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O. Introduction

In  sp ite  o f  th e ir  g re a t  in te re s ts  in  statistical m echan ics, very
lit t le  a r e  knowh about the ergodic properties o f  infinite system s of
partic les excep t th e  sy s tem  o f  hard  rods m oving i n  one-dimention
[ 2 ] .  R ecently H a rd y  e t  a l .  [1 ]  h av e  studied some interesting two-
d im en sio n a l system . A s  i s  sim ple it s  d y n a m ic s , i t  is  possib le to
obtain some ergodic properties, how ever, on ly fo r "linearized" tim e
evolution.

In  th is paper w e propose som e sim ple m odel system s which are
generalizations o f the system  o f H ardy et a l .  in  part, bu t the domain
w here collisions do occur is bounded. These m odels can be seen , in
som e se n se , a s  th e  f in ite  sy s tem s  su rro u n d  b y  id e a l g a sse s . W e
investigate some ergodic properties o f th ese  m o d e ls . W e show that
these system s are Bernoulli systems (Theorem 1 of section 1 ), there-
fo re , th e y  h a v e  m ix in g  p ro p erties , a n d  th a t  t h e  tim e correlation
functions a re  decreasing exponentially (Theorem 2  of section 1).

Unfortunately, our systems have no interactions between particles
except those of w hich a re  in  some bounded d o m ain . S o  the systems
are  to be considered a s  "perturbed ideal gasses". H ow ever it seem s
to  m e that the dissipative character of the interactions together with
th e  s ta tis t ic a l n a tu re  o f th e  system s, th a t i s ,  t h e  in fin ite  m any of
degrees of freedom o f the system s w ill p lay  some important ro le for
the ergodicity even for the unrestricted systems.



210 T o s h i o  N iw a

In section 1, w e describe the models in deta il and state the main
re s u lts . I n  section 2 , we prove them  by ref ormutating them  in  dif-
fe re n t  w a y s . T h e  concep ts ra ising  in  them  m ay be in teresting  in
themselves.

Constant discussions w ith  M r. Y . Tsu jii w ere  u sefu l for me.
also thank to Professor H . Totok i to whom the proof of the Theorem
3  of section 2  i s  partialy due.

1. Descript.ons of the models and results

1 .1  L et Z "  b e  y-dimensional integral lattice.  O n  each lattice
s ite  there a re  at m ost 2 y  p a r t ic le s . T he velocity of a p artic le  is  one
o f  th e  2 y  u n it  vecto rs (1, 0, • ••, 0) , (0, 1, • • • , 0) , • , (0, 0, • • • , — 1) .

The configurations w h ere  th ere  a r e  a t le a s t tw o  p artic le s  w ith  the
sam e velocity on  the sam e lattice s ite  a re  excluded.

M o re  p rec ise ly , the phase space aC of allowed configulations of
particles is

X =  {X; X: Z" x P—> {0 , 1 } }

where

P =  Iv = (v i, v 2, ••• , Z"; 1v21- • +

Then, naturally  w e have

X= { 0 , 1 }Z "P

=.111 11 a'v
aEZ,

where

X .=  { X .; X .= {a} xP------P— >I0,1}}

and

X „  {X,,; Z" x  {7/} 10, 1}}.

These spaces are com pact with product topology.

1 . 2  N ow le t u s  define the time evolution T .

T  i s  made up  of the free m otion T o  and the collision C.
T o  i s  m erely a  translation :
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ToX (a, v) = X (a —v, y ) .

C  is defined by the interaction ;ço=.1140.

(pa: fEa X n  xb--->xa
bER (a)\{a}

(C X )a= b E R (a)\ {a} ) , f o r  VXE X

where R (a )=  {a+ b ; b E R } ,  and the interaction range R ,  of ço is  a
bounded se t of 7/.

It is natural to assume that the interaction ço preserves the number
of particles on each  site

E  X  a ( V )  =  ( Cx)a (v),
t E P v e P

and for each a E Z  va , ( •  Xb ; b E R (a )\ {a } )  i s  a  bijection of a 'a  for
every fixed X b, b E  R (a)\  { a).

