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L e t R ---E R „  b e  a com m utative Noetherian graded r in g .  Nagata

conjectured i n  [ 3 ]  th at i f  t h e  localization R .  i s  Cohen-Macaulay for
every graded maximal ideal in  o f  R , then R  is  itse lf Cohen-Macaulay.
We note that if  p  is any graded prime ideal o f  R , then p  is contained
i n  a  graded maximal id ea l in , and R  a  localization o f  R . ,  so  if
R .  is Cohen-Macaulay, th en  R o i s  a s  w e l l .  T h is  remark enables
u s  to  s ta te  a  slight generalization o f th e  c o n je c tu re ;  th a t  is, from
now o n  we will allow graded rings to  have elements o f  negative degree.
We prove the  following:

Theorem. I f  R  i s  a  graded  rin g  an d  R o i s  Cohen-M acaulay  for
ev ery  graded p rim e  ideal p  o f  R , then  R  i s  Cohen-Macaulay.

L e t  p  b e  a  non-graded prim e ideal o f  R , a n d  l e t  p *  b e  the
ideal generated by homogeneous elements of p ;  th u s  p*=-{Er i l r i p ,
r i homogeneous o f  degree i). Then p *  i s  a  graded p rim e  id ea l and
i s  th e  largest graded ideal contained i n  p .  L e t  S  b e  t h e  multiplica-
tive s e t  o f  homogeneous elements o f  R  not in  p .  T h e  localization R s

i s  a  graded r in g  whose subring o f  elements o f  degree z e ro  i s  local
(the maximal ideal consists of those x is  where x  and s are  homogeneous
o f  th e  same degree a n d  x  is  in  p ) , and the  quotien t R s lp*R s  i s  the
localization o f  R lp *  a t  th e  m u ltip lica tive  se t o f a l l  non-zero homo-
geneous elements. Thus i f  k  i s  t h e  residue f ie ld  o f  (R 5 ) 0 , Rslp*Rs
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is  iso m o rp h ic  to  t h e  g raded  r in g  k[X, X - 1 ], w here  X  has degree
e q u a l to  th e  greatest com m on divisor o f  degrees o f  elements o f  S.
W e note  th a t s in ce  p  is  n o t g rad ed , S  contains elements of non-zero
d e g re e . I t  fo llo w s  th a t  p R , is  g e n e ra te d  b y  p*R s  a n d  o n e  other
element, a n d  tha t the re  a re  n o  p r im e  ideals properly betw een p* and

p.

Lemma 1. height (p)= height (p*)+ 1.

P ro o f . W e  p ro v e  th is  b y  induction  on  n=  h e ig h t (p ) , and  since
th e  c a se  n = 1  is  t r iv ia l, w e  c a n  a s s u m e  n  2 .  L e t  q  b e  a  p rim e
contained i n  p  o f  height n - 1 .  If q  is  g r a d e d ,  th e n  q  m u st be  p*
a n d  w e a re  d o n e . O th e rw ise , a* * q , a n d  b y  induction q* has height
n - 2 .  S in c e  p *  is  b e tw e e n  a *  a n d  p ,  p *  c o u ld  o n ly  f a il  to  have
height n - 1  if  p*  = a * . H o w e v e r , i n  th a t  c a s e  q  w o u ld  b e  a prim e
ideal properly between p* a n d  p , a n d  th is  is  impossible.

W e  w is h  to  p ro v e  th a t  t h e  localization Rp i s  Cohen-Macaulay.
T h e  a im  is  n o w  to  f in d  a  regular sequence o f  homogeneous elements
in  p *  a n d  reduce to the  case  w here  p*  is  m in im a l. I f  x  i s  a  regular
homogeneous element o f  p * ,  then  w e  can  indeed  replace R  b y  RIzR
a n d  p  by  p /xR  ; then  (p /xR )*  is  ju st p* /xR  a n d , since it suffices to
show  that R p /xR 1,  i s  Cohen-Macaulay, w e  have reduced th e  height of
p *  by one.

W e w ill assum e, as w e  can  d o  w ith  n o  problem , that R  is equal
to  th e  localization R , described above. I f  p *  consists o f  zero-divisors,
then  it ann ih ila tes som e non-zero hom ogeneous elem ent x o f  R ;  the
annihilator o f  x  is  g ra d e d  a n d  m u s t  th u s  b e  p re c ise ly  p * . T h u s  x
d o e s  n o t  g o  t o  z e ro  in  R p., s o ,  since R o , is C ohen-M acaulay, p*
m ust b e  m in im al. H ence i f  height p"'>  O , there a r e  non-zero-divisors
in  p * ,  a n d  w e  u s e  th e  following v a r ia t io n  o f  a  well-known fact to
show that w e can find one which is homogeneous.

