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§ 1 .  Introduction.

G iven  a  temporally homogeneous L é v y  process / (t)  a n d  a  real
valued bounded Borel function a(x )  on R ' ,  w e  co n sid e r th e  following
stochastic equation:

(1.1) dx(t)= dl(t)+ a(x(t))dt.

T h e  precise m eaning o f  th is  e q u a tio n  w ill b e  g iv e n  i n  § 2 .  When
1 ( t )  i s  a  symmetric C auchy process, T s u c h iy a  [1 ]  p ro v e d  th a t  the
ab o v e  eq u a tio n  h as  a  u n iq u e  so lu t io n  fo r  e a c h  in itia l va lue  x E R'

i f  a(x )  is sm all enough in  th e  suprem um  n o rm . T h e  purpose o f  this
p a p e r  is  to  g iv e  a  sufficient cond ition  in  te rm s o f  t h e  characteristic
function of 1 (1 )  in  order that the  equation (1 .1) h a s  a unique solution
fo r  any bounded continuous function a ( x ) .  I n  [ I ]  only th e  uniqueness
o f  th e  probability law  o f  a  so lu tio n  process x ( .)  was considered, but
in  fact a s  will be remarked in  § 2 , this "weak uniqueness" is equivalent
to  th e  apparently stronger "pathw ise uniqueness". W hen /(t) is  a  sym-
m etric Cauchy process, our result (Theorem  3 .1 )  im plies, a s  a  special
case, th a t  th e  equation (1 .1 )  h a s  a  u n iq u e  so lu tio n  fo r  any bounded
continuous a ( x ) .  B u t, fo r  general bounded Borel a(x )  th e  problem is
s till o p e n . Also, Theorem 3 .1  d o e s  n o t c o v e r  th e  c a s e  o f  symmetric
Lévy process with exponent ot < 1; in  this case, however, some uniqueness
a n d  non-uniqueness results w ill be  obtained i n  connection w ith  the
m odu lus o f con tinu ity  o f  a( x )  (Theorem 3.2). F i a n l l y  i n  § 4 ,  some
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rem arks w ill be  g iven  f o r  th e  equation (1.1) in  c a s e  w hen  a( x )  has

a  jump-discontinuity.

§ 2. Solutions of stochastic equation (1.1).

A Lévy process we consider in  this paper is a 1-dimensional process
1 (t)  w ith  sta tionary  independent increm ents w hose sam ple paths are
right continuous a n d  h a v e  lim its  f ro m  t h e  le ft;  a lso  it is  a ssum ed
tha t /(0 ) = O . T h e  function t/J( ) d e n o te s  th e  logarithm o f  th e  charac-
teristic function o f  /(1 ) ;  its canonical form is

(2.1) ip()=i171—   V  
2  + 1 ( e.14,, + g U  

) / 1 ( d U ) ,  E R ',
2 1 + u 2

5OE) U2w h e r e  m  R i, v O, z  n(du)< co . The notation (52, P ; g t), 1  + u
s ta n d s  fo r  a  probability space (Q , F ,  P )  endow ed w ith a n  increasing
fam ily  o f  sub-a-fields S r ,  of F .  W e  n o w  in d r o d u c e  t h e  following
definitions.

Definition 1. B y a  solution o f (1 .1 ) we m ean a  stochastic process
x ( t )  defined over a  suitable probability space (Q , F, P ; g t)  satisfying
th e  following three conditions.

( i ) There exists a  L évy  process 1(1) such that

E{ e i4o(t)-t(s)) , ...*--s ) =exp ((t — s)1//()), 0  s < t,E R ' .

(ii) x ( t)  a n d  1(t) a re  <Ft -measurable fo r  each t O.

(iii) x (t)= x(0) + 1(t)+5 t  a(x (s))ds holds with probability 1.

T he  process 1(t) is called  th e  underlying Lévy process for the solution
x(t).

Definition 2. W e  sa y  th a t the pathwise uniqueness holds for (1.1)
i f  a n y  tw o  solutions, defined over a  com m on probability space (0,

P ; g t)  w ith a  common initial value and with a  common underlying
Lévy process, are equal with probability 1.

Definition 3. W e  sa y  th a t  th e  uniqueness in  law  ho lds for (1.1)
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i f  a n y  tw o  solutions w ith  a  com m on in itia l distribution induce the
sam e probability law  o n  th e  space o f  all real valued right continuous
functions o n  [0, 09) having lim its from  th e  left.

Exactly in  th e  same way a s  in  [2 ], w e can prove thta th e  pathwise
uniqueness implies t h e  uniqueness i n  l a w .  M oreover, i n  t h e  present
case the converse is  a lso  tru e  a s  w ill be proved in  th e  following prop-
osition, a n d  so  w e  sha ll om it "pathwise -  o r  " in  l a w "  thereafter.

Proposition 1.1. T h e  uniqueness in law  im p lie s  t h e  pathwise
uniqueness.

P ro o f .  L et x i ( t )  a n d  x2 (t ) b e  tw o  solutions of (1.1) defined over
a  com m on probab ility  space  (52, P ;  g )  w ith  a  common initial
v a lu e  a n d  a  common underlying Lévy process 4 0 .  T hen , b y  th e  fol-
low ing lem m a x(t)=min(x l (t), x 2 ( t ) )  is a l s o  a  s o lu t io n  o f  (1.1), and
hence t h e  uniqueness i n  law  ensu res  tha t th e  probability distribution
o f  x ( t)  is  e q u a l to  th a t  o f  x 1 (1). T h is  obviously im plies that x i (t)
x 2 ( t )  (a . s .)  a n d  hence  x 2 (t) x 1 ( t )  ( a . s .)  by sym m etry, yielding the
result.

