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§0. Introduction.

Mixed initial-boundary value problems for hyperbolic equation of

second order have been treated by many authors ; O. A. Ladyzenskaya

[15], L. Hiirmander [9], J. L. Lions [17], D. F. D. Duff [6], K. Yosida

[24], S. Mizohata [20], M. Ikawa [11], [12], [13], R. Sakamoto [22],
[23], R. Agemi [1] and others. However as is described below, an
important and critical problem, so-called Neumann problem for wave
equation with non-homogeneous boundary data, is not solved in frame-
work of L 2 -theory. Considering this problem we face on the following

question 'Which class of first order boundary conditions should be posed

for obtaining existence and uniqueness theory of the solution in L 2 -

space o f mixed problem for hyperbolic equation of second order?
The purpose o f this paper is to answer the above question, es-

tablishing the necessary and sufficient condition for obtaining existence
and uniqueness theory in Sobolev slace, even if  arbitrary lower order
terms are added to the regularly hyperbolic operator of second order
and to the boundary operator of first order. This theory just corresponds

to 'Coercive' theory for elliptic boundary value problems. Our boundary
conditions will be described in the relaxed form of so-called 'Uniformly
Lopatinskii condition' treated at first by S. Agmon [3] and completed
by R. Sakamoto [23], (in case where hyperbolic system, by H. O. Kreiss
[14]) Now we point out some problems which remain open. Let R'+'=
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{(x, y i, • • • , yn-1 ), x > 0 , Y=(Yi, • • yn -i)

[1]. In R x ( 0 .  co), Neuman problem for wave equation is
n-1

Elie= E  D ; i + D 2
s )u ---f (t, x, y )  in /2.7. x (0, o c ) ,

5=1

(0.1) ) D u
x=0

=g(t, y) on 1?n - 1 X (0 , 0 0 )

D u
t=0

=u5 (x , y ), (j=0 ,1 ) on .1??+!

1 3
D  t  = . '  etc.z 

If g = 0 , the solution u  exists uniquely and holds

1
(0.2) E  IlD i

x tt(t)111-i<Cel31 ( E f  M/(s)Mods)
5=0 5=0 0

where I E y ug, Hug= if lu( x, y)I2

aS k

But if g  /   0 , the following questions arise:

( Q i )  'Whatever energy inequality should be held?' and

( Q 2 )  'Does the existence theory follow in the frame-work of L 2 ? ' and

'How about adding arbitrary lower order terms?'.

[2].

[1] u = f(t, x , y)
n- 1

(0.3) B u  = - (D x +  E bi(t , Y)DY.i — c(t , Y )D t)u I  =e t ,  y )
x=0 5=1 x=0

\ D iu  I  = 4 1 0 , Y ),  ( j= 0 , 1).
t=o

How about the questions (0 ), (Q 2 ) concerning problem (0.3)?
Whatever condition must b1 and c  satisfy?

[3]. We mainly consider the mixed problem:

P(t, x, y, Dt, D x , D )1 4  = 1 (4  x , t ),  x > 0 , t> 0 ,
n-1

B u  I  = (D x +  E  1,5(4 y)D y i —c(t, y)Dt)n = g ( t ,  y ), x = 0 , t> 0 ,
x=0 5=1 x=13

D i u  =u5(x, y ),  ( j= 0 ,1 ), x > 0 , t= 0 .
t=o

(P )
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Here we assume that x = 0  is non-characteristic for P.

n-1
( 0 .4 )  P=— a(t, x , y)/4 -4-2( E  ai(t, x ,y )D y i -Fa n ( t, x ,y )D x )Dt

i=1

n-1 n-1
+ ( E cli j D y1 Dy 1 +2 E an i D y i Dx + aii=au(t, x , y ), etc.

i, 5=1 5=1

is regularly hyperbolic with respect to  t.

When has the mixed problem (P )=  {P, B }  the strongly hyper-
bolicity in L 2 -sence defined below?

d e f .  We say that the mixed problem I P ,  B I has the strongly hyperbo
licity if and only if not only { P, B }  but also the mixed problem {PH-
P' , B H -B 'I has a unique solution in L 2 -space (or Sovolev spaces) and
energy inequality holds in the L 2 -sence, where P ' and B ' are arbitraly
first order and zero order operators respectively.

[4]. I f  g t O ,  whatever energy inequality should correspond to L 2 -
w ell-posedness? In case g = 0 ,  R. Agem i [1] gave energy inequality.
(Q  in  [1] is slightly different from our in page 474.)

[5]. Whether {P , B I  has the same speed of propagation as Canchy
problem, o r n o t?  H ow  do  we construct the solution of the mixed
problem { P , B I  in the general domain ,S2 x (0. co )?  H ere Q  is  the
exterior or interior of a smooth and compact hypersurface as? in R .

This paper answers affirmatively all above questions. Since Diri-
chlet problem is well-known, considering our results we can regard
that the mixed problem for second order hyperbolic equations with real
boundary coefficients is solved so completely as coercive boundary value
problem for elliptic operators. In §1, we state the result of our paper.
In  § 4 , Sharp form o f G drding 's inequality is essentially used on the
boundary p lane. That is proved by H 6rm ander and in vector-valued
case by Lax-Nirenberg. For the estimate o f boundary integral, loca-
liczations shown in §3 of the mixed problem (P) is indispensable. As
in R . Sakamoto [23], the estimate of boundary norm is obtained from
the energy inequality for the dual problem {P * , B ' } in  § 7 .  All our
arguments, especially, one for obtaining necessary condition in §5
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depend on the lemmas given in § 2 .  In  §8, we discuss on the finiteness

o f  propagation speed and go forward to the theorem on the mixed
problem in  general cylindrical domain ,S2 x (0, 00). Strongly hyper-

bolicity helps us to make the theory in  general domain.

The author wishes to express his sincere gratitude to Professor

S . M izohata fo r leading him to hyperbolic mixed problems and en-

couraging him continuously.

§ 1 .  Statement o f results
In  this section we state our results in  Theorem and their

corollaries, which answer to the questions in §0.
We need to introduce some notations and to consider slightly the

energy inequalities.

Assume that all the coefficients of P  and B  are real and sufficiently

smooth and constant outside of compact set K  in R /4/_ X R1
. F r o m  the

hyperbolicity o f P  given in (0.4) the root T  o f characteristic equation

P(t, x , y, T ,  e,  
72)= 0

is real and distinct for ( t ,  x ,  y )  RIX  RT, 2 +I 272 =1.
This means, denoting a=a( t ,  x ,  y ),  etc.,

(1.1) a + 4 > 0 ,

n-1 n-1 n-1
(1.2) d ( 72). - (a+ al,)1 i(  E  77i)2 + a 72i } —an  E ai 7

n-1 n-1
+a E a n i

27i)2 >0, for (x, y, E  R 7
+' X  R 1 , l'21= (  E v0v2  /   0 9

5=1 5=1

It is natural that we assume

(1.3)a > 0

that means 'the number o f boundary conditions is  o n e '.  In fact, in

the theory o f  mixed problem for hyperbolic equation with constant
coefficients the number o f boundary condition is given by the number

of the roots with positive imaginary part of

P(T , 6, 72)=0 , T = a  — iy , a, 77 real, y > 0 .
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In our case since two root of p (T , e , 0)=0 is

e=( — an+V 4+a

the number o f boundary conditions must be l+sgn  an ,  if a<0.
(H i )  W e assum e (1.3) a n d  (1. 2).

Now let us introduce the necessary and sufficient condition for
that {P , B } becomes strongly hyperbolic in L 2 -sence. First, condsider
the case where the initial data are zero.

P u =f ( t , x , y ) x > 0 ,  t > 0
(p 0 ) Bu x  0I  =g ( t , y ) x = 0 ,  t>0

Mu  I =0 ( j= 0 ,  1) t = 0 ,  x > 0
t=0

I f  all the coefficients are constant and f 0 ,  b y  Fourier-Laplace

transformation we have

(1 .4 ) P(r, D x , 72)û(r, x , 72)=0 , Û (T , x , 72)=g ( e - rtu(t, x , y ))

(1 .5 ) B (-r, D , 11)û(r, x,  7 1) =,g(T
x=o

The solution of (1.4) converging to zero when x  tends to 00, is
given by c(T, 71)e1 , (r, 7 2)x, where e+(r, 77) is a root of p (r, e , n)= 0 , with

positive imaginary part when y > 0 .  Substitute it into (1.5) then we
see that c(r, 72) must satisfy

(1. 5)' B(T, e +( r , 77), 77),(r, 77) =-g (r, 72).

For y>0, B (-r, e+ (r, 77), 7)) 0 follows. So-called 'Uniformly Lopatinskii
condition' is

(1.7) e+(r, 77), 77)> c > 0  for 17712 +17'12 =1, 1 >0.

But (1.7) is not satisfied in case of Neumann problem [1] in §0.

B(T, e-F(r, '7), 72)=e+er, 77)=o-2-17212)1, —ir , r>o) satisfies

( 1 .8 ) le+(r , 77)1>c(0., 77)7i-  , c(cr, 12)>0

for {('), a, 1 ), 17212 +1712 =1, r>0}.
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Our condition for {P , B I is

(H2) IL(y, t ,  T,
72)I= IB (y, t, or, e+(y , t ,  T , 12), 77)I>c(y , t, a, 11)71 ,

c(y , t, a ) > 0  for (y, t)ERn - 1  X R I, 1'712+1712 = 1 , r>o,

where e+(y , t, T ,  n) is a root with positive imaginary part of P (t, 0, y,

T ,  e, .77)=0.
The following two cases are possible if (H2) is not satisfied.

(C a se  I) There exists (yo, to, go, 770, yo), 4+17718+A= 1 , yo>0.

L (yo, to, go —  iT 0, 770)=-0.

(C ase  II) O r, there exists (yo, to, no, ao) (a -H-37012=i), such that

c(yo, to, go, '2)r> L(Yo, to, ao—ir, 77o), t (Y o , to, go, 720)>0.

We state our theorems after considering some relations among

various types of energy inequalities. First let us integrate (0.2) with

0, ( j= 0 ,  I) from 0 to t , applying Schwarz inequality, then we have

e 1 2(1.9) f  E IlDitu(s)11
J 2 0? d s

t2

<—e 2 P1
f t

 Ilf(s)ll ds
- °0 5=1

Muliply e - 2 11  ( y > > 0 )  and integrate from 0 to  00, then

1 1\ (s)11 d ss2s +2 )3)
2(1.9 . (7—Y 27 lu ll, r,+

where
-

(1.10) 14 ,  rE f dxdydt.
i+f+k+la (=m 0

Taking accout of

{s(T — )}5e(T ) 8 j !

We can see that there exist positive constant yo, and such that

1 2(1.11) r jU i ,  + < C T I  f  7 / 2 ,  + for r>ro.

Now we change a point of view and consider the following boundary
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value problem closely connected to (Po) as is shown later.

{ P(t, x , y ,  Dt, D , D y )u=-- f (t, x, y )x > 0 ,  —  0 0  < t < o o
(Po') B(t, y ,D t ,  D  D y )u = g ( t ,  y ) , x =0, <t <00 .

x=o

For description of energy inequality for (P6 ), le t  u s  introduce

Hilbert spaces gem , r (R 4/. X I ) , M i n ,  (Rn- 1 - X I )  defined by the com-

pletion o f CC, (IV4i.x i )  and Cr (Rn x i )  w ith  the following norms

respectively, I= (a , b), y> 0 .

