yil,
then w e have

(5.5) 0.(t)S  m!p7,540 , m=0, 1, 2, ...,

w h e re  A 0 = 3 ( 1 + Y i ) ( c 0 l l + d o Y 1 ) e " t  a n d  po  =2(1 + 3 Y)P( 1 + t)explando

Yi( 1 - FYi)t).
Hereafter we put 0 = andoY 1(1 + y i)  and =3(l +y) (c0A+d0Y1).

R e m ark . W h en  a ll o r som e of the positive numbers pto ,  co , d o ,
an  and A  are sm aller than 1, w e can  replace th em  by  1.

The proof of this lem m a is divided into three steps.

T he f irs t  s t e p .  W e  sta te  an  elem entary  fac t w ithout proof. Let
w (t) , 110  a n d  h (t ) be non-negativ e continuous f unctions def ined on
[0, 00). I f  they satisfy

p(t) h(t)+1 t

o
0(s)ds+d

o
ço(s)ds, any t>0,

where d  is  a positiv e constant, then we get

ço(t)5h(t)+d
o
ed( t- s) h(s)ds+1 t ed( - s) til(s)ds

J o

f o r any  t>0.

T h e  se c o n d  s te p . U n d e r t h e  sam e  assu m p tio n s  a s  L em m a 2,

w e obtain the following estimate

1) The positive numbers p o, co and do are already determined in (2.3) i n  2.
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(5.6) 0.,o(t) + 1 ,1 (0  m  !(p(1 Oeot)mA o , m  =1, 2, ... .

W e  p ro v e  (5.6) b y  induction on m . F irs t , w e  c o n s id e r  (4.1).
Applying the inequality (2.3) to  (4.1), we get

110115 coe"' lia(x)9(x)11+ d05toe " ( t- s) 11a(s)f (s) Ilds.

Substituting (5.1) and (5.4) into this inequality, it follows

(5.7) (k0(t)5 ko elLot, ko = co A +  d 0 7
'  < c o A + doYi.

N ex t, w e  p roceed  to  the equations (4.3) and (4.3)'. We consider
in (4.3)

f i(t, x) a( t , x ) (Di Ai )vi +a(t, x) (D iB)v
f =

+ a(t, x) (DJ),i=0 ,  1 ,  . . . ,n  — 1 ,

as the second members o f (1.1). Applying (2.3) t o  (4.3), we obtain

iivi(t)ii coe'llvi(C)11 + do5:01 0 ( -̀ s)

c0eP°rIlt)1(0)11+ d 0 1
o
ePa( t-  s) ±  Œ D A I i•

=

+ HOED if 11}ds

5c0eg 0  ̀(0)11+ aK o - d 4  e " ( `- s) ( HO +  1)ds.o i= I

Summing up these inequalities from i =0 to  n -1 , w e  g e t

(5.8) 01,0(05 coe1i'01,0(0)+and0715 t
 oeu° ( `- s)  {4)1,0(s)

+ 4)0,1(s)+ 0 0 (s) + 1}ds.

From (4.3)' we have

Ilv11+ Ilaf II)
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„-
(Ka) 2{ 1

M + 110+ 1},
i =0

which implies

(5.9) 00,1(05 Yi {01,0(0+ 0 0 (0+ 11.

Combining (5.8) and (5.9), and substituting (5.7), we get

01,0(0+ 00,1(05 (1+ Yi)01,13(0+ Yi0o(0+ Yi

(1 + Yi)coe"°`01,o(0 ) + Yi(1 + ko )ePot

+and0 y1(1 + yi) ePo ( t - s) { 1 + k o ePos+ 0 1 ,0 (s)

+ 0 0 ,1(s)Ids,

from which it follows

(5.10) e-P'1451,0(t)+ 00,1(0)5( 1 +Yi)coAP + Yi( 1 + ko)

+0St1 'e —Pos(1 + ko ePos)ds + 0 e — Pos{0 1 ,0 (s)+ 0 0 ,1(s)Ids,
o 0

where 0 = ando y ,(1 + A ). A pp ly ing  the  resu lt of the firs t s tep  to  (5.10),
we get

01,0(0+ 00,1(t) e (" " ) t {pc0A(1 + Yi) + Yi( 1 + ko)}

P t
e oto-Fo(t- s)(1 + k o ePos)ds

Jo

e(°+ " )t (1 +Yi) ( 1 + P)ko,

which means the inequality (5.6) in the case m =1.
N o w  w e  p a ss  to  g e n e ra l m . A ssum ing that the inequality (5.6)

is  tru e  fo r  4 1 0 (t)+ 4'0,1(t), 0.-1,o(t)+ 4).-2,1( 1) , w e  show t h a t  (5.6)
is true for Otn,o(t)+ - 1 ,1(t).

From  (4.8), we have

(5.11) coePot 1...1 ,”(0) II+ do
 t  ePo(r- s) x

o
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x  laK o- En Em

k= 1 p= 1

+2!a 2 K c  E
k 1 p ,q

M  !  am Ka. E hok 11+ aKo- E • II+
k 1

+m! cenKullvil+ m! amKolds, i„, * n.

Summation o f (5 .1 1 )  w ith  respect t o  j 1 , •••, in ,  fro m  0  t o  n - 1  gives

(5.12) 0 . , 0 (t)5. c o eliotybm ,0 (0) + d0 f t  ePo( t-

x { K rk ! ( k " ) (an ) k (4)m+1-k,o(s)+ m- k,1( 5 ))
k= 1

+ Kak!(V )(an)k (/)„,_,,, o (s)+m!(an)mKo -}cls
k=

c0 e1iot0„ 0 (0)+ d o n  epo(r-s)

x E  k ! ( a n ) k  (Om+ 1 - k,O(S) Om - k, 1 0 »
k= 1

+m!(an)" 7(1 +00(s))1cis•

On the other hand, from (4.8); we have
n - 1

(5.13) +Ko-kEi

n  m- 1
+aK o - E

k 1  p = 1

(m— 1)!am - 1 K c kii + Kal

1
+ aK c E +

r=1

V i -

+ (m— 1)!am - 1 K cilv il +(m -1)!am - '1Cal.

Summing up (5 .1 3 ) w ith  respect to  i l from 0  to  n - 1 ,  we get
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(5.14) 4). -  1.1(t)  Ka{Ka0.,0(t)

m -1
+ Ka E k Ri n i 1 )(an) k (0 .-k ,o(0+  ( k m - k -  1 , 1 0 »

k=1

m -1
+ Ku E k !(' n i'l)(an)k0„,_ k _ 1 , 1W

k=0

+ (m — 1) Kan)m-  1 (1 + 00(0».

