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§ O. Introduction.

T he purpose o f th is  artic le  is to  in troduce a  fam ily o f varieties
(called weighted complete intersections in § 3) which are quite similar
to complete in tersectio n s. T h e idea is sim ply to  em bed a  varie ty  in
the P ro j o f a  graded polynom ial ring (denoted by Q (e) in § 1 ) whose
generators are not necessarily of degree 1. The m ain point is to find
a  good open set of Q ( c )  (denoted by P  (e ) and called  a  weak pro-
jective space in  § 1 )  in  which the above-mentioned variety should be
contained , no ting that Q  (e ) itself does not m eet our requirem ents
(Theorem 1. 7 ) .  Some geometric properties of w eak  projective spaces
a re  studied in  §  2 , w hich  a r e  s im ila r to  th o se  o f p ro jective spaces
and used in  th e  study o f weighted complete intersections.

W eighted complete intersections h av e  several properties sim ilar
to  those o f complete intersections and, on the other hand, they have
the following characteristic property: A  non-singular projective variety
is  a  weighted complete intersection if it contains a weighted complete
intersection o f  dimension > 3  a s  an  am p le  d iv iso r (C o ro llary  3. 8).
It should be noted that th e  fam ily o f complete intersections never has
such a p roperty . In fact, th is is our m otive of introduction of weight-
ed complete intersections.

§ 4 includes some results on the deformation of weighted completed
intersections, am ong w h ich  E xam ple 4 . 3  show s th a t so m e of the
weighted complete intersections can be obtained by deforming hyper-
surfaces.
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§ 1 . The definition o f weak projective spaces.

I n  th is  section , w e  a r e  go in g  to  s tu d y  so m e  sch em es a s  a
generalization of projective spaces.

As for the notation and conventions, w e ch iefly use those of [5 ]
and , as usual, th e  r in g  o f integers is denoted by Z.

Definition 1. 1. L e t  n, e,, • • • , e „  b e  positive in te g e r s .  W e  set
d = g .c .d . { e 0 < i< n }  and m 0 < i < n } .  O n the other hand,
f o r  e a c h  p rim e p ,  w e co n sid er .;;:{ i i0 < i< n ,p l -e a .  W e denote by
r(co,•••,e,„), o r sim ply by r (e ) ,  the minimum of these numbers.

Q (co, • • • , en), or sim ply Q (e ) ,  i s  th e  scheme P ro j (Z [X 0 , •••, X „ ]) ,
w here the gradation of Z[X0, •••, X „ ]  is defined a s  follows;

deg Xi= e i  ( 0 < i < n ) ,  a n d  deg a= 0  (a E  .

For a positive integer k, Sk is  th e  closed subset of Q (e ),  defined
b y  the ideal generated  by IX14e,}

F o r an  in teger a , 0 g(,)(a), or simply OQ (a) , is the coherent 0  Q (e )-

module corresponding to the homogeneous Z[X0, •••, X,,] -module Z [X ,„
•••, X „] ( a )  (fo r d eta il c f .  [ 5 ] ) .

I t  m ust be noted  that O Q (a ) is  no t necessarily  invertib le  a s  is
seen in  Theorem 1. 7. B ut a t le a s t w e  have:

Proposition 1. 1. W ith  th e  notation  ( f  D e f in it io n  1. 1, 0Q(1)

i s  lo c a l l y  f re e  o n  Q (e) — USk, a n d  the f o llow in g  th ree  co n d itio n s
1<k

are  e q u iv ale n t  to  e ac h  o th e r: 1 )  0 Q (1 )* 0 ,  2 )  d = 1 ,  3 )  r (e )> 0 .

Remark 1. 2. A s  is  e a s ily  s e e n , w e  d o  n o t h av e  to  take ac-
count o f so m any integers k 's  in  the first part of Proposition 1. 1, to
b e  p rec ise : U S = U  S,, .

1< k
k: prime
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F o r the proof of Proposition 1.1, we need some lemmas.

Lemma 1 .3 . W ith  th e  n o ta tio n  o f D e f in itio n  1 .1 , 0 Q (m ) is
a n  am p le  in v e rtib le  sh e af , a n d  f o r  arb itrary  in te g e rs  a ,  b ,  the
natural 0Q -hom om orphism  0Q (a)00Q (m )® b-->O Q (a+bm ) is an  iso-
morphism.

T he proof o f this lem m a is found in  [ 5 ] .

Lemma 1 .4 . W ith  the notation  o f  D e f in it io n  1 .1 , w e  h av e

U V (z[x., S .
1< k

Remark 1 .5 . A s  in  [ 5 ] ,  fo r  a  subset M  o f a  g rad ed  r in g  R,
V + (M ) P r o j  R IP D M } , D  + (M )  { Pe  P r o j  R IPID M }  and

R„-= (the homogeneous part o f degree a  of R ).

Pro o f  o f  L e m m a  1 .4 .  L e t  T  denote Z[X 0, • • • , X , J .  Assume,
fo r a  homogeneous prime P  of T , PE U i<k S  k . Then for every prime
number q  w ith  q l m , there exists a homogeneous element F , of T  with
Fq P  a n d  q l-c le g F,. B y  th e  last p ro p erty  th ere  ex ists  a positive
in teger a ,  fo r  each q , such that E a q deg F,=1-1-am , fo r some posi-

q l.
q: prim e

t iv e  integer a, hence rt, F g a g  E T „„„_ ,— P . Conversely, assume PE  S k  for
a p rim e number k  w ith  kl m  (cf. Rem ark 1 . 2 ) .  Then it follows that
P p Z [X o , • • , X ,]a,„+, fo r  every non-negative in teger a ,  because no
monomial o f Z[X 0, • • • , X j„,„+, can be expressed a s  a  product of Xi's
s n c h  that kl ci. q .e .d .

Pro o f  o f  P ro p o s i t io n  1 .1 .  T he second part i s  trivial. A s  f o r
th e  f ir s t  p a r t ,  le t  T  denote Z[X 0, • • • , X „] .  A ssum e, f o r  a  homo-
geneous prime P  of T ,  P E U S k .  T hen , by Lem m a 1 .  4 ,  there exist

1< lc

a  non-negative integer a  a n d  a  homogeneous element F  of T  with
FE T „„,,,— P. Then 0 Q (am +1 ) is free a t  P ,  because PE D +(F) and

w e  have an  equality o f T [ l / F ] o - m o d u le s  ;

0 Q (am +1 )ID .(F)=7 1 -
1

1 = T [ 1 ] F .
F  am+1 F
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Hence OQ (1 )  i s  free  a t  P ,  by Lemma 1. 3. q.e.d.

In  v iew  of Proposition 1. 1, w e  a re  led to :

Definition 1.2. W it h  the notation of Definition 1. 1, P(eo ,--,e„),
o r  sim ply P ( e ) ,  is  the  open  subscheme of Q  (e), Q (e) —  U S ,. We

1 <k

ca ll the scheme P ( e )  a  w eak  projective space o f  s iz e  (e0 , ...,e ), o r
sim ply o f s iz e  (e) , and define 0  (a ) -- Q (a) lp(,) fo r every integer a.

I t  m u st be no ted  that  P ( e ) * 0  i f  a n d  o n ly  i f  d = 1  namely
r ( e ) > 0 .  In  P ( e ) ,  w e h ave  a  result much simpler than Lemma 1.3.

Lemma 1.6. W i t h  t h e  n o ta t io n  o f  D efin ition  1 . 2 ,  w e  hav e
a  natural isomorphism O p (1 )® 3 0 p (a) , f o r  every integer a.

P r o o f .  I t  s u f f ic e s  to  p ro v e  th a t  t h e  n a tu ra l hoinomorphism
0 p (a) C)0 p (b) —> p (a + b )  i s  a n  isomorphism fo r  arb itrary integers
a ,  b. T h is is induced  by the natural T-module homomorphism T  (a)
®T (b) —>T (a + b) , where T  denotes Z[X 0, • • X , ] . F o r every homo-
geneous p rim e P  o f  T  w ith  P E P ( e ) ,  th e re  ex is t a n  in teger i, a
positive integer a  a n d  a n  element F  of T  w ith  0 <i<n ,  X P  and
F E T + i — P .  Therefore w e h ave  a  commutative diagram;

Op(a)®Op(b)ID.(Fxi)

 

OP(a+ b)ID.(Fxi)

 

T, (7,.- [  
1 

 ] %,r_.,,/ r[l/FXi]oT [ Fix 1
T  [ FiXi 1+ bF X i a

ll ii
,------ - - - , . . . . _ /Tr 1  1 (  F   )a o T  F  1   1 (  F   r a  T r  1  1  [  F   \a+6

L FX i J 0 \ Xici I L FX i J o xici , L FX iio xici /

where c = a m / e .  T h e  la s t  homomorphism a  is  o b v io u s ly  a n  iso-

morphism. q.e.d.