Lem m a. I f  x i ( t)  an d  x 2 ( t)  are solutions of

(2.2) x ( t ) = x ( 0 ) + 1 ( t ) + 1 t o a ( x ( s ) ) d s ,

then x(t)-=min(x i (t), x 2 (t )) is  also  a so lu tion  o f  (2.2).

P ro o f . F o r  each  co in  a  c e r ta in  subset 0 0  o f  f u l l  measure, the
function x i(t, co) of t O  s a t is f ie s  (2 .2 ) (i=1 , 2 ). F ix ing  su c h  a n  co
a n d  then w riting  x i (t), 1 (t) fo r  x i(t, co), /(t, co), w e  s e t  y i (t)=x i(t)-1(t)
(i=1, 2), a(t, x )=a(1 (t)+x ). Then, tha t the  x i( t)  satisfies (2.2) is equiva-
lent to

y i(t)=x +
o

a(s, y,(s))ds, i =1, 2.

W e  n o w  s e t  y(t)=min(y i (t), Y 2 ( ) ,  a n d  c la im  th a t y ( t)  satisfies
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(2.3) y (t)=x +
o

a(s, y(s))ds.

Since the  open  se t I =It>0: y  JO > y 2 (t)}  can be expressed a s  th e  dis-
jo in t  s u m  o f  o p e n  intervals (sk , t,), w e  h a v e  fo r  any C I-function 0
w ith support contained in  (O. 00)

— 
o

(b' (t)y(Ocit = (1)' (0Y i (t)dt —1 'coy2(odt[0,c0)_,

—1 cm(x +1
ò
a(s, y  (s ))ds)dt — (t)(x + 5 t

o
a(s, y 2 (s))ds)dt

co 5r
0'(t) s, y i (s))dsdt o'w1 a(s, y  (s))dsdt

J oo o

—11 0'W 5 r
o a(s, y 2 (s))dsdt

= 0 4.(t)a(t, i ( t ) ) d t + [4 )(t)1 0 a(s, .Y 1(s))asi t k (1)(0a0 , .1 ' 1 (0)d ts,

tk

(t) 0 a(s, .);2(s))ds - L + 1 (15(t)a(t, y2(t))dt

r,
= 1 :0(t)a(t, Y  (M dt + [(1)(t) 1(t) —  x )1 —  E [OW( 2(1 ) —  x)1::

0(t)a(t, y(t))dt.

Thus y (t) satisfies (2.3), and  this im plies that x (t ) is  a  solution of (2.2).

I n  th e  re s t o f  th is  section, we construct the  m axim um  and mini-
m um  solutions in case a(x ) is continuous. Suppose th a t a(x ) is bound-
e d  a n d  continuous, a n d  choose a  decreasing sequence  { a( x ) }  o f  uni-
form ly  bounded and  L ipsch itz  con tinuous func tions such  tha t an(x)
decreases to a(x ) a s  n  0 0 .  Then, as is well known, the equation

x(t, )=x +1(t, co )+
o

a„(x(s, co))ds

h a s  a  un ique solution x„(t, x , to) f o r  e a c h  to E 52 a n d  x E RI, w here
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1(t) i s  a  L é v y  process defined  over a  probability  space  (0, P).
I t  is  e a sy  to  v e r ify  th a t  x„(t, x, co) decreases to som e lim it a s  n  co,
a n d  th a t  th is  lim it  At, x, co) i s  th e  biggest am ong solutions of (1.1)
w ith  in itia l v a lu e  x  a n d  with underlying Lévy process 1(t); the .)7(t, x,
co ) is c a l l e d  th e  m ax im u m  solu tion  o f  (1.1) with underlying Lévy
process 1(t). The m inim um  solution x(t, x, (0) can be constructed simi-
larly.

Som etim es it is convenient to  consider the  standard (path space)
representation o f  t h e  underly ing  L évy  process 1(t). D e n o te  b y  W
th e  space o f  right continuous functions o n  [0 , co) having limits from
th e  le ft a n d  vanishing at t = 0 ,  b y  d i ,  th e  smallest a-field that makes
{w (s): 0_.<s t}  m easurable, a n d  p u t  . ,& =  v . / g .  F o r  e a c h  t 0  l e t
0, denote th e  m apping from  W  into itself defined by (0,w)(s)=w(t+s)—
w(t). L et y  b e  th e  m apping from  Q  into  W  defined by yco=w where
w(t)=/(t, co). T h e n , y  is ..F7J7-m easurable a n d  induces a  probability
measure .9  over (W , ..") w ith  respect to  w h ich  th e  coordinate process
w(t) i s  a  L é v y  process equivalent in  la w  to  th e  process 1(t). Denote
b y  x°(t, x, w) the maximum solution of

x(t)=x+w (t)+1 '  a(x(s))ds.
0

Then th e  followings a re  easily proved.
1 ° .  F o r  each fixed t 0, x °(t, x, w ) is a(R 1 )x .%'-measurable.
2 ° .  x'(t+s, x, w)--x°(s, x°(t, x, w). 01w),
3 ° .  T he  m ax im um  so lu tion  (t, x, co) with underlying Lévy process
1(t) is expressed a s  5e(t, x, o))=x°(t, x, yco).
4 ° .  T h e  fa m ily  o f  random  func tions { ( t, x, co), xER 1 } defines a
temporally homogeneous Markov process o n  R 1 ; this Markov process
is  a Hunt process.