Combining (5.12) and (5.14), we have

(5.15) 0„„0(t) + Om -1,1(0 —' ( 1 + Yi)4)m,o(t)

+ Yi(m — 1) !(an)m -  1 (1 + 40 »

m- I
+y  E k !("T 1 )(an) k (4)m-k,o(()+ O.- k - 1,1(0)k= 1

5 cal. + ypeti 0 t4)m ,o (0)+ (m — 1)Kanr -  1 (1 + 00( 1))Yi

m -1
+ Yi E k!("1171 )(an) k (0.-k,o(0+  4). - k-  Li ( 0 )

k= 1

+ dal (1+ yi)1
t

0 e1, 0(t- s){m !(an)m(1 + 00(s))

+ 2 k ! (In ) ( a n ) k (4)  m - k + 1 ,0(s) + Om - k,1(S)1C IS
k=2

+ anmd 0 Y 1(1 + yi)5 t
o etioo - s) {0m,o(s)+ Om- LAO} d s  .

We apply the  result of the  first step to (5.15) and use

i e
) 0 ( " "+ ) ( -̀ s) (44,-k,o(0+
c 0„,_ 1 - k, i (s))ds

5  eo ic" n o t  p m - k(1+ t)m - k+1-(m— k — 1)!, k =1, 2, ...,m— 1,

which is lead by th e  fact that 4).- k,o(t) + 4).-k- 1 , 1 ( 0  (k =1, 2, ..., m — 1)
satisfy (5.6). A n d  moreover, using th e  estimates (5.4) o f  0..o(0 ), we
finally get
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(5.16) 49,,,,o(t) + 1,1(0 m!(p(1+ t)eet)meito K m ,

where

411, / nco A(1+ Y i) ( y i  Byi +K m —
k 1 P

As

p anfando Y 10 +Y1) 2  +Yi} an(yi + 07i +0)

and

=3(1 + yi) (co il+  dal),

we see that

1 1Km  < ,  +  —  E < 1.
.5 2 p

This completes the proof of (5.6).

T he th ird  s te p .  L e t  I b e  a  f ix ed  positiv e integer, an d  r ,  R  be

functions o f  t  w hich satisfy  p(1+ t)e°' and Ac,= eAot. Assume

that

(5.17)
1-1E Om _, i (t)5_m!rmR,
i=0

m=1, 2,...,

where (/),; (t) =0 if i < 0  or j< 0 , then we get

(5.18) i 'i(t)S (1 + 3yi)m !rmR, m =1, 2,....
i= o —

F o r  th is  p r o o f ,  w e  r e tu r n  to  th e  inequality (5.13). F ro m  the
definition of vi ( t  x ) ,  w e see  tha t (5.13) is  tru e  fo r  a n y  j 1 ,. ,

S o  w e  put 1 m _1 + 1  = • • • = im _ l = n  and s u m  u p  (5 .13) w ith  respect to

i2, • • •, - 1 f r o m  0  t o  n —1, then

(5.19) Yi {Om+ 1 --1, I- 1(0 + (m —1) ! (an)m-  1 (1 + 4 0 (t))

m-1
+ E k !( n i i )(an) k E 1=1, 2 ,..., m.

k=1 i=0
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Put

A„,_ 1 3 = 41„,_1 3 (t)Im!rmR, 1=0, 1,..., m.

and, if i <0 or j < 0,

21,;  =0.

Since

1 E _..(t) 1+.1.m!rml? =o  m m

it follows from (5.19)

(5.20)
m ( a rn

+ E
m-1

k!("1,71 )(an)k k)! (1 4 -• m-k-1,1)

1  ( an )n' ± m t  an 
( 1 + 2 .-k- 1.0a n m  r k - 1  r

m  m -/ k( a n )  ±  ( a n ) 1 m-k-I,A
t k = 0  p k=1\ p

"1 -1  a n   )k2yi +yi E
k = 1 (  p

because p> 2 cm(yi + Oyi + 0)>2an.
W e solve (5.20) by induction on m —1, then

1 , „  k
(5.21) +2y m

- 1
 +Yi) k e- - .-;--; - ) •

O n the other hand, we put m =1  i n  (5.19) and substitute (5.17) into
(5.19), then

490 ,1(t) y?{Ifrz R + (1 — 1)!(an) -  k o eliot

+ E k !( t )(an)k (1 — k)
k=1

k= m!rk
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yi 1 !r'12 E ( —

a n
) <2y ?l!riR ,

k =0  r

which means

(5.22) /1. < 2y2o,1-= •

Substituting (5.22) into (5.21), then we have

2 Y? (I + Y i) k( a n
k

( )k -  1
k=0 k = 0  4 ,V

which implies

(/)„,_ /J O  3y? m !rmR.

Thus w e get (5.18). This completes the proof of the 3rd  step.

Proof o f  Lemma 2. Using the results of the 2 n d  and  3rd  steps,
we have

it "  0 0m -1,1(t) m !(1  + 3 Yi)
m
(P(l + t)ei t )" A o

f l'11 (  21 P ° Y" A c "

Since

0 . ( 0 = (r)om_i,i(t)<2!"1=0 1=0

we have

0 . (t) < m !pno'Ao.

This completes the proof of Lemma 2. q.e.d.

Now we prove Theorem 2. For this purpose we mention Sobolev's
w ell know n lem m a: T here  ex ists a positive constant c (n )  depending
only on the dimention of the space such that
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sup 1 4 4  c(n) E II/4u II
xeR "

121 [72-]+1

where 111  denotes the norm  of L 2 (R").
Let S  b e  the ba ll w ith  cen te r (t 0 , x0)  w hose radius is  so  sm a ll

th a t  S  is contained in  g .  Let A t, x )  b e  a  function in  C (R n+ 1 )  with
the properties that 0_. [1(t, x) 1 , and th a t it  ta k e s  the value 1 on the
set S ,  and th a t its  support is contained in  V , then

sup u ( t ,  x)I sup 113(t, x )u(t, x)1
(t,x).s (t ,x )e B

c E 11Dxul1L2(B)
1.1 E"4,"'

w here B = th e  support of f l( t , x )  and  C  depends only  on  13 and  n.

Since y11 1 ,,(t, x )  coincides with D i i ...D i m u(t, x ) in  g ,  w e have

t sup' D i ,. .. Di m u( t,

- const. E II i•• • D imulit,200t i „..,i,„ icci En-12- 1] 4. 1

. const. L 2 (B )

,A

t
-

. +
- - J
1 1 + 1

cOnSt.(rn in  1 1+ 1)!p 161 - - A o .2

This inequality shows th a t u(t, x ) is analytic with respect to  ( t , x )  in  S.
The proof of Theorem 2 is complete. q.e.d.

