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§  1 .  Introduction

Let p  be a prime and  J l 7, b e  the Steenrod algebra m od p .  Let
G  be a compact, connected Lie group.

W e define a  s e t  IG:p)-  by

IG: {X ; com pactly generated, associative H-space such that
H * (X ; Z p ). H *  (G ; Z i,)  a s  algebra over

Rem ark that in  th e  above defin ition w e d o  not requ ire existence of
a  map f :G— >X  inducing the isomorphism of cohomology mod p.

A ccord ing to  Dold-Lashof [6] o r  M ilgram  [10 ] a n  associative
H-space X  h a s  a  c la ss ify in g  sp ace  B X  w hich  is constructed  by
making use of the m ultiplication on X.

When H *(G  ; Z ) is p-torsion free, the Borel's theorem states that
the ring structure of H * (B X ; 4 ,)  and the Hopf algebra structure of
H* (X ;  Z p )  a re  isomorphic to those o f G  fo r a l l  X E  :

H o w ev er th is  d o es  n o t h o ld  i n  g e n e ra l. A c tu a lly , a s  Baum-
Browder have shown in  [2 ],  th e re  ex is t com pact L ie groups which
are homeomorphic and which have different diagonal maps in  cohomo-
logy . M eanw h ile , T heo rem  9. 3 o f  [2 ]  sa y s  th a t i f  both  X  and Y
are com pact, sim ple L ie groups a n d  if  X  i s  homotopy equivalent to
Y , then X  is isom orphic to Y  a s  L ie  g ro u p s . T h u s it is  n a tu ra l to
ask  if  th e  following is true :

Statement: L e t G  be a  compact, connected, simple Lie group
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such that H * (G ; Z )  has p -to rs io n . For any X, Y e  {G: p} ,
(1) H  (X ; Z p) H  (Y  ; Z n ) as H o p f  algebra,
(2) H* (B X ; Z » )  H *  (B Y ;  4 ) .

L et F , be the compact, 1-connected, sim ple, exceptional L ie  group
o f  r a n k  4. L e t  PU (3) = SU (3) / F 3 the  quo tien t o f SU ( 3 )  b y  the
center F 3 .  A s  is w ell know n , th e  integral homology groups of both
groups have 3-torsion.

I n  th is  p a p e r  w e  show  th a t fo r  G = F ,  an d  P U (3 )  th e  above
statem ent is t r u e .  I n  fact ( 1 )  is  easily  checked  to  be true for these
c a s e s .  T h is  w ill b e  o b se rv ed  in  § 2. I n  §  3  w e ca lcu lated  Cotor

(4 ,  4 )  w ith  A =  H* (X ; .Z3) fo r X e  {F,: 3} an d  { P U (3 )  :  3 1 .  The
section 4  will be used to show the Eilenberg-Moore spectral sequence
with 4-coefficient collapses fo r X .  O ur m ain resu lts are

Theorem A .  For any X e  {F4:3}, we have as module:

11* (BX ; Z3 )---__Z31-v v v v /R4, 8 , 9 , 20 , 21, 25 , 26, 36, 4 8 ,  -

F or R  see Theorem  4 . 7  of § 4.

Theorem B .  For any  Y E  { PU (3): 3} ,  we have as algebra:

H *  (B Y ;  Z3) Z 3 [ y 2 ,  v  v  v  1 / R2 , 3 , 7 , 8 , 1 2 ,  -  -

where R  is an ideal generated by v v  v v --k v3 ,  ,  3 2 , 7 , 7 2 ,  2 ,  8 33/7.

§ 2. Non-primitivity.

L et X e  IF ,: 3} . B y defin itio n  and b y  [ 3 ]  w e have

(2. 1) H * (X ; Z3 [ x8]/ ( x 8 3 )  OA ( x 3 ,  x 7 ,  2-11, x15)

w it h  deg x, =

where x ,= f Px 3, x 8= 8x , and x15= 21xii.
L et 0  be the diagonal map in  H* (X ; Z 3 ) induced from the multi-

plication of X  and let be the reduced one.

Proposition 2 .2 . I n  (2 .  1 ) ,
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( x i )  f o r  i=  3, 7, 8,

qi (x1) = 130. 5_, f o r  j=  11, 15.