The minimum solutions have similar properties.

§ 3 . Uniqueness and nonuniqueness.

First w e consider th e  c a se  o f  bounded continuous a(x) a n d  give
a  sufficient cond ition  fo r the  uniqueness of solutions of (1.1).
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Theorem 3 .1 .  S u p p o se  t h a t  a(x) is b o u n d e d  a n d  continuous,
a n d  t h a t  th e  f unction 0( )  asso c iated  w ith  a  g iv en  Lévy process
satisfies

1 (3.1) =0(  1   ) ± 00
atP(0

T hen, there ex ists a unique  so lu tion  o f  (1.1).

Pro o f . Since the  "ex istence" part is  o b v io u s  ( th e  maximum and
minimum solutions exist), it is sufficient to  prove th e  uniqueness. The
assumption (3.1) implies that

(3.2) 1  <  K 
igtP(01

for all a  R 1 su ch  th a t >

where a n d  K  are  positive  constants fixed throughout th e  proof.
L e t pt (x )  b e  th e  probability density with characteristic function exp {h//

( —  )1, a n d  s e t  g A(x) =1 
o

e-  ltp,(x)dt, ) > O. T h e n  g 1. 1 (.121 )n  L2 (R i).

Moreover, i f  w e  set

a()= 27r ,e g A (x )d x  _   1 1

then by (3 .2) w e have

for A.> K  •

L e t  A t)  b e  the  m axim um  so lu tion  o f (1 .1 ) w ith  initial value x and
w ith underlying Levy process 1(t), a n d  introduce th e  G re e n  operator
K :

(K A f ) ( x )=  œ
o e- '1 .E{f (7(0)}dt, 2.>0 , f  m L 2 (R ').

W e first condiser th e  following special case:

(3.3) 27r

(3
4

) {  T h e  s u p p o r t  o f  th e  L evy  m easu re  n (.)  o f  1(t) is contained
in  some finite interval [— h, h].



Perturbation of  drift-type f or L év y  processes 79

Lemma 3 . 1 .  I f  a (x)e C 2 , a(x ), a'(x ) , a"(x ) a r e  bounded an d  if

the suprem um  norm K27 ,  then  under th e  above assumption

(3.4), w e have

ICAP=GA (I — aDGA r lf ,  f  L 2 , ,

w here G A  is  the conv olution operator: (GA D(x )=(f0A )(x ), ,1,> 0 and

D=  d .dx

Pro o f . T h e  sm oothness assum ption o n  a ( x )  im p lie s  th a t  (1.1)
w ith initial value x  a n d  with underlying Lévy process 1(t) has a unique
solution which we denote by x(t, x) to  stress the initial position. Setting

ax(t, x) y(t)—y(t, x)— z(t)— z(t, x) — 
 2 x ( t ,  x )

 a n d  then writing the dif-e x  ' Ox2
ferential equations f o r  y ( t)  a n d  z ( t) , w e  c a n  s e e  th a t  ly(t)l exp(c,t)
a n d  z (0 1  c2 exp (3c, 0  w here c ,= lia' c2 = Ila" 11„,. Therefore i f  f  is
i n  C ,  th e  space o f  C2 -functions w ith  com pact supports, then

IIDKAf II f '

c. Ate 2c,id t + czlIf '11 0,) 0 e - Âte3 codt.

T hus D K J a n d  D2 K J  exist fo r  A >3c 1 a n d  a r e  bounded continuous,
a n d  hence u = K j  satisfies

(3.5) (2— A — aD)u =f, f  e a  2>3c 1

where A  is  th e  infinitesimal generator o f  1(t) viewed a s  a  Markov pro-
cess. W e next c la im  that D ueL 2 ( 1 0 ) .  For this w e use the assumption
(3.4). Take a  finite open interval I  o f  length > h  such  tha t supp(f)c /,
a n d  then  choose  a  fin ite  open  interval J  su c h  th a t JD .i. Then

IDul q (x(t)) iec"dt}

Ilf'11.0(K2o g)(x), A0=A — c1> 2 c1, g
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Since D u  i s  a  bounded function, we a re  sufficed to show  th a t  IDu(x)I
is bounded from  above by a  square integrable function outside J. For
x  J , p u t  T(x)= inf {t> 0: x(t, E l } .  Then w e have

(3.6)P u ( x ) 1 If ' l  • Er e -Aoy(x))op o •

In  th e  ca se  when x  lies entirely in  th e  right-side o f  J , w e s e t  T(x )=
inf {t> 0: x + kt) E / }  where 1(t)= 1(t)— 11.9 - t. T h e n  b y  t h e  assump-
tion  (3.4) T.( x ) .  T (x ) .  O n  th e  other hand , if  w e  set

y (x) = ( -6,,o h)(x) e-Aoth(1 (t)+ x)dt, h = x j ,

then

v(x)_ c E {e - AT( x) }, c = min(C A o h)( y) > O.
y et

N o tin g  th a t t h e  assumption (3.1) im p lie s  th a t  v E L2 (R ') a n d  using
(3 .6) and E {exp ( — )T(x))} 5_ E lexp ( —) T(x))} c 1 v(x), w e ob ta in

5:1Du(x)1 2 < c o .  B y  a  similar argument, we have 1° 1Du (x)12 < 00 , and

thus Du E L 2 (R 1 ).