§ 6 .  Symmetric hyperbolic systems I

F rom  now  on, we consider the symmetric hyperbolic systems with
maximally non-positive boundary conditions, sta ted  be low , w hich  are
the typical examples to which we can apply our preceding results. W e
prove in  §6  and §7  th a t  the solutions of these problems satisfy the
condition C.2, and in  §8  that they satisfy C.3.

W e consider the mixed problems (1.1) under the following condi-
tions,
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B.1) T he  coe f f ic ien ts  o f  L ( t )  a r e  i n  a 2 (V ) .  A i(t, x), 1 =1 ,n ,
are  hermitian an d  Idet A„(t, x)1 6>0 w here (5 is independent o f  t  and
X.
B.2) P(t, x ') is  an  1 x N  m atrix  w hich satisf ies the follow ing properties

1. P (t, x ') i s  i n  .2 2 (14 x IZ" - ' )  an d  i t  i s  constant outside a  com-
pact se t in  RI. x R" - 1 ,

2. rank  P(t, x')=1 f o r each t O, x' E R " ' ,
3. ker P(t, x ')  is m ax im al non-positive f o r  L ( t )  at e ac h

x'E Rn - 1 , x n =O, i.e., w e assum e that

u ( -Au)O, uekerP, tO, x=0,

a n d  th a t  ker P(t, x ')  is  n o t p ro p erly  co n tain ed  i n  any  other
subspace hav ing this property .

I n  th is  section w e  tre a t  o n ly  th e  c a se  w here the coefficients of
L (t) a n d  P(t, x ') a re  independent o f  t, a n d  in  th e  next section the case
where they depend o n  t.

W e define th e  dom ain 9 (L )  o f  L  b y  th e  graph norm  closure of
t h e  s e t  {u(x)EH'(RT); P u i x „ = o  =0} w here  t h e  g ra p h  n o rm  o f  u  is
defined by 1lLu 11+11u 11. A s ker P  i s  maximal non-positive for L , there
exists a positive constant yo which satisfies

(6.1)( L u ,  u)+ (u, Lu)<_. 2 /201114 112 , u  g (L ) ,

because for any u E  (R 1_0 n 9(L ) it holds

aA •(Lu, u)+ (u, Lu)=(u, (.13 + B* — E A  )1.1)i= 1 X  i

u(x', 0)-A„(x', 0)u(x', 0)dx'

^ OA (7 • s u p  1B + B* — E 1111112xeR" - i =

Using Theorem 3.2 o f  L ax  a n d  Phillips [3], w e  se e  th a t L  generates
a  un ique  semi-group T ( t )  e= L t  t o, in L 2 (R )  which satisfies

ilT(0115.eP 0 t , any t O.
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Using this fact, we prove

Lemma 3. I f  g ( x )E 9 (L )  a n d  f(t, x) e SI (L 2 ), th e re  e x is t s  a
unique solution u(t, x) o f  (1.1) i n  4° (L2) n 9 ( L )  w hich satisf ies the
following inequalities

(6.2) 1140115 eg 0 `11gH+ t
o eii°" - s)11 f (s)Ild s

(6.2)' ilu'(0115e"t111-9 +M A I + 1 :e " ( `- s )  11.r(Olids.

P ro o f . T he so lu tion  u(t, x ) is represented a s  follows

(6.3) u(t, x) = T(t)g + — s)f (s)ds.

T he differentiation o f  (6.3) with respect to t  gives

(6.3)' u'(t, x)= T(t)(Lg +f (0)) +1 1
0 T(t — s)f '(s)ds.

We obtain (6.2) and  (6.2)' from (6.3) and (6.3)'. q.e.d.

Theorem 3. F o r  a n y  g(x)E1P(R 14 ) n  9 (L ) a n d  f o r  a n y  f(t, x )
E e ( L 2 ) n e tzi(I-P )  th ere  ex is ts  a  un ique  solution u (t, x ) o f  (1.1) in
d'(1, 2 )n  e ? (IP )n  9 (L ) w hich satisf ies (6.2), (6.2)' a n d  th e  following
inequalities

(6.4) III/1(01111,0 5_ e" 1t111 u (0)111i , + ci t ( -̀ s) 111f(s)1111, o ds,

(6.5) Illu Milli c "Illu (0)111 +  d 11t

o
e" 1 ( `- s) 111f (s)ffild s,

w here y i , c l ,  d  a n d  d1 are  p o s itiv e  c o n stan t independent o f  u(t, x),
g(x), f(t, x) and t.

R e m ark . I n  (6.4), the coefficients of 0' itillu(0)111,,, is  1. This fact
is indispensable to u se  th e  method o f  th e  Cauchy's polygonal line for
th e  proof of the  existence of the solution of (1.1) in  th e  c a se  where
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L (t) depends o n  t. In  § 7  w e shall give this reason in  detail.

Proof. A s  in  th e  preceding sections, we proceed with our discus-
sions under the  cond ition  P(t', x )=[E , 0 ] .  A s  A n(t, x ) is non-singular,
we investigate th e  differentiability o f  th e  so lu tio n  u(t, x )  w ith  respect
t o  t  an d  x ' =(x 1 , xn _ 1). A t  f irs t , w e  a ssum e  the  following addi-
tional condition
( A )  g(x ) and  f ( t ,  x )  are in  H 2 ( R )  and d'?'(L 2 ) n (F P ) respectively

a n d  they satisfy th e  compatibility conditions of order 1.
Since the condition (A) implies that L g +f (0)E .9(L ) and  f '( t)E  S W )) ,
w e  se e  fro m  (6 .3 ) ' th a t Do u(t, x )  i s  i n  e ti(L2)n g ( L ) .  Differentiating
(1.1) with respect t o  x i(i =1, 2, ..., n - 1 ) ,  a n d  using Lem m a 1.1 o f  Lax
and  Phillips [3], w e see that (D iu) ( t, x )  ( i =1 ,..., n -1 )  a r e  i n  ep(H - 1
(M .)) and 6°,? n (H - 2 (Rn - 1 ) )  a t each  t 0 , a n d  that they saitsfy

a(D.u)—L(D iu)+ au(D.A.) +(DiB)uet j=1 ex •

(6.6) +(D if ) , i =1, 2,..., n - 1

(D i u) (0, x )=(D ig)(x ) i =1, 2,..., n - 1

P(D ia)l x , 0  =0 1= 1, 2,..., n - 1

where th e  f irs t o f  (6 .6 )  ho lds in  th e  d is tr ib u tio n  se n se . L e t u s  p u t
U(t, x)=t(tu, iD o u, `D i u,...,'D„_ i u ) , th e n  U(t, x )  i s  i n  d 'P ( H '( R )  and
4"2„(H- 2 (Rn - ') )  a t e a c h  t 0. S u b s titu tin g  the relation

n -
(6.6)' D„u(t, x )=A ; 1 { D ou—  

1

 Ai Di u  -B u - f }
r=1

into (6.6), we see that U(t, x) satisfies

(6.7)

au = r, u + F

et

U(0, x)=G(x)

Pu L . = 0  =0

in the distribution sense

in H 1 ( R )

in H 2 (R 1 )

where L, P, F  a n d  G  a re  defined by (3.2) in §3.
Similarly, we define th e  domain o f  L  b y  th e  graph norm
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closure o f  {u (x )E 1 P (R ); = 0 }. Since the condition B.2 assures
th a t  ker P  is also m axim al non-negative f o r  L, L also generates a
semi-group T(t)=erd, t 0, which satisfies

111'0)11-5_0z", any t 0.