A s an  example, le t  v = 2.
Assum e the interaction ço has zero range, that is ,  R,-= ••• ,

On-, an d  preserves th e  number o f  partic les and momentum on each
latties s ite ; that is,

X0 (v) (Cx)a (v),
v E P r E P

and

=y  f o r  Va E Z , V X E  X
E (C ,70 (v) =1

then (pa is tr iv ia l, that i s ,  (CX )a=  X„., or the one considered in [1] .
N ow we define the ti me evolution map T  b y  T  = C T o .  (We can

also define the T  b y  7' ----- T o C T o .  W e can handle th is case similarly.)
A s  is m entioned in the introduction w e consider on ly the case

w here ça„ a r e  tr iv ia l excep t th ese  a 's  w h ich  b e lo n g  to  so m e fixed
finite s e t  17 of Z":

(C X )a  = X a  if a IEE V.

1 .  3  W e denote by (X , ;4, the  measure spase X, where 'A is
the algebra generated by the cylinder sets of and i t  i s  a  measure
on

I t  i s  an  interesting problem  to  define th e  equilibrium states
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th a t is  T -invarian t states ,u on .X  [1] .
In  th is paper w e consider only the case where p  has no correla-

tions between sites and  velocities:
fi = l l z ® a a ,  w h ere  pa= po(t/a E Z ' )  i s  a  probability measure

on X a ,  a n d  = 1 1 ,= ,( : ) ,u , w here p ,  i s  a  probability m easure on
Then T-invariance of is  equivelent to  the 9a-invariance of p  that
is

/la (Xa) = p a( (C X ) ,)  f o r  VX

N ow  w e g ive the definition which plays the essential ro le in  our
paper.

Definition 1 .  An interaction 9= H aE z9a is said to be dissipativ e
if  th e  system  defined by the interaction has following property:

F o r any bounded subset K  of Z ", le t  X e  X  be such configulation

that

X  (a, v ) =() u n le s s  a E K.

Then fo r some number n > 0  depending on X ,

Tn X  (a, v ) = 0 fo r a l l  a E K  and y E P.

The interaction g iven  in  the above exam ple is d issipative. More
generally  it is no t hard  to  see that if the interaction 9  has zero range
and preserves the num ber o f  partic les an d  to ta l momentum on each
lattice s ite  then 9  is dissipative.

1 .  4  W e  are  now  in  the p lace that w e can state our results.

Theorem 1 .  A ssu m e  th a t  t h e  s y s te m  ( X „ u ,T )  s a t is f ie s  the

f o llow ing  conditions:
(1) T he interaction, g9=1{ 1„Ez v o w h ic h  d e f in e s  th e  tim e ev olu-

tio n  T  =C •T o  is  d essip ativ e .
(2) 9 a  i s  t r i v i a l  i f  a  does no t be long  to  som e f ix ed  bounded

s e t  V  o f  Z .
(3) T h e  state  #  has no  corre latsons betw een  sites and  velocities,

th a t  i s ,  t i  i s  o f  the  f orm , #=1-1aE z (1)f ia=lloE p01-1 ,, lea= Ito.
( V a e r) ,  w h e re  f ia are  Q a-in v arian t. T h e n  th e  dy nam ical sy s-
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t e rn  ( I ,  /1, T )  i s  a B ernou lli sy s tem  [6 ] .

Theorem 2 .  L et (a' ,,a, T )  be as  in  T h eo rem  1. T hen  f o r  any
cy lin d er se ts  A  an d  B  o f w e  have

(T 'A ( A )  te(B )1<const. rn

f o r  a l l  n > 0 ,  w h e re  const. a n d  r depend  on ly  on  the  supports  o f  A
an d  B , an d  0 < r < 1 .

2 .  Processes with interactions and the proofs o f theorems.

2 . 1  Let us co n sicer the physical system s Y, = (Mi, H i )  (i= 1,
2, • • • , N )  w ith  H am ilto n ian s H i a n d  p h a re  sp aces M t  respectively.
L et 1 0°1 - be the time evolutions of Y i  in duced  fro m  H . I f  they are
in  equ ilib rium  states, they a r e  rep resen ted  by in varian t probability
measures on M t respectively.

I f  these systems .5 ' ; a re  coupled together and the mutual interac-
tions a re  neg lig ib le , th en  th e  coupled system  ,9'=  5 ;  X 9 '2 X  •  •  •  X  ,-VN
has the Hamiltonian H =-  H i+  H 2 +  •  •  •  +  HN and the phase space M=
x  M 2 X  •  •  •  X  M N  (product space of MI, M2, • • •, and M N ).