O nce w e  have proved Du E L 2 (1t 1 ) ,  th e n  b y  (3.5) w e have

(3.7) u = GA ( f + aDu)

=GA 2 (aDG,)kf + G AaDGA)"aDu, A > 3c, .
k=0

2.7E B y (3.3) a n d  th e  assumption tla < K  '  w e have for f  L 2 (R 1 )

HaDG.t.le 112 PlIf112, 2 > I <
I? K  < 1 ) ,

V2,7E

a n d  hence by (3.7)

(3.8) ICA f , = GA (I — aDGAY if , A >  max (3c,, ) ,  f e

Since both sides o f  th e  above exist and are  analytic (in 2 ) fo r  2>  .1(13
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a n d  f EL 2 (R 1 ), (3.8) holds fo r  a ll /I> , f eL 2 (R i), completing the

proof o f  th e  lemma.

W e now  p roceed  to  th e  p roof o f  th e  uniqueness f o r  (1.1) under
th e  assumption (3.4)

V 27r
C as e  I . a  is continuous and Hallo o <  K  .  C hoose  a  sequence

o f  functions { a (x )}  such that

( i ) each  an (x )  i s  a  C2 -function, a (x ) ,  a (x )  a r e  bounded, and
V 27r 

supllanh.< K

(ii) a„(x) decreases to a(x) a s  n  co.

D e n o te  b y  K, G r e e n  opera tor o f  t h e  Markov process defined
b y  t h e  fam ily  o f  u n iq u e  so lu tio n s  o f  dx(t)=d1+a n (x (t))d t, a n d  by
K , the Green operator corresponding to the maximum solutions of (1.1).
T h e n  (K , ,„ f ) (x )  coverges as n ->oo t o  (K J ) ( x )  f o r  any bounded
continuous function f .  B u t  then  by  L em m a 3.1 f o r  any continuous
function f  in  L 2 (R ') a n d  each x

K,f(x)=1.im KA n f (x )=1im G,(I — a„DG,) — ' f (x )
n  o o

—G,(1 —aDG,) - 1 f (x ),

B y sim ilar arguments t o  th e  a b o v e , w e  se e  th a t th e  G re e n  operator
corresponding to the m inim um  solutions of (1.1) h a s  th e  fo rm  G ,(I -
aDG,) - ' o n  L 2 (R 1 ) ,  a n d  hence the maximum and minimum solutions
a re  identical, proving th e  uniqueness fo r  (1.1).

C as e  I I .  a (x ) is bounded continuous.
F o r  each  fixed  X , eR 1 ,  w e  shooce s> 0  s o  th a t  la(x)— a(x 0 )1 <

27t 1 K h o ld s  f o r  Ix a n d  s e t  ci(x)=a(x)— a(x 0 ). A lso take
a  continuous function  a 0 (x ) such that it coincides with Ii(x ) fo r  Ix — x0 1
5e a n d  11a0 11. < .\/ 2n Then (1.1) is equivalent to
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dx(t)=d7+ ei(x(t))dt

where 7(t)=1(t)+a(x 0 ) .t ,  and the m axim um  (minimum) solution A t, xo )
(x (t, x0 ) )  o f  t h e  la tte r  equa tion  w ith  in itia l va lue  x ,  coincides with
the corresponding so lu tion  o f dx(t)=d1+a 0 (x (0)dt f o r  sm all v alues of
t. Since the  rea l p a rt o f  th e  function 1/;(a) associated with 7(t) is equal
t o  aka), th e  re su lt o f  c a se  I  i s  applicable t o  dx(t)=d7+a 0 (x(t))dt
a n d  hence  th e  uniqueness f o r  th is  e q u a t io n  h o ld s . T h u s  w e  have
proved x o ) =x(t, x 0 )  f o r  sm all v alues o f  t. N ext w e set

o-(co)=0-(x 0 , (0)=inf{t>0; A t, xo , co)>x(t, xo , co)1,

-r(w)=T(xo , w)=inf{t>0; x 5 (t, xo , w )>x ,(t, xo , w1),

w here x5 a n d  x ,  are  the  m axim um  and m inim um  solu tions of (1.1)
with underlying Lévy process { W, w(t), .91. T hen  by  3° o f  §2  P[o- (x o ,
co)<t] = [-r(x0 ,  w )<t]. Therefore, f o r  o u r  p re se n t  p u rp o s e  w e  are
sufficed to show  th a t  .9[T(x 0 , w )<00 ]=0 . T his  is verified a s  follows.
B y  th e  meaning o f  -r(xo , w) a n d  2 °  o f  §2, t(x o , w)< 00 implies that
t(x"(t(x o , w), x o , w), 0, (x0 ,,,) w)=0, a n d  hence

[r(X0, 11 , ) <  0 0 ]  = ,9 [T (X 5 (T (X 0 , W ), 0 ,( x . , w )W ) = 0 , T(X0, 14, ) <  00]

=.9  Ef(x"(T(xo, w)); t(x o , w)< co ],

w here f (x )=.9[T (x , w)=0]; b u t  f ( x )= 0  a s  w e  h a v e  proved before,
a n d  s o  .9[T(x 0 , w)< 00] =O.