N ow  P ( e )  can  b e  ch arac te r ized  a s  a n  o p e n  s e t  o f  Q ( e )  as
follows.
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Theorem  1. 7. W ith  the  no ta tion  o f D e f in it io n  1 .2 ,  P (e )  is
th e  larg est am o n g  o p en  su b se ts  U 's o f  Q (e ) w ith  the f o llo w in g  tw o
properties,

(1) 00(1)1u i s  an in v e rtib le  sh e af  on U,
(2) f o r  e v e ry  positive in te g e r a, w e  h av e  a  natural isom or-

phism ;

(0 (2(1)1 u)(ga

Fu rth e rm o re  i f  r ( e )> 1 ,  P (e )  i s  the larg e s t  am o n g  U 's  hav ing
th e  p ro p e rty  (1 ).

P ro o f .  L e t  U  be an open set with the properties ( 1 )  a n d  (2 ),

and x  a  closed point of U .  By Lem m a 1. 3, the natural map H° (Q (e) ,
Q (am + 1)) Ok (x) —>( )(1 (am + 1)0k (x) is surjective fo r a  sufficiently

large a, where k (x )  denotes the residue field  of x .  A s  will be seen
in  Remark 2. 2, there are  isomorphisms Z[X0, • • • , X.] . . + 1 > I P  Q(e)
O e (a m + 1 ) )  (a E  Z ) .  Therefore, by th e  property ( 1 ) ,  there are a
positive integer a  and  an  element F  o f  Z[X0, • • •X „ ]a „ ,+ , w ith  0Q„F
=  Q ,  (am  + 1 ) . Hence, by the property (2), 00, xFm =  0 , (m  (am  +1)) .
On the other hand, there is an element G of Z[X0, • • X, ] „, such that G Er
P, where P  denotes the homogeneous prime ideal corresponding to the
point x .  Since 0Q,Gam+1=0Q,s(m (am+ 1 ) )  by the properties (1 )  and
( 2 ) ,  we have Ga"1/Fm* E  0 , consequently Fm =  G ani— F1 x (G am +1 /F m ,) -1

tE p »  namely F E  Z[X0, • • • , Xn] ani+i — P. Hence x E P ( e )  by Lemma 1.4.
In  view of Proposition 1. 1 and Lemma 1. 6, this completes the proof
of the first part.

T o  p rove  th e  seco n d  p a rt, le t U  be an  open set with the pro-
perty (1 ). Then U — P (e ) is  a  closed s e t  o f  cod im ension  1  o f  U.
To prove this assertion, first note that the property ( 2 )  is equivalent
to

(0Q (1) l tr)cgm -=>0Q (m ) lu  (cf. Lemma 1.3).

Therefore U  — P (e ) is the  closed se t defined by the section  on U  of

i) It may be better to rewrite this part as fo llow s. Put S=Z[XØ, •••, X „] and M= {111
H :  a  homogeneous element o f  S ,  H S P } .  Then noting that G “ '/ F 'n E e t „
= ,(M -1 S ) o E M 'S  an d  G  is a  u n it in  M ' S ,  we see that F  is  a  u n i t  in  M 'S .
Hence F GtP.
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th e  invertib le sheaf (0Q (m)lu)C) (0Q (1)1u)®(-'") corresponding to the
natural homomorphism (0Q (1)1u)®'—>OQ(m)I u. T his proves the above
assertion . Now by the definition of P (e) , the codimension of Q (e) — P (e)
in  Q  ( e )  is  e q u a l to  r (e) . H ence, i f  r (e) >1 , U —  P (e) =ql nam ely
UCP (e) . q.e.d.

I t  w o u ld  b e  w o rth  w h ile  to  mention th a t  w e  d o  no t have to
restrict the base r in g .  I n  fact :

Remark 1. 8. For a commutative ring K  with 1, Q (e) x  Spec K ,
Sk x Spec K , P ( e )  x Spec K  en joy th e  sam e properties a s  asserted in
Proposition 1. 1, Lem m as 1. 3, 1. 4 , 1. 6, an d  Theorem  1. 7. These
a re  proved by the theory of base change.

§ 2. Some properties o f weak projective spaces.

In  th is section w e fix  a fie ld  K ,  and  in  view  of Remark 1. 8, we
use the notation of Definitions 1. 1 and 1. 2  except that Q (e) x Spec K ,
S k x Spec K, P  ( e )  x Spec K  a r e  u sed  in stead  o f  Q (e) , S  k  , P(e) re-
spective ly . N am ely  from  now  on, we define : (c ) Proj (K [X o, • ,
X ] ) ,  S  ,=- V  + ({ X ilk  e ,} ) and P (e) = Q (e) —  U SA,.

1<k

T he purpose of th is  section is to  prove som e properties w hich
w il l  b e  u s e d  later. F irs t w e  p ro v e  th a t r ( e )  i s  a  topological in-
variant of the variety  P (e) .

Proposition 2 .1 .  ( 1 )  r  ( e )  = 0 i f  and o n ly  if  P (e) = q.
(2) r (e )  =1  i f  and o n ly  if  P  (e )  is quasi-affine and non-empty.

(3) I f  r (e) > 1 ,  then P (e )  contains a  complete subschem e X  o f

dimension r (e) — 1, w hich is defined on  Q  (e ) b y  (n  — r (e) +1) ele-

ments Fo, • ,F,,_,-(e) o f  K[X0, • • • , Xn] am  fo r  s o m e  p o s i t i v e  integer a.

O n  th e  other hand, P  (e )  can not contain any complete subschcmes
of dimension >r (e) .

P r o o f .  ( 1 )  is  a lready  proposition 1. 1. (2 ) an d  (3 ) follow im-
mediately from the following three facts :

( i) T h e codimension o f  U Sk in  Q  (e ) is  equa l to  r (c)
1<k
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(ii) S5 i s  th e  set-theoretically complete intersection Q  (e) defined
b y  the global sections X iml" (k4•e0) of the ample invertible sheaf 0Q(m)
(cf. Lemma 1. 3).

(iii) There are natural isomorphisms K [X o,••• , X .]„„,=->1-1°(Q(e),
0 Q (am ))  (a E Z )  (c f. Rem ark 2. 2). q.e.d.

T h e  fo llow ing rem ark o n  cohomology a r e  u se d  in Proposition
2. 1 and w ill b e  u sed  later.

Remark 2. 2. L et R  b e a com m utative graded  noetherian ring
w ith  1 and with non-negative degrees, and assume that R  is generated
by homogeneous elements fo, • • • , f ,  o f  R ,  a s  a n  Ro-algebra. Then,
b y  [6 , § 2 ], fo r  a n  a rb itra ry  g rad ed  m odule M  w e  have an  exact
sequence

0— >H° ((f) ; M) — >M— >H° (X , M (*)) — ÷111 ((f ) ; M ) — >0

and isom orphism s H  (X, 1171(*))----->H 1 +1 ( ( f ) ;M )  ( i  E Z, i > 1 )  ,  where
X = Proj R  (for deta il, c f .  [6 ,  §  2 ] ) .  I n  particu lar if  th e  r in g  R  is
Cohen-Macaulay of dimension n + 1  ( n > 1 ) ,  then H i ( ( f ) ; R )  = 0 ( i  Z,
i < n + 1 ) ,  hence;

R -->H ° (X ,O x ( i) )  ( i E

H i (X, O x  ( i )  =  0 ( i , I E Z ,  0 < j< n ) .

T he followings are sim ple generalizations o f  some properties of
projective spaces to  the case  o f w eak  projective spaces.

Proposition 2. 3. ( 1 )  S e t  A ( e ) =  Spec K [X 0 , • • • , X .]—  U
1< lc

V ({ X ilk ,i‘e i} ) . T h e n  th e re  i s  a  n atu ral m o rp h ism  g : A (e )— >P(e ),
a n d  th is  is  a G„,-bundle.

(2) 0 , ( 1 )  g e n e rate s  Pic P ( e )  i n  g en eral, a n d  Pic P ( e ) = Z  i f
r (e) >1.2)

(3) I f  r ( e ) > 1 ,  w e  h a v e  K p =0 ,( — E '.;=0e1), w here K p denotes
th e  can on ical sh eaf  of  P(e).3)

2) In case r  (e ) = 1 , it ho lds that Pic P /t/ Z  with
t=g.c.d. {eo, e1, • •• , e„} >1} .