T h e  above positive constant it, is determ ined by the relation

(Lu, u)+(u,(6.8) any u  .9(L).

As the condition (A) implies that G (x) is in  H  (R i) n  (L) a n d  F(t, x)
i s  i n  el(L 2 ), w e  g e t a  un ique  solution V(t, x ) o f  (6.7) in 6°,1 (L2) n
g(L ), which satisfies

(6.9) liV(0115.e'"11G11+5:e`-s)11F(s)lids.

O ur assertion i s  t o  show  U(t, x)= V(t, x). F o r  this purpose we apply
th e  m ethod  used  by  K . Kajitani [2]. W e  p u t  U — V b y  W, th e n  W
is  in  SP(H - 1 (R O ) a n d  d t(H - 2 (Rn -  ')) a t e a c h  t 0 ,  a n d  it satisfies

(6.10)

la w = rw
at
147(0, x)=0

Pw =0  =0

in the distribution sense

in H 1 (R )

in  H- 2 (Rn- - 1 ).

W e w rite  the  L ap lace  transform o f  u(t, x ) w ith  respect t o  t by
û(r, x), i.e.,

x) = o e - ttu(t, x)dt, = I t  ia, > O.

I f  w e take the  rea l pa rt /./ of t  a s  larger than 1.1„  w e can perform  the

Laplace transform o f  u(t, x), Do u(t, x) a n d  V(t, x ) because (6.2), (6.2)'
and (6.9) h o ld .  Moreover, since

MD11401111-  I(nT)--1114(t) 42(4_), 1=1, n — 1,

w e can also perform  the Laplace transform o f  Diu(t, x) (1 =1, . n - 1 )
in the distribution sense. Hence we can perform the Laplace transform
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o f  W(t, x) and from (6.10) we get

(6.11) — L)14-7(T , x) = 0 in  H-

W e define  A ,  by ( t 2 _ A , ) ,  w here z1„, =D i + ••• 1. Then
w e  se e  th a t A ft ( r, x ) i s  in  9 ( L ) a n d  satisfies

(6.11)'( t  — L)L) (A,17(7 )=[A,, 1)1P in  L 2 (RT)

where [A,, A L —LA.
Using (6.8), we get

(6.12) 11(T— —1,11)11U Ue .9(L), Re T

because

11(t— Re ((r — L)U, U)

=Re T(U, U)— Re (rU, U)

(Re 'r — 11 1)11U112 .

Applying (6.12) to  (6.11)', we have

(6.13) (Re T - 11E4  nW(r)11.

Moreover, we get

(6.14) II[Av KIIA,111(011

where K  is independent o f  T. W e explain this fact. I f  w e  put

L = 2 i (x)Di + r3(x)= L 1 + A (x)D,i=

we see that

(6.15) [A,, -=[A,, L i ] VP+ [A t , 51,]D„

From (6.11), we have

(6.16) D„IP(T, x)= „- - L,)T7V(T, x).

Substituting (6.16) into (6.15), we get



356 M ikio Tsuji

[A „ L ] î'=[A „ Li] rk+CA„ AnliT; I (T —LOW.

Calculating t h e  com m utators [A „ L 1 ] a n d  [A „ An ] ,  w e  g e t  (6.14).
Accordingly, taking th e  com plex num ber r a s  Re T >ir, +K  a n d  using
(6.13) and (6.14), we have

(r, x )=0, i.e ., W(t, x)=0,

which implies

vi(t, x )=D i u(t, x )  in  V, i =0, n.

Hence we see that u(t, x) is in S1(L 2 ) n ,P ( -11 ).
N e x t , w e  p ro v e  t h e  inequalities (6.4) a n d  (6.5). S in c e  U(t, x)

is  in  Stt(L 2 )n g(L ), it follows

d ilU(0112  — 211U(t)dt

= 2Re U(t), U(t))+ 2Re (U(t), F(t))

52p1 u(1)112 +211u(t)11. 11F(t)II,

from which it follows

(6.17) HU(011501"11U(C011+1toei"'"-s)11F(s)Ilds.

A s  IlU(()II =111u(01111,0, (6.17) means th e  inequality (6.4).
From  (6.6)' we get

(6.18) ilDnu(Oil + Ilf(t) I).
Combining (6.17) and (6.18) and using (3.7), we get (6.5).

A t  la s t ,  w e  rem ove the  add itiona l assum ption  ( A ) .  L e t  g(x)e
H 1 (1?1,1) n g ( L )  a n d  f ( t, x )ee l(L 2 )n ep(H , ). T h e n  w e  c a n  c h o o s e
the functions g ( x )  and f ,„(t, x), m=1, 2,... , such that g ( x )  and f„,(t, x)
satisfy (A) and

in  IP(RT),

in  6°,1(L 2 )n ep(H1).

d 
dt
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Denote by um (t, x )  th e  so lu tio n  o f  (1.1) fo r  th e  C a u c h y  d a ta  g,„(x)

a n d  th e  s e c o n d  member f,„(t, x). Then t h e  energy inequality (6.5)

gives

Illum(t) — c tIllu,„(0) — (0)1111

+d l
o
eoto - ollif(s)—f„,•(s)111 i ds,

which show s th a t  {4.(t, x ) }  c o n v e rg e s  in  6-r1(L2)n ep(Hi). Denote
its lim it by u(t, x ),  then we see that u(t, x )  is  t h e  required solution

o f  (1.1). T his completes th e  proof o f  Theorem 3. q . e . d .