F ina lly  w e  h a v e  to  re m o v e  the  restric tion  (3.4). In  g e n e ra l 1(t)
is expressed a s  th e  su m  11 (0+1 2 ( 0  w h e re  /JO  a n d  /2 (t )  a re  tw o in-
dependent Lévy processes a n d  th e  s u p p o r t  o f  th e  Lévy  m easure of
11 ( t )  i s  com pact (the  assumption (3.4) is  sa tisfied  f o r  11 ( t))  and  the
sam ple  paths o f  /2 ( 0  a r e  s tep  fu n c tio n s . U n d e r th is  situation, i t  is
c lear tha t th e  following two statements a re  equivalent:

(a) T he  uniqueness holds fo r  dx(t)=dl+a(x(t))dt.
(b) T he  uniqueness holds fo r  dx(t)=d1 i +a(x(t))dt.

N ow  th e  uniqueness for (1.1) follows from this remark.

Remark 1  ( A  sufficient c o n d itio n  f o r th e  uniqueness in  case  o f
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bounded B orel m easurable a(x )) . If  (3 .1 )  is  rep laced  by  th e  stronger
c o n d itio n  :  (4 '( ) ) l  o({ I )  as co  , then  there  ex ists a  unique
s o lu t io n  o f  (1 .1 )  fo r  a n y  b o u n d e d  B ore l m easurable function a(x).
T he proof is sim ilar to  that of Tsuchiya [1].

W hen 1(t) i s  a  symmetric stable process with exponemt a <1, th e
condition (3.1) is  n o t sa tis f ie d . I n  th is  case, results in  th e  uniqueness
problem fo r  th e  equation (1.1) depend upon th e  m odulus o f  continuity
o f  a(x ), a s  w ill be seen in  th e  following theorem.

Theorem 3.2.
I f  th e  underling Lévy process 1(t) i s  a  symmetric stable process with

exponent oc< 1, we have the following results.
(i) I f  a(x ) i s  a  bounded non-decreasing function an d  satisfies

a(x)—a(y) i Kix — y1 13

f o r  som e positiv e constants K  an d  11 w ith  1— a < / 3 1 ,  th en  the
uniqueness holds f o r th e  equation (1.1).

(ii) I f  a(x )  is bounded continuous a n d  e q u al  to  sign x lx IP i n  some
neighborhood o f  x =0  f o r  som e positiv e constant fi < 1 - 1 ,  then
the  un iqueness  does no t ho ld  f o r t h e  equation  (1 .1 )  u n d e r the
in itial condition x(0)=0.

Before giving th e  proof, we prepare two lemmas.

Lemma 3.2. L e t  a(x ) be bounded continuous an d  non-decreasing,
an d  î(t)(x (t)) b e  th e  maximum(minimum) so lu tion  o f  (1.1). L et y(t)
b e  a  right continuous process satisfy ing

(3.9)y ( t ) . . ( 0 ) +  / ( t ) +  r
o a(y(s))ds,O < t h,

w here  h =h (w )>0 . T h e n  y(t). (t), I f  "._"  an d (0) in
(3.9) are  rep laced  by  " "  an d  x (0) respectively , then the  conclusion
is  y(t) x ( t ) ,0 _ ts h .

P ro o f . F o r  s  >  0 , se t  a,(x )=a(x )+8, and  le t x ( t )  b e  a solution
o f  x(t)= Jc- (0) + 1(t)+5:i ae (x(s))ds. Then
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x,(0- y(t)
o

{a,(x,(s))- a(y(s))1ds, t

N ow  suppose y ( t )> x ( t )  fo r  som e te [0, h ], a n d  le t  t ,  b e  the infimum
o f  t  fo r  which x E( t )< y (t ) .  Then, obviously to > 0  and

1: {a (x E(s)) -  a(y(s))}ds 1
( )

°  la p(y(s)) -  a(y(s))1ds et0,

a n d  hence x,(t 0 ) - y(t 0 ) et0 . B u t this contradicts th e  right continuity
o f  x 8 ( t)-  y(t). Therefore, x E(t)._ y(t), 0 t h ,  a n d  m a k in g  s  0  w e
obtain th e  result.

Lemma 3 .3 .  S uppose a (x ) satisf ies the condition ( i )  o f  Theorem
3 .2  a n d  v an ish e s  at x= x 0 , a n d  l e t  x ( t )  b e  a n y  so lu tio n  o f  (1.1)
w ith  initial condition x(0)=x 0 . T hen f o r  an y  v>0

(3.10)

holds alm ost surely .

lim t  a  clx(t)-x o l =0
t- o

1P ro o f . W e m ay  assume x 0  = O  a n d  a lso  e< - - - l . B y  a  theorem
of HinC" in [ 3 ] ,  w e  have

P{lifrott 11(t)1 =0} =1

fo r  each e> 0, a n d  hence there exists t E =q c o ) >0  such  that A O
for alm ost surely. Therefore, f o r  0 . . t - t 0 , jx(t)1 is dominated
b y  the maximum solution m (t) of

m(t)=Fc -
0 + K1 Im(s)1flds.

O n  t h e  o th e r  h a n d , m (t)  can  be  construc ted  a s  fo llow s. Set

m0(t)= 1 , int,(0=ta - ' +K1 inin - i(s)1 flds

Then, m 0 (t) decreases to m (t) a s  n t c o  for 0 t t0  w here  t o is  som e
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constant with 0 < to < 1 . S in c e  fl >1 -  a , w e  see  by  induc tion  tha t

_
m n (t) const. ta  E+const. t  + 1 1 + - + fl" 0 <t <t

t_
and hence m„(t)_const. t. for sufficently large n. Therefore we have

I-Y(0 - const. tl -E , 0 to A te (w),

and this implies (3.10), since e > 0 is arbitrary.

