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Introduction

L et D  b e a  S ie g e l domain of the second k ind  associated  w ith  a
convex cone V  and  a V -herm itian  form  F. R e a l iz a t io n  o f  D  a s  a
S iege l domain of the third kind was studied by Pyatetski-Shapiro [5],
W olf-K ordnyi [13] and b y  S a tak e  [6 ] w h en  D  is symmetric.

K a n e y u k i [1 ]  an d  T ak eu ch i [8 ] tre a ted  th e  c a se  w here  D  is
homogeneous. Their methods are based on the correspondence between
"j-a lgeb ras"  and "homogeneous S iege l domains of the second kind".

T h e purpose o f the present paper is to  prove that D  can be re-
aliz ed  as a S iegel dom ain of the th ird  k in d  in  such a  w ay  th at
the g ro u p  A ut(D ) ac ts  o n  .0 as quasi-linear transf orm ations. This
is  a  generalization o f  a  resu lt o f Takeuchi [8].1)

In  §  1 , w e recall som e resu lts in  [2 ]  a n d  [4 ]  o n  th e  s tru c tu te
of the L ie a lgebra g (D )  of Aut (D ) and construct a  symmetric domain
S which corresponds to  a sem i-simple part of g (D) . W e also  recall
Tanaka's imbedding of the domain D  ( [1 0 ] , [3 ]) .

In  §  2 , w e study a  C artan  decomposition of g (D ) assuming that
D  is  sym m etric . M any resu lts in  th is  section can be obtained also
f ro m  S a ta k e  [7 ] . B u t our methods and proofs seem to be more direct
and simpler.

') Takeuchi [7 ] obtained this result for the identity component of Aut (D ) when D
is homogeneous.
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B y using  the resu lts in  previous sections, w e shall study in  §  3
the structure of the cone V  an d  introduce a  co n e V T and a Vr-her-
m itian form H .

F inally  in  §  4 , b y  the same argum en ts as in  Satake [6 ], we con-
struct a  S ie g e l dom ain  .0  of the th ird  k ind , w ith  S  a s  a  b a se  space,
w hose fiber is th e  S iege l domain of the second kind associated w ith
V,. and H .  A nd m aking use o f Tanaka's imbedding, we shall see that
D  and _0 are holomorphically equivalent.

§  1 .  Summary of known results.

1 .  1 .  L et R  ( r e sp . W ) b e  a  re a l (re sp . com plex) vector space
o f a  finite d im ension . Denote by R , the complexification of R .  For
e v e ry  v e c to r  z  Rc, w e denote by R e z (resp . by 1m z) its real (resp.
im aginary) part!)

L et D  be a  S ie g e l domain of the second k ind  in  Rcd-W, due to
Pyatetski-Shapiro [5], associated w ith a  convex cone V  in  R  and a
V-hermitian form F  on W, and let g (D ) be the Lie algebra of Aut (D),
the group of all holomorphic transformations of the domain D .  Denote
by E  (re sp . b y  / ) the element o f g (D ) induced by the following one
parameter group in  A u t(D ) (w ith param eter t ):

z  w _ _ e -2tz + e - tw  (z e R e, w )

(resp. z e" -." w).

Then from Kaup-Matsushima-Ochiai [2], th e  L ie  algebra g(D) has the
following graded structure :

(D) = +  +  +  + ( [

gx, c e + F ) ,

-{XEg (D ) ; [E , X] = AX} ,

T=T-2+1.-1+r° (rx= trIgx),

w here r denotes the rad ical of g (D).
W e also  know  from  [2 ] that both  E  an d  /  are  in  th e  cen ter of

g° and that /  has the following properties (c f . [3 ]) :

(1.1)a d 1 = 0  on

2) In  what follows, fo r  a  vector space o r a  L ie  algebra A, we always mean by A, its
complexification.
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(ad I)2 = —1 on

T he space g -2  (resp. g-1) is identified w ith R  (resp. w ith  T V ) in  a
natural manner.') Then the complex structure of g-1 is given by ad I,
and the hermitian form F  and the domain D  are expressed as follows:

(1 .2)F  ( w ,  w ')  = w], w'] — 1 [w, w']) ,

D  =  + w gc-2 - ; Im  z— F (w , w ) E

1 . 2 . W e now  recall som e resu lts in  [ 4 ] .  T here ex ists a semi-
sim ple graded subalgebra =E1=___2e* of g (D ) with the following prop-
erties:

(1. 3) i) ' =g1 and =  g2.

ii) The adjoint representation of e  on is faithful.

Then is  a  complex subspace o f g-1 and

(1. 4)g - - 2 =  - 2 + r - 2  (direct sum)

g - l =  - - 1 + 1 c - '  (d irect sum).

Since is  semi-simple, there ex ists a unique E , in such that

(1 .5)e =  {X ; [E „  X ] = .

W e  set

(1. 6) Ix e  T - 2 ;  [E„ X ] = — X ) ,

1.0-2 t - 2 ;  [ ,  X] =

rs° -= 1XE ; [E,, X ]  =X } ,

Too _ e To; [ ,  X ] =01.