A s  m utual in teractions are neg lig ib le , th e  obtained equilibrium
sta te  o f th e  coupled system Y  is  rep resen ted  by th e  d irec t propudt
m easure ,ct =  tliO tt20. • •® /IN  o f  th e  m easures pi,  • • . ,  an d  /IN  on
M =M , x M 2 X  •  • • X  M N  [4 ].

Now le t  (M , { } )  be a  dynam ical system  w ith discrete time.
W e can  rep resen t it b y  a  sym bolic dynam ics (D, p, T ) ; D  i s  the set
of doubly infinite sequences w = (• • • , w , wo, w , • • •) of elements of S:

S2 Sn—> = {on},nez

E  S „= S = {ao, al, • • • , a s - 1 }  •

T  i s  the sh ift of D:

(To)„ -=

p  i s  a  T -in v a r ian t probability measure on D.
Hence-forth we call the (D, 0, T )  s-shift. Then the representation

of the dynam ical system  (111, { ç f } )  b y  th e  s-sh ift (D , p , T )  means
the mapping n  of /V  to  D  such that the diagram
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49
M - - > M

I 7C. T  v
> 2

com m utes and  (11) p  (s e e  [ 3 ] ,  [ 5 ] ) .
L e t  (fli, pi, T  be scsh ift representing the dynamical system (M i,

p i, {W }) ob ta ined  from  th e  system i( M i, H1). T h e n  th e  product
system Y= .-7i x .Y 2x -• • x Y r., is  rep resen ted  b y  th e  product s-shift
(2 , p, ,  w here s =  s1 s2. • • • • 5, and (2 , p , T )  pi, TO, if the
Hamiltonian H  of the coupled system i s  e x a c t l y  the  sum  o f 111,
11 ,,•••, and 1-/N, that is ,  there are no mutual in te rac tio n s. If we take
mutual interactions into considerations, they a re  represented by a  map
C  o f 2 ,  an d  th e  tim e evo lution  o f  th e  coupled system .Y  w ill b e
represented by the composed map T = C • T o .  The fact that the mutual
in teractions are "n eg lig ib le"  is  rep re sen ted  b y  th e  C -invariance of

P=P10P20..-® PN .
In  th is context it is interesting that in some cases p  is completely

determined by the m a p  C a l ] ,  [4 ] ) .
W e  do not dw ell on this problem.

2 .  2  In  th is  w ay  w e  arrive a t  th e  fo llow ing no tation . L et (X ,
p , l'o ) be s-shift

X= II S,,, S. = S =  {0, 1, 2, .• • , s - 1} .

F o r an y  (0 =  w ,}  E X

(7 '0 (0 .= to

and p  i s  a To-invariant probability measure on X .  W e denote by
the projection of X  onto

S„
ek

for any subset K  of Z :

zic: X— SK:SK : K  ( o ) 7, { 0 }  n e K f o r  Vo) -to) }- = n e Z •

N ow  w e g ive the following

Definition 2 .  A  mapping C  o f  (X, p )  is  c a lle d  a n  in t e r a c t i o n
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o r  a  collision of (X, p, T0) i f  it satisfies the following conditions.
(1) C  is  an automorphism of (X, p ) ,  that is ,  invertible p-preserv-

ing m easurable transformation of (X, p ) .
(2) F o r  an y  fin ite  sub set K  of Z ,  th ere  ex ists  a  finite subset

K '  of Z  such that fo r any two elements a), a ) ' of X, 7r.K, (a)) = 7r/c, (0')
implies 7rK(Ca)) =-7rK(Co'). In  particular if C  satisfies in addition the
following conditisn, th e  C  is  ca lled  a  local collision on K .

(3) C  i s  th e  identity onZ \ K , that is

ravc (C0) =7r5vrc (w) for a l l  o) G X.

T he obtained dynamical system (X, p , T )  is  c a lled  a p r o c e s s  w i th
i n t e r a c t s o n  C ,  w here T  is defined by T=C•To.

A s  m en tioned  above it is  a n  interesting problm  to investigate
the relation between interactions C  and shift-invariant measures p.

W e  do not dw ell on this problem  here. W e give another notion.

Definition 3 .  A n in teraction  C  o f  (X, p, T0) i s  c a l l e d  t o  b e
d is s ip a t iv e ,  i f  it has following properties:

(1) CO==O, w h e re  0  denotes the "vacuum " element o f X , that
is, O n=0 for a l l  n e  Z.