Proof  o f  T heorem  3 .2  ( i)  W e  m a y  d e a l w ith  the standard (path
space) representation of the underlying Levy process /( t)  as in the end

o f  §2. D enote by GA ( G )  the Green operator o f th e M arkov process
defined  by  the maximum solutions x, w ) ,  x _ R ' (minimum solu-
tions x ,(t, x, w ), x  ER ')  o f  (1.1). T h e n  it  is  e n o u g h  to  p ro v e  (6,1f )
(x) (GA f ) (x )  for any bounded continuous and non-decreasing function
f ,  since (G,J)(x) (G ,f )(x ) is  obv ious. Fixing X E .1?', we first consider
the case a(x) W e set

T n (w )=inf  i t> 0 :  x°(t, x, w )  < x   ,

and claim that

(3.11) , 9 1 7 ( w )  0  as n-> 001 =1.

I f  a(x)<O , th is  is  o b v io u s  ;  i f  a(x) = 0 ,  w e  notice that

a(x 4t(s, x , w ))ds x , w )-x lf id s  const. t
(1

'

)
13+1

for all sufficiently small t > 0 by L em m a 3.3. S ince /3>  1 - a, we can

choose s> 0  so  sm a ll th a t (-
1 

-8)/3+1 > —
1

. T h e n  w e  have 
o

a(x ')dsa
o (ta)  as t 0. This com bined with a  result o f  Hincin [3] :

,9 Ilim t - i!/(t)1 = col =1
t-o

im plies (3.11). N ow  w e take a function f  w ith the properties indicated
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before, a n d  write fo r  /1>0

(3.12) (G ,f )(x )= d 'ir  e - Âtf(x'(t, x, w))dt}

+ 615e- V (x 4 (t, x, w)dt; Tn < 00} = 1 1+ 1 2.
T"

Then

I/115_11/11..61 e - " . " 0  as n  00,

1 2=   ie T nY ) e- '14f (x '(t ,  AT,„ x, w), 0 T  n w))dt; Tn < 001.

O n  th e  o th e r  h a n d , b y  th e  non-decreasing property o f  a ( )  w e  have
y, w)<x(t, x, w) f o r  tA21 provided y < x , a n d  hence

x l$ ( t, AT,„ x, w), x,

because x'(T,„ x, w )<x. Therefore

12  5_6° 
{ e - A T - 5

x , w))dt; T„< 00} =cf{e - "'-}(G  Af ) (x ) ,

a n d  hence  by  m ak ing  n  0 0  i n  (3.12) w e o b ta in  (G ,f)(x )5 (G l f)(x ).
F ina lly  it rem ains to  trea t the  case  a(x)>O, b u t  th is  is  done  by  ex -
changing the  role of the maximum and minimum solutions in the above
proof.

(ii) is p ro v e d  b y  sh o w in g  th a t  the  m axim um  solu tion  . ( t )  and
m inim um  solution x (t )  o f  (1.1) w ith  in itia l value 0  a re  different. By
th e  assumption f o r  a (x ), there  exists eo > 0  s u c h  th a t  a(x) =sign xlxlfi

f o r  lx1:<80 . W e in troduce a  bounded continuous a n d  non-decreasing
function  c7(x) s u c h  th a t  c7(x)=a(x) f o r  1.xl seo , a n d  deno te  by  i(t)
(x (t )) the m axim um  (m inim um ) solution of (1.1) w ith  in itia l value 0
w hen a(x) is  rep laced  by  â (x ). T hen, obviously .-(t)=3Z(t) a n d  x (t)=
x(t) for all sufficiently small t  with probability 1, and  hence it is enough
t o  show  that x ( t ) < ( t )  f o r  all sufficiently small t> 0  with probability
1. F o r  c>0 le t  0 , b e  th e  se t o f  co fo r  which there exists h=h(w)>0
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such that 1/(t, - ct 6 f o r  a ll te  [0 , h ],  where 6—  1   ( < 1 ) .  ThenI — a
H indin ' result te lls  u s  P{52c } = I . W e  n o w  c h o o s e  c> 0  a n d  d >  0  so
th a t  5- 1 d# —c d , a n d  th e n  h  >  0  s o  th a t  h id5c 0 ; w e define y(t, to)
fo r  co e S2c  b y

b df o r  0  . t _h(c.o)Ah i

y (t,o 4 =
(h(co)Ah 1 ) 6d f o r  t h(w )Ah i .

Then, for WE Q C a n d  0  t h (w ) A h ,  w e have

1(t, w )+5 a (y (s, to ))ds=1 (t, co )+dfi t sfiôds

=1(t, co)+c/fi  t(
6
5W I +   d

i;   •t6

— ct 6 d
(5
fl  . t' —  c)t6 = y (t, to)

a n d  hence g(t) y ( t )= td  for 0 h(w)A h  , by Lemma 3.2. Similarly,
x(t) -1 .3d  f o r  0  t . _11(co) A h 1 . T h e re fo re , x (t)<  g (t ) fo r  all sufficiently
sm all t> 0 almost surely.

§ 4 .  Rem arks to the case of discontinuous a(x).