§7 . Symmetric hyperbolic systems II

I n  this section we consider the  case  where the coefficients of L(t)
a n d  P(t, x') depend o n  t. O f course, we assum e the conditions B.1

a n d  B.2 stated i n  § 6. Using th e  results o f  Theorem 3, we prove

Theorem 4 . F o r an y  g (x )E  (1 ? ) n 3 (L (0 )) a n d  f o r an y  f(t, x)
e  ( L 2 )n 6'1) (111 ), there  ex ists  a u n iq u e  so lu tio n  u(t, x )  o f  (1.1) in
d'(1, 2 ) n ep(1-11) n 9 (L (t ) )  w hich  satis f ie s  t h e  f o llow ing  energy  in -
equalities

(7.1) liu(t)115e"`11911+1toe"(t-')Iif(01Ids,

(7.2) u(t)1M1 c l e "  IIIu (0)11 + d 11 s)111f(s)111 i ds.

Before t h e  proof o f  Theorem 4 , w e state t h e  lemma which is
necessary for the  following discussions.

Lemma 4 . I f  u(t, x)e 6-(L2)n ep(Hi)n g (L (0 )  is a so lu tio n  o f
(1.1), then  u(t, x) satisf ies th e  energy  inequalities (7.1) an d  (7.2).

P ro o f . Assume that u(t, x )  is i n  d'?(L2 )n ei(Hi)n ep(H2), then
we can prove (7.1) a n d  (7.2) in  th e  same manner as §6 . N ex t, w e
remove th e  additional condition by using th e  mollifier with respect to
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(t, x'). A s w e shall u se  the  same method in  th e  proof o f  Theorem 4,
we omit this process here. q.e.d.

Proof  o f  T heorem  4. W e prove only  the existence of a solution
o f  (1.1) in  6'1(L 2 ) n ep(H 1). Similarly we discuss under the condition
P(t, x ')=[E , 0 ].  A ssum e th a t ,  i f  g(x) 0  a n d  f ( t ,  x )  is  i n  ei(L2)n
sp(H') and f(0, there exists a unique solution of (1.1) in  e t (L2)
n 61(1-P ) .  Then we see that Theorem 4 is  true. W e explain this fact.
F ir s t ,  w e  assum e t h a t  g (x)E H 3 (R T )  a n d  f  (t, x )e Sl(L 2 ) n  ti (Hi) n
ep(H2), a n d  that they satisfy  th e  compatibility cond itions o f order 1.
P u t  v(t, x)=u(t, x)— g(x)— (L(0)g +f(0, x))t, th en  v(t, x ) satisfies

I
•A =L (t)v +F(t, x )

v(0, x )=0

P v , , 0 =0

F(t, x )=f(t)+L (t)g +tL (t)(L (0)g +f(0)) —L(0)g —f(p).

Since F(t, x )  i s  i n  6°(/. 2 )n s?(H 1)  a n d  F(0, x) 0 ,  w e  s e e  b y  the
assumption that there exists a unique solution v(t, x) o f (7.3) in e(L2)
nsp(H'). H ence  there  ex ists a  u n iq u e  so lu tio n  u(t, x )  o f  (1.1) in
e t (L2)nep(w) f o r  th e  above-mentioned g (x )  and  f (t, x ). Next, we
remove th e  additional assumption o n  g  and f . F o r  any g(x)E1-1 1(R )
n 3(L (0)) a n d  f (t, x )e 6° (L2) n sp(H 1), w e can  choose  t h e  sequences
{g„,(x)} in H 3 ( R )  a n d  {f„,(t, x ) }  i n  S?(L 2 ) n e ( 1 -/ t )  n sP(H 2 )  such
that g ( x )  and f„,(t, x ) satisfy th e  compatibility conditions of o rde r 1
and

gm(x) — g (x ) in  H 1 (R7.),

f„,(t, x) in  , g L 2 ) n ep(H1).

D enote by un (t, x ) the  so lu tion  o f (1.1) fo r the  C auchy  da ta  g„, and
the  second  member f„,(t, x). U sing (7.2), w e  s e e  th a t  {LO ,  x ) }  con-
verges i n  (5';'(L2 )r) of P ( 1 / ') .  D e n o te  its  lim it  b y  u(t, x ), then w e see

(7.3)

where



Analyticity of solutions 359

that u(t, x )  i s  th e  required so lu tion  o f (1.1). Therefore it suffices to
prove the  ex istence  o f a  so lu tion  o f (1.1) i n  e ti(L 2 )n e?(H I) on  the
assumption that g(x) 0  a n d  f ( t ,  x )  i s  i n  6, (L2)ne t9(111) a n d  f(0,
x )  0 .

T h e  reason why we reduce the general case  to  th e  c a s e  where
g(x) 0  a n d  f(0, x).. - 0  w ill b e  exp la ined  at t h e  e n d  o f  this proof.

W e u se  th e  method o f  th e  Cauchy's polygonal line. Let

0 = t 0 < t , < t 2 <•• • < tk =T

be the  subdivision of [0, T ]  into k  p a r ts  o f  equal length. u k (t, x) is
th e  Cauchy's polygonal line fo r  th is subdivision, which is constructed
a s  fo llow s: L e t uk ,i (t, x ) ,  defined f o r  tE [t i , ti + 1 ] ,  b e  the  so lu tion  of

- -uk L(t i )uk ,i +f(t, x ) 1=0, 1,..., k -1

(7.4)
tik ,i( ii) =14k ,i _ 1 (0 1 = 0 , k  — 1

Puki,lx„-o = 0 i = 0 , k —1

w here u k ,_ 1 (to )=u k ,_ 1 (0) -- 0. W e  d e f in e  uk (t, x )  f o r  t E [0, T ]  by

uk (t, x )=u k ,i (t, x) for tE [ t i ,  ti+

The existence of such u k ,;(t, x) (1 =0,k - 1 )  is assured by Theorem
3 , because th e  compatibility conditions of order 0 is satisfied at each
ti . Consequently we see

uk (t, x)e d'?(H 1 ), tG [0, T]

and

uk (t, x)e d'i(L 2 ),t i =  t i (1=1, k —1),

which means

uk (t, x)E11 100, T )x

W e  sh o w  th a t  t h e  sequence {uk (t, x)}  is  bounded  i n  1-11((0, T)
x  R T ). F o r  th is  p u rp o se , it is  su ffic ien t to  p ro ve  th at {Di uk(t, x)}
(1=0, n —1) a r e  bounded i n  L 2 ((0, T )x  R T ), because A „ is non-
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singular. Applying (6.4) to  (7.4), we get

(7.5) Illuk,A1111,0 5- ei" ( -̀ " ) 111uk,i(ti)1111,o

i ePt ( t- 0 111f(s)111 1 , 0 ds, t E ti+

i = 0, k —1.