8) This assertion holds even i f  r (e) =1.
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P r o o f .  (1 )  TC is given as fo llow s: For every homogeneous element
F  of K [X , • • , X 7,1 w ith  D ,( F ) c P  ( e )  ,  the morphism A (e) F—)P (e) F

is induced by the natural K-algebra homomorphism ; K[X„ • • • , X,. 1/F]0
• • • , X,,, 1/F]. T h e se  m o rp h ism s  a r e  obviously patched to-

gether and w e obtain  T N ext w e consider an open set  D +( F G )  of
Q  (e), fo r a positive integer a and two homogeneous elements F  and
G  of K [X , • • • , X n] w ith deg F = a m  an d  deg G = am + 1 .  T hen , by
L em m as 1 . 3 , 1 . 4  and  R em ark 1 . 8 , P  ( c )  is  co v e red  b y  su ch  open
sets D  ( F G ) 's .  The morphisrn 7t1  D (FG ) is induced by the natutural K -
algebra homomorphism K[X , • • • , X „, 1/F, 1/ G] >K [X ,„ • • • , X „,1/F ,
1 / G ] .  N ow putting H = G / F ,  we have;

K  [X°, X „, 7,1 , ] o

K [X ,/ H", • • • , X ,,/ H", H tm  /F ,11""-1 /G],

K[X0, • • • , ) ( 7 1 ,  F ,

= K [X 0/ , • • • , X ,„/ He- , • • • , Ham /F , H a n ' +1 /G][11,1/ H].

T hese m ean that D(FG).-- D , ( F G ) x G .  It is  im m ed ia te  to  check
that these a re  patched together and w e h ave  a  Gm-bundle.

(2) S in c e  Op ( 1 )  i s  a n  a m p le  in v e rtib le  sh ea f a n d  P  ( e )  is
sm ooth by (1), it follows that O p (1 )  generates Pic P (e) , provided that
it is  p ro v ed  th a t fo r  every subvariety  D  of codimension 1 of P (e) ,

th e r e  is  a  homogeneous prim e element F  of K[X o, • • • , X „] such that
Supp D="17 ,(F) .

Now assum e that D  i s  a subvariety of codim ension 1 of P (e) ,

then T r (D )  i s  a  homogeneous subvarity of cod im ension 1 of A  (e) .

Since A ( e )  i s  an  o p en  se t o f th e  a ff in e  space A "+1, there ex ists a

homogeneous prime element F  of K[X o, • • • , X „] such that Supp 7c-1 (D)

= V  ( F )  .  T h is means Supp D = V  + (F) .
I f  r (e) > 1 ,  then O ( a )  is  n o t tr iv ia l fo r an y  positive integer a;

th is fo llow s from  th e  fa c t  th a t 0 ,(1 )  C ) 0 ,= 0 ,  ( 1 )  i s  am ple on  C,

w h e r e  C  is  a  complete subscheme of dim ension >1 given in  Prop-
osition 2. 1 , (3).

(3) By (1) and (2), w e can define an integer s s  (co, • • , e „)  with
K 1 (,) =0  p (d )(—  , in the case r (c) > 1 .  I f  r (eo, • • • , ,,_1) >1,  w e  obtain
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(*) s ( e 0 ,• • • ,e . ) — e n = s ( e o ,  •••,

by embedding P ( e o , • • • , e . _ 1 )  in  P ( e o ,  •••, en ) a s  th e  c lo sed  subscheme

defined by X „  and applying the adjunction formula

KP(eo..—, „) (X .) 0 ° e = -0.4)e 

I f  r( e o ,• • • ,e „)  > 1, b y  ( * ) ,  w e have

s ( e o , • • • , e „) =

S  (1 ,1 , e a,• • • ,e , ,)  -E e j  = s ( 1 ,  1 ) .

A s  is w ell know n, s ( 1 , 1 ) = 2 ,  hence s (co, • • • , e . )  = =0 e1.
T h is completes the proposition 2. 3.

Remark 2 .  4 .  More precisely than Proposition 2. 3, (3), we have
an  exact sequence;

0— >Op— >C)0,(e1)— >T  p--30
=0

but, in  th is  paper, Proposition 2 . 3 , (3 ) is sufficient fo r our use.

§  3 .  The definition and some properties o f  -weighted complete
intersections.

T h e aim  of th is  section is not only to  introduce the notion of a
"weighted complete intersection", but also to give some evidence that
the notion of a  weighted complete intersection is a natural generaliza-
tion o f th e  o n e o f a  complete intersection.

W e u se  th e  notation of § 2.

Definition 3 .  1 .  W ith  the notation  of Definitions 1. 1 and 1. 2,

let c, a 1 , • • • , a ,  be positive in tegers . W e co n sid er Proj [ X „ • • •

(F„ • • • , F 5 ) ) ,  fo r  arbitrary hom ogeneous elem ents F1, ••• ,  of the
graded r in g  K [ X ,  •  •  •  ,  X , 1  (g iven  in  Definition 1. 1) w ith  d eg  F i = a j

( 1 < j < c ) ,  satisfying th e  following two conditions:

"  W e have used the equality

OP(e0,— ,e,,)(1)00P(e0,— ,e„_,)=0P(e„— ,e,,_0(1)

w hich  is non-trivial b u t is  easy  to  prove.
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(1) (F„ • •  , F )  i s  a  regular sequence of K [X o, • • • , X n].

(2) V+ (F •  •  •  , F )  n u Sk
1<k

T hen  a n  a lgeb ra ic  K-scheme X  is  c a l le d  a  weighted complete
intersection of P ( e )  o f typ e  ( a 1 , • - • , a , ) ,  i f  X  is isom orphic to such
a  K -scheme Proj (K  [X ,  • • • X ]/(F 1 , •  •  •  , F c ))  •

In  th is  case , fo r an  arb itrary in teger a, we denote by O x (a ) the
invertible sheaf on X  induced by 0  p ( ,) (a)  .

Remark 3.1. B y  Proposition 2. 1, (3) , we have dim X = 71 —  c <

r  ( e )  ,  nam ely  c > n  —  r (e ) . Then if  dim X> 0  (re s p . > 0 ) it follows
necessarily that r (e )  > 1  (resp. >1) .

A s fo r th e  degree o f Ox (1 )  (see Definition 3. 1), it is calculated
by using the resu lt o f the appendix (Corollary A . 2) :

Proposition 3 .  2 .  I f  X  i s  a  w eigh ted  com ple te  in tersec tion  o f
type (a„ • •  •  , ac ) o f  P  ( e ) ,  then  O ( l )  i s  an am ple in v e rtib le  sh eaf
and w e  have an isom orphism  0  x ( 1 ) ® '=>0  x ( a )  f o r e v e ry  in te g e r a.
Fu rth e rm o re  (0  x (1 ) ' )  =  115, ai/117-0 e1.5)

P ro o f .  T he first part follows immediately from Lemmas 1. 3 and
1. 6. A s for the second part, w e  h av e  12° (X  , O ( U ) )  J ..•d a ,H (eo ,

• • • , e n ; u )  f o r  sufficiently la r g e  u ,  because F i , • • • , F ,  i s  a  regular
sequence of K [X 0 , •  •  •  , X n ] (the definition of H ( e ;  u )  is found in  Defi-
n ition A. 1, an d  th e  proof o f  th is  assertion is  s im ila r  to  the one of
T heorem  A. 1, ( 2 ) )  .  S in c e  r (e) >dim X> 0  b y  R em ark  3. 1, the
coefficient of u _ ' /  ( n  —  c ) !  in cl“, • • • z1„,11(eo, • • • , en; u )  i s  1 1 ) ,  a  / 1 -1 0 e 1

by Corollary A . 2. q.e.d.

A s  fo r  th e  cohomology groups of O x ( a )  (a E  Z ) ,  w e have the
following result.

Proposition 3 .  3 .  L e t X  be a w eighted  com plete  intersection of

dimension > 1  o f  P  ( e )  o f  t y p e  (a1 , • • , ac).  T h en  w e  h av e  :

(O x (1 ) '- ` )  is the intersection number o f (n — c) invertible sheaves O x(1),•••,0x(1 )
on X.
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(K  [ X 0 , • • • , X ]  /  (F„ • • • , F1)) c,=->H° (X, 0 , ( a ) )  (a E Z ) ,

Hi (X, 0 x (a)) = 0 ( a , jE  Z ,0 <j<n  —  c  = dim X ),

(OX  = OX — L  e i),
=I i= 0

w here w x denotes the d u aly z in g  sheaf  o f  X .

Proof . T h e  f ir s t  an d  th e  second equalities follow immediately
from Remark 2. 2.