(2) Take any finite set K  of Z, if w e X satisfies rcz\K (60 = n z\ K (0 )

then there exists a  num ber n>0 depending on o )  such that

Tric(T"(0)=7tx(0).

Remark. L et C  b e  a  d issipative lo ca l co llis io n  o n  K =  (0 ,k ] ,
then there exists a  number nK>0 independent of o.) such that fo r any

e  X  and n > n ,- ,  if

7tc-n,q(0))=7tc_.,0](0)
 

th e n  gic(T "a)) K(0)

H ere w e use the notation

(a, b] n e Z ; a < n < b }

for any a ,  bE Z .

2. 3 W e  w i l l  n o w  o n  d e a l w ith  o n ly  th e  d issip ative  local
collisions on K =  (0, k ] .  T hen  w e get the following
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Theorem 3 .  L e t (X, p , T )  b e  a p ro cess  w ith  in te ra c tio n  C . If
C  i s  a  d iss ip ativ e  loca l c o llis io n  o n  K =  (0, k ]  and

 
i s  a direct

p ro d u c t p r o b a b i l l i t v  m e a s u p e  on X su ch  th at

1> po= p lo); (Do-- 0} >0 .

t h e n  (X, p ,  T )  i s  a Bernoulli system .

Theorem 4 .  U n d e r the sam e a s sm p t io n s  as theorem  3 ,  w e have

p (T " A  [1 B) — p (A) p (B) const. r"

f o r  a l l  n > 0  an d  f o r  an y  c y lin d e r sets A  and B  o f  X .  H e re  c o n s t .
and r  are constant num bers depending  on the supports of A and B,
and 0 < r< 1 .

2. 4 P ro o f  o f  th eo rem  3 :

L et E' =  {Co, C1, • • • • C,r_1} be a partition  o f X such that

C1= w e  X : c o o =  i} f o r  i E S =- (0, 1, • • • , s .

A s  T -"C i=  {0E  X; o)._„ = -4  fo r  a l l  n > 0  and  i E S ,  it  is  c le a r  th a t
e, T-1$, • • •, ••• a r e  m utually independent. Therefore  i s  a
Bernoulli-partion fo r  T ,  th a t is, {T "$; n  E  Z } a r e  also m utually in-

dependent.
W e  have to  show that

V T"Œ= = partition into individual points) .

Let Ji -{0 E  X ; 7I(_,,,r(i+i),—.Kij(0- ) = -"K 1]( 0 ) }

w here n K  is  the number defined in  th e  above remark.

-
Let Co= V  T .

71 = 0

W e note th a t I-1(i> 0 )  a re  contained in (Co), 6-algebra of X genera-
ted  by C o . A s  p  i s  a  direct product probability m easure w ith po>0,

so  it is  c lear th at

p (X \ =0.

N ow  le t  to and co' o f  fi 1=o J ;  be Co-equivalent, that is ,  belong to
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the same element o f Co. I f  to E J ,  ( 0 < / < j ) ,  then o Y E J , a n d  b y  the
d iss ip a tiv en ess  and th e  locality  of the interaction C  w e have

(T " '" " i o ) i =  ( r '" + 1 ) 0 ') 1 for V i>k .

Hence

(Tnico"(o),-= (T'Kci+1)0/), f o r  V i<k .

Therefore we get

(7..Ku+n+p(0),_ (7'("K(i-1-1)+poi), f o r  v i < k ±  p.

T h is means

Hence

T"x(i+ 1)+ 1C0>T0k+ PC0 on L J J .
1=1.

V TnCO> V To'Co e o n  U Ji .n=n

A s j  is arb itrary, so

V TnCo= e (mod 0),

and

V  T n E T "C o= q .e .d .

2 .  5  Now le t  u s  prove the theorem 4.
W e  u se  th e  fo llow ing n o ta t io n : L e t L  b e  a  subset o f  Z  and

az, E fl, L S ,.

[a L ] = {to E  X: rc L (0) a L} •

F irst w e  assume that B  i s  a  cylinder se t o n  (0, b ] ( b > k )  ,  i.e.