(1. 12) l u i2sc (R" x 7,Im,r

= f b d t rd x f  l e - rtriDIMD;u(t, x,y)1 2 dy
i-4-j+k-Pal=m a 0

(1. 13) <02A. (Rn--1 x i) - <v>2,„„ ,m,r ,, 7',4
b

= E  f  d t  f  i le- rtriDID;v (t, y)12dy.i_i_j_par=m  a Rn-

We denote in short Um ,  7 , (—., r, (0, r,

Denote

A r = 9"(17712+ a 2+ r 2 ) i 'g ( y , t )

A y ,  r = (17212+r2 ) 1i g ( y ) ,

.(Y  OU(t, x ,Y )=- --  f  R fl e- 2 7 t i ( 2 P2-Et O u ( t ,x , y)dydt.

I n  o u r  t h e o r y  A y d- p l a y s  t h e  m o s t  im p o r ta n t  r o l e ,  r e la t in g  t o  the
localigation o f  u  i n  §4.

Theorem 1. T h ere  ex is t p o s i t iv e  co n s ta n ts  y k  and C k  (k=0, 1, ...)
s u ch  th a t  fo r  e v e r y  uE 9 Ck+2, 7 (R ': X R1-)

1 -.1.
(1.14) rlull+k,r+TE < A  2 Di u> 2

j = 0 Y , T  X l+k—j,r

<C4 1 1  iT-.1Puli, r +7 <11 2,,TBu>i, r } fo r r>r k.
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Corollary I f  th e  s o lu t io n  u  o f  (Po) belongs to

(1.15) Tlu r , +7 E y :rD 1U > T -j,r ,±
± 5=0

12 f  r,+ +  <A y'  ,r g A , r , +}

3C2,n+, then

Theorem 2. F o r  f  E  Mk,r x 1?'), 4 7gE i C k  (Rn-1 x ( y >

y k ) , there  ex ists a  u n iq u e so lu tion  uE M l+ k ,r (RI! X R1-)  o f  (g ) ). I f
supp [1], supp [ g ]  c  [T  0 0 )  then supp [u] [T  00).

Corollary I f  f (R1:Ft x R11) , 4 , gE lC1 , T x  R .11) , (y> y i) ,

and 1(0, x ,y )=g(0, y )==-0, then there ex ists a  so lu tion  uEM 2, 7 (1 X
Ri.) of

(1.16)

1 Pu= f  (t, x , y )
B u  1 =g(t,y )

x=o
D u  I  =0 ( j = 0 ,

t=o

a n d  satisf y  t h e  energy  inequality

(1.17)
t 1
E II(D i

t zt) (s)IL  ds
10 j=0

<C e191 {t 2( s ) I I S  d s  E2f t0<(A .14g)(s) A d s

+ t  f 0 <g (s)A d s , (3>ro),

w here <g ( s ) > 2 —  f ig(s,y)I 2  dy , , c: constant.

1(1.17) follows from Theorem 1 and corollary by putting y = 7

for small t. Conversely, in the same way as (1.11), we have from (1.17)

1  ,  , i2(1.18) Tlut 6
{

/17  1
0, T/2,+ +  < 4,76 0, T/2,4
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Next denote

(1.19) [u(t)] E le—rtriD Dc;,(Ditu)(t, x,y)1 2 dx dy
i+j±k+Iai=m

5=0.1

then we have our main energy inequality for (P).

Theorem 3. T h e r e  e x i s t  ck  a n d  y k  (k = 0 , 1, 2 ,...) s u c h  t h a t  f o r  u
i n  SC2-Fk,r  (R.'4. X  (0 , t)), (0 <t <00), a n d  f o r  y >y k , we have

1 .
(1.20) rizel1+k,r,03,04- I E <A y ,2rDiu>i+k—i,r, (0, t)

5=0

1 , ,2 , 1
▪ ["( t )]1-1-k,r k ly Irltlic,r , (0, 1 — 7 < A ;,7 -B U > k ,r  , t)

2▪ [U( 0 ]
}

l+k ,r •

Corollaries o f Theorem 3.

1) There exist /3k and ck  such that we have, for 0< t< °° ,

1
(1.20)' E ll(D iu)(t)11 .1± k _i+ E <(tA y ,1+ 1 ) 2  D U

>7.+1C— ip0, (0, t)5=0 5=0

y 1 )  2  B U >i3O (0 ,t)‹C k e P k t { tIPt112k ,O, (0,t) < ( t A , i +

1
E II(DIU)(0)11.+k—i}*
5=0

k=0, 1, 2, ....

2) If the solution u(t, x , y ) of (P )  belongs to e2(H 2 (R.".) )  n
(R_?.))1)  and A m tD ix u(0 , y , t) belong to H2— j(Rn - 1  X (0, t o ) )  ( j=0 ,1 ) ,
then the following compatibility condition must be satisfied

1
(Ci.) Bi( f , ze1, U2) , y  , D  D y )u3(0, y)= g(0 , y),

5-0

1
where B (y , t , D  D y , D t)= E x , 9 ,, D y )Dit

5-0

1 ) f( t )E 6 (H ) means that f ( t )  is k times continuously differentiable in  t with values in

H, ( k = 0, 1, 2, ...).
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3) Conversely i f  f  E M i-j(/<_1 X (0, co)), 4 , r g E j c i t r (R n -i x (0 ,  0 0 ))

and uiEH 2 - i (-n ) ,  ( i= 0 , 1) satisfy (C1), then the solution of (P ) exists
and satisfies (1.20) and (1.23) with k=1.
4) Moreover assume f  ,gCk ,r (R x (0 , o c ) ) , r g E S C k a  ( R 4 - 1  X (0,
c o ) ) , ui EHk+l - i(R4?), ( j = 0 ,  1 ) and that f ,  g  an d  u j  ( j= 0 ,  1) satisfy
th e  following compatibility conditions (C k ) o f  order k. Then the
solution u(t, x, y )  o f  (P )  belongs to e7(1-11-Fic(4 ) )  e l ( H k ( 4 ) )  and
satisfied (1.20) and (1.23).

( C k )  Bm( f , ui, u2)=--  { B m ,i(0 ,y , D x , D y )iti} (0 , Y )= (D r - ig)(0, y),
1=0

(m = 1 , ...,k ) ,

where B m , i  is defined by

D'tn- lB (t , y , Dt, D 5 ,  Dy)u=- 1:1 1n,B m,j(t, y, D 5 , D y )D it u

and u2+i is successively defined by

u2+i(x, y)=a(0, x, y) - 1 {(D1f)(0, x Qt(0 , x , y , D ,  D ,  uk)}
(i= 0 , 1, 2 , ...), where

Q i= Q i(t, x, y :  . .0 1 ,0 ; (D itcu ) , k < i+ 1 ,k -F id -la l< i+ 2 )
x , y )D ri u

Remark 1 Even if arbitrary lower order terms be added to P  and B,
Therorem 1, 2 and 3, and their corollaries are also true by making Ck
and yk (k=0, 1, 2, ...) larger if necessary.

Theorem 4  A ssum e (H i). I f  w e  have

12 1(1.14)' rlult r ,+ <CITIPulo + +7-<A;, r Bu>g r> ro

fo r  th e  s o lu t io n  o f  (Po) b e lo n n g in g  to 3C2, r ,+, th en  P , B  m u st sa tis fy  th e
co n d it io n  (H 2 ) . I t is  tru e  if w e  r ep la ce  (1.14)' by (1.18).

Theorem 5  U nder (H i) a n d  (H 2 )  th e  s o lu t io n  o f  (P )  h a s  a  fin ite



M ix ed  p rob lem  f o r  h yp erb o lic  eq u a tion  of  second o rd er  445

sp eed  of  propagation and the sp e ed  is  s a m e  to  th a t  of  the  so lu tion  o f

Cauchy p r o b l e m .  In  o th er  w o rd  the con e w h ich  d escr ib e the dep enden ce
d o m a in  is  the  sa m e  one as in  case o f  C auchy  prob lem .

Theorem 6  W e can  ex tend  Therorem 1, 5  to  the m ix ed  p rob lem  in
g en e r a l c y l in d r i ca l d o m a in  Slx (0, 00),

D edailed  statement o f  Theorem 6  is shown in  § 8 .  It plays a

important role that the condition (112) is an intrinsic o n e . Strongly

hyperbolicity and finiteness of propagation speed make it possible that

all the results in quarter-space: Rrt x (0, 00) generate the corresponding

ones in general cylindrical domain Q x (0, 0 0 ).
n-1

Remark 2  We can replace E bi D y ;  by singular integral operator
5=1

with sufficiently smooth real symbol b(t, y , 7)) with homogeneous of order
n-1

1  with respect to 71. I f  (H2) replaced E birii b y  b(,t,y, 7) ) be satisfied,
5=1

then Theorem 1'—Theorem  4  hold.

Remark 3  As for mixed problem P, B  one often says that P , B  is
L 2 -will-posed if for some constant Co

(1. 24) 2 1 2
rIttli,r,+ < C 0 y 1 P U !0 ,7 ,+ , r>ro

holds in case where g O and ui=0 ( j= 0 , 1 )  (c.f. R. Agemi-T. Shirota
[2]). It seems natural that we say that { P , B I  is L 2 -well-posed if

1 12(1.24)'r i t i l i , r , + < C 0 { - f  Pulo,r,+ +T. < 4 r Bu>o
2 ,r ,+ }

Theorem 4  means that assumption (H2) is necessary for { P , B I to be
L 2 -well-posed.

§ 2 .  Analysis on (H2)

In this section we state on some lemmas concerning the condition
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(H2) which will be used in the proofs o f Theorems 1 ,  3 ,  4 ,  5 .  The

proofs o f lemmas given later in  this section, depend on geometrical

consideration of the intersections of an elilptic surface and hyperplanes.

A t  first let us calculate exactly the root with positive imaginary

part e+ of the characteristic equation at the boundary;

(2.1) P(t, 0, y, , 6, 72)= 0 ,  e2=(72,, u, real, 1> 0 ).

Denote simply a(t, 0, y ) =a , etc.,.

-1

P= { e+ (an7+ E a n i V }  2 — D, where

n -1 n -1 n -1
D  ( a n r E a n j74) 2  ( aT 2

 — 2 E ail Jr— E a i i 72/77i)
5=1

Di-2iT  D2, D1= R eD.

n -1 n,-1
(2 .4 ) D 2 =  (a+4 )a-Pa n E a n i123—  E

Remark that we can see the following relation

(2.5)D 1 =  (a+ 4 ) -
1a - 1- (a+ 4 ) -

1  d ( '2 ) —  (a+ 4)1 - 2  .

In case of wave equation (2.4) means D 1 = 0 .2 - 7 1 2 _ 7 2 .  N o w  the root

e+ of (2.1) is given by

n -1

(2 .6 ) - ' =  —  ( a n T ±  E  a n j i ) + s g n ( — D 2 )
1/ i.IDI±DV  IDI—D1 ± i

i=1. 2 2 •

sgn x---= f 1, x >0
1 —1, x< 0 .

We only remark that the roots o f a+ib  (a, b, real) is

±{sgn(b)1/  d - i i /  r
 —2

 a  },

n -1
From (2.4) and (2.6), L(u, t, T, 11)= 16+ + E bini —o rl=0  is equivalent to

5=1
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(2. 7)

(i) IDI—D1. 
2 - - P Y

2(ii) — sgn(D2W  D-FD
 1 — (a+ 40 - 1  {PD2+a( )} ,

where p =c+an

n-1 n-1 n-1
a( 77) =-(a— ca n )  E a n iI7 j+ (c+ a n ) E ae7i— (a+4) E 6_177 .1.

j=1 i=1 5=1

First we state the following lemma whose proof is given later.