A s fo r the la s t  one, first note that ox=Extbp (0 X , OP(— E7=0 ei))
(see Proposition 2 .  3 ,  ( 3 ) ) .  S in ce  (F1, • • • F 1 ) i s  a regular sequence of
K [X o, • • • , X n] b y  the definition of X , the  K oszul complex C ) , K i  is
a  resolution of O x  as an Op-module; K 5  i s  a  complex of Op-modules
with

Op i f  h = 0,

(K 5 )b =  O p ( — a j )  if b = 1,

0  if b E Z  a n d  b*O, 1,

(di) 1 : 0  p ( —  a j)  — >0  p  i s  a m ultiplication b y  Fj,

(for d e ta il, see  [ 6 ] ) .  T h is proves that o x = 0 x (E t= i a j  — E7--0 ei).
q.e.d.

T he follow ing exam ple is the simplest one w h ich  is non-trivial.

E xam p le  3 .4 . P u t  p =  char K .  A ssum e th a t n, a, eo, • • , e„ are
positive integers such that arbitrary two of p , a, eo, • • • , en are relatively
p rim e to  each  o th er. W e d efin e  X = Pro j (K [X 0, • • , X n] / ( F ) ) ,  With
deg X =  e 1  (0 <i<n )  ,  m  -=111.7=0 ei and F =x i " / " .  Then X  enjoys
the following four properties:

(1) X  i s  a  smooth projective varie ty  of dimension n —1.
(2) I f  n > 4  i.e. dim  X > 3 , then Pic X  is isomorphic to Z  and is

generated by 0 , (1 ) .
(3) O x (1 )  i s  an  am p le  invertib le  sheaf o f  d eg ree  a , and Kx

= Ox (am — E7-0
(4) I f  e1> 1  fo r every i ,  then O x (1 ) h as no global sections.
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On the other hand, assume eo= •-•e,,_,= 1 .  Then 0 , ( 1 )  is generated
b y  global sections X , • • -X _ „  which define a  m orphism  of X  to P„_,.
T h is  m orph ism  m akes X  a n  a-sheeted cyclic branched covering of
P„_, with branch lo cus a  smooth hypersurface of degree am.

P r o o f .  (3 )  is proved in Propositions 3. 2 and 3. 3, and (4 )  follows
im m ediately from  Proposition 3. 3. ( 2 )  w ill be proved  in  Theorem
3. 6. A s fo r th e  smoothness of X , it suffices to prove that the variety
Spec (K [X 0, • -• , X ,]/ (F)) — V  (X „ • is  sm o o th  (cf. Proposition
2 .  3 ,  ( 1 ) ) .  This is  an immediate consequence of the Jacobian Criterion.

q.e.d.

It w ould  be w orth  w hile to  mention that the  varie ty  X  given in
Example 3 . 4  is obtained a s  a  quotient o f  a  smooth hypersurface
of P„ by a finite group Z/m Z. To be precise, put Z / m Z =S p e c K [T ]/
(Tm —  1 ) and X= P roj (K  0 , • • • , Y  / (G )) ; G = , Y iam , and K [Y
•••, Y ,,] i s  the graded r in g  defined by deg Y i = 1  (0 < i< n ) and deg r
= 0 ( r  K )  . D efin e  a d u a l  a c t io n  0 * :  K [Y  „ • • • Y  „] (G)
K  [ 7 ]  / ( T " - 1 )  KEY , • • , Y  „] / (G) b y  a* Yi = Tm/ci C) ( 0 < i < n )  .
This induces an action 6: Z/))1Zxl37—>X. Then X  is a quotient of S-7 by
the group Z/mZ.

B ut, even in  th e  case  char K = 0 ,  not a ll o f the smooth weighted
complete intersections are obtained as quo tien ts o f smooth complete
intersections by finite groups in  such a w ay.

Exam ple 3. 5 . Assume that char K * 2 .  T hen X -=Proj (K [X ,

( F ) )  i s  a  sm ooth curve over K ,  w here deg X o= deg X 1=1,
deg Y = 2  an d  F +  2 (X02+ X !) Y +2X 02X ,2 . O n  th e  o th er hand,
X = Proj (K [X ,,, X 1 , X 2] (G )) h a s  a  s in gu la r p o in t (0 :  1 :  0 ) ,  where
deg X = 1 ( i =  0, 1, 2) a n d  G -= X24 + 2 (Xo2 Xi2) X22 2X02X,2.

T h e  following theorem gives some evidence o f th e  naturality of

the notion "complete intersection".

Theorem  3. 6 . L e t  X  be a projectiv e K -schem e w ith  a n  ample
e f f ec tiv e  C artie r divisor Y . Assum e Y  is , as  a K -sc h e m e , a weight-
ed  com plete in te rs e c t io n  o f  dimension > 2  o f  t y p e  ( a 1 , • • • ,a , )  o f
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P(e0, •••, e,). A ssum e  f u rtherm ore  the  f o llow ing  th ree  conditions:
(1) For ev ery  closed p o in t  x  o f  X , depth 0 x,x>2.
(2) T here ex ists an inv ertible sheaf  L  o n  X  such that LC)Orvf-_-

O y (1 ), w h e re  O (1 )  is  the inv ertib le  sheaf  g iv en in  D ef inition 3. 3.
(3) T here  ex ists a  pos itive  in teger a  su c h  th at 0 x(Y)(DOY-=-

0y (a ).
T h e n  X  is  a  w eighted com plete intersection o f  ty p e  (a„••• ,a,)

o f P  (ea, • • • , e„, a ) ,  and  L=0  x (1 ).

P ro o f .  W e prove the theorem is several steps.

S te p  1 .  O ( Y ) = U a ,  in  particular L  i s  am p le . A n d  w e  have

H' (X , L®i) = 0 a n d  II' (X , L ° ( -  .1)) = 0 ( i  Z ,  jE  Z, j> 0) .

Pro o f  o f  S te p  1 .  W e obtain  an  in jection  P ic Xr—.Pic Y , using
the assumption (1 ), dim Y > 2  and H' (Y , 0 y (i)) 0 (i Z )  (see Prop-
osition 3.3  i n  th is  p ap er an d  C oro llary  3 .6  i n  [8 ,  Exposé XII]) .
In  particular we have O ( Y ) = L e ' .  Hence we have an exact sequence
for every in teger i,

0—>L°(i-()—>L°i—>Oy(i) -->0.

B y  t h e  equalities I/1(Y , O y(i))  = 0  ( i  Z ) ,  w e  o b ta in  surjections
H ' (X , .0 ( i - " ) )  — >H1 (X , Eg') ( j ,  JE Z, j>  0 ) .  On the other hand, by the
assumption (1 ) and Corollary 1. 4 in  [8, Exposé XII], H1 (X , L®( - .1)) =0
fo r  sufficiently la rg e  j. H ence w e ob ta in  H1 (X , L®i) = 0  fo r  every
integer i. B y  a  sim ilar method, the  last assertion can be proved.

S tep  2 .  There exists an  element of H° (X , L®a) such that we
have a  naturally induced isomorphism of graded rings

CB H° (X, L®i) / (1) H° (X, (D H° ( Y ,  I ' ( i ) )
IEZ iE Z jE z

w here the graded ring structures are the naturally induced ones.

Pro o f  o f  S tep  2 .  B y S tep  1, w e have an  exact sequence

-* 0

for every in teger i. T herefo re , aga in  by S tep  1, w e  have an exact
sequence fo r every in teger i,
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(*), 0-->H° (X , L o ( -a)) —›H° (X, L01) (Y , 0 y (i)

B y  (*)0 and S tep  1, w e have H° (X , 0 , )  = K .  In  particular, w e have
the following exact sequence

0- K  — 41° (X , _U a )  1--P (Y ,Ov(a))--->0.

L et 0  b e  th e  im ag e  o f 1  b y  th e  m ap K-->H° (X ,  L ) .  T h e n  (* ),
becomes

0—>H° (X, 1,0(1-')) H ° (X  , L o i) — ›H ° (Y  , 0 (i)) -->0.

T h is proves the assertion of Step 2.

S te p  3 .  I n  v ie w  of Proposition 3. 3, assum e th a t  w e  have a
graded K-algebra isomorphism

K [X „ •  , /  (F1, • • • , e ) (D7H° (Y , 0  ( i ) )
JE

where deg X1=e1 , deg Fi = a i  ( 0 < i < n , 1 < j < c )  and dim Y =n— c. We
define K-algebra homomorphisms

K[X ,, • • • , X „, Z] K [X 0, • • • , X ,„],

K[X„ • • • , C) H° (X, Loi) ,
iEz

with deg X i= e ,  (0 < i< n ) ,  deg Z = a ,  a X i= X i  ( 0 < i< n ) ,  a Z  = 0 ,  and
8 Z = 0 ,  such that the following diagram is commutative :

—K [X 0,••-,X „,Z ] — > H° (X , 1,01)
aj

a
i E Z

r i n a t
K [X0, • • , ( Y , y  ( i ) )  .