I n  th is  section w e consider th e  c a s e  in  w hich a (x ) h a s  a  jump-
discontinuity at x =x, ; f o r  simplicity we assume x0 = 0  a n d  that there
exists a  constan t K  such that

la(x) —  a( Y)i f o r  x ,  y  RI w ith x•y>0.

W e se t a (0 ) = 0  and  a± =  lim a (x ) .  G iven a  right continuous function
x-- 0±

/ (t) w ith  lim its  fro m  th e  le f t  and 1(0).=0, w e consider t h e  equation

(4. la) x(t) = x +1(t)+5' a(x(s))ds +1'  6 (s)ds

under th e  additional condition
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(4. 1 b) (5(s)= 0 if x(s) = 0, a n d  a_ 5_6(s) a or 4 s ) a_.

T he uniqueness theorem fo r  this equation has different aspect according

t o  a_ <a +  o r  a + <a_ .

C as e  I : a + <a_ .

Proposition 4.1. For each x ER 1 ,  the uniqueness f o r (4.1) holds.

P ro o f . L e t x i ( t )  a n d  x2 (t) b e  tw o  so lu tions o f (4.1) w ith  initial

value x, th a t is,

x ,(t)= x + 1(t) + a ( x  l (s))ds +1 '  ( 5 i (s)d s
Jo

x 2 ( t ) = x  /(0+ 5t a(x 2 (s))ds+5 '  3 2 (s)ds.

P u t y(t)= x i (t) — x2 (t) a n d  (40 =a(x i (t)) — a (x 2 (t)). T hen  y (t)= t
0 a(s)ds.

I t  is  e a sy  to  show that y ( t)> O implies o-( t) ._ K y (t) . N ow  suppose y(t)

> 0  f o r  so m e  t > 0 a n d  s e t  to =inf t: y (r)> 0  f o r  all rE(s, tn .

T h e n  y (t)=5  a(s)ds5 .,K 5  y (s)ds a n d  this yields y (t )= O , a  contra-
to to

d ic tio n . Therefore y ( t )  0  a n d  hence x i (t) x ,(t). Sim ilarly w e have

x 2 ( t)  a n d  s o  x1(t)=x 2 (t).

Proposition 4.2. F o r each  in it ial v alue  x  there  ex is ts  a solution
x (t, x ) o f  (4.1), an d  x ( t, x )  is continuous in  x  f o r e ac h  t .( ) .

P ro o f .  Define a  Lipshitz continuous function  a 0 ( x )  by

for x < 0  o r  x>

1  for 0 x n

1 

a n d  d e n o te  b y  x„(t)=x„(t, x )  t h e  u n iq u e  solution of

x (t)=x +1(t)+ a„(x (s))ds.
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Since th e  sequence o f  functions {a„(x)} is non-increasing f o r  all suffici-
ently large n, x (t, x )  fo r  all sufficiently large n , a n d  hence
w e can define A t, x)=1im x„(t, x); it is  r ig h t  c o n tin u o u s  i n  x  (upper

n—000

semi-continuous i n  th is  c a se )  a n d  satisfies

limS a n (x„(s))x((s))ds =
t:I

a(5c- (s))ds,
n — h z  0

w here x  i s  t h e  indicator function o f  {0}c. I f  w e  set

(do „(t) a „(x„(s)V0 0(s))ds,

then  w(t)= lim w„(t) exists and
oo

(t) = x + 1(t)+1 '
o a((s))ds + so(t).

S ince  Iç0(t2 )—ç(t i )1 Ha Litz — t i i ,  th e re  e x is ts  a  fu n c tio n  b (s ) such

th a t  w(t) =1 '  6(s) ds a n d  16(s)1_.< d a IL ; m oreover w e  can  choose  (5 (s)

so that 5 ( s ) * 0  implies b(s) = 0  a n d  a + . b(s) a _  fo r all s O. T h e re -
fo re , A t)  i s  a  solution o f  (4.1). Approximating th e  function a (x ) by
increasing sequence o f  Lipshitz continuous functions, we can construct
a  so lu tio n  x (t )  o f  (4.1) su c h  th a t x(t, x )  is left continuous i n  x  for
each t O. B y  Proposition 4.1 , x ( t )= . ( t )  a n d  th is proves Proposition
4.2.

W e  n o w  replace 1(t) b y  a  sam p le  p a th  o f  a  t im e  homogneous
Lévy process. I f  w e  ta k e  th e  s ta n d a rd  representation (W, 1(t,

)  o f  th e  Lévy process, then the  unique solution x(t, x, w) o f (4.1)
w ith  /(t)=/(t, w )  satisfies x(t+s, x, w)=-x(s, x(t, x, w), 0,w) a n d  hence
w e  h a v e  th e  following theorem.