Lem m a 2.1. U nder t h e  c o n d i t i o n  (H2) it f ollow s

(2.8) p>0.

Taking care of the homogenuity o f L  with respect to  (72, a, T), and

the fact that 1 = 0  follows from L = 0 , we characterize the set

S = { (y , t, , cr) , L(y, t, 7 7, a ,0)=0 , ('7 , (Y ) E EC)}

Eo---1(1), a ), 17712 +0.2 =-11.

Lem m a 2 .2 .  A ssu m e  th e  c o n d it io n  (H2). then f o r  ( t o ,  y o, go, no) s
w e h a v e :

(2.9) D 1=0, i.e. 14— a - 1 d (770)= 0

(2.10)p D 2 - k a ( 1 7 0 ) = 0

at  th e  p o in t  (t, x , y , 77) =  (to ,

 0 ,  y o ,  0 0 ,  710)•

Denote

V—={(y, t, 27 , Di—  a - 1  d(72)=0 , ('7, cr) E Eo}

W= {(y, t, 77, a), pD2-Hste7)=0 ( 77, cr) E Eol,

then Lemma 2.2 means S = V  n W. From Lemma 2.2 we have

C o ro lla ry  There exists p o s it iv e  co n s ta n t  8 such that
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S CV c { (y ,t,)7 , a): ( '7 ,  a)E E o ,

R em ark  that f o r  t h e  p r o b lem  [1] i n  §0. W =len - 1  x R1 X Eo th ere fo r e
S = V

The variety V  consist of the following two parts.

V =V + U V+ n where

V ± ={ (y , t, ,  a): D  2 = ± a d  ( 72 )  , ( 72 , a) E Eo} •

Now let us denote p± =+ a 2 ct(n)d(7)) Z  th en  w e have

Lemma 2.3. U nder th e con d ition  (112), in  n e igh b ou rh ood  U ± o f  V ±

i n x  x  E 0, t h e  fo l low in g  in eq u a li t ie s  fo l low s  r e sp e c t iv e ly .

(2.11) P>P±,

M o reo v e r  w e  h a v e  u n d e r  th e  co n d it io n  (112)

Lemma 2 . 4  F or  ev e r y  (y ,t , ,o R n - 1 . X 10. x[Rn[R ' - 0I, w e ob ta in

(2.12)2 ) p2 d (7))>a a(72)2 p >0 .

Conversely we have

Lemma 2 . 6  I f  (112) d o e s  n o t  h o ld  th e r e  ex is ts  (yo, to, 7)o) su ch  th a t

(2.13) P- 0±1< - 8<0 a t  (yo, to, no),

a n d  th e r e  ex is ts  ao su ch  th a t  o n e  o f th e  fo l lo w in g s  h o ld s .

(C ase I ) L(yo, to, ao— iyo, no)=0, f o r  som e yo>0.

(C ase I I ) cy >L (y o, to, uo—ty, no), f o r  y > 0, w h e r e  c>0.

Remark that the condition (112) means that L (y , t , a, 77)=0  only

2) Starting from this inequality R . Agemi [1] obtained only energy inequaly for the
problem (P) with boundary data gr
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at the point (y, t, a, 77) such that P(t , 0, y , a, e, ,7)=-0 has double real

root with respect to e, i.e. (y , r, a',  n ') E  V,

0., _ ( a 2+.17712)- f 72, _ ( 0.2+17112)- 1-77.

Proof  of  L em m a 1. Let us prove that (H2) does not hold if p =c +a n

< 0  at some point (yo, to). We fix (yo, to) in this proof, (T , 11) satisfying

L(r, n)=-0, i.e.

(2. 7)' sg n (— D 2 )1 / V  2
± i i /

2

n-1
E a n inj—  E b3773},
i=1 1=1

satisfies the following (2.14), the esquare  o f (2 .7)', too.

n-1 n-1 n-1
(2. 14) (a n r+  E a n i1b)2 ±(a1-2 - 2  E  ae ir—  E  aif M I)

5=1 5=1 i,J=1

n-1 n-1
={(C ±an )T - F( E E bA ) } 2 .

1=1

If  4 d -a=(c -F an ) 2 ,  then at (7-,71)= (1 , 0 ) , (H 2 )  does not hold.
Consider the case where 4 - F a ( c + a n )2 and for some 710 /0, (2.14)
have non-real roots. Take the root with negative imaginary part T -  =

ao— iyo. Then at (no, uo— iyo) (2.7)' is satisfied. In case where the
equa tion (2.14) has real roots for all n, we return to (2.7). From
(2.7) (i) and y = 0  we have

(2.15) Di = ( a + 4 ) - 1  1D — a - 'd ( 12)} = ID I> 0 .

Therefore at (a, 77) satisfying (2.7), D2(a, Deviding (2.7)
(ii) by D2.---sgn(D2)V/4 , we have

(2.16)— a--1-d(72') =(a-} -4 )  -1-(pd-sgn(D2)a( 72')}

where 77'=-7)/ID21.
If 1 = a - 1 o/(7') then we can see, after slight geometrical consideration
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(F ig. 1)

In case where P= --D -1-D i— D i
B = D x + bD y — cD t, e> 0 . (1 ) and (2)
are co esponding to (1/2).

(see F ig. 1 ), that there exists s  such that 1> Isl> 0 , and

—V1—s2a - l-d (n i) .----(a+ 6 ) { p + s g n ( D 2 ) s a ( 72').

Let us take (o.1 , 711)  satisfying

s 72, _ 7 21/D 2 (0 .1, 721) ,  s g n (D 2 (0 .1., 721) ) _ s g n ( D 2 ( 0 ., 72 )) ,

ni) E E .

Then at (yo, to, a 1 ,711)  (2.7) (ii) holds and 
D i _ a - i d ( i i i . ) > 0 .  T h is

contradict (H2). q.e.d.

Proof  of L em m a 2.2. For (yo, t o , (70, 17o) P (to , 0, yo, e, o)= 0  has

real double root. Therefore from (2.2), (2.3) and (2.5)

Di— a - ld o o )= 0 .

From (2 .7) (ii) we have

pD 2+ a( 720)=0. q.e.d.

Proo f  o f L em m a 2 .3  and 2.4. First let us prove the followings

a(72) 
(2.17) p +  

D 2  
> 0  in place where .,q = a - l d ( 72).
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I f  p ± a ( n o ) / D 2 < 0  a n d  D F a - 1 -6/(n) at (y, t , cro, no), then we obtain

a(770)/D2---a(770/D2)=a(Q>0 from p > 0 .  Taking account o f ez- ld(7)
= 1  and d(0)=OE(0)=0, and applying `Zwischensatz' we find 0>8>1
such that

(2. 18) —q—a-ld(877) = (a + a4) - 1 {p+a(8%)}

1—a- 1 6/(8%)>0.

Denote 8n i) ----71'  and define a ' by

n-1 n-1
1= (a+a 2

n )a '+ ( E E ain'i ) = D 2(y, t, a', 72').
J=1 i=1

Let us normalize (a', n ' ) .  (a, n)= (ra' , rri')E  Eo, r > 0 .  Here

n -1 n -1
(2.19)r =  (a+ a4 )a± ( E ak e2/— E aii2i) =-D2(y, t, a, 72).

i=1

Hence n ' =.8771') =77/D 2 we obtain (2.7) (ii) from (2.18). Since 14— a- 1 X
d (n )> O , this contradict (H2) and we obtain (2.17).

Now let us prove

(2. 20) p—p±=p+aa(72),A72)

for (y, t, 72)E R n - 1  X R1 x  (R n -1  {0
}
) .

From (2.17), w e have (2.10) in place where D 2  +a --= cl(17) 2 •
arbitrary (y, t, 7)) we can find a_, and a_ satisfying

For

n -1 n -1 I J_
D2(y, t, 77, a± ) =  (a + 4 ) c r ± -f-a n F i a i r i i =  + a  d(ny

respectively. Considering (2.17) at (y, t, a ± ) we obtain (2.20). This
complete the proof o f Lemma 2.3 and 2.4. q.e.d.
Proof o f Lemma 2.5. I f  there exists (t, y ) such that cd--an > 0 , then
Lemma 2.5 follows from the proof o f Lemma 2.1. I f  p = c+ a 5 > 0,
for every (t, y ) ,  only Case II is possible. Because, since the right-
hand side of (2.7) (i) is non positive, ID1 must be qequal to D I  and this
means y = 0 .  Besides D O  at (yo, to, a o , o ) R '  X RI- X  E  satisfy-
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ing L (yo, to, ao, 7)0)=- 0, follows from

O<IDI =Di =, (a+ 4 ) - 1  {D 2  a- 1  d(720} .

Moreover the assumption o f  this lemma means M—a - lei(710)>0 .
Therefore from (2.16) we have

1>a - Id ( 7 )  and p+sgn(D2)a (V>0.

Taking p (> 1 )  such that 1=-a - l-d ( p )

 a(p721')) 0<p<—sgn(D2)a( 1)') <—sgn(D2)a(p 72')=sgn(D2)(-81 a  d(p )1/2

-=-  — sgn(D2)V a a( 720)d(7)o) l -p±1.

This complete the proof o f Lemma 2.6.

§ 3 .  Localization of (P,;) and Green's formula.
In this section we consider how to localize the problem (P o ) and

show how to reduce Green's formula to formal algebraic calculus.

This method is used by R. Sakamoto in [22].

1. From

(3.1)e - r / D i t c u = ( D t — i T ) k e - r t u ,  i =V -1  ,  1 >0 ,

P(t, x, y , Dt, D x , D y )u = f  is reformed as follows:

(3.2)P ( t ,  x ,  y ,  D t — i T ,  D x , D y )e- rtu=e - rt f.

Here P  is regarded as homogeneous o f order 2 with respect to (D i,
D y , Dt, y). A t first we take a partition of unity on Ri x R 1

4-. X Rn - 1 -

X E  = R 1
+t-H-x  E  (t, x , y, 7), a, T), where

E ={(72, a, T), 17212 + a 2 +T 2 = 1 , r>0}.
We consider the following C°' functions:

(3.3) a0(x)-1-ai(x) 1 on Ri+, supp. a0(x) 001

supp ai(x) c [0, 8], ai(x)=1 on[0, -2-8  ].
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N
(3.4) E y)1=1 in R lx  R 4 - 1

J=1
su p p  a i,o C R — K flR , supp j c n . b . d .  o f K 1Rn .

N 1

(3.5) E  a2,k(72, cr, 7)-1-az,o(72, a, r).-.1  on E ,  a2,0(12, a, 7)=a0(T)
k=1

a, 7)=cc1(T)a2,k((1—T2)+72, (1-7 2 ) 2 a),

where

N2

E  a2,k(7), on Eo -= {( 12 , a ),  17212 -H72 =1}.
k=1

Let us denote simply

N =(N 1-1-1)N 2
(3.6)/ 3 0 , 1 + 4 , 2 + E  p o ,x , y, 77, a, 1 ) , 1 on  R X  E

5=1

where Pox = ao(x), fib ,2= al(x)( E
5=0

Now we extend the definition domains of az, k ,  (k=0,1, ..., N2) to

(Rn - l x  x  R )— {0 }  keeping homogenuity o f order 0  with respect

to (71, a, y). Then we have

2
(3.7) E f30,f+ E  4 = 1 o n  RI' x Rn(7), a ) for every T>0.