609

P r o o f .  Clearly x3, x, and x, are prim itive. Suppose x „  primitive.
Then 1 15 w o u ld  a lso  b e  prim itive b y  naturality. H ence H* (X ; Z3)
w o u ld  b e  p rim itive ly  gen erated . T h is  contradicts to Theorem  1 of
[4 ]  (cf. the footnote in  p . 3 1 9 ).  Therefore x „  is  n o t p rim itive . T he
only possible form is :

( x i i )  = X 8 0 X 3 .

Applying we obtain

(x15) = x8Oxi q.e.d.

L et YE {PU(3) : 3 }. Then by definition and b y  [3 ]  w e have

(2. 3) H*  ( Y ;Z 3  [ X 2 ]  /  ( 1 3 2 )  OA (x i ,  1 3 )  w ith  deg xi =

w h ere  X 2  =  8 1 1 .

Sim ilarly  one obtains

Proposition 2. 4. I n  (2. 3)

-95 (x i) = 0  f o r  i=  1, 2 ;  -tS (x3) -=- 120.x1.

§ 3. The twisted tensor product.

In  th is  section a ll a lgeb ras a r e  graded  [1 1 ] .  W e  re c a l l  a  con-
struction o f  th e  tw isted tensor product due to  B row n (s e e  [5] , [7]
o r  [15]).

L e t A  b e  a n  augm ented coalgebra o ver a com m utative field K
w ith  an augmentation 71: K—8AA  and the diagonal map 0. So we m ay
consider A = KC)J ( A ) ,  where J (A ) Coker . L e t  L  b e  a  K-sub-
module o f J (A )  an d  c: L—>A b e  the inclusion  and  0: A—IL  a  map
such that O . = 1L•

L et s: L--> sL b e  a  suspension. D efine 0 : A—>sL b y  0 = .9.0 and
sL—> A  by ?= co s '. C o n s tru c t the tensor algebra T (sL ) and denote

b y  b y  0  the product in T  (s L ) . L et / be the ideal o f T  (sL ) generat-
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e

 

e d  b y  Im (0. (0C)0) .0 )  (K e r  0 ) .  P u t X =  T (sL) /I. T h en  th e  map
: A—>sL induces a  map A—>X w hich is again  denoted by 0.

W e define a  map

d = (Ogo).00t: sL—>T (sL)

an d  e x te n d  it  n a tu ra lly  o v e r  T  (sL )  . S in c e  do0 = 0. (d >01 + 1(9d)
holds, we deduce d (I ) C L  So d induces a map X—>X, which is again
denoted by d: X — >X ". T h e n  it  is  e a sy  to  se e  d d = 0 .  This shows
that X  i s  a  differential algebra over K.

Since the relation

do0 + 0 . (000).0=-0

holds, w e now  can construct th e  tw isted tensor product W = AC)X
w ith  respect to  U . T h a t  i s ,  W =  A O X  i s  a n  A-com odule w ith  the
differential operator

d =10d + (100) .0 (D 1)  o (001) .

W e now apply this to calculate Cotor A ( Z 3 ,  Z 3 )  where A -= H* (X ;
Z 3) fo r X e  IF,: 3 )  o r  {PU(3) : 3}.

L et X E  {F i; 3 } . T h e n  b y  (2 . 1 )  and Proposition 2. 2

(3. 1) H* (X; Z3) = Z3[x8]/ (x83) OA (x3, x7, x ,

w here 0 (xi) =  0 fo r i--- 3, 7 , 8  and 0(x i) = xa(i)x for j= 11, 15.
Put A = H* (X; Z 3 ) .  Take L  to be a 4-subm odule of A generated

b y  {xs, X7,  xs, x82, .x„, x15} a n d  0  to  be the projection A — >L . We name
the corresponding elements under the suspension s  a s  sL = a 8 ,  a 9 ,
c17, b13, b191 respectively . T hen

X— Zs as, as, b12, b15, c171

w hich  is a  quotient of 7' (sL ) b y  the ideal I  generated by

(3. 2) [a4, as ], [a4, as], c ld  Cal, , [a4, bld
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[czo, ,  [as, e 1 7 ]  [a9, b 1 2 ] Cab b16]

[a9 , biz] + c17a4 , [a9, b16] + c17a9 ,

[b12, b16] [e17, b12] [c17, b16]

w h e r e  [x , y ] = x y  —  (-1 )*  y x  w i t h  * = deg x • deg y

W e define w eight in  W = A O X  a s  follows:

(3 .3) A :  x ,  x ,  x 6 x82 x11 x11

X :  a4 ao a9 c17 b12 1216

w e i g h t :  0  0  1  2  2  2

T he w eight o f  a  monomial is a  sum of the w e igh t o f  each element.