• iEz

T hen 13 i s  su r je c t iv e . This fo llow s im m ediately by applying N aka-
yama's Lemma to

(D H° (X, L 0 1 )  Tm 8+ 0 CI H° (Y , L®).
iE Z iE Z

S tep  4 .  There exist hom ogeneous elem ents F„ ••• , F ,  of Ker 8
with deg F j= a ;  and aPi -=- F ( l< j <c ) , such that F1, • •• , F ,  generate
Ker

Pro o f  of S te p  4 .  T h ere  is  a  commutative diagram
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0 ->K [X 0 , - • • , X „, Z]l-z>K [X 0, • • , X ,„ Z] --'-> K [X 0, - • • X „] -> 0

81• ° I 81
0 ->C)H° (X, L °1 )---->"  e 11° (X , L ° 1 )  - - > ( j )  H° ( Y  ,  0 ( i ) )  - > 0

iE Z iE Z tE Z

w here th e  ro w s a r e  e x a c t  a n d  th e  v e r t ic a l a rro w s are surjective.
H ence w e have an  exact sequence

0-->Ker8 Ker81->Ker

In  v iew  o f  th is  ex ac t sequence, w e can  take elem ents F1, • • • , F .  of
Ker 8  such that F i  (Ker 8)„., and a r i = F i  ( 1 < j < c ) .  T hen F1, • • • ,

F ,  generate Ker 8 ;  this can be proved by applying Nakayama's Lemma
to  K [X o, • • • , X ,„ Z] (F„ • • • , F , )  Z Ker 9= Ker 8 . T h is  proves Step
4.

Step 5 .  X  is a weighted complete intersection of P (co, • • • , e,„ a)
o f typ e  (a,, • • • , as) .

P ro o f o f Step 5 .  S in ce  L  i s  a n  am ple invertib le  sheaf on X,
there exists a positive in teger b  such  th at H ° ( X, L w m - " ) )  generates

a c z i r  (X , L°01"1>i) (c f. Theorem 3 in page 45 of [11] ) , where m=
1.c.m. {co, •-•,e ,„ a } . B y  c o n s id e r in g  th e  homogeneous p art o f degree
m  (b m  +1 )  , w e see that

(K[X 0, • • • , .1, +1 (K [X 0, • • , Z ]b m +i) '

+ (the ideal generated by F,, • • • , Fe ) .

Consequently V + (F „ • • • , F" ) n V 4. (K  [X ,,  •  •  ,  C  Z ] = ç 5 . I n  view
of Lemma 1. 4 and the assumption dim X =  n  + 1 -  c ,  this proves Step
5.

S tep 6. L  0  ( 1 )  .

T h is is obvious, because it is proved in  S tep  1 that the natural
m ap P ic  Y  i s  an injection. T h i s  com pletes th e  p roof of
Theorem 3. 6.

In some cases, the assumptions in  Theorem 3. 6 can be simplified.
In  th is  simplification the following theorem plays an  essential role.

T h eo rem  3 . 7 . L e t X  be a  weighted complete intersection of
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dimension > 3 .  T h e n  Pic X Z ,  a n d  O x ( 1 )  generates Pic X .

P ro o f .  A ssum e, w ith  th e  notation of Definition 3 . 1 , X = P ro j
(K [ X o , • - • , X ] / ( F i , • - - , F e ) ) .  L et K [Y o ,• • • Y n ] be a  graded polynomial
r in g  w ith deg Y i  1  ( 0 < i < n ) .  We define a graded K-algebra homo-
m orph ism  0 : K [X o , . . . ,X , , ]— > K [Y o ,• • • ,  Y,,] by Y » ,  and  put
G i = ( 1 < j < c ) .  Then 0  induces a  graded r in g  homomorphism

K [ X 0 , • • • , X . ] / ( F i , . . . , F e ) K [1 7 0 , • • • ,Y . ]/  ( G i , • • • ,G e ) .

T h u s w e  o b ta in  a  m orphism  o f K-schemes yo: X—>X w ith  e 0 x ( 1 )

=  ( 1 )  (define .X".= Prroj (K[170, • • • , ( G i ,  •  •  ,  G ) ) ) .  On the other
hand, it  is  e a sy  to  see  th a t K[Yo, •••, Y.]/(Gi, •••, Gc) has the follow-
ing decomposition a s  a  K [X 0 , • - • ,X „] / ( F „• • • ,F , ) - m o d u l e

K[Yo, •••, 17.]/(GI, •-•,Ge)

(K [X 0 ,• • • ,X „]/ ( F 1 ,• • • ,F e ) ) 1 7 0 " ° • • • Y .v " .

integers

Consequently we have a similar decomposition of as an Os-module

(1) 4 0 * 0 1 = 0 0 x (— E
i

N ow  ( 1 )  im p lies that e  :  Pic X—>Pic i s  an  in je c tio n . In  fa c t, if
L  i s  an  invertible sheaf on X  w ith  y o * L = 0 , ,  w e  have

LOço*OY=40*((p*-L)=0*OX

b y the pro jection form ula. T h en  ( 1 )  implies

C IL (— E z),)

whereas such a  decomposition is unique u p  to  a permutation of the
d irect summands, by the Krull-Schmidt theorem stated in  W .') Hence
w e  have L O ( b )  fo r som e in teger b. H ere  assum e b ± 0 .  Then
L  o r L -  i s  am p le on  X ,  consequently 0-1=ça*L=ço*E i s  ample on

(note that y o  i s  a  fin ite  m o rp h ism ). T h is  i s  a contradiction, be-
cau se  5-<- i s  a  p roper K -schem e o f  dimension > 0 .  H ence L=-01,

a) Note that the theorem stated in  [1 ]  is also applicable to a n  algebraic K-scheme
X  proper over K  with 1-1°(X ,Ox)=K.
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namely yo* i s  an  in jec tio n . O n  th e  other hand , b y  C o ro lla ry  3. 7 in
[8, Exposé XII], Pic 5-C is isomorphic to Z  and is generated by Oy (1) .
This implies that ço*: Pic X--->Pic IC is  an isomorphism, because go*Ox (1)
----- 0 y (1) . q.e.d.

Hence a s  a  specia l case o f Theorem 3. 6, we have :

C oro llary 3. 8 . L et X  be a  locally  f ac torial p ro jec tiv e  K-scheme

w ith  a n  am p le  ef f ectiv e  d iv is o r Y . A s s u m e  Y  i s  a  w eighted com -
p le te  in te rsec tio n  o f  t y p e  (a1, •••, ac) o f  P(eo, ••• , c ,) . I f  dim Y>3 ,

a l l  o f  t h e  assum p tio n s ( 1 ) ,  ( 2 )  a n d  ( 3 )  stated  in  T h e o re m  3 .6  are

s at is f ie d . H e n c e  X  i s  a  w eigh ted  com ple te  in tersec tion  o f  t y p e  (a„

• • • , a , )  o f  P(e0, • • • , e„, a) .

P r o o f .  T h is  i s  a n  im m ediate consequece o f  Theorem  3. 7 in
this paper and Corollary 3. 6 in  [8 , Exposé XII].

W ith  the notation o f Corollary 3. 8, i f  w e assum e dim  r=  2  in-
stead o f  dim Y > 3 ,  then  X  n eed  n o t b e  a  weighted complete inter-
section.

Exam ple 3. 9. L e t  Y ' be  a  sm ooth quadric surface in  P ,  such
th at Y 'D  a  lin e  I  (su ch  a  lin e  ex is ts  i f  K  is  a lgeb raica lly  c lo sed ).
W e denote by zr: X—>P3 th e  blowing-up of P ,  along 1, and b y  Y the
proper transform  o f  Y ' w ith  n. T hen  th e  v a r ie ty  X  an d  its sub-
varie ty  Y  enjoy the following three properties ;

(1) X  i s  a  smooth projective variety,
(2) Y  is isom orphic to a  smooth quadric surface in  P ,,

(3) Y  is  an  am ple d ivisor of X ,  w hereas X  is  n o t a  weighted
complete intersection.

P ro o f .  Verification of ( I ) ,  (2 ) and the first part of (3 ) is immedite.
A s fo r th e  la s t  assertion, it suffices to  prove that P ic X-=-_-_:Z e Z  (cf.
Theorem 3. 5). On the other hand, th is  is  an  immediate consequence
of the fact that X  i s  a  blowing-up of P ,  along I  ( c f .  [2 ]). q .e .d .