J=1 i=1

Corresponding this partition of unity, (P,;) )  is localized as p  being one

of Pos and p, (i= 1 , N ),

f P(t, x, y, Dt, D x , D y )ertf3(D)e - rtu=f §,
(Pt) B(t, y, Dt, Dx, Dy)e"g(D)e - rt  u =g §, where

x=0

(3.8) P(D )w = i f  e2 711 (Y72+ta)/3(x, y, x, 72, a, 7)9 y ,1(w (t, x, y))cl 77cla.

(3.9) f  19= ert13(D)e- r t f ±[P, ert fl(D)e - rqu, where [P, Q]= PQ— QP

gp=eref3(D)e - rt g I  + [B , e rtfl(D )e - re]u I  .
x=0
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Here we denote /3(D, 7)= ert 13(D)e - rt . For uESC in ,r ( R r I )

(3.10) I13(D, nulm, r <Clulm, r ,  1[P, fkD,r)1u1;„_L T <C1u1 2
m a  .

Since /3(D, 7)D a;u  I D x13(D , r)u ,  w e have
x=0 x=o

(3.11)< [ B ,  ( D ,  T )]u>L _ L 7 <C

I f  we can apply Theorem 1  to  ( P ) I 0 c ,  we, have

1
(3.12) TI/3(D, 7)u11, 7 +7 E <A";,12

T DIP(D, nu> Ck91-i,r< {5=0

2 y  1 _ 1 2  }  for r>rk)1" 11c

because < 4 7 [B, ( D ,  7 ) ]u >k , 1<Ci<u> k
2 __ 7<C 21u11 follows.

Conversely if (3.12) holds for every f30,i, ( j= 1 . 2 )  and f l ,  (i=1, 2 , ...,
N ), we obtain Theorem 1, taking sum  of (3.12)'s for a ll /31 and Pod
and making yk and Ck larger i f  necessaary.
2 . At first let P  and Q be second and first order partial differential
operators with constant coefficient. Consider

(3.13)( P ,  Q; u, v )=(Pu, Qu)o 4.—(Qu, Pu)o, r ,  where

(u, v)o, r =(e - rtu, e - rgu)L2(x,y,t)• P ( 6 , 12, a, 7) and Q(e,77; a ,r) , being cha-
racteristic polynomials o f e- t r P  and e- r/Q  respectively, we associate
(3.13) to

(3.14) G(P, Q)=P(e, '7, a, 7 ) Q ( » 7 ,  a , 7)— Q ( e,72, a, T )P(, '7, a, T).

Now we regard that 6, 7 7, a  and 7  are real num ber and denote

(3.15) p (e, , 2, a , 7 )=P0 (, 72, a, r)—irPi(e, 72, a, 7)

(Po, Pi, real)

Q( , 77, a, r)=Q0(, 72, a
, T) — ir ,

(Qo, Qi, real).

Then G(P , Q) is written in the following form :
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(3.16)G ( P ,  Q ) = ( e — )G'zw (e, 77, a, T)

—2iT Gf ,Q(e, c,7), a, 7), where

e ' cfP°(e)o(c)— Po (c) Q0 (e)}

+
72
 P i (e) Qi i ( )  P i  ( ) Q V )}

(3.17) Gf'42= 12.{(P1(e)0 ( )
— P ° M Qi(e)) + (Pico o(e)

—Pi:(C)0())}, where po(6)= p o(e ), a, 7) etc.

After actual integration by parts, corresponding to G;Q and G P , we

have bi-linear forms g x (D i u, D i v, D y , Dt, y ;  u , v ), g t(D i u, D i v, Do,
D t , y ; u, v ) such that

(3.18) g(P, Q ; u , v )=i f  G x (D i u, D i v, D y , Dt, T; uv )dy dt

— 2i7 if f  G t (D z u, D ,v , D y , Dt, T; uv )dy dtdx .

We can obtain similar formula in case where P  has variable

coefficients and Q is a differential operator in x  and t, whose coefficents

are pseudo-differential operators with respect y, as follows,

Q =Q o p z +0 , Q iu = ei(Y72+16)a(Qi)(x,y, t, 1, a, nû(cr, x,77)c172cla.

(Qt): homogeneous of order i  with respect to ( n,  a, y).

Then we have formulas corresponding (3.16) and (3.17) and obtain

(3.19)g ( P ,  Q :  u ,  v ) = i  f  f  G i (y , t, D i u, D y , D i , T; u, v )dy dt

—2iT i f  f  Gt(Dxu, D i v, D y , Dt, T  u, v )dydtdx+ R (u, v )

Q; u, v> — 2iT  gt(P, Q; u, v )+R (u, v ),
where IR(u,

Remark that for f3=0,1 we obtain (3.12) after calculating .g(P,
ap (D )• u

"  

u )  as in the case of Cauchy problem (c.f. [7]). And fora, 
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g = g 0 ,2  we have (3.12) by the same way as in cawe of elliptic boundary

value problem since L*0 in  E o—{(71, a ,  y ), y>8 >0 }.

For /3=/3 (1-1, N ) such that L=0 for (t, 0, y, j,  c i , y) E  supp

, the most complicated arguement is required. We consider this in

the next section. On the other hand for fli such that supp /3i does

not contain any point of S , the estimate (3.12) has been obtained in

R. Sakamoto 122]. Actually we may take Q as a first order operator
ap 

with characteristic Q = c +(e— e 4. ( r :  n) ) ,  when e+ is a simple root ofa,
P(t, 0, y, T , 6,17) =0  on supp th. If P=0 have double roots on supp

e++6- Pi , then replace _ e +( 7 ,  n)  by 2 - ,  7 )). ,  and 8 must be

taken sufficiently small.

§4. T h e  estimate in  th e  neighbourhood o f  S.
In  this section we prove (3.12), for ( P 4 ) 1 0 c  with /3 whose support

contains th e po in t o f S . From these we obtain Theorem 1. A s  is

mentioned in previous section, it is most important how to select first

order operator Q .  Let us remember that the set S  is characterized

in Lemma 2.2 and it's cotrollary, Later the result of Lemma 2.3 is used

in  connection with, so-called, sharp Gdrding's inequality. Speaking

in conclusion, we choose the symbol o f Q  (that we denote the same

letter Q ) as

(4.1)Q =  Q i +  Q2=  { 21 + (ñ2— D2)}+ (74— an) 2
1 'aPe ,

where

1 1
(4.2) D2= . '(-D 2 + a  d ( 72) 2 ) — y (a + 4 ) - 1 -i5+ (pD2-1- a(7)))

(4.3) nElni12j, then 21 (3
3
1;  --1-anr4.

D2 and a(n) are defined peviously in  §2 . Here we have assumed that

the support /3 contains the point of V+ and is so small that it does not
_ I I

contain any point of V _ . In another case, we replace a 2 d(77) 2 and
_

p+ b y  — a  d(7)) 2 and p_ respectively. The first term Qi is very close
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a
to 2

 pa,  that keeps the interior norm positive. The boundary integrals of

/ ap ap\
G VD ' aT ; 1314, Pu ) are canceled out by that o f G(P, (Q— 2  a,
Pu, f lu )  except cpositive semi-definite terms. Th e interior integrals

ap 
of the latter become sufficiently small than that of G(P, 

1

aT ; flu, flu)

by making the support of p small.
The following part of this section is devoted to actual calculus

mentioned above, is several steps stated as lemmas.
W e have from (2.2) and (2.3)

a-( 4 . 4 ) —  P
2  ar — ane- -D2 +4a=0. — (D 2 , 6 2 ).

Remark that from (4.2), D2= D.2 on r7+ n w .  We denote simply by p,
one of Pi such that it's support contains a point of V+ n w c s . Mo-

reover we denote pseudo-differential operator ertP(D) e - r1=P(D, y)

simply by p.
f 1 3 PP1. T ir s t  o f  all let us consider g  ,  2   a,  , Pu, Pu and we obtain

yo such that f o rLem m a 4.1 T here ex ist positiv e con stan ts c, C and

y>yo a n d  u . 9(2, w e have

aP 
i g P ' 2  at flu' PU )> CTIPU IT(4.5)

—[<%lan:Dxfiru> 2 +<anDifi ru,Pru>

—2Re<:6 xf3ru, D2Pru>]

—Cf<Pg>,1 7.+7<u>ga l, where /37=e - rIP(D,T),

a n d  <v>2 =<v, , v>=- f f 11)12 dydt. 1 5 x ,  D 1 a n d  D2 are  dif ferential ope-

rator w ith  sy m bol -6; D1 a n d  D2 def ined i n  (4.3), (2.5) a n d  (2.4).
In the same way as Lemma 4.1 proved below, we obtain

Lem m a 4 .2  T here ex ist positiv e con stan ts c, C a n d  yo such that f o r
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y> yo  an d  u ,_ 4 (2 , we have.

(4.5) iG(P, Qi; 1314, f3u) df3u11,7,— [<anbxgru>
2

+<anD113714, g rit>  — 2Re<bxg rU, :6213721> j

— C I< P g A r
+T<u>g, r},

where 132 is the first order psudo-differential operator with symbol 13 2.

Proof of Lemifia 4 .1  The characteristic polynomial of P(t.x . y, Dt—iy,
D x , D y )  is

(4.6)P = ( - 2 —  D1—  47' 2) — 227(an DO.

Following notation (3.14) w e have from (4.4) and  (4.6).

(4.7) G(P, 1
2

af .)— { (6 2— D 1 -4 7 2) - 2 a ( a n t .—D2)} {(ant — D2)

— ira} —  {(ane l - D2)+ira} {(C2 — a4T)+2iT (a n(— D2)}

1 ap 
(4. 7)' ReG(P, )—(e— ( P  21 a

e
P
T ) ( e , , 72, 0", r)2  a, )Gx ,

---(e—){an( -a+ D i)— (D 2+  -02)
+an ( a n - 2 . ) T21

1 aP\
(4. 7)" i Im G (P, 1 aP\

2  a, )—  
2 i 7 G t ( P ,

 2  a, )(e, , 72, a, T)

--- -17{ 4(an — D2)(a n-e— D2) - Fa( .6-2 —  D1
..._47,2)+ (t-2_ D l _a n 7-2),}.

H ere we rem ark that the following inequality is known (c.f [7])

(4.8) Gt(P, 2
1  3

8
1:)(6, 6, 72, a, T)>C(1612+1,712+1,12). c>0.

Corresponding to (4.7)" the notation (3.19) gives

a
(4.9) 25t(p' 

1  p
 2  ar, P t, PU)=411(an13x — D2)1371'412

4-2Re(afi r u, (13i—Di—air2)gru)•
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Considering (4.7)" and integrating by parts, we obtain

(4.10)t ( p ,  a aPT , pu, gu)-21m<ap r u, Dxpr u>

> 2  1PulT,T —CIPUTh .

The second term in the left-hand side of (4.10) is estimated as

(4.11) 1<ag7u, DxPr u>l<Cle<gu> 2
F T ++; 03g>6, r +r <gu>g, r

where

c > 0 , and we can take s artbitrary small as making the support of

13 sufficiently small. In  fact from the relation:

(4.12) '-=B(y, t, 6, 77, o)+(a+4) - 1 -{pD2+a(77)}, at x-=-0

we have

(4 .1 3 ) b x fir i t  I 0 = [bx, Pr ]u + / 3 7:6xu I  = [Dx, gr lu  I  +/3r -Buz x=o x=o x=o x=o
+P r (a+ ci) - 1 {pD2-ka(D y)}u .

x=o

Since pD2+ a(n) is small from Lemma 2.2, we have

(4.14) <fir(a±6)-3-{pD2+ a(Dy )} u>2 <s<guA, r + C <21A,  7 ,

DC>0.