Substituting into (7.5) the following inequalities

Illuk,i(01111,o = Iluk,1(t1)111,0 + liL(t1)uk,i(t)+Rt1)11

5 1(0111,0 + i)uk,i- +f(t1)

+ il(L(ti) — 1 , (ti- 0) 141,J-1 (t1)11

11114 -i(ti)1111,0+const.(ti—ti- 1(t1)11

(i=1, k— l)

and

IDf l Uk J _ 1(t)lI const.(IIIuk,i- 1(01111,0 + Ilf(011) (i=1,..., k— 1),

we get from (7.5)

(7.6) Illuk,1(01111,0 e ( -̀ " ) (1+ K l(t — t k - 1(01111 ,o

+ K t . i )  II f(t)110 t - 1)

+ d l  egi ( t - s) 111f(s)1111,0ds, t E [ti, ti+ J,

where K 1 a n d  K 2  are positive constants independent of f ,  u k  a n d  t.
Taking account o f g (x ) 0  and f(0, x )  0, and m aking the induction
from (7.6), we get

(7.7) Nuk(01111,o K2 t l e ( u r f " ( -̀ " ) Ilf(ti)II(ti — ti-1)i  

+ deKit t e'Ll ( -̀ 5 ) 111f(s)1111,0ds,
0

As A „ is non-singular, it follows

t E  [ t p , tp+
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(7.8) 0).1/kW II5 const.(111uk(01111,0 + ,f(t)

Combining (7.7) and (7.8), we get

(7.9) Illuk(01111 consteKi eA1( t-
0 111f(s)1111 ,0 ds

+ const. + ck,

where E k  is non-negative and b y  th e  definition of the definite integral
i t  tends t o  zero when k  increases infinitely. The inequality (7.9) shows
th a t {uk (t, x )} is bounded in  1-11 ((0, T)x RT), i.e., weakly compact there.
T herefore  there  ex ists a  subsequence o f  {k} k = 1 ,2 ,... and
u(t, x) in  111 ((0, T )x  R T ) such that

x) u(t, x), weakly in 1/%0, T) x RT)

when p  increases infinitely. It is easily seen that u(t, x )  satisfies

k -4 =L(t)u(t, x)+ f(t, x) in .9'((0, T )x  RT)at
(7.10) u(0, x) = 0 in L 2 (1?)

i
Pul x „. 0  =0 in H 2

 ( (0,  T)x Rn - 1 ).

A t la s t , w e  p ro v e  th a t  u(t, x )  b e lo n g s  to  g; (L2) n 67(H r ,) For
this purpose w e use the mollifier with respect to  (t, x'). Let p (t) b e  a
non-negative function i n  C A R  I)  su c h  th a t  its  support is contained
in [-2 , — 1 ]  and

cop(t)dt =1.

We define a  mollifier p,,( t*x , )  fo r u(t, x)E H WO, T )x  RI) by

u(t, x)=(p h ( x
,

) u)(t, x)

n— 1
=Sp 6 (s) p6 (y 1)u(t—s, x' —y', x„)dsdy'

i=1

Pa (t)=J0 ( f ) .  Let 6 b e  0<6 <6 0  w h e re  60  i s  a  small positivewhere
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constant. T h en  ua(t, x )  is defined  fo r te [0, T -1 5 0 ] a n d  belongs to
67(1-11 (/0.)) and satisfies

(7.11)

{ ku,= L(t)u,+ Cp +Mt, x)

145(0, x)= g a(x)

Pu 6I =0 =0

where

Cau=[p3(:;*x,), L(t)]u, fb(t, x ) =(pa( t*,x, )f)(t, x)

gs(x)=(Pa(t*,.' )U)O, x).

Applying (7.2) to  (7.11), we have

(7.12) III ua(t) — us, (01111 ci e tIIu(0) — /460011

+ d 1 1t eiti ( r- s)111Cau +f a — ceu —fell! i ds.

W e prove that the right hand side of (7.12) tends t o  zero when 6  and
.5' tend to  zero . Since it is well known that

1'

0 111Cau(s)1111ds 0,

°HILO) — f(s)111,ds

when 6  tends to  zero, we show only

Illua(0)1111- - 0

w h en  (5.- 0. U sin g  th e  assum ptions that f ( t ,  x)ES1(L 2 ) and f(0, x)

F.- 0, we see from (7.9) that

(7.13)
16o

illu(s)111fds 5. K0 62 ,

where K o i s  a positive constant independent of 6. Since

1114.3(0112 , r(20(s)11u(t—s)112 ds,
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we get

(7.14) Illub(t)Illi =11u6(0112+ Aii(DiuA011 ,

.5,,,,oxii.u(t_s)12+ ± 0 11(Diu)(tœs)112)ds

=5)9 ,50)11114(t — s)11!fds.

P u tting  t = 0  i n  (7.14) a n d  substituting (7.13) in to  (7.14), w e  have

111.40)111i 1Pa(s)111u( — s)I11 ids

const. Ya6 11114(011VS

const. 6,

which means that 11114 (0)1111 ten d s  to  zero when 6-40.
C onsequen tly  w e  can  see  tha t {u6 (t, x ) }  i s  a  Cauchy's sequence

i n  ‘1 (L 2 )n ep(H1), the re fo re  its  lim it u(t, x )  i s  a ls o  i n  e(L 2)n g?
(H 1 )  and u(0, x)=-0.

W e  s ta te  th e  reason  w hy  w e  reduce  to  th e  c a se  where g (x ) 0
and  f(0, O. F o r  th e  boundedness o f  {uk (t, x ) }  i n  111 ((0, T)x
it is  no t necessa ry  to  be  g(x) 0 and f(0, x)a- 0. B ut, when we prove
th a t  the  so lu tion  u(t, x)e TP((0, T) x R T ) o f  (1.1) b e lo n g s  to  6%1(1,2)
n 67(w), we need in  (7.12) that

111146(0) —  uz,(0)1111 —>0

when 6 and  6' tend to  z e ro . F o r  this purpose, it is not sufficient only
to  b e  u(t, x)EHI((0, T) x k t), i.e., w e need tha additional informations
f o r  u(t, x). S o  w e  re d u c e d  to  th e  above-mentioned case. T h i s  com-
p le tes t h e  p ro o f  o f  Theorem 4. q . e . d .

§8. Finiteness of the propagation speed

I n  th is  section w e  show  th a t  the  so lu tion  g iven  by  T heorem  4
h a s  a  fin ite  speed  o f  p ro p a g a tio n . L e t ■11 (t, x; x;
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AN (t, x; be the  roots o f  th e  characteristic equation o f  St   — L(t)

det[AI — A i(t, x) i ] =0
1=1

for (t, x )e  V a n d  = (1 , )E R". D enote

Amax= RIP Ai(t, x;
141=1,(t,x)ev

B y the condition B.1, we see that A m a x  is  f in ite . F o r  each (t o , xo )e  V,
we denote by C( f a ,,a ) t h e  backward cone with a  v e r te x  (to , xo )  defined
by

{(t, x); — x0 l<2„, a x (t o — t)}.