In  v iew  o f the above example, th e  assumptions in  th e  following
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proposition are reasonab le (at least in  th e  case  char K = 0 ).

Proposition 3.10 . L e t  X  b e  a  lo c ally  f ac to rial p ro je c tiv e  K-
sc h e m e  w ith  an  am p le  e f f e c t iv e  d i v i s o r  Y .  A ssum e dim  Y = 2 an d
Y  is  a  w eighted  com plete  in te rsec tio n  o f  ty p e  (a„ • • • , a ,) of  P (e0 ,--,
e „ ) .  I f  one  o f  th e  f o llo w in g  tw o  cond itions h o ld s ,  t h e n  a l l  o f  th e
assum p tio n s ( 1 ) ,  ( 2 )  a n d  ( 3 )  i n  T h e o re m  3 .6  a rc  satisf ied.

1) Pic Y Z a n d  o 0 , ( b )  w ith  b p rim e  to  char K .
2) O x ( Y ) 0 0 y 0 y ( b ' )  w ith  b ' p rim e  to  char K .
H e n c e  i f  o n e  o f  th e s e  tw o  as s u m p t io n s  h o ld s , th e n  X  i s  a

w eighted com plete intersection.

P r o o f .  T h is proposition follows from the fact that the cokernel
o f  th e  natural map Pic X--->Pic Y has n o  torsion p rim e to char K .
T h is is proved in  [1 2 ]. q . e . d .

For exam ple, by Propositions 3. 8 and 3. 10, we have:

Corollary 3.11.n L e t  X  b e  a  sm o o th  p ro jec tiv e  K-variety o f
dim ension n co n tain in g  a  closed K-subschemc as  an  am p le
d iv is o r. A s s u m e  f u rth e rm o re  n > 4 , o r  n = 3  a n d  char K * 3 .  T hen

X = P . ,K and Y is contained  i n  X  a s  a  hyperplane.

§ 4. Related results.

I n  th is  sec tio n , w e  co n sid er a lgeb ra ic  sm all d efo rm atio n s of
weighted complete intersections.

Proposition 4 .1 . L e t r: X.--->S b e  a  p ro p e r an d  f i a t  morphisnz
w ith  S= Spec A ,  w h e re  A  is  a  lo c a l  rin g  w ith  re s id u e  f ie ld  K  an d
m ax im al id e al W .  A ssu m e  th e  f o llo w in g  tw o  conditions:

(1) X K = X O A K  i s  a  w eighted  com plete  in tersection  o f  dim en-
sion > 2  s u c h  t h a t  Xj,----Proj (K[X,, • • • , X,,]/ ( F i ,  •  •  • F , ) )  ,  w ith  th e
n o tatio n  o f  D e f in itio n  3. 1.

(2) T h e re  e x is ts  a n  in v e rt ib le  s h e a f  I  on X  such  that ....CC)0

"  Professor H. Tango proved this result without any restriction except for n 3 with
a geometric argum ent. The case n = 2  is treated in  [4 ].
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= 0 x .,,(1 ) . T hen there ex ist hom ogeneous elem ents G i  w ith  deg G, = a i

( 1 < i < c )  o f  A [ X 5 , • • • ,X , J 8 )  en joy ing  the  f o llow ing  three  properties:
i) G , mod 9NA [xo, • • •x n i  , — F i  (1 <i<c )  .
ii) X = P ro j (A [X0, • • • , X „]/(G „ •••, G 5 ) )  and the im bedding X i,

— >X  is  in d u c e d  b y  the n atu ral g rad e d  A - alg e b ra h o m o r p h i s m

A [ X 0 ,• • • ,X „ ] / ( G 1 ,• • • ,G , ) — > K [ X 5 ,• • • X „ ] /  ( F i , • • • ,F c ) .

l ' Op (e )x 5 p e A (1 ) 1 X  •

T he proof is sim ilar to  those o f Theorem 3 . 6  in  th is paper and
Lemma 1 . 5  in  [ 9 ] ,  therefore w e omit it.

S im ilarly  to  T heorem  3 . 6 , i f  dim X K > 3 , th e  assumption 2 )  in
Proposition 4 . 1  can be sim plified a  little.

R em ark  4 .  2 .  L et 7r: X --> S  b e a  proper and flat morphisua with
S = Spec A, where A  is a local ring w ith  residue field K  and maximal
ideal 9 J .  In  addition to the assumption (1 )  of Proposition 4. 1 , assume
H2 (X ,, =  0 .  Furthermore assume that one of the following three
conditions holds :

(a) A  is  a  complete local ring.
(b) it is sm ooth or dim X ,,> 3 , and it has section, i.e. there exists

a  morphism G S —> X such that K.6 = ids•
(c)

 
it is  sm oo th  o r  dim X ic> 3 , and g.c.d. i  h °  ( 0 =1 .9 )

i E Z

Then the assumption (2 )  of Proposition 4. 1 is necessarily satisfied,
consequently the resu lt of Proposition 4 . 1  holds.

P r o o f .  C ase 1 .  Assume th a t (a )  h o ld s . T h en  the existence of
. 1  in Proposition 4 .  1 ,  ( 2 )  i s  an  immediate consequence o f Corollary
2 . 2  in  [8 ,  Exposé X I] an d  Corollary 5 . 10  in  [8 , Exposé XII].

C ase 2. Assum e that i t  is sm ooth o r  dim X i ,> 3 .  I n  th is  case,
the method o f our proof is to give, under some additional assumptions,

8)
 

W ith  the notation of Definition 3 .1 , the gradation of A[X0, •-• , X„] is defined by
deg r---=-0 (rE A ) ,  deg X i= e, (0 < i< n ).
It is easy, in  some cases, to  check this condition . Indeed i f  X K  is a  complete in-
tersection of type (al, ••., a , )  o f P„ with 1< ai< - •-< a „  then g .c .d . i h° (Xx, Oxx(i))

i E Z

= g.c .d . In+ 1,
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descent data of th e  invertible sheaf on XC)AA w hich  is g iven  by
the resu lt of Case 1  (A  denotes the completion of A ). Let us assum e
that B  i s  a commutative ring 1  and

t 8

a re  r in g  homomorphisms such  th at tao`P=t80`p. Then we consider
the following commutative diagram  of naturally induced morphisms:

X XA XE

'at
Spec A 4 S p e c  A S p e c  B

w here X A  (resp. X B) denotes XOAA (resp. X O A B ). W ith  the nota-
tion of the above diagram , w e  p u t ,11 = -P2C)(Cx42)® (-1), w here .1
i s  the invertible sheaf on XA obtained by the resu lt o f C ase 1.

T hen  w e c la im : al=n-B*511 i s  an  invertible sheaf on Spec B, and
the natural m ap 7rB*J7- 91 is  an isomorphism.

Proof o f th e  c la im : L e t A '  and  B ' denote noetherian subrings
of A and B  w ith  th e  fo llo w in g  th ree  p ro p ertie s ; A ' is  a  lo c a l A-
algebra dominated by A, w e have the following commutative diagram
of naturally induced morphisms

Spec A Spec A Spec B
11 

l
(II

Spec 13'A
f

spec
a '

A ' Spec B'
19'

and furtherm ore there exists an  invertible sheaf  on XA,=XC)AA'
such that P...C'-=.2 w ith  f =f 0 sp e c A ,X ,: X A — >X A ,. I f  w e  p u t ,91'
=,3/*Z(1)(ra'*±')®(-1) ( th e  definitions o f  cTe' an d  3 '  a r e  sim ilar to
those of a and 3 ) ,  w e have:

(*) x k G r ," = "  ..1 -k (= > , w ith  X  k(x)=  X 0A k (X ) E Spec B') .

Proof o f  ( * ) .  F ir s t  note th a t Proposition 4 . 1  i s  applicable to
the A '-schem e X AA . Consequently X k ( z )  i s  a  weighted complete inter-
section o f  ty p e  (ai, • • • , a , )  o f P (ea, • • • , e,). S o  i f  dim X ,= 2  and  n
is sm ooth, there exists a non-zero in teger a  such that
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(a '* ± ' I x ,,)(8)'= (/*I' I x„,)®a-=1<xk(r)

( a  i s  non-zero b y  th e  assumption H' (XK, 0 xic) =H° (Xx, KxK) = 0).
This proves (*) because Pic Xk(2,) is torsion f r e e ." )  If dim X K > 3 , both
d'*..E' I x  and 8'1'1 x  are  am p le  generators o f  Pic X k (v )= Z  (cf.
Theorem 3. 7). T h is proves (*), hence the proof o f (* ) is completed.