(4.15) <Om, P r ]u> 2 <C(72 0u>g, r ±<u>g, r )

By virtue o f (4.13), (4.14) and (4.15), we can prove (4.11). On the

other hand we have

(4.16)TO 3u>g,r<8<13u>l,r<C 81flull,r,

where 8 is a positive number given in (3.5), which we take sufficiently

smaller than c > 0 .  From these it follows

apr i
gq P ' 2  a, f lu , Pu)>46' 1Puli'T- IT<I3g1 7 +<11> '71(4.10)'
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From (4.7)' and (3.19) and using (4.16) again for third term of (4.7)'
we obtain (4.5)

q.e.d.

P ro o f o f  L em m a 4 . 2  is carried out in the same w ay, only remarking
that

aP (i) D2— :62 is so small that (4.8) follows even if we replace 2  a ,

by
(ii) Re G(P, Q )= (e — )G (13, Q1)

( — fana + D i) — 02+  D4+ an(an+ 2 a)Y2 1
1 aP2. N ext w e consider (P, 2   , 9e  , pu, flu) and g (P r  Q2; Pu, Pu).

Lemma 4.3 F o r  a n y  e>0, i f  w e  ta k e  th e  su p p o r t  o f fi in x E
su f f i c i e n t ly  sm a ll ,  w e  have

(4.17) i g (P ,  2
1  a

a
P
e  , pu, pu)>—srlpul?—[<I5xfi ru> 2 +

< D o ru, p u > ] — CI elr  Iflf 18,7 e
i
r luIS , 7 + -.-r <fig>, r

+ 1-
€
- <Pu>6,7+ ciPulf,r}

c ;  con sta n t in d ep en d en t o f  e  and  T, r>o.

Lemma 4.4 F or an y  e>0, i f  w e take th e support o f 13  in  R l_i+1 x E
su f f i c i e n t ly  sm a ll ,  w e  h a v e  fo r  y>yo,

(4.18)i g ( P ,  Q2; Pu, PU)> — €7113u11— [< ( —  P+(DY )
— an )D x fl7u, D A u>  <(—  p+(-D an)Dipru, pru>i

—c{1 113/12 + 1 lulf +<P> 2ro , r 0.7}•

. aP
P ro o f o f  L em m a 4.3. Since ae (t, x, y,6 , —iany,

we have
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aP-(4. 19) G(P, )
2  ae —{(V—Di—a47 2) -2i7(a n — D 2 )}{± ia nT}

—  —  a nr Di-47.2)+217(a4—D2)}

/ 1  aP\ ap\
(4.19)' R e  G V  2  . 9 )- - - (e  0G x (p , 2  a )

=-(e-c){ -$- +Di+34,r2}
1 a P

(4.19)" i  1m  G (P , 2  ae — — 21T G t(P , • 21
 a

a
P
e )

= — D2).--k2(an — D2)— ( 2 - D i -  4T 2)an
—an(V—D1-47 -2).

Now for

(4.20) t(P, 2
1  a

a
P
e  ; flu, f3+--Re(2(a nD s —D2)/3r u, D xgru)

±Re((D I— D 1-4J 2)fir u, an/3u),

we can prove the following estimate in the same way as in lemma 4.3.

(4.21) cytt(p,  21  aaPe 13u, Pu) <0346 ,r C le (I Pf f rIgU i0 f  r

1U11,71PU r lr<fig>8, r r<PU>g,

The estimate of the second term follows from.

(4.22) — a472)13r u=e - rtPf3u-f-2iT(anD  D 2 )g r u.
and

Kr(anDx—D2)g7u,gru>i<elfluq,r.

The estimate of the first term o f (4.20) follows essentially from

(4.23) I(D xgru, Dxgru)l<E2 1PulY,r + C (AÌ  Ig.rIgulo,r+luli,r1/3 u10,7)
and I(D2Pru, xgr it)1<elgult r + C

e (LI x 137u, Dxgru).

(4.23) is decomposed to

(4.24) ( bxflru, D,P 7u )=R e(D P 7u, f3r u )+ Im <D xgru, Pr >

R(Pru, gru),
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where IR(gru, Prze)1<C1/3u11,71gulo,r .
(Dip ru, g r i t )  is estimated in  th e  sam eway a s  (4.22), i f  we

remark that

(4.25)1 ( D i 1 r u ,  g ru)1<e 2 1guli.r

follows from Lemma 2.2. The estimate of /m<Dxflr u, Pr u>  can be
carried out in the same way as (4.11). Therefore remarking <Pit>
<C1f3u11,7. we obtain (4.21). Finaly remark y lg u lo ,r< E 2 Ig u li,r  then we

have Lemma 4.3 from (4.21) and (3.19) in  §3, q.e.d.
Proof o f Lemma 4.4 is the same as that o f Lemma 4.3.

Combining Lemma 4.2 and Lemma 4.4, we obtain

(4.26) ig(P, Q; g—  c{ Pf I.
1 1

+<f3g>6,r+Tiuli.q,

(4. 27) .3---- -2Re<Dxgru, -D2firu>—<p±(D y )Dxf3ru, DxPru>
— <Pd-(Dy)Difi ru, gru> •

Now we can show the following (4.28) proved later:

(4.28) 1.0-3c<gru, prze>l<ErIgui?,,+c(luii, r + 1
7 <ggq, r),

where

(4.29) 3C<gru, gru>

=-Re<(a+4) - 1 (p—i5± )D o ru, (D2+,I a cl(Du))fi ru>.

Now remark that on the support of f3 it holds

(4.30)(P— P+)D 2(D 2+V  a d 1 (77))>0

because of p — P+>O and that D 2  is close to V a c» (71) and e » (77)*O.
Using (4.29) and sharp Garding's inequality  we have

(4.31)J C < g r u ,  g ru>>—C<P ru>1 = —C<P>1 4 , where

<v> I— ff(1 7212  +  0 .2 ) a)12dayin.
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From the corollary o f Lemma 2.2 w e have

(4. 32) (In12 +1,d2 )g<c(Q 2 +72 )g.

Therefore it follows

(4.33)< , 6 g > 2 , , T < C < A y 2 , 11-""`11,r•

From (4.26), (4.28) (4.31) and (4.32) w e have

L em m a 4.5 There exist positive constants C, c and yo such that fo r

y>yo and for uE 1C2,r

(4.34)i g ( p , Q ; I3u, gu)>-2-t -er  —  C (-7 -.1 1/3/16,r

1 -I-+  r < 4 743g>g,r +lulT,r).

Rem ark to Lem m a 4.5. Changing point of view  in  the process of

the proof of Lemma 4.5, we have

(4.35)i g ( P , G ;  u , gu)<2c1lflu r +C ( l
r  If3f li, r -P<A 2 ,8g>8, 7

-H u li,r )±  < P ru, Pru>  , for T>ro.

(4.35) is used in the proof o f Theorem 4 given in  §5.
Taking account of

1 
(4.36)Q ;  13u, guKCIPI3u1o, r 1Puli, r<  476 P g u a r

+C2 r
choosing s  sufficiently small, we can see from (4.34) and (4.36) that
there exist constant C1 and yi such that we obtain (3.12) which is our
purpose in  th is section. e n d  o f  remark.

P roo f o f  (4.28). First remark that

(4.37) D x gru  = [:0 x , g rlit +fi rBux=o x=o x=o
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+13r(a+4)--1-(pD2H-a(D y)— cTilu I
x=o

=-Prg  +[B ,I 3 r]u  I +( a ± 6 ) - 1 {pD2
x=o x=o

±a(D cyi}l3r u  I .
x=o

Let F(D ) be first order pseudo-differential operator, then we have

(4.38)< F ( d ) P u ,  D z Pr u>— <F(D)f l r u, (a+ 4 ) - 1{pD2
+a(D y) — / u> <C  {<f3u> f ,r <fig> f ,r

1
<PU>i,r <U4,r1<C{STIPU li.7

+ 1 4  r}  for, r>370>0.

Now we calculate the symbol in  (4.27) replacing by

(4.37) h = ( a + 4 ) - 1 {,e/D2+a( 7))— cri}  = ho— ihiT  hi=(a+4) - 1 e

(4.27)'—  ( h D 2 + p+(hh+D i)

--2 h 0 1 )2 -p +(h 8 +D i.) -P+h ;.7 2 .1 0 -T 4 h ir2 .

From p-  + = - V  a a d  we have

(4.40)h o  =  (a+ a4) - 1 (p— P+)D2+ (a+ 4 ) - 1 (P+D2+

= (a+ a4) - 1 (P—  P+)D2+ (a +  4 ) '+ (D 2 — a 2 d(?) 2).

Since Di.= (a+ a4) - 1 (Di— (17))— (a+4)1 2 and

 I- 1D2 =  2  (D 2 +V  a d 2 ) + - +ho

it holds

(4.41)/ 0 =  —  2 h 0 { 1
2
--(D2+ a  d l ) + ± - Di)

—  ho(D24-» —  (a+ 4) 1 {(p— +)D2

+ 13d-(D 2 -  a  d k )} {D2 - 1-  a d i - } + (a+  a i) -1-0 +(D2

— a  dz )+p± (a+4)7 2

=- — (a+ 4 ) - 1 (p— p + )D2(D2+ a 2r d)-E- (a+ 4 )p ± 72 .
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From (4.37) and (4.40) we can obtain (4.28).
q.e.d.

Summing up (3.12)'s for 133 such that supp gi contain a point of S,
we can prove Theorem 1 with k=1, For k>2 considering

PAku=Ak f +(P Ak — Ak P)u

BA k U=- Ak g-k(BAk —AkB)u. Ak (a2 +  +  7 2) 2 9 ,

and using l(PAk—AkP)ulo,r<C(lulk+1, r +If  k- 1, T)

<(BAk — Ak B)u>o,,<C(<U> k, 7+  < g > k -1, 7)

we obtain Theorem 1.

§5. Proof o f T h e o re  4 . Now assume that (H2) is not satisfied at
(t, y ,  a )= (to ,  y o , 77o, alp). W ithou t lo ss o f generality we can assume

Yo=0, (no, go)EEo, t0> 0 (from Lemma 2.6).

(5.1) p—lp +1<-8<0 ,

in a neighbourhood of X0 and that Case I  or II described in Lemma
2.6 h o ld s . Let fl(x, y, t, 71, a , y ) be a function defined in §3 with
its support in neighbourhood of (to, 0, yo, cr0, no, 0). By the inequality
Gardings type w e have from (5.1)

8(5.2)2— <13u>i.r gru>+-c<Pu>21,T.

By virtue o f (4.34), (4.35) and (5.2). w e have for y>yt

1 1 1-
(5.3) <fizi>i,r<Cirlguq,r+ r<A;,r/3g>g,r-Hull,r1.

I f  (1.14) holds, (5.3) and the localization o f (1.14)' yields

(5.4) </3u>T,T<C { r
i  ipfig,r+  7

1 <111 /3g1<g,r-Hulf,r}, for y>yi.

N ow we can regard t0=0 after parallel transition. W e can  find  a
sequence of function {Vic} k=1,2, • • • , with its support in small neighbour-
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hood of origin such that (5.4) does not hold for every V, with any

constant C.

Let e+ (8) be a root with positive inaginary part of

P(0, 0, 0, a0_i8, e,  720 - 0 .

Take

(5.5)u 3 , , ( x ,  y, t) =-eatekee.(a)g y ,t(w E(77, a)), 0<8<80,

where we(, a ) is a non-negative C. `" function such that

supp we(2, a ) Œ  U s== {(72 g); 1 72 — 77 ol2 +la — a 012  <6 2 }

f f  w ,( 72, a) 2 dcrd 77 =1 , w 5 (7, ( a —  go)/).