B = e X : 7ro, bj (0)) e Bo,u}

for some Bo,b,OES(0,b].
Let

J i = (-m(i +1), -mi] (0)] f o r  i > 0 ,

w here in -= b
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W e denote from  now o n  that

fo r  th e  brevity.
Let

j = 1

J =

and = g i  (o ) ( 0 )  fo r  O < V 1 < j—  1} .
A ssum e that A =  [ a x ]  fo re  some ax G S K ,  an d  denote

Then

A ,= . q , [ a x ]  n (0) n [r, (0 ) ] . (1)

B y  th e  locality a n d  th e  dissipativeness o f  C  w e can get

T " “ j+ "  ( [a x ]  n (0) n [7t,(0)])

E r,o ,b ,(0 ) in  [4 (ax ,717(-no ,u(a))))(b ,.( i+ o+ k]]

H ere yç,i(ax,7r(_„,;,,n(0))) is som e elem ent o f  S ( b ,m ( i+ n + k ]  depending on
a k  G  S K  an d  7r(— m j ,o i (W ) G  S ( - -m j,o ] ,  whose explicit from is not necessary
to know.

Hence

T m (i+ 1 )+ P  ( [ a x ] (w) n [7,(0)])

TP (0) n T  [ ( q  ( a x ,  (—rn jo n  ( a ) ) ) ) ( b , u + o + k ] ]  •
(2)

w here 0 =  Dr (0, b] (0)] •

T aking th e  sum  f o r  to over D i w e get

T m (f-H )+ P  (A i) nB
(7'1) (0 )  n B ) n  u  TP [(ço i (a x , Jo] (0 ) ) ) (6, m (i +0+ kii) •

,0E 2

Hence

p (T(.1+"+P  (A ,) n B )  =  ( TP (0 ) n B )

 0  ( [  ((Pi (ax ,nc— i,u (0))))(b ,m (j+ i)+ kj]) • (3)
(-mt, a] .E S 2 1

O n  th e  hther hand , tak ing th e  sum  over S2j i n  (2 )  w e  have
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to ( A  =  p ( 0 )  x ( D i (ax, 7r(-„ , ,o] (0 ))))(b ,m (i+ o+ K]]). (4)
, oo; .) ea ,

Note also that

(A  = P (A) P (I

Combining these ( 3 )  ,  ( 4 )  an d  ( 5 )  w e get

p (7'ci+1) ( A i ) fl B )

_  p (A) 

p ( 0 )  
P (-PP ( 0 )  n (I i )

F in ary  w e can get

(7 '' (A ) n B )

(T "  (  A3) n  +  P  (T " (A \6  A 3) n B )
5=0 5=0

p (A )p  j )  p  ( T .  (i+ 1)(0  ) n p ( T  ( A \ 6  A 5) n
p  (0 )  = 0 1=0

for n>  m  (q  +  1).
Summing up over S K , th e  left hand side becomes

( T n (A ) n p (Tn (x) n  = p (B ) ,
4= [ax]; axESX

and the right hand side becomes

1 0 ( I  P f + " (0 ) n
p (0 )  5 = 0

-0 1  p (T" (A \CJ A 3) n.B)
A 1=0

1q
P ( J i )  (T n-m cf" (0) fl B)

0 (0)

+ p  (7 ' (X  \ 6 ..1 5 ) u B ) .

Hence

(5)

(4)

p  ( B )  —  1 Ê  p (13) p (7'"-m ( + 1) (0) fl B )
p ( o )  = 0
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+ p (T n (X J i)  n B) . (7 )

Consequently from (6 )  and (7 )  w e get

( T " (A) fl B )  =  (A ) {p (B) —  p (T (X  J  i )  n B) }
=0

+  (T n  (A \ C j i )  n B) .
f= 0

H ence w e have for any cylinder se t A  o n  (0, k],

P (T" (A ) n  — P (A) P

=  p (T" (A n (x \ ûJj)) fl B )
.1=-0

— p (A) p (Tn [X\Û ni3)1
j= 0

< p (Tn (X  \ ,J i) U  B)

< p (X\ iÙ J i) , for n> (1) — k + '4) (q +1) .

Note that

p (X \ J i) = (1 — pom)q

From  th is w e can  easily get

(T n (A) fl B ) —  (A ) p  (B )1< con st. rn

fo r  a ll n > 0 ,  w here r = (1 — porn) <1 and const.

T h u s  w e  h av e  proved theorem fo r the cylinder se t B  o n  (0, b]
and the cylinder se t A  on K .