Proof of the claim  (continued). N ow we have H i (X l,(), xk m ) = 0
(x G Spec B ' )  from  th e  proof o f  ( * )  (cf. Proposition 3. 3). There-
fo re  b y  ap p ly in g  th e  resu lts  o f  [6, § 7], w e  s e e  th a t  arB,,,le i s  a
locally  free  sheaf and M y  commutes with base change») N oting that
(7-c/3 e )  (Dk (x )=J -f(x -k (D ), n 'lx„(.))--=k (x ) for every point x  of Spec B ',
we obtain the following two results;

(**) i s  an  invertible sheaf,

(***) 7EB I = g* (7r 91/) •
Combining (**) and (***), w e have first part o f th e  c la im . The

combination o f  (* )  an d  (* * ) im plies that th e  natural homomorphism
7B,*7cB,.sie ->a u  i s  an isomorphism , th e n  (* * * ) im p lies the second
part o f the c la im . T h is  completes the proof of the claim.

C ase 2. 1. A ssum e that (b) h o ld s . B p  the equality

Tl (7-rB 06B )*T =K B *,Jt= (13° G ) * {(a-o-B)*-P}®(-i)

= (1,i08)*±-0 { (0-Â oa)

8* (6,i* i") Oa* (6.4*2 )® (-i),

w e h ave a  natural isomorphism of B-modules;

8,a: HOrn x B(ex-* 8*1)-->Hom B (a*g 8* .gb

w h ere  -.-g )  denotes the invertib le sheaf C f...? o n  Spec A .
T o be precise , O 's  have the following properties:

(i) I f  a  8,
(ii) For three morphisms a, 8, r: Spec B-->Spec A  with poce= po8

" )  First we have an injection Pic X ,,(,) c--> Pic Xk(..,), since X k (r) is  projective. Next
by  the assumptions I-11(X k(x), Oxk(.)) = 0  and that ICik(x) is ample, X k ( x )  is a rational
surface by  the theorem o f C aste lnuovo-Z arisk i. This proves that Pic X )  is tor-
sion free.

" )  This means that, fo r  every morphism q: Spec C-- Spec B , the natural map q * 7 rx .a i
--->7rc.,4*.%1/ is an isomorphism, where q=qXspoeB,XB,, 7re=n-X specA Spec C.
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=p or, the following diagram commutes ;

Horn xB(d*--e, 3* .2) X Horn x2,( * , j7-*.1 ) -->H orn ( ( e l '', Ta*.:0
Ø7,131 Or

Horn B(a*.g), [3* ) x Hom ,(,(3* g), T * )  _ H o rn  ,(a *g  r*".-4))
(iii) F o r  a  scheme Spec C  and a  morphism q: Spec C—>Spec B ,

w e have

q *  S ,  a =."-- goq, aoq •

Due to these properties ( i ) ,  ( i i )  and (iii), giving descent data of 2  with
respect to  f ,  is equivalent to  giv ing those of 6A *2  w ith respect to p.
N ow since 67„*2  is isomorphic to Â  a s  an  A-module, it is immediate
b y  the theory o f  fiat descen t in  [7 , E xp o sé  V III] to  ch eck  th e  ex-
istence o f an  in v e rtib le  sh ea f J  on X  such that

C ase 2. 2. A ssum e th a t  ( c )  h o ld s . T ake  in tegers  a,' s (i E  Z )
alm ost all o f w hich are zero , satisfying the following equality

ai • i • h° (X  K, 0 x„(i)) =1.
iez

B y  the resu lt o f C ase 2, w e h ave a  natural Oxifisomorphism

(7r,*T)

N ote that since Hi (X (io 2A), 2°' x -(Ain = (X .,, 0 (i)) = 0, again
b y  the resu lts o f  [6 , §  7 ], w e have the follow ing results (1 ) and (2)

fo r every in teger i,
(1) 7 u*.Z®i i s  a  fre e  A-module of rank h°(X K, Oxic(i)),
(2) w e  have natural B-module isomorphisms,

a* (lrA.2® ')= 7 -cB *0 .2° ' and 8* (7-c.a.l g i ) "-=>7r,8*.1"®i

(w e identify the term s on both sides by these isomorphisms).
F o r every in teger i ,  w e have an  equality of B-modules ;

8* (7-c1,--e®i —7-c13,8*2® i — T ® iOrB .a*:e® i

=  '3 ' i  (Da* (7r,i* 2 )  .

B y tak ing  the determinant of th is equality , w e have

(det = YP(i)(1)a* (det Tc/i*:&i)
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w h ere  b  ( i)  denotes i h° (X K , O x  (0  ) (i E Z ) . S in c e  Ei ai • b (i) = 1,
w e have an  equality o f B-modules

8.e=y2ocee w i t h  e= c) (det ® a i.
tE  Z

S in ce  E' i s  a n  invertib le  sheaf on  Spec A, w e  h a v e  a  natural iso-
morphism of B-modules;

rs,a Horn X E  (a*Î, 8  ) Hom g  (a * , 8 * e) •
It is easily checked that these enjoy the three properties sim ilar
to  th o se  of stated  in  C a se  2. 1. H ence th e  ex isten ce  o f ±
stated in  th e  assumption (2 )  of Proposition 4. 1 is proved. q.e.d.

A s a  s im p le  example o f deformation of weighted complete inter-
sections, we have the following.

Example 4 .  3 .  L e t A  b e  a  d iscrete valuation  r in g  w ith  uni-
formizant g  and residue field  K .  T ake positive integers a, b , n  with
a>1, b>1, and n > 1 .  Take two homogeneous elements F ,  and F ,  of
A [X , • • , X „] with deg F1= a , deg F,— a b . " )  Assume that Proj (K[X o,
• • • , X , ] / (F1 , PO ) i s  a  sm ooth variety over K , w here P i denotes the
im age of F i by the natural m ap A [X -0, • • • , •  •  •  ,  .  Then
X = P ro j (A [X 0, • • , Y ]  (7-cY  — F„r +F2 ))")  enjoys following prop-
erties:

(1) T he natural m ap 7r: X —>Spec A  is sm ooth  and projective.
(2) I f  L  denotes the quotient field of A , then XL = X OA L  is  a

smooth hypersurface of degree a b  of P , defined over L.
(3) X R -=  X (DA K is  n o t a  hypersurface of degree ab of P„ but a

weighted complete intersection of type  ( a ,  a b )  of P(1, • • • , 1, a) .

To understand th e  meaning of this example, we consider smooth
specializations of weighted complete intersections.

Definition 4 .  1 .  W e co n sid er a  p roper a n d  sm ooth morphism
of schemes n: X —>S  w ith  the following two properties :

12) The gradation of A[Xo, •-•, X, ] is defined by deg r =  (r  E A ) and deg X ,=1 (0< i<n ).
" )  The gradation of A[Xo, •••, X„,Y] is defined by that of A[Xo, •••, X„] and deg Y = a .
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(1) S = Spec A , where A  i s  a  lo ca l domain with residue field K
and quotient field L.

(2) The L-scheme XL = X C)A L  i s  a  weighted complete inter-
section o f typ e  (a1, • • • , a , )  of P ( e ) .

Then Xic= X C)A K is , by definition, a  sm ooth K -variety. N ow  a
smooth K-variety Y  is called a smooth specialization of weighted com-
plete intersections o f  ty p e  ( a ,  • • • , ac) of P ( e )  i f  Y  is isomorphic to
such XK.

N ow  assum e char K = 0 a n d  K  = K .  T h e n  it  is  p ro v e d  th a t
sm ooth specializations o f  sm ooth hypersurfaces o f  d eg ree  < 3  and
dimension >3 a r e  smooth hypersurfaces o f the sam e degree (c f . [3 ]
a n d  [1 0 ]) . E x a m p le  4 . 3  show s th a t, i f  d  i s  a com posite number,
the fam ily of sm ooth hypersurfaces o f  degree d  is not closed under
smooth specialization. On the other hand, it is p roved  that the family
o f  w eigh ted  com plete in te rsec tio n s o f typ e  (2 , 4 ) o f P(1, 2)

n + 2

w ith n> 3 (note that every sm ooth hypersurface o f degree 4  of Pn+,

is isomorphic to some member of this fam ily) is closed under sm ooth
specialization ( c f .  [ 3 ] ) .  T h e  author knows n o  further resu lts about
smooth hypersurfaces o f degree > 5 and dimension >3.

Appendix. On some Hilbert functions.

The purpose o f th is appendix is to  study som e H ilbert functions
and determine the lead ing coefficients of them  which a re  used in § 3.

Throughout this appendix, K  denotes a field.