Here w(7), a ) belongs to g .

1
(5.6)1 4 , 5 =  / i f  e- 2 3 /1t18,12 dy dtdx —  2  i m e + ( )  .

Now let us put

(5.7)y ,  t) =416, e (m x , my, m t)m n

_ e mSte imxe i (5)g  (  ( 7)y , t  w e  —
m ,

Then we have lum,a,elôm a=m n - i ltta,.lo,a Let

(5.8) P---ai(x)a2(y, t)a3(77, a)a4(7),

where a iE C ° such that 4 7 )= 1  for r<280, a3( 72, a)=-1 on U E, and

a3a4 is homogeneous with respect to (a, 71, y), aia2=1 in some neigh-

bourhood of origin.

I f  we denote PU-=er t gq,ugg y,te—" U ,  we have

(5.9)

_____ 3 ...„,
{

--.....„2 ,m6
-..., 2

1) < P U m , 5 , E.-- o ,--: 4 `---. 1 4 M ,a ,e -- - -  0 ,M 6  ,

1 
2) <Pum , a, e> ii,m a> 4 <um, a, e> i,m a

for m> DM 0 ( 5 ,  E)

m>-- 3 M 1 ( 8
3 6),
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Since this proof will be given in the same way as that of Lemma 5.1

below, we omit it here.

Now let us decompose P  and B ;

(5.10)

P(t, x ,y, D t, D x, D )= -P (0 , 0, 0, Dt, Dx, DY)
± {(P(t, x, y, Dt, D 5, Du) — P(0,D ))}

= P o + (P — P o)
B (y, t, D, D, D t)=- B(0 , 0, D 5 , D , D t)

+ {(B(Y, t, Dx, D y , D )— B(0, 0, D x , D y , Dt))}
Bo+ (B —Bo).

Now we state following lemmas whose proof will be given later.

Lemma 5.1. F o r  a n y  e> 0  th e r e  ex is ts  m o= m 0 (8 , e )  su ch  th a t

(5. 11)1 i(P —Po)um,6,e11),am <E2 lum,a,e12, 3m for m >m o

(5 . 1 1 )2< ( B —  B o ) u m , A ,a m < e 2 <um,a,, > t a. for m > m o.

Lemma 5.2. T here ex ists p o s it iv e  co n s ta n t C  su ch  th a t

(5. 12) 1Poum,(3,612SCe2Ium,a,e1LIm.

Now consider Case I  and Case II.

(Case I) 1/30(e+(8), ao—i8)I<const. 8

(Case II) Bo(ed-(80), cro—i80) =-0, for 8o>0.

Lemma 5.3. T h ere  ex is ts  p o s i t iv e  co n s ta n t  C  s u ch  th a t  in  C a s e  I

(5. 13)1 <Bozem,3,,A ,8 .< C (e2+ 82)< um ,3 ,6> i,j„ ,

a n d  in  C a se  I I

(5. 13)2 <Bou m, go ,E>g,a o m<Ce 2 <um,a,,,s>i,a0m.

From (5.4), (5.9) and above lemmas we have
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(Case I)

(5.14)1 < u m ,a ,e > i , s m < 8m  {e2lumAeg, am+(s2 + 82 )m<umAs>i,am

+8mlum,a,4,697J, for m>mo(8, s),

(Case II)

C 
(5 .1 4 )2 <um,(30,8>i,a 0m< 8 o n z  ielum,a0,elb o n,+ 6 2 m<um,(3>i,am,

+8onilum,a0,s1T,som l, fo r m<mo(s).

On the other hand we have

2
(5.15) <um,(3,€>7.,am= f f {72}2+1,-i8m19-

cr)
W e( 77 2 P a o

g
ir)12+  u 2 + 89.1we(72, (7)12mn+2d72do

(5. 16)

> Cmn+2 ,  (C >0),

1) lum,a,.Ibm<C2 8 - 1 7 0 + 3 ,

2) l u m , a , e l t a n i < C 1 8 - 1 m n + 1 ,  C l , C2>0,

because o f  1u4 ,5 m <CIIDIumlg,am+1A 2umlg,am} and

ID Ium ,a ,e lLm = f i m e+ ()14e -2mx w(1-77i7

 

2
dxd 12do

 

=  Inn +3 f  f e - 2 1 mE+0 >xlw(77, a)12 dxd 1ida

16+0)14  

2 Im e -1 - (8 )
mn+3<COnSt. 8-170+3.

Therefore we obtain (5.16) 1) and in the same way (5.16) 2)

1
(C as e  I I )  Choose s=T, m(k)>mo(80, k- 1 ), m (k ) 80 >y1  and

wk=umucLao,k- '

and tend k to 00, then we can see from (5.15) and (5.16) that (5.14)2 does

not hold fo r  any constant C.
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(Case I)
1 1Choose s— g ,  u=. k and m(k)>mo(k - 1 , k - 2 ), m (k )k - 1

> y i, and put W k - - - - Um(k),1C - I ,k - 2 •

Then (5.14)1 does not hold for every k  even if we choose any constant

C .  This arguement is true if we replace wk by vk=a(x , y, t)wk, where

a(x, y, a(0, 0, 0)=1.

This means that (1.14) does not hold. As for (1.18) the arguement
proceeds in the same way.

P roo f of Lemma 5.1. For given e>0 denote un i ,a,, simply by u m . Let

us consider for example

(5.17) 1(a(t, x, y)—a(0, 0, 0))Diunaam

= fff la(t, x, y)— a(0, 0, 0)12 1(Dt—i8m) 2 e- 3 1 "u (m t, mx, my)mnI 2 dtdxdy

r  I t  x  y1
= m n "  M m)— a

2(0, 0, 0) I(D t — i8) 2e- "U(t, x, y)I 2 dtdxdy.

On the other hand

(5. 1 8) 1DiUm18,6m =--  nin + 3 i f f  1(D t — i8) 2e- a t U(t, x, O dtdx dy .

Compare (5.17) with (5.18), then we can see (5.11)1, because the coeffi-

d en t are uniformly bounded and th a t  4 -
1

—
x

, 
y  

 )— a(0, 0, 0) tendm  m  m
to zero uniformly on a compact set K (t, x , y).

W e obtain (5.11)2 in the same way. q.e.d.

P roo f of Lemma 5.2. From (5.7) and Po(cro—i8, e,(8), '2o)=0 we have

(5. 19) 1Poum18, am, = IPo(cr—i8m, Dx)ge - a m t umli,

= P0(a— i8m, me+(8), 1))einle, (6 )xw(?_, If t ) 2 dxclnda

= i f  f lPo(o .— i8, 648), 77)eie+(a)zw(72, a)12 m4 mn - l-dxdnda

= i f f  I { P a p —  ed-(8), 77)—  Po(cro — e+(8), '2o)}

X eie+(a)zw(7), a)12mn+3eixd1hicr.
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Considering

(5.20) IPo(c7-18, e+(8), 17)—  Po(ao—i8, ed-(8), '20)1<CS,

as s tends to  zero, we obtain

1Poumlg,am< C 612 f f f lei e•( 8 ) x l-v(7 , 0.)12 mn±3dxd 7)da <C €2 1umbnz .

This completes the proof o f Lemma 5.2.

Proof o f  Lemma 5 .3  The p roo f o f  (5.13)2 is  the same as that of

Lemma 5.2. except replacing the integral domain R r i - b y  R .
The proof o f (5.13)1 in Case I is  g iven  by virtue of

(5.21) <BouniA,am=

e+(6), 72)— Bo(ao, 6+(0), 77o)}ze)(72, 0-)12m n ±2d 77dcr

(5.22) 1130(o-0-18, e+(8), 72)—Bo(o-o, e+(0) , 720)12 <C(e 2 +8 2 ).

§ 6 .  existence theorem with zero initial data
1. Combining Dirichlet considion with our boundary condition we

have Dirichlet set {B, 1 } . (i.e, arbitrary first order polinomial is written

in the linear combination of B  and 1.).
Let P *  b e  the formal adjoint of homogeneous operator P  and

be the principal part of P * , then.

Then there exist a Dirichlet set {B ', C I  such that

(6. 1) (Pu , v)— (u , P*v )=<B u, C 'v>+<C u, B 'v>

for u..1(2, r(R r -1-) and v<gC2,_ r(R.V-1-).
After actual calculation we can see C'=1.

Lemma 6.1. I f  { P  B} satisfies (H2), lit.';', k }  also does so, where -13 6K

P V - 1 ,  x, Y, —De, Dx, Dy), 131=-1 3 '( — t, y, —Dt, D z , Dy)
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P r o o f .  L et Bo be the principal part of B ', and 4 (t, x , y, n, a—iy ) be

a root with positive imaginary part of fit,(t, x, y, a—iT , e,72)=-0, 1>0.

(6.2) 4'(t, x, y, a — il , 7 7) = 6V—t, x , y , 77)

y ,  — a — i l ,  7 7).

Now freeze the coefficients at any point (to, 0, yo) and let us denote

e+=e+(to, 0, Yo, T r  7)), 6— ----6—(to, 0, yo, T r  
27

) .

Then we have not only (6.1) but also

(6.1)'( ( D i — e+)(Dx— e_)e–rtu, e rt v ) —(e –rtu , (D r - 6 + )(D x _e_ ) e rtv )

=<B 0(to , y o , D t — i l ,  D x , D y )e– rtu, ertv >

± < e – r t u , Bo' (to, yo, D x , D y )ertv >.

Now we take

e – rtu e t$+(to,Y.,a–ir,72)x910(72, cr)], ertV=-ei-(to'Y –ir'72)x9[0(7), (7)] ,

where go , E  0 ( 72, a).

Then from (6.1)' we have

(6.2)B o ( t o ,  y o ,  a - i l ,  e+, 71)+A;(to, yo, a+ir, e_, 72)=.0.

From (6.2) we obtain

(6.3)y o ,  a — — t o ,  yo, a — iT, 72), 77)1

= Ig ) (to, yo, e–(to, yo, — a - ir , 7)), 22)1
=1B0(10, Yo, , e+(to, Y o, — a - ir , 72), 7))1.

This complete the proof o f Lemma 6.1.
From Theorem 1 follows

„
(6.4)y l u i 2 A-2 rw f  p *„

1=0

+ < A y
2 ,T B 'u>g , r 1, fo r u ,g -C 2  7>ro.

By putting v(t, x, y ) _— u( — t, x , y )  for uE3C2,_ r , we have

(6.5)(P*  v )(t, x , y )=-(P*u )(— t, x , y ) , (B 'v )(t, x , x, y ) ,
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and

(6.6)I v i k , - 7 ,  <u>x, r =<v>k,- r ,

and from (6.4)

(6.7) E < A - 2  v > 2  • < IIP * v18,-TMT 7

<A y , 27-B' 71>g , 1.

Now we define A'--=A'(T, Dt, D y )  by

A'(T , Dt Dy)v=e - rtg- (72 +17212 -H -2 ) i g(ertv).

Then from (6.7) in the same way as in §4 we have

1
(6.8) 7 0 '8 4  _r +T E < A D .1v>i+8-5,-7

,i=0

IVY s  P* 4,r + <A ' A 's  Iiv>8,71.

Let us introduce Hilbert space As,_r defined by the completion of

C (R 3-) with the following norm.

(6.9)I v 1 2 4s,—T=-A'8P*v1(2),_r+<Ayl,TA'sBv>g,_r.