In  general, le t A  an d  B  be the cylinder se ts  o n  [— a , a ] , a> k .
Then, Tn+1 (A )  and Tn+1 (B) are  th e  cylinder sets on  (0, 2a+  1] .

W e can  assu m e th at 7 ' + 1 (A )  i s  a  th in  cylinder s e t  o n  (0, 2a ± ,

that is , w e can  se t that

(A ) =  Ai n A2,

where A l=  [a (0 ,k d  fo r some ce(0,k3E Sok] and A 2  =  [C 6 k ,2 0 L + 1 ] ]  for some
ce(k,2.+1] m So,,2a+ij•
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Then

Tn+a+1 (A ) =  T" (A1) n (A2)

N ote th at fo r  n> 2a +  1 —  k, T" (A 2) i s  a  cy linder s e t  o n  (d , 2a

+ 1 ) ,  =  n  k > 2 a  + 1 , an d  T " (A ,) n T a + ' (B ) i s  acylinder se t o n  (0,

Hence 7 '  (A i) n T a + i (B )  and T ( A 2 )  a re  mutually independent.
Therefore

p (7'" (A )  fl B) —  p (A ) p (B )

= p 7 1  ( 7 "  (A) fl B)) —  P (T a+ 1(A ))0 (T a+ 1 (B ))

= PCT." (Te+1 (A ) )  n T "  (B ) )  —  P  (7 '1  (A ) )  P(Ta+ 1 (B))

= p (T" (A1) fl 7T '  (A2) fl Tœ+1 ( B ) )  t9 (A1 fl A2) p (T a + ' ( B ) )

= P (7-T ' (A 2)) P  M O O  nT a+ 1 (B )) (Ai) p (A2) P (T'4'1 ( B ) )

= P (A2) {P C-r" (AI) n Ta+ ' ( B ) )  P  (AO P (Ta÷1 (B))}

A s A , is  a  cylinder set on (0, k ]  and TŒ+' (B) on (0, 2a+  1 ],  we have

P (T" (A1) n 7 a+1 (B)) — P (A1) P 
(7a+1

 r" for a l l  n > 0 .

P (T" (A ) n B )  — 0 (A ) P (13)

< co n s t .  r " fo r a l l  n > 0 . q.e.d..

2 . 6  A p p lin g  th e se  th eo rem s w e  c an  v e r ify  th e  theorem s of
section 1.

W e  show that the  system  (X , a ,  T )  which satisfies the conditions
(1) , (2 ) and (3 ) of the theorem 1 of the section  1  i s  a  specia l case
o f  a  process (X, p, T ) w i t h  interaction C  w here C  i s  a  dissipative
local collision.

Let 17„= {(x1, • ••, x") < k  for i= i ,  •••, v)• be such a  bound-
ed  se t o f Z y  that

if a  17, th e n  ço„-= trivial.

I t  is  e a s y  to  s e e  th a t  w e  con concentrate our consideration on such
sites x =  (x ', x2, . . . ,x ')  r  that for some i = 1, • • • Because
th e re  is  no  in teraction  outside th e  V ,  s o  the partic les on the sites



222 T osh io  N iz oa

x =  (x i ,  x 2 ,  •  •  . ,  f )  w h ere  lxj1 > k  fo r a l l  i =  1, 2, • • • , p  m o v e  lik e  id ea l
gas.

For the sim plicity w e consider only the case when v -= 2 and k  =1.
I t  is  n o t h a rd  to  s e e  in  general case.

N ow  w e constract a mapping f  of p =  I  I  ;7. . a E ,  — a  to S Z  where
V= =- (x i, • • • , x") E Z ' ;  fo r som e i=  1, • • ,

F o r  a  configuration X ( a ;  y ) ,  a E I T ,  th e  im age  {on} E S Z  o f  it
under f  is  given  by

con= (6,7,  a„2, • •• a,") . {0, 1)-12= S

where

= X ( (n — 2, 1); (1, 0) )

s.„2-= X ( (n - 2, 0); (1, 0))

c,,3=- X ( (n — 2, — 1); (1, 0) )

= X ( ( - 1 ,n  — 2); (0, 1))

e„12=X ((-1, — n+2); (0, — 1))

T h e  in te rac tio n s 4 , ;  a E V }  in d u c e  th e  lo ca l co llis io n  C  on
K =  ( 0 ,2 k +1 ].

T he dissipativeness of C  fo llow s from  the dissipativeness of y9=

{42.} •
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