Theorem 4.1. W h e n  1(t) is a  tim e hom ogeneous Lévy  process,
the f am ily  {x(t, x, w), xER 1 }  o f  the  un ique  so lu tions o f  (4.1) defines
a  Markov process w hose sentigroup m ap s  Ct, ) i n t o  i t s e l f ;  (4 .1 ) is

* )  C h  is  th e  sp ace  o f  bounded continuous real valued functions on R ' .
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w ritten a s follows:

(4.2)x ( t ) = x + / ( t ) + : a ( x ( s ) ) d s  + a o l t
o Xfo)(x(x))ds ,

where a o  i s  a  co n s ta n t  such  that a +

P ro o f . T he only  task  w e have to  d o  is  to  show  th a t x (t) satisfies
(4.2). Set

1

yn x ( t+ , x , w )—  x  (t, x , 0-5 a(x (s, x (t, x , w ), O t w))ds

—1( , ot w)

x , w )—  x -5 a(x (s, x , w ))ds — 1
(  ni

1

a(x, w)=1im  nz„.
to—co

B y  t h e  equation (4.1a) SW  =lim ny„=a(x(t, x, w), Ow).  O n  t h e  other
n—■ OD

hand, x(t, x, w) i s  ..4'-measurable and hence a(x , w ) is  .1(0 ± -measurable
fo r  e a c h  x .  Therefore by Blumenthal's 0-1 law  a(x , w ) i s  a constant
(a.s.) f o r  each  x , a n d  it  is  c le a r  th a t  the  constan t i s  z e ro  fo r  x*O.
W e deno te  by  a ,  the  constan t fo r x=0 ; obviously a.{.. a„) . a _ .  For
each x  a n d  t  there exists a  sequence It1„1 of d iv isions o f [0, t ] ,  say,

0=t„, 0 <t„,,<•••<4,,,, ( j,) •=t such that

Ptk ( n ) - 1
a(x(s, x, w), O s w)ds = h a i l  E  a(x(t„, i , x, w), W)( t„..„; + 1 —

J O  n— ■ce j=0

k( n)— 1
Z ( 0 ) ( X ( S ,

0
X , w ))d s=lim  E  x{00(t„,i, tn ,i)

n—, co J O

w ith  p ro b a b ility  I . S in c e  x(t i , x, w) is  in d ep en d en t o f  Ot „. j w  and
/(t, Oi n . j w) i s  a  Lévy process equivalent i n  la w  to  1(t), w e  have

.9{a(x(t„, i , x, w), Ot„, j w)=aoXo

a n d  h e n c e  w e  have 6(s)ds=4  x ( 0 ) (x (s, x , w ))ds, proving (4.2).
Jo

}(x(t„, i , x, w))) =1
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Corollary. I f  1(t) i s  a  sy m m etric Lévy process a n d  a (x ) is an
o d d  f u n c tio n , th e n  th e  equation  (1 .1 ) h a s  a  un ique  solution.

P ro o f . I f  x (t )  i s  th e  so lu tio n  o f  (4 .2 )  w ith  in itia l v a lu e  0 , then
y(t)= — x(t) a n d  1- (t , w)= — 1(t, w) satisfy

P t

Y(l)=1 - (t, w) d- I  a(y(s))ds— ao  Z(o)(Y(s))ds

Since 1- (t , w ) i s  a  L é v y  process equivalent i n  l a w  t o  1(t, w), we can
ta k e  a ,  s o  t h a t  — a, = a 0 , t h a t  is, a 0 =0.

C a s e  I I : a_<a + . B y a  m ethod sim ilar to th e  p roof o f  Proposi-
tio n  4 .2  w e  c a n  c o n stru c t tw o  solutions A t, x )  a n d  x(t, x) of (4 .1);
f o r  each t O, x)(x(t, x ) )  i s  a  non-decreasing a n d  right (left con-
tinuous func tion  o f  x ,  a n d  x(t, x) )7(t, x). T h e  p resen t c a se  turns
o u t  t o  th e  c a se  I  u n d e r  tim e  reversion, and th is  fac t w ill n o w  b e
u s e d  to  p ro v e  t h e  following proposition.

Proposition 4 .3 .  L e t x (t ) an d  y (t) b e  an y  so lu tions o f  (4.1) with
in it ia l  v alues x  a n d  y ,  reprectively. Then,

(4.3) x (t)< y (t) whenever x< y;

m oreov er, (t, x ) an d  x(t, x) are the m ax im um  and m inim um  solutions
o f  (4.1) respectively.

P ro o f .  Suppose there  ex ists to  > 0  s u c h  th a t  x(t o ) =-y(to ) ,  and set
for

At) = —x(t 0 — t), 40=1(0— 1(4,— t),

a(x)=a(— x), 6(0=5 (t0 — t).

Then w e have

.( t) = — x(t0 )+1(t)+1:a(x(o)ds +1:6 (s)ds,

w h ich  is  th e  equation o f  C a se  I  on ly  apart from  th e  left continuity
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o f  4 0 ; th e  s itu a t io n  is  t h e  same f o r  y (t), a n d  hence by t h e  uniqueness
result o f  P ro p o s it io n  4.1 w e h a v e  .k(/) = (t )  f o r  0  t to w ith  obvious
n o ta t io n , contradicting X"(t0 ) = — x>  — y =

By virture o f  P ro p o s itio n  4.3 (especially (4.3)) we obtain th e  follow-
ing theorem ;  t h e  p ro o f is  m u ch  t h e  sam e a s  th a t  o f  ( i)  o f  Theorem
3.2 a n d  so is omitted.

Theorem 4 .2 .  L e t a_ <a + a n d  take f o r 1 ( t)  in  (4.1) sam ple paths
o f  a  L iu), p ro c e ss . I f  th e  L é v y  process satisf ies

(4.4) g  11(t)i  _ c o } 1
,tt o t

then .)7(t, x )=x (t, x ) alm ost surely  f o r  each  x e  R '

T h e  coro llary  to  T heorem  4 .1  c a n  a ls o  b e  a d a p te d  to  C a s e  I I

under th e  c o n d it io n  (4.4).
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