Then we have

(6.10) PA' 8 VIT, _r -FT E < A y  P I _  < - •r

Proposition 6 . 1  Let f  be in  gfic,r(RiPt.+1 )  a n d  A L  g  i n  SCk,r(Rn),

then there exists a un ique so lu tion  u o f  (P '0)  belonging to 311-1-1,r(lq+1 )
f o r  y > y k • ( k = 0 ,  1 ,  2 ,  . . . ) .

J=.0

1=0

P ro o f. Denote h--(k+i),-T simply by A. There exists ze, in  A such
that
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(6.11) (w, v ) -= ( f ,  v)— <g,C 'v >

by virtue o f Riesz's Theorem and

I( f , v)I=(Ak f , A L kv)I<Clilk, 7iv14

1<g, Cv>l<I<A,,Akg,41.(A') - kev>l<C<A,,,,g>k, r1vI4 .

Now put

u= A- (l+k)e 2rt(A ')—(1+k)p* w

Then we have P u = f  in distribution sence. By usual interpolation

theorem used in case where elliptic boundary value problem, we can

prove that u  is in SCic,r (R:74+1-), For k >2 ,  P u =l  holds in L 2 -sence.
From (6.9) and (6.11) we have

(6.12)( P u ,  v)— <g, CV >
,

=-- (u, P* v)-1- <A ' -(i+k)B w
'
 A 2  A ,  -(i+k) B y' >Y, 

On the other hand

(6.13)( P u ,  v ) — (u , P* v)=-<B u , C V > < C u ,  v >

holds by definition, therefore we have

< B u , CV> = < g ,  v >

for all vEJC2,_ 7( ch ) such that

Hence B u = g .  Taking y in  2(R.7.:x (-00, 00)), we can see u =
A i —(1-4)A 2

7
• e2rtA  th

2▪ A'—(1+k)Bw' e—rtA-2A1(1-1-k)u= ertA 2 7'A
, -(1+k) BBVY, V, 

belongs to L 2 (R 4 ), i.e. A u  belongs to Mi+k, r (R n ) on the boundary.

Using energy inequality we can see uEM k+i,r•
If the supports of f  and g be in  R.94 x (0, 00), then considering

evergy inequality and

(6.14) I flo, r < Iflo ,, , ,  < 4 rg>o, r< < 4 ,r g > 0 ,  7 ',
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1 
for T>1" . we have Tlul r<C r  f o r  T>ro.

This means supp [u]c[0 , co ). It follows that the solution is

uniquely determined independently o f y , such that y> yo (c, f [23]).
This complete the proof o f Theorem 2.

§ 7 .  Energy inequ lity  with in t ia l data and existence theorem.

In this section we prove Theorem 3  and it's corollaries. For that

purpose we need not use the partition of unity in §3 , but apply the

results o f Theorem 1  and 2. In  same way as in §4  we consider

(7.1)g ( p ,  -0)=-(Pu, On)o,7,1 — (0n, Pu)0,r,.1

where is a  first order differential operator defined grobally and is
equal to Q given in §4 on the set S.

f 1 ap 
(7.2)6 t — t  2  a, —  2 ( a  + 4)-1-to(pD2+a(Dy))}

-1- {(P—an)  aaPe } =01+02.

First by actual caculation of (7.1) we can show

Lem m a 7.1 There ex ist positive con stan ts yo an d  C such that f or y>

yo an d  u in

(7.3)
1 

[u(t)IT,,< r iPuig, r ,1+[u(0)IT, T+<B U >P, 7,1

± I< B u , Ay,ru>o, r,/12 +1<Bu, Dtu>o,,11 2 }.

Proof. Corresponding to (7.1), let us consider

(7 .4 ) G(P, Q)=P(T, 6, 77)0(T, C, 72)— P(T , , 72) -0(7", 6, 72).

In what follows we use the following notations, replacing o- by T ,

in the previous notations:
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r n-1 n-1
.- =e -1--anT- 1-  E an.P2i, ' - =C - - f- anTH-  E a52.1

J-1 J=1
1

D = DO -, 12)-= Di(T , 1)). 1)2= D2 ± y (a+ a4) - 1 ,0(pD2H- aM).

Then it follows

P(T, 6,72)=62- D—e2 — (a+ 4)(D2—  a - id (7))) ,
(7 . 6)1 Pl ap 

2  ar = a n e  D 2 '  2  ae

Now we can prove

(7.7)G ( P  ,  a )

—  upiu + (a+ 4)-1D2D- 2— a-i(a+  av-id(7))} Dg)]

+ (r--f )[(1-4 ( a +  4 ) - 1  p2 ).(D2D 2+ a- i-c1(72)± (a +

1 1— a n { (1+-2--(a a4)- 1 p2)( D 2+ D 2)-E y (a + 4) - 1  p( a(11)

a( 72)0} +Plan - an(ad- a4) -3 - (D2;0 2— a - I d( 71))

D2 -  D  ±  - (ct 4 ) (D 2 a( 12)- ka(n)D21]

C)Gx ±(1--1- )Gt,

by using (7.6) and the following relations ;

(7.8)i ) — + a n(r — f")
ii) D2— TD2-= (a + a4)(T —7e),

-.D2--b2=(a+a4){1+ -21--(a-l-4 )p 2
} ( T — T-)

iii) - — )1(a-k 4) - 1 (D 2D 2— ez- l d( 72)}
+ —  f-) fa n (cz+ 4 ) - 1 (D 2. -D 2 — / (72))
- - ( D 2+D 2)

iv) D:D2— -D2:0 -I- 2
1 ( a + 4 1) - 1 p 2 }(r — f- ) -(D2D2+a - 1 d ( 72)

1 + 2 (a+ 4) - 1  p(T —f-)(D2a(72) ±a ( 12)D2).

Next we prove the following enequality as guadratic form:
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(7.9) Gt>C{ -FD2D2+d(72), C>0.

Denote simply

(7.10) )
(  k = (a + a ) , X = g ,  Y = a  c l ( 7)*  z = D 2

pk-1-=A, ank- 1 =-4 and cti=k - 1

Then from Lemma 2.1 and Lemma 2.4 w e have

(7.11) 1) — 1<s<1
2) A>0
3) A2 —a'2=k - 2 (p2—ad(72)-1-a(72))>0,

(7.12) Gt=(1+A.s.+ )X X— -12-sAa' (X Y + Y )

sH4 - sA2)(XZ+ZX)+(1—As+1-) YY

+ Aa,'( Y Z +Z Y )+( l+A s -4 )Z Z

= (X ,  Y, Z ) 1+As + A2 \ 12 » --(A+ sA2)
1  , A2 1
2 ,

)
As+ 2  , 2  Aa

,

1 —(A+s + 2  sA2), —Aa'
'
 ( i+ + - - )+ 1 2 -)2 2

=(X  Y Z)A 1(X Y Z).

W e can prove that symmetric matrix A  is  positive definite from the
followings:

(7.13) (1 +As+ A
2
2 )>0

2) Ai1=-- s+ 4-2 , —(A+sH4sA 2)

— (A- ks + 2
1 sA 2 ), (1+As+

A2
=(1—s2)( 4  + 1 )> 0

A2 )2
3) IA -=-(1+As+ 2  (1 — A s+ A

2
2 )

2
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—(A+ s -4 sA 2) 2(1 —As ± )—(1+As

A
2

 2 )( s 2 1 1 )A2a'2 ±2(A -Fs+ 1
 s A2)  A 2 s

2 4  a ' 2

= (1 — As +  A
:  )1(1— s2)( A

4
2 +1)1

— 4
A 2 a i2 (1 —s2)(1 — A s+ A

2
2 )

= (1 — s2)(1 — As +  A
;  ){ A

4
2 (A2 —a' 2) +1}

This means (7.9), Hence we have

(7.9)'G t>C ie c +,--7 ---H 7 2 1 2 } , (C>0).

Next we show

(7.14) G x <C  { B B +(B Z +Z B )+(B Y  +Y )}  , C >0.

From (4.12) and the definition o f D2 ((7.5)), we have

X =. -B + (AZ+ a' Y )
(7.15) A Y), w h e re  = kB.

(7.16) k G x =-A (X X +ZZ— Y Y )— (X  D2 - FA X )

=[A{P.Pdj2-- P(AZ±a' Y) Y)P-1-1-3 2 ±Z 1

= [A(Z2— Y Y)— (AZ-fa' Y )2— Z(A 2+ a' Y)] -- - - Sti+cgC2.

Here since we have

=  AZ Y Y— a' YZ—a'ZY

=—A
a'

Z-E—k- Y
2 1
— - -A (A2 — a'2)I 1/12<0  (from (7.11), 3)),

(7.14) follows. From (7.9) ' and (7.14) we obtain (7.3) by integration
o f (7.1) by parts.

q.e.d.
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I f  we can prove that there exists positive constant C  such that

(7.17) T<Ay,IDtu>S,r,1

Bu>g,r,1-1-[u(0)11,7)

then from (7.3) and (7.17) we obtain (1.20).

To prove (7.17), we must consider dual problem {P*, B' } .

Concerning the following problem

f P* v=0
(PO')' B' v x=o= io(t , Y), ço(t, y )  C (R n - 1 x R ),

we have

Lemma 7 . 2  There exists th e so lu tion  v o f  (P V  in 4C77,,_r  such that
f o r  y>  yo

1
(7.18)

2
TIVIL_n +d- r <A y ,2r D [v(0)]t-rJ=0

P ro o f. Since (P*, is') satisfies (H2), we have the following estimate

for the solution of

P*u=0
(N )  -B' Y)= f 49 (— t, Y) t> 0

1 0 , t<0

(7.19) 2

+r E < A - 2  D i  u> 2
T 5=0 Y,T x ay"

and similarly to (7.3) we have

(7.20) 714 .  r ,-±[u(0)]7, r <C(<B'u>e,, T_H<B'u, A y ,r u>o, r ,_1

± I<B i u, Dtu>o, r ,-.

We obtain from (7.19) and (7.20)
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(7.21)E  < 11!,TD1U>?- • .-+[U(0 )]i.r
C

<A;, rço>ô,

Here we have used

er 
Dtu>o,,,-1‹ <A,,,,B'u>g,r,_+ 4  < A y !r u>Y,r,_.

Let us put v (t, x , y )=u(— t, x , y ) .  Then (7.19) follows from

and <u>1, 7,- --.- <01,- r ,+.

W e must prepare another lemma concerning Green's formula.

Concerning the identity (6.1), we have following lemma.

Lemma 7.3 W e  have

(7.22) (Pu, D x v)+— (D tu, P* D  tv > ++<D  tu , B 'u>+

+R (u , v )-1 -1 [u , v ]+r<u , v > for uESC2, r , vEM2,- r

w here IR(u,

[u v1I<C [u(0 )11,T[v(0 )]

H er e  (u, v)+=(u, v)o,o+•

P roo f. It suffices to notice the followint facts. Corresponding to (6.1),

(7.23) Po(r, e, 72) — 11,(r , (e—C)(Bo(T , e, 72) +  H o ( T, 7 2 ) )

+ ( T — of-) G t(e, 7 )  "f 1 2 ).

holds. Then we have.

(7.24) Poi" —  T P =(P 0 —  P (i)f (T— f-)P

—(6— C)(B 0 (7 , e, 72)T-±7-Bwr, C, 72))
—(C— C)Be(r C, n)+17)+Gt(e, C, T , f, 7 2)t}.