Lemma 2. L e t  a  b e  a  g rad e d  id e al o f  R ,  a n d  l e t  p 1 ,..., p„
b e  g rad e d  p rim e  ideals  w h ich  d o  n o t  c o n tain  all e le m e n ts  o f  R
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o f  positiv e  d e g re e . I f  t h e  s e t  o f  hom ogeneous elem ents o f  a  is
contained in  p , U••• U p o ,  then a  is contained in  som e p..

P ro o f . Assume a p 1 f o r  a ll i. W e can  assume th a t  no inclusion
exists am ong th e  p i , a n d , b y  induction, t h a t  t h e  homogeneous ele-
m en ts o f  a  a r e  no t con ta ined  in  the  un ion p 1 f o r  any j. Thus,

i* ;
f o r  each j ,  w e can  f in d  a  homogeneous element a ;  i n  a n p ;  b u t  in
n o  o th e r p i . L e t  y i = j i a , ;  th e n  y ;  i s  a n  elem ent o f  a  a n d  o f

every p i except p i . W e  th e n  m u lt ip ly  y ;  b y  a  homogeneous element
of positive degree not in  p;  to  in su re  th a t y ;  i ts e lf  h a s  positive degree,
a n d  w e can then take pow ers o f  th e  y l s  to  produce a  s e t  o f  elements
w ith the  same properties a s  th e  y i 's  a n d  a ll o f  th e  same degree. Add-
ing  them  up  then  g ives a  homogeneous element o f  a  w h ich  is  no t in
p i  U • • •  U p n .

I n  o u r  c a s e , a  i s  p *  a n d  th e  p i a r e  t h e  associated prim es of
R =R .  S in c e  e a c h  p i i s  g r a d e d  (cf. B o u r b a k i  [ 1 ] ,  sec tio n  3.1,
Proposition 1 ) , a n d  s ince  each  p ,  is  con ta ined  i n  p * ,  the conditions
o f  t h e  lem m a a r e  sa tisf ied . T h u s w e  can  f in d  a  homogeneous non-
zero-divisor a n d  reduce th e  height o f  p * .  W hen p *  is  m in im a l, p
has height 1  by L em m a 1 , a n d  it  is  e n o u g h  to  show  th a t  p  contains
a  non-zero-d iv isor. W e take  a  n o n -z e ro  e lem ent i n  p /p*OER/p*::---
k[X , X - 1 ] ,  and  w e can  lif t th is  back  to  a n  element o f  p  whose term
o f  highest degree is a  u n it . S u c h  a n  elem ent cannot be a  zero-divisor,
s o  t h e  p ro o f  is  c o m p le te . H e n c e  R o i s  C ohen-M acaulay for every
prim e ideal p  o f  R , a n d  R  is  a Cohen-Macaulay ring.

Remarks. 1 .  T here  is another m ethod o f  producing homogeneous
non-zero-divisors which involves replacing R  b y  the polynom ial ring
R [T ], w here T  i s  a n  indeterminate o f  degree o n e .  I f  E a u i s  a  non-
zero-divisor in  p * , where a„ is homogeneous o f  degree n , th en  Ea„Tk - n
i s  a  homogeneous non-zero-divisor i n  p * R [T ] f o r  k  la rg e  enough,
and R  and p  can be replaced by R [T ] and pR [T ].

2. W hen R =R s  a s  above, it is actually  possible to  find  a  regular
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sequence contained i n  Ro . I f  i n  i s  th e  m a x im a l id e a l o f  Ro ,  it i s
fa ir ly  e a sy  to  sh o w  th a t  p *  is  n ilpo ten t m o d u lo  m R , a n d  from  the

f a c t  t h a t  Ry . is C oh en-M acau lay , o n e  d e d u c e s  th a t  i f  p *  is n o t
m in im al, t h e r e  i s  a  non-zero-divisor i n  m .  Furtherm ore, i f  p *  is
m in im al, t h e n  i f  R ,  containes a  p r i m e  po d if f e r e n t  f r o m  In ,  the

nilrad ical o f  p o R  w o u ld  b e  a  p r im e  id ea l o f  R  properly contained
i n  p * , s o  R ,  m u s t  b e  A rtin ian , a n d  p *  m u s t  be nilpotent. These
fac ts cou ld  be  used  to  rep lace  the  lemmas above a n d  give a  somewhat
different proof o f  th e  theorem.

3. I t  h a s  b e e n  b r o u g h t  to  o u r  a tten tio n  t h a t  a  different proof
o f th e  o r ig in a l c o n je c tu re  is  to  a p p e a r  i n  Hochster a n d  Ratliff ([2]).
T hey a lso  ra ise  t h e  possibility that a  proof might already exist some-
where in  th e  literature.
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