Definition A. 1 .  Assum e th a t n  i s  a  non-negative integer and
ea, • • • , e, are positive in teg e rs . T h en  a s  in  Definition 1. 1, In =1.c.m.
fed 0 < i < n }  and  r( e )  = m in  { i1 0 <i<n ,  .  Let K [X ,, • • • , X „.] be

p: prime

the graded ring defined by deg X1-=e1  ( 0 < i < n )  and deg r=  0  (r E K ).

Then we define:

H(e0, • • • ,e„;u) = length ', K [X 0 ,  •  , X „ ] .  ( u  Z ) .

F o r an  integer b  an d  a  function f :  Z —>Z ,  z h f  i s  th e  function of Z  to
Z  defined a s  follow :

( 4 ,  f )  ( x )  = f  ( x )  — f  ( x — b )  ( x  Z) .
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The m ain result of this appendix is the assertion (2 )  of the follow-
ing  theorem , w h ich  show s th at r ( e )  t e l ls  u s  how  f a r  th e  function
H ( e  ; u )  is from  being a polynomial.

T heorem  A . 1. ( 1 )  W ith  the notation of D ef inition A . 1 ,  take
an arb itrary  in te g e r i. F or e v e ry  in te g e r u  w ith  u i  (m odulo m ),
w e consider the f u n c tio n  H ( e , , - - , e „ ; u ) .  Th en , fo r suf f iciently  large
u ,  H ( e 0 ,• • • ,e n ;u )  i s  a polynom ia l in  u  o f  degree < n  (d eg ree  n  i f
i = O). W e  d e n o t e  t h i s  polynomial by H1 (e0, • •• ,e„;u).

(2) W ith  th e  nota tion  o f ( 1 ) ,  w e hav e

max deg (H i (e„, • • -e„; u) —  H (eo, • • • , e„; u))  n  —  r ( e ) ,

w h e re  the d eg ree  o f  th e  p o ly n o m ial 0  is  d e f in e d  to  b e  —1.

P r o o f .  (1) I f  n = 0 ,  it is  im m e d ia te  to  check the assertion.
Therefore assume that n > 0 .  Then applying Remark 2 . 2  to  th e  0Q(0-
coheren t sheaf O Q (u ) ( s e e ,  f o r  th e  notation, D efinition 1 . 1 ) , we
obtain;

H (e ; u) = ( Q  ( e )  ,  0 Q ( 0 )  ( u  Z ).

P ut u  = m v  + i (v  G Z ) ,  then OQ (u ) = OQ ( i) C ) 0  ( m ) 0 "  and OQ (m )  is
an  am ple invertible sheaf on the projective varie ty  Q ( e )  (see Lemma
1. 3) . H ence we have the following equality fo r sufficiently la rg e  v;

h° (Q (e) , O  ( m v  + i ) )  -= z (Q (e) , O o ( j ) ® 0  ( m )  ')  •

O n the other hand, by [ 6 ] ,  w e know  that x (Q (e) , O Q (i)C )0  (m )® ")
i s  a po lynom ial in  y o f degree =dim Supp 0 Q ( i ) .  T h is p roves (1 ).

(2) F o r sim plicity, we put t (e) = max deg (H i(c  ; u )  —  H 1(e ; u)) .
;

It is immediate to check that t (e ) — r ( e )  under the condition " r( e )
= 0  o r  n = O " . F ir s t  w e  p ro v e  th e  inequality  t  (e )  <n  —  r (e) . By
Proposition 2 . 1 ,  ( 3 ) ,  th ere  ex ist a  p o s itiv e  in teg e r  a  a n d  elements
F„ •  •  ,Fn _ r( ,)  o f  K [X ,, • ••, X n]n„, sa tisfy in g  th e  following two con-
ditions;
(i) (F0, • •• , F „_ ,( 0 )  i s  a  regular sequence of K [X ,,•-•  ,
(ii) X = Proj (K  [X ,, • •• , X „]/ (F„ •• • ,Fn_r(e))) is  co n ta in ed  i n  P (e) .
T hen w e have, b y  Proposition 3. 3,
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(iii) length K (K [X ,, • • • , / (F0, • • • , F n-r(e))).

= h° (X , Q  ( u ) )  ( u  Z ),

and, b y  the property (i) ,

(iv) length K (K [X ,, •• • , X n] / (F0, • • • , F ( 0 ) )

z4L7-(,) +JR ( e u )  ( u  E .

Since 0 / ( 1 )  i s  an  ample invertible sheaf on X , w e obtain the follow-
in g  eq u a lity  b y  ( i i i )  and  (iv ):

zi Lr (e) -1-111 (e ; us(V ) ) X  (X  0  x  ( U ) )  ( U u> 0).

By assuming  u i  (modulo m )  in the equality (v ) ,  we have an equality
of polynomials in  u ;

4:;,r(e) ( e ;  u )  =  z (X , x ) •

T h is equality shows that fo r arb itrary integers i  and j ,

47,1,7,r(e)+' ( H i  ( e  ; u )  —  H  (e ; u ) )  = 0.

H ence w e h ave  deg (H i( e  ; u )  —  H  ( e  ; u ) )  <n  —  r ( e )  ,  from  w hich the
inequality t  ( e )  <n  — r ( e )  follows.

N ext w e prove the reverse inequality t (e) > n  — r (e )  , b y  induction
o n  n . A s  is  p re v io u s ly  s e e n , w e  m a y  assum e n > 0  and  r (e ) > 0 .

Then there exists an integer b  w ith  0 < b < n  such that r (eo, • • - , e„) — 1

r (e0, • • • , e „ )  ( w e  m ay assum e b = n  b y  sym m etry ) . On the
other hand, w e  have an  equality of polynomials in  u ;

(vi) H, (e„ • • • , e n ;  u) — 11,,,,(e0, • • • , e ,, ;  u —  e„) (e,, • • • e , ,_ ;; u)

(note that w e have the exact sequence

0 — >K [X 0, • • • , X „],„„:=%  K [X „ • • , X  „] n— > (K [X 0, • • , X „] (X „)) n— > 0

K [X o , •  •  •  , X - 1 ].

fo r  every  in teger u  w ith  u . i  (modulo m ) )  .  N o w  b y  th e  equality
( v i ) ,  w e have

(vii) (e0, • • • , en_1; u) — i i i (eo, • • • , e„_1; u)

={ 1 1 ,(e 0 , •  •  , e n ;  u) —  H (eo, •• • , e n ;  u )1

— {111_0,, (e0, • • • , e n ;  u —  e„) — • • • , e n ;  u —  e„)}  .
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H ere  the induction assum ption im plies th e  e x is te n c e  o f  a  p a ir  o f
in tegers ( i ,  j )  such that the term  on the le ft s id e  o f  (v i i )  i s  a  poly-
nomial in u  of degree n — 1—  r (e0, • • , en_,) = n — r (e,, • • • , e n ) . Therefore,
fo r such  ( i ,  j ) ,  one o f the { } 's  on the righ t s id e  o f (v i i )  i s  a  poly-
nom ial o f  d egree  n — r( e o ,  •  • •  ,e „) .  T h is  establishes th e  required in-
equality, hence the proof o f Theorem A. 1 is complete.

Due to Theorem A . 1, we can speak of the coefficients of u 5  with
j > n  — r  ( e ) ,  in  H  ( e  ;  u ) .  H ere w e determ ine the coefficient of u  in
the case r (e ) > 1 .

Corollary A. 2 .  I f  w e de f ine  rational num bers co, • ,  c n  depend-
in g  o n  eo, •• • ,e„ a n d  a n  in te g e r i  by

( e  ; u )  = E c,
i= 0

u n - J

(n —  j)!

th e n  c j  is  in d e p e n d e n t o f  t h e  c h o ic e  o f  i  i f  j < r  ( e )  .  F o r  instance,
w e  h a v e  co= 1 /F M , e i  i f  7- (C )  > 1 .

Proof . T h e  first p a r t  follows im m ediately from  Theorem  A . 1.
In  order to  prove the second part, w e deno te  th e  above-metioned co
b y  c (e  , • • , e  n) , in  th e  case  7" (e) > 1. T h e n  w e  have

(1) enc (co, • • • , c .)  = c  (co, -•, en-0 if r (e„ • • • , en) > 2

b y  th e  equality  ( iv )  sta ted  in  the proof o f Theorem A . 1 ,  (2 ) .  By
(1 ), we obtain

(2) c (1, 1, eo, • • • , e„) c (e), • • • , en) if r (eo, • • • , c„) > 1 ,

(3)( H  co,. (1, 1, ea, • • • , e„) = c (1,1) .
L -0

O n the other hand, it is w ell know n that c (1, 1) = 1 . H en ce , b y
(2 )  an d  (3 ),  w e have c (en, • ,  en) -= i/rma q.e.d.
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