Put the second term (T ,  then we can see that is a  hi-linear
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fo rm . From (7.24) we have (7.22). q.e.d.
Now we can prove (7.17) in the following way;

<7.1.A.,,kr ptu, (7.25)7 < 1 1 -y:rD tu>o,r,+= sup 1 I.

WE -Ti(-RI-) r2<AT>o,_ 7,+
< D u ,  w > +  =  sup 1  1

çOE 2 ( R t )  <r.A. 221,71 )> 0 4 -

From Lemma 7 .3  we have for the solution v  o f (PA )'

(7.26)I < D t u ,  B 'Y > + I < C  { lo,r ,4-1v11,-r
<A y,2rDtV>0,-T,+< 14.rg>00•, -F-HU11,

▪ [U(0 )11,r[V(0 )11,-r} •

Take y as the solution of (P;'), then from Lemma 7.2  we have

(7.27)I < D t u ,  go> + 1 < C F j i {7.12 (1v11,-r,++<Ayi-Dtv>0,-T,+)

± [v(0)]1,- 7.1< C F -1-7  <At. rw h e r e

2(7. 28) F = -
1

(1 f 1
2  

+<A;,rg>g,r,+)+ [u(0 )]i,r.

Therefor we have

<A.;, 2
7,Dtu>g, r ,+ <CF.

Considering Theorem 2 we have (7.17) if f  and g  satisfy supp [f ] ,  supp

[ A C [0  , t]. This completes the proof o f Theorem 3 . with k = 0 .  For

k > 1 ,  we can prove in the same way.

Proo f  o f  corollary  o f  T heorem  3. (existence theorem for the mixed

problem (P))
The existence of the solution of {P} is obtained from Theorem 3

and Theorem 1  by the aid of Cauchy problem . Let the coefficients

o f P  be defined in Rn x  R. Consider Cauchy problem for regularly

hyperbolic equation;
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(C) m
Pu=fm

I  D i u  =ui, m , ( j=0, 1),

where f m (t, x, y) and uj, m  are in  C 7)*(Rn X R!-F)  and in C6'(1?!1) respec-
tively such that the followings hold

(7.29) 1) and I fm - f lm k , r ( n x  Rct)
I

converges to zero as m  tends to 00.

2) There exist g m (t, y )  satisfying < 4
and Bt(fm, ut,m, u2,m)=(D it– i gm)(0, y )  (1=1, 2, ...

The solution um  o f  (C) m  belongs to Then we consider

Pv=0

(Po)m B v  I  = g m — Bum = g m ,  4  r  9 4 + 1 , x (0, co))
x=o

D iv  I  = 0 , (  j= 0 ,  1).
t=o

Let us extend gm  by

im — { gm
0

t> 0

t< 0

then we can see from (7.29), 2) that Al  . r ir m belongs to Mk-a, r (Rn).
Therefore we can apply Theorem 2 to the solution vm  o f (Po)m , then
wm  u m + v m  satisfies

Pwm = f m

(P ) m  { B w m  I  = g mx=o
Diw m  I  =ui,m,t=o (j==0, 1).

Using the energy inequality o f Theorem 3, we can show the the limit
u o f zvm  satifies (P )  and belongs to e?(Hl+k(RU n eivik(RI)).

§8. Finiteness of propagation speed and problems in  general
domain
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1. Consider Holmgren transformation:

f
x',---x, y'j =y i, ( j=1 , . . . ,  n -1 )

1 n-1

2
I(x — x °) 2 +  E ( yj — y9) 2 } .5=1

L e t P(t', x ', y ' ,  D't , D ,  H y )  and P(t', y ',  D't , D ,  D y ) be the tran-

sforms of P  and B  by (8.1) respectively, Condition (H1) in kept by (8.1)
in  neighbourbhood o f (xo, yo). Let us prove

Lemma 8.1 IP , B I  satisf ies (H2) i n  p la c e  w h e re  (H i)  is  satified.

P ro o f .  It suffices to conside P  and B  the operator with constant coe
fficient by freezing the coefficient at any point.

Since (8.1) makes

(8.1)D = D ' ,  D x =D 'x +(x— x°)D, D y  ; -=D' y  i d- (Y J—  Y.7)-1Y t,

then we have

p ( r ,  ,  7 2 ') =p 0 - ' ,  6,  +(x _ , 72,  +(y — A r')
(8. 2) e, , e, + (x— , 72' +(y—y°).7-').

Let ^ '± (T', 77') be a root of P ( r', ,  77')= 0  with positive imaginary part

when -Im  7-'= y '> 0 .  Then from (8.2) we have.

(8.3)4 ( T ' ,  72') =- , 72' + (y —y°)72 ) — (x— X
°
)T
'

(8.4)1 3 ( T ' , 72'), ?2' ) = 7 7 ' ) + ( x — x ° ) T ' ,  72'd- CY— A T ')
=Bo-% e±(T' , 72' +( y — y0)72), + ( y — y 0 ) , ').

From (8.4) we can see that Case II in Lemma 2.6 never appears. And

this is also true i f  w e replace (8.1) by

(8.1),
x '=x , y 'j =y 5 , ( j=1 , n - 1 )
, 1 1 1= t +

-
2
—

S{(X
—

X
°
) 2 + y _ y (3 2 }, 0 < s< 1 .

N ow  w e p rove  th a t (r ', n ' ) ,
 '

\O fo r  -Im  T'=-y'>0

(8.1)
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177'12 + IT'12 = 1 . For this purpose we use the following lemma whose

proof is same as that o f Lemma 2.6.

Lemma 1) I f  c a s e  I  in  L emma 2.6 appear, then  p  must be n ega tive.
2 )  C ase II h a p p en s  i f  a n d  on ly  i f  th ere ex ists n ' ,  su ch  th a t

—‘11—a - l c l ( 77 ') = (a+  a l) - 1 -(p+ a( 72'))< 0 .
B y  g e o m e t r i c a l  c o n s id e r a t i o n  w e  c a n  s e e  t h a t  " th e r e
ex ists a  p o s it iv e  co n s ta n t 8 su ch  th a t i f  — 8< p< 0 then
C ase I I  m u s t  appear."

I f  P(ao—iro, 72o), '70)= 0  for 1 0 >0 then

n-1 n-1
(8.5)P s =  p+ s( E bi(Y.1 - 4 ) +  E a n i ( y 1 - 4 ) ) - - p + sh .

5=1 5=1

From above lemma, (1), pi<O, therefore h > 0 .  Hence we can find

so(0<S0<1) such that p80 = p + s o h = 0 .  If we take 6 sufficiently small,
then transformation of IP, B I by (8.1),°+ € : IPso + , ,  --B 80+,1 must satisfy
C ase II. Th is  contradict the above assertion. q.e.d.

Consider grobal transformation:

(8.6)x ' = x ,
t' =(t — t A7lax(lx — 12 + 1Y— y° 12 + 0 ) 2 ,  where

Amax m a x  Aj(e, 72) 0 < e < t o À . . . .= j=1,2,$21722=1

Lemma 8.1 holds for (8.6) instead of (8.1). Therefore we can apply

F. John's sweeping out method to the mixed problem, considering
Theorem 3, and obtain Theorem 5.
2. Now we consider the mixed problem in general cylindrical domain

x (0, co) which is corresponding to that considered before in R'41x
(0, co):

(P )
{

P ( t ,x ,D t ,D x )u -= f( t ,x ) 0 x (0, co )
B (t, s, D ,  D x )u= -g(t, s) 8s2 x (o , .0)
D iu  1 = u(t, x ), (j= 0 , 1 ) .

t=o
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P  is a  regularly hyperbolic operator of second order with respect to

t ,  and B  is a  first order operator with real coefficients. In  order to

describe the condition (H1) and (H 2), it need to prepare some considera-

tion about local transformation.

First consider a transformation.

(8.7) - =  çoi(x), (1=1, n ) , (x j=t1 1 3 (x ') )

which maps some neighbourhood U  in Rn  o f xo on a Q  in one to one

way onto a  neighhbourhood o f origin such that, tki(x°)=0. as? n U  is

transformed to 4 = 0 ,  and Q n u to w n ), x'n > o l.  Here

we take çon (x )  as the distance from as-2 to  x  measured along inner

normal direction (c.f. [18], p. 2 8 9 ) .  From (8.1) we have

(8 .8 )
a n a

—  E 8xo x i  j =i  ox i  

The differential operator P(t, x , D t , D x )  is transformed to

P ( t ,  ,  D t ,  D x , ) =P ( 4 0 ( x 1 ), Dg, T (x ')Dx , ) ,  where

awia y '  T (x) — ( x  ) ( x ) =( ' x i (0 (x ,  )).

j= 1 , n,

The principal part of P is determined from Po as its characteristic

polybomial being

(8.9) Po(t, x ', D T ,  ) = T ,

Corresponding to (8.8), we denote

(8.8)'e =  T .e' i .e  t(ei, T t ( ,  • • • , en)•

Now let us notice the following relations whose proof in  omitted :

Lemma 8.2

n  4 '  — 0  on ap, (j=1, ..., n - 1 ) .
i=t Oxi Ox i
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Denote the natural frame on S2 by (el, ..., en ) ,  and put

(8. 10) en)T=Cui,

Here 1.) means inner normal direction and p i  (i = 1 , ..., n -1 )  tan-
gential direction on aQ, It is more natural that we denote the original

characteristic polynomial by

(8.11) P(t, x, T, ee) where e=--(ei, en)t(e1, • •, en)•

Then the principal part P 0 of P  is given from (8.9) by

Po(t, X, T, eT6')=P0(t, x, T, v)*e')
=Po(t, tk(x'), T, '7 +e ) ), '2 = ( i ,  .  •  •  ,  6 ; , _ ) •

The condition (H i)  and (H 2) is described as

(Hi) 1 )  P(t, x, T, i))> 0  on as2
2 )  B(t, x, T , 0 = 1

(H2) Let z+(t, x, T, 77) be a root with positive imaginary

part of P(t, x, T, 77+ z i) ) = 0 , where 77 is real tangential vector on Q .

Then

IB(t, x, T z (t ,  x ,  T, 14))1> C  ( t , x, p, cr)T 2

c(t, x , p , a ) > 0 ,  T — a— ir , Ip 12+ 0 .2+ r 2 = 1 .

Let An be a positive root of Laplace-Vertrami's operator on aS2 Denote

A,22 4.= (A n +T ) 2 , ( y > 0 ) .  Then we can state our theorem.

Theorem  A ssum e (H 1 ) .  T here ex ist p o s i t iv e  co n s ta n ts  yk a n d  C k,
and Pk, (k = 1 , 2 , ...,)  such that for uEJCk-Fi, r (Q  x(0,(0, 00)),

1
rizeimk,r (2x(0, )) +7- E <A7, 12,MU>2

5=1 '" hr(aox(0,0)

P4 f 1 1 n, 12+ [ U
(6 1 7 ,4 2 < C keHT.

1 < A 722 4 B u > lc k_„r onx(o,o)-ku[u(0)] 2k ,r ,a },

for r>r k, t> 0 ,
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if and o n l y  i f  (H 2) holds. U n d e r  the a ssum p tion  (H 2), the existence

th eo rem  fo llow s in the sam e w a y as c o r o l la r y  o f  T heorem  3. And the

propagation speea i s  the s a m e  as t h a t  of Cauchy prob lem .

P r o o f .  By the transformation of type (8.1), we reduce the problem to

that in R x (0, no), In  R.4x (0, 00) the solution exists and it's propaga-

tion speed is finite, therefore as in [19]. we can use the method of

partition of unity for initial data. Taking the summation of the solu-

tion for each part of initial data, we construct the solution in Q x

(0,00).
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