Then we have

Theorem 5. L e t  u (t, x ) b e  a  0 -so lu tio n  o f  (1.1) def ined i n  V n

C(to,x0)• I f  g (x ) i s  z e ro  i n  Co o ,x o n {(0, x); x ERT} and f ( t ,  x )  is  zero
i n  V nC ( t o ,x 0 ) , th e n  u (t, x ) is  iden tically  z e ro  in  c o o ,x 0 ) n v

The proof is divided in  two parts.

Lemma 5. ( lo c al uniqueness) L e t  u(t, x)e def ined i n  D ,={(t,
x )e  V ; t +Ix — x0 I2 t w here xo e R T .  I f  u (t, x ) satisfies

lau 

u(0, x)=0 i n  De n V n {t =o}
Pul x „=0 =0 i n  De n V n {x„=ol,

then  u (t, x ) is identically  z e ro  in  De n V.

P ro o f .  It suffices to prove for the case x 0 =0 R .  After Holmgren
transformation

s = t lx12

yi =x ;( 1 = 1 ,  2, ..., n),

(8.1)

a t  = L(t)u i n  De n V
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17(s,y)=u(t, x ) satisfies

Ao(s, y) a
a4 in / 3 ,

(8.2)

1 Pal y „-o =0 in DE n {y„ =0}

w h e re  Ao(s, Y )= I-2 2 AkYk, r(s)= Ê Ak !   + B  and /3, = {(s, Y);
k=1 k = 1  u Y k

s> y1 2 ,  y >  O } .  By extending û(s, y )  by zero in [0, x — 13,, we see

y)e  SI (L2 ) n el)(1-/ 1), because û(s, y )= 0  o n  s y s. We extend

also th e  domains of the coefficients of (8.2) to [0, g] x RT, keeping the

properties that A o (s, y )  i s  positive definite a n d  Ai(s, y )  (i=1,..., n) are

herm itian . Then 0(s, y )  satisfies

aaAo -E - ---L(s)u in  [ 0 ,  e] x

Ft(0, y)=0

Pai y „-o = 0

i n  RI.

in  [0 , x R n—  1 .

Here we define the  norm il A o ( s )
 b y  (A o (s)ti, 0) 2 . As A 0(s) is hermitian,

there exist positive constants B' and B suh that

—1 a(s)11300)=(L(s)a, a)+ (a, L(s)a)+( a
s° a, a)

2B1171(S)I1 2 2 BIII:i(s)Ilia(s) ,

which implies

Ila(s)MA o(s) eB5Ila(0)11A0(0)=-
- 0.

T h is  completes th e  p ro o f o f  Lemma 5. q.e.d.

Proof o f  Theorem 5. W e  u s e  th e  m ethod o f  sweeping o u t o f
F . Jo h n . Define for 0 < 0 </1,,.t6

W 00,= ( t  to)+ 2 N./ X 012 + 0ax 

and
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n o ,x 0 ) =1(t, x); yo o (t, x)=01.

After the change of variables

s = wo (t, x); y i =x i , i =1, 2,...,

the equation (1.1) is transformed to

Ofi = L o u

Piil y . = 0  =0

where ii(s, y)=u(t, x), L o (s, y; D y ) =L(t, x; D ,) and

y 0
Ao=i—

1 x L ,1
A k  

i l m a x  k=1 -N/IX — X01 2 + 0

W e  se e  th a t A o  i s  positive definite a n d  hermitian. L em m a 5  implies
th a t, i f  u(t, x )  i s  z e ro  o n  lq  0 ,x 0 ) ,  then  u(t, x )  is  zero in  S 0 fl fçoe >01,
where S o i s  a certain neighborhood o f  lq,,,, x o ) . O n  th e  other hand, we
see that

n o , x 0 D  Vn
0<0<1. 2 . 1 2

m a x  0

Step by step using th e  result o f  Lemma 5 , w e can show th a t the  solu-
t io n  is  e q u a l to  z e ro  in  C( t o , o ) n V. q.e.d.

Appendix

I n  t h e  preceding sections w e discussed th e  m ixed problem s (1.1)
under the  condition  th a t  P(t, x ')= [E, 0 ] .  I n  th is  append ix  w e  show
th a t the  general case where P(t, x ')  is  a n  l x  N  variable matrix may be
re d u c e d  to  th e  c o n s ta n t c a se  P(t, x ')= [E , 0 ]  b y  a  unitary transfor-
mation o f unknown functions.

Theorem A .  L e t  P i (x)—(p i i (x), piN (x)), i = 1 , 2,..., I, be giv en
com plex  N-vectors depending o n  th e  param eter x  w hich v aries in  Rn.

S uppose th at  P i(x )  all b e lo n g  to  am(Rn), an d  th at th e y  are constant
outside a c o m p ac t  s e t  in  R n , an d  th at P i . P i =b i j  w h e re  Si i  i s  Kro-
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P 1 (x)

P1 (x)
det
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neck er's d e l t a .  T hen w e can add to them  com plex  N -v ectors
•, PN (x )e am (R n) su ch  th at P 1 , •••, P1 , P i+ i, •••, PN } constitu tes an

orthonorm al basis of CN.

W e state tw o lem m ata w hich a re  necessary fo r  th e  p ro o f o f  The-
orem A.

L e m m a  A i. W e  assu m e  t h e  s am e  c o n d it io n s  as  T heorem  A.
S uppose that there  ex ist v ectors l +  i , . . . ,  P N  in  ..4 ° (R n ) such  that

P1, P, + 1 ,..., P N }  constitutes an orthonorm al basis o f  C N .  Then
Theorem  A  holds, i.e ., w e can tak e P1+1,..., PN  as in .1m (R ").

P ro o f . A s  P 1 ,..., P1 a r e  c o n s ta n t  outside a  c o m p a c t  s e t  in  R " ,

we can reconstruct P 1 + 1 , . . . ,  P N  so  a s  to  b e  constant outside a compact
set K  in  Rn

.  Here we put

AN), 1=1, 2 ,..., N.