Define filtration Fr= { x i weight x <r}  .

T he differential operator d  o n  A  is g iven  by

(3 .4)c 7 : x 4 =  a i + ,  f o r  i = 3 , 7 , S

cfx82 = e17 —

d x  = b  ,i+ x sa _ 7  f o r  j=1 1 ,  1 5 .

Put E o W  Ei F Then

E0W ( 1 3, x7, x ,  • x15)(DZ,[a,, a3, b12 ,  1,99] C)C (Q (18))

where C (Q (1 8)) is the c o b a r  construction of Z3 [18] /  (x 8 ). I t  fo llo w s
from  ( 3 .  4 )  that E oW  is  a c y c lic  and  hence W  is  a c y c l ic . T h u s  W

i s  a n  i n j e c t i v e  resolution of Z ,  o v er H * (X ; Z 3 ) .  Therefore by de-
finition

H  (X ; d) = K er d / Im C o t o r  (Z 3 , Z 3 ) .

Rem ark that the differential operator d  on X  is g iven  by

(3.5)d a i =  0  f o r  i= 4 , 8, 9 ;

dei, = a92;

d b  = —  a,ai_ , f o r  j =  1 2 , 1 6 .

T h en  it is  e a sy  to  see  th a t the following s e t  is  a  system  o f genera-
tors o f C o to r  A ( 4 , Z 9 )  :
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(3. 6) Ys, Y6, Y20, Y21, Y25, Y26, Y36, Y 48 }

where y ,:=  { a i}  fo r i = 4, R  9 ,  v- N ia8b12 ,  Y 2 6  -  [a,, c,7] } , Y 2 1  -

{agb12 c17a4} , 3425 - 3/36 - {t5'12} a n d  y 4 8  -  { b , } .

Rem ark 3.7. y i  for i= 20, 2 1 , 25 , 2 6  a re  represented by Massey
products <a, a,, a,>, <a,, a,, <a,, a,, a,›  and <a,, a,, a,›  respectively

(  [9 ]).

By a routine calculation we obtain

Theorem  3 .  8 .  F or an y  X E  {F, 3 }  w e hav e  as module

C otor N*(x'z') (Z3, Z,) 'v y ' v A, A, /R4, 8, .7 9, .7 26, .7 21, 25, .7 26, .7 26, .7 48_1 -

w here R  is  an ideal generated by

Y 4 Y 9 , Y 8 Y 9 , Y 9 2 , Y 4 Y 2 1 , Y 8 Y 2 5 , Y 4 Y 2 5  Y 8 Y 2 1 ,

Y20Y21, Y20Y25, y , , Y 9 Y 2 0  Y 4 Y 2 5  F Y8Y21,

Yn3Y4s + Y833,36, Y26Y4 + Y21Y9, Y263/8 Y 2 5 Y 0 ,

Y26Y20 Y 2 1 Y 2 5  •

L et YE  { P U (3 )  :  3 }  . Then by ( 2 .  3 )  and Proposition 2. 4

(3.9)H *  ( Y ; Zs) Zs[x2] / (x23) OA  (xl, z2) ,

where q3 (x1) = (x2) = 0 a n d  -9-5.( x s )  =  x 2 O x i.  F o r  sim plicity we put
A = H* (Y ; Z s ) .  Take a  Z,-subspace { x , x2, z ,', x ,}  and name the
corresponding elements in  s L  a s  sL = { a2, as, c,, 1,41 respectively. Then

X =  Zsla2, as, e,,b4} / I ,  where I  is generated by

(3. 10) [az, a2] , [a2, , [a2, b,], [ c „ b d  a n d  [a3, b4] + c5a2.

Similarly a s  before we can prove that W =  A C )X  is acyclic. So
by definition

H (X ; d) = C otor "(Z,, Z,) w ith  A = H*  ( Y ; Zs)

where the  differential d  on X  is explicitly given a s  follows :

(3.11)d a 2 =  d a s =  0 ,  d b 4 =  -  a 2 a s  a n d  de, = as'.
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Easy calculation yields •

Theorem 3. 12. F o r a n y  YE { PU  (3 ) : 3 }  w e  h av e  as m odule,

Cotor11*(Y ' (4 , Z 3 )  Z 3  [y 2 ,  y3, y7, y8, y i d  /R ,

w h ere  R  i s  a n  ideal generated  by

(3. 13) 3/2373, 3123/7, Y32, Y72, Y2Y8 3/3377

Remark 3. 14. In  th e  above theorem the generators are:
Y i for i =  2, 3, y7= { a3b4—  a2e5} , y 8= { [a3, ed}  and y12= 048}  •

§ 4. The Eilenberg-Moore spectral sequence

I n  th is  section w e  u s e  th e  Eilenbery-Moore sp ectra l sequence
with 4-coefficient {E,. (X ) , dr} for an associative H-space X  such that

H, (x; za) (4 , Z3)E2 (X) =  Cotor and E .  ( X ) ' r H *  ( B X ; Z 3 ) .  (For con-
struction and properties see [1 2 ] an d  [13]).

L et X  -OE { F4: 4 } .  P ut A = H *  (X ; Z3) •

Lemma 4. 1. T here  are  no elem ents in  Cotor A  (Z 3 ,  Z 3 )  o f  degree
3 7  o r 4 9 .

P r o o f .  (1) Because o f re la tio n s in  Theorem  3. 8 th e  element
of degree 37 i s  o f the form:

Y9f (Y20, 3/20) Y21g (y8, 3/26) Y25h (Y4, Yz6)

with polynomials f ,  g  and h. H ere f  cannot have degree 2 8 .  The
possible form of y  of degree 16 is a  scalar m ultip le of y82. Similarly
h =  a y 4 3  w ith  a  E 4 .  H owever by relations in Theorem  3.8 we have:
Y213182— YzonYs — 0 and Y25Y43= —Y20Y9Y42 = O. So there are no elements
of degree 37.

(2) T h e element o f degree 49 i s  of the form:

Y0f (Y38, Y20, Y26) ± 3/21-4 (Y8, 3/26) Y25E (Y4, 3/26) •

H ere  /  i s  a  s c a la r  m u ltip le  o f A .  U = 0  because o f  dimensional
reason and r t  i s  a  sc a la r  m ultip le of y40. S in ce  Y9Y220 —  y25y4y20 = 0
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and since y25Y46= —Y2oY93/45= 0, there are  n o  elements of degree 49.

q.e.d.

N ow  w e w ill show  that th e  Eilenberg-Moore spectra l sequence
w ith 4-coefficient collapses fo r  X ,  where th e  E2-term is  g iven  by
Theorem 3. 8.

F o r dimensional reason, 12 and hence x ,  and x8 of H ( X ; Z 8 )  are
universally transgressive in  t h e  universal sp ectra l sequence fo r  X

with 4-coefficient. Then it is easy to see that the  elements y4, y8 and
y ,  o f  th e  Er-term su rv iv e  in  th e  E -te rm  and  represent th e  trans-
gressive im age  o f x2, x ,  and  .x.8 respectively. Thus we obtain an
isomorphism a s  glgebras :

(4 .  2 ) H * (B X ; [

 

Ys, Ys] (Yds, YsYs, ys2) f o r  *<20 .

Lemma 4. 3. In  H *  (B X ; Z 8 )  2 3 y 8  is not decom posable.

P ro o f .  I n  t h e  universal sp ec tra l sequence o f  X  th e  element
y ,(D 182  is  n o t coboundary and  d17(y9(Dx82) 8 2 4 y 9 0 1  b y  th e  Kudo

transgression theorem [ 8 ] .  Then by the Adem relation 824y9=8248y
821823y8, which is n o n -triv ia l. If .g)sy8 is decomposable, say .T'y

=f  (314, y 8), then 823x8= y ,h (y 4, y 8) = O. T h is is  a contradiction.
q.e.d.

Lemma 4.4.. T h e  e lem en ts  y  f o r  i = 20, 21, 25, 26 a re  per-
m an en t cycles.

P ro o f .  T h e generators in E 2  (X ) of degree 21, 25, 26 are unique,
respectively. On th e  other hand there are non-trivial elements 923y8,

g'108y8, 8.5.P181333,8 in  H *  ( B X ; Z 8 )  of degree 21, 25, 26 respectively.

So Y21, Y25, Y26 are perm anen t cycles and  represent these elements re-
spectively. Similarly for y s o ,  which survives to 233/8. q . e . d .