W e take  a  function ac(x)EC,T(R") w hich takes the value 1 i n  a  neigh-
borhood o f  K .  B y  W eierstrass' approximation th e o re m , w e  g e t the
sequences o f  polynom ials {A1 ) (x)}„= 1 ,2 ,... ( i  =4+1, N ; j =1, N )
su ch  th a t, w h en  n  increases infinitely,  p ( x )  converges t o  p,; ( x )  in
.1 °(B ) fo r  a n y  i and j ,  w here B  is  th e  su p p o rt o f  a(x). We write
Pi n ) (x )= 00)1PW , P i n A 1 ) +  (1  — 0c(x))Pk(x) ( k =l+1 , . . . ,  N ) .  Then we

in  whole R".

Applying Schmidt's orthogonalization t o  P1, P P1, Pin+q,..., P '0 ) ,  we
g e t P1 + 1 5 ..•, P N  w i th  th e  required properties. q.e.d.

Next, we get an  elementary lemma by Hadamard's inequality.

Lemma A .2 .  L et C=[c u ] and C ' =[c; i ]  be N  x N  m atrices. A ssum e
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that GE f o r an y  i  and j ,  an d  that

E Ici.1 2 i =1, 2,..., N.
J= 1

Then it follows

Idet[C] — det[C1 EN 3 / 2 .

Proof  o f  Theorem A .  B y L em m a A.1, it su f f ic e s  to  c o n s tru c t

P1+1, P1+2,. • •, P N  i n  a
°
(R")• S in c e  i t  i s  e a s y  to  c o n s t r u c t  {P 1 + 1 ,

P N }  locally , w e proceed  to  the  g lobal construc tion  o f them . W e
prove that, if  w e assume tha t P 1 + 1 ,..., P N  e x is t  in  CR= {x Rn ; R},
then w e can extend th e  defineition dom ain o f  th e m  to  CR+6, keeping
th a t  th e y  b e lo n g  to  a (c a n d  PR+6, L P1, 1

)
14.1,..., P O  constitutes

a n  orthonormal basis o f  C "  there, a n d , m oreover, that w e can take
such 6  a s  independent o f  R .  A s P i (x),..., P 1( x )  are  constan t outside
a  c o m p a c t  s e t ,  their components  p . 1 (x ) (i=1 ,..., 1 ; j =  1, N )  are
uniformly continuous in R .  T h e re fo re , f o r  a n y  E> 0 ,  there  exists a
positive constant 6 such that, if  Ix — x' <5, then

(A.1) 1P1i(x)— P1i(x11 <E (i= 1, 2, .., 1; j= 1, N).

Here we introduce polar coordinates (r, co) in R .  W e  e x te n d  the  do-
main of P,(r, co) ( i= l+ 1 ,.. . ,  N ) to  CR+6 by

P,(r, co) = P,(R, co) in r R+ 6.

Then it holds

(A.2) Pi.Fi =1 i n  CR+6, i =1, 2,..., N.

N ow  w e p u t  s =1/2N 3 / 2  a n d  determine a positive constant 6 fo r such
e  b y  th e  uniform  continuity o f  pu( x ) ,  i.e., (A .1 ) . T h en , by Lemma
A.2 we get

1
2 in  whole C R +.5 .

    



(A.3) v(0, x)= T*(0, x')g(x)

(PT)0 0  =0

From  the method of the construction of T (t, x ') it follows

J' A°al:, =  A  T*A i T :x
v

i +(T*BT—  T* 
 art   + T* .i 1 ,Z )v  + T * f
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Applying Schmidt's orthogonalization, we obtain  IN  i n  CR + 6

w ith  th e  required  properties. F rom  th e  m ethod of the construction,

w e  can  easily  see  tha t (5 is independent o f  R .  Hence, repeating this

process, we finally get  PN  i n  w hole  R .  q . e . d .

Corollary o f Theorem A .  I f  P i (x ),..., P i ( x ) E P ( R )  a re  analytic

i n  a  bounded o p e n  s e t  K  in  R " , then we can construct PN

so as  to be analytic in K .

I f  w e apply  th e  m ethod used in  Lem m a A .1 , w e can prove this.
Although we considered Theorem A i n  R", i f  we restrict x  to
we obtain Theorem A  replaced R " by RT.

R41_,

Now we return to the  mixed problem (1.1). Put

Pi(t, x ')
P(t, x ')=

P, (t, x ')

where P i(t, x ')=- (pu, P12. . . . .  PIN),i  = 1 ,  2, ..., I. Applying Schmidt's
thogonalization to P 1 , ..., P i , we obtain the orthonormal vectors

or-
Q„

..., Q 1. By Theorem  A, w e can  add  to  them vectors Qi+ 1, QN so
th a t  t h e  system 01—i,••• ,  Qt, •••, QN} constitutes a n  orthonormal

basis of Ci". D e n o te  b y  T (t, x ') a  unitary matrix

ro* *  f)* 11,K1VI,

where Q 7
 =to2 i ,  i=1 ,. . . ,  N .  W e perfo rm  th e  unitary transform  of the

unknown functions u =Tv, then v(t, x )  satisfies
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0 ... 0

(  P2 ,  2 )0 0  . . .  0

(Pi, Q 1 )  0

= [A 1  0].

A s  M I is  n o n -s in g u la r , (PT )v ,,, 0 = 0  is  e q u iv a le n t  to  [E, 0 ]v = 0  =0.
Therefore, w e can consider th e  m ixed problem  (1.1) under t h e  con-
dition  P =[E i 0 ] w ith o u t lo ss  o f  generality.

A t  la s t w e  re m a rk  o n  th e  compatibility c o n d itio n s . If  g (x ) and
f ( t, x )  are in  H m

 1 (R T )  a n d  er 1(1.2)n • • • n S?(Hm+ 1 ) respectively, and
i f  they satisfy  th e  compatibility conditions of o rd e r  i n  w ith  respect
t o  t h e  e q u a tio n  (1 .1 ) , th e n  g (x) = T * (0 , x')g(x) a n d  f ( t, x)= T*(t, x ')
f ( t, x )  also satisfy th e  compatibility conditions of o rder m  w ith  respect
t o  t h e  equation (A .3) replaced (PT)v1 = 0  b y  [E, 0 ]v 0 =0 . I n
fa c t , since  th e  compatibility conditions o f o rd e r  i n  mean concretely

th a t, i f  u(t, x )  i s  a  sufficiently smooth solution of (1.1), then

1306(Pu) =0, k  =0, 1,..., in,
1=0
x 0

w e  s e e  th a t  a  sufficiently sm ooth solution v(t, x )  o f  ( A .3 )  satisfies

D([E,O]v )1
r = o  =

(MT 1 Pu)1
r = ox„--ox o

Ic= E i)D ri(P u )
1=0

1=0
x ,,= 0

=0, k  =0, 1,..., m.

This m eans that g(x ) a n d  f (t, x )  satisfy the compatibility conditions of

order m  with respect to (A.3).
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