Lemma 4 .  5 .  Th e  elem ents y86 and  3148  are perm anent cy cles.

P r o o f .  T h is follows from Lemma 4. 1, since d ry3 6  and drY 48 are
in  degree 37 and 49 respectively. q.e.d.
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Thus we have shown

Theorem 4. 6. F o r an y  XE : 3)-, t h e  Eilenberg-M oore spec-
tral sequence w ith  Z3-coefficient collapses.

A s an  immediate corollary

Theorem 4.7. F o r  any  X e  {F4: 3 }  w e  h av e  as m odule

I-1* ( B X ; Z 3 )  Z3 rv1_, 4, 8, Y9, Y20, Y21, Y25, Y26, Y36, Y48] /R,

w here R  is  an  ideal generated by  v v  v v V A ,  V A /  V I )  -1- V4 ,9 ,  8 ,  9 ,  9 2 ,  4 ,  2 1 ,  8 ,  2 5 , 4, 25 8,V21,

Y20Y21, Y20Y25, y ,  3 45 , Y 9 Y 2 0  y43 /25 +  y 8 y 2 1 ,  3 4 0  y 4 3 3 ,4 3  + 3,833136, Y26Y4 Y21Y9,

Y263/8 + Y25Y9, Y26Y20 Y213/25. F u rth e rm o re ,  u p  to  non-z ero m ultiple,

Y 8  =  2 1 Y 4 , 3 / 9  =  8 y8 , Y 2 0  2 3 Y 8 , Y 2 I = 1 3 3 / 2 0 , Y 2 5  =  2 1 Y 2 1  an d  Y26 = 83/25.

Remark 4. 8. T h is  theorem  gives th e  m o d u le  stru c tu re  o f
H  (BF 4; Z3). T he algebra structure of H * (BF 4; Z 3) was already ob-
tained in  [16] , in  which T o d a  used th e  f ib e r in g  ll—>BSpin(9)-->BF4
and m ade elaborate calculations of invarian t forms under the W eyl
group of F4.

Now we turn to the case  { P U (3 )  :  3)-.
T a k e  Y e  -(PU (3) : 3 1 .  Put A = H * (Y  ; Z 3) . Then it is easy to

obtain an  isomorphism a s  algebras :

(4.9)H *  (BY ; Z3) Z3[Yz, 3/3] / (Y2Y3, y32) f o r  * < 7 .

W e show

Theorem 4. 10. F o r a n y  YE  IPU (3) : the Eilenberg-M oore
spectral sequence w ith Z3-coefficient collapses.

P ro o f .  (1) T h e elements y2, y, of Cotor A (Z ,, Z ,)  are permanent
cycles b y  (4. 9) .

(2) In  th e  universal spectral sequence fo r  Y  w e use the Kudo
theorem [ 8 ]  a n d  obtain a  n o n -tr iv ia l element j9g1y3G H8 (B Y ; Z3).
Hence If  (B Y  ; Z3) * 0 .  There is only one element y ,  in  C o to r  (Z ,,
Z , )  of degree 7. So y ,  is  a perm anent cycle and represent 21y3.
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(3) By easy observation one can see that there are no elements
in  Cotor A ( Z 3 ,  Z 3 )  of degree 9  o r 13. So 373 and 3112 o f Cotor A (4, Z 3)
are perm anent cycles, since d ry s  and  43;12 a re  o f  degree 9  and 13

respectively. q.e.d.

Remark that nya=  0  is  a  re la t io n  a s  algebra. By applying T i
we have y 3 y 7 = 2 1 ( y 3 y 3 )  = 0. Further applying 8  on y3y7= 0  we obtain

3 7+ 2 s =  O .  Since y32-= y72= 0 a re  re la t io n s  a s  algebra, we there-
fore have proved:

Theorem 4 .  1 1 .  F o r a n y  YE  {P U (3 ) :  3}, w e  h a v e  as algebra

H* (B Y  ; /2, 3 ,  Y 7 ,  8 , R

w h e re  R  is  an  id e al g e n e rate d  b y  y2 y3, Y32, y3  y7 , Y 7 2 ,  Y 2 Y 8  3,33/7.
ther, y 3=8y 2, y 7=.T iY 3, 3,8=19Y7.

Remark 4 . 1 2 .  I n  particular, this theorem gives th e  algebra

structure of II*  (B PU  (3) ; 4 ).
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