W e then have

(1. 7)1 . 7 2  = 1 C 3 - 2  + 1 : 0 - 2  (direct sum)

to_ r,° -1- (d irect sum),

"  g -2  (resp. g-2) consists o f all elements o f g (D ) induced by th e  following o n e  pa-
rameter group (with parameter t):

z + w — > z + ta + w  (a 1 2 )

(resp. z+w ---->z+2 ,V — iF (w ,tc )+  —1F(tc,tc)  ( C E  W ) ) .
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1.8_2 _ [r_23 _ [ro, D

1.80 _ [to, [x_2, 2] D

Moreover we know

(1.8)

F rom  (1. 6), ( 1 .7 )  an d

(1 .9)

(1.10)

[E„ = 0 .

(1. 8) w e get

[ t " , C ro-2,

[t,o, ro-2+ r-1+ 1,0] 0

[,r cro-2.

For the algebra there ex ists a sem i-simple subalgebra c o f  g°
such that

i) c] = 0 .

ii) c i s  a  d ire c t sum and is  a sem i-sim ple part of g (D).

Note that the  spaces t0-2, L °  and 1 0° a re  s tab le  b y  ad X  for
XE  e C+ To°, because [E „  +  c+ ro l  = 0.

L et u s denote by vs the projection of ge-2 + g -1 onto with
respect to  the decompositions (1. 4). Then from  (1 . 6 ), w e  g e t  for
an y  v  g ' ,

v,(v) = lim —
1  

Ad (exp (tEs))v .e 2 t

Therefore if  w e  put

V, = v,(V) , S= v,(D),

then  V, is contained in  V, because Ad(exp X) V=  V  fo r any XE g°.4)
Hence V. is  an open convex cone is containing no entire straight
lines. C le a r l y  the restriction F , o f F  to -1>< i s  a  Vchermitian
fo rm . O ne of the m ain  results in  [4 ]  i s  the following.

g° consists of all AŒ gl (R d - W ) satisfying the follow ings: A (R )c R , A (W )c W ,
- exp tA (V )= V  and A F (w , w ')= F (A w , w ')+ F (w , A w '). A nd  under the iden-

tification of g '+ g - '  with R+ W, the equality; Ad(exp A)X=exp A (X )  holds for
any XEC2-Fg-'.
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T h eo rem  1 . 1 . S i s  th e  sy m m etric S iegel dom ain of  the second
k ink  in asso c iate d  w ith  V , and F , ,  a n d  th e  g rad e d  L ie
algebra i s  id e n t i f i e d  w i t h  g (S ).

1 . 3 . In  th is  paragraph, w e  re ca ll T an ak a 's  im beddings. (For
proofs of the fo llow ing facts, see [1 0 ] an d  [3 ].)

L et G  b e  the identity component of Aut (D )  and let g (D ), be the
complexification o f  g (D )  .  W e d en o te  b y  G. th e  a d jo in t  g ro u p  of
g (D ) , .  S in ce  G  i s  centerless ([2 ]), w e identify th e  L ie  a lgebra G,
w ith  g (D ), and G  w ith  a  subgroup of G , .  Define linear transforma-
tions Q  and o f  g,-' + g,' by

(1. 11) Q (X ) =-1 (X— A/ —1[I, X ])

Q (X ) =  (X + ,/ —1[I, X ] )  f o r  X E  ge-1+ gel.

W e then have for A = —1,1

(1. 12) g,' =Q (gx) + Q (gx) (direct sum),

Q (q )  = Q (q,) = {X E gex ; [/, X ] =

Q (e)= Q (gex) =  1XE g e l ;  [I, X ] = — —1X1

W e set

(1.13) + V +  gcl+gc2*

Then b is a complex subalgebra of g (D ), and dim b = dim g (D), — dim D.
Let B  be the closed subgroup of G , defined by

(1.14)B =  { g  G e  ;  g  (b) =

T he L ie  algebra of B  coinsides w ith  b  a s  is  e a s ily  o b se rv ed . W e
can now construct a  map h  of q , '+  q 1  t o  G I B  a s  follows :

(1. 15) h (z + w) =7r • exp (z + Q (w)) G g , ' ,  W  g - ') ,

w h e re  r  d e n o te s  the pro jection  of G , onto G I B .  T h e  map h  is
holomorphic because Q([I,w])=-,\/ —1Q (w) . M oreover h  i s  a n  im-
bedding of g,-'+ g-' onto an  open set of G I B  an d  satisfies th e  fol-
lowing

(1. 16) h (g (p ))  = g • h (p ) f o r  gE G ,p E D .
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Remark 1 .  T h e  m apping h  w as first constructed  by T anaka
[ 1 0 ]  when the domain D  is homogeneous, an d  extended to general
ca se s  in  [3 ].

g 2. Symmetric Siegel domains.

2. 1. Throughout this section, w e  assume that the Siegel domain
D  is sym m etric, w hich is equivalent to  say that g (D ) i s  semi-simple.

Lemma 2. 1. L e t ce  V . T h e n  th e re  e x is ts  a unique e*  i n  2

such that [e* , e] =E .

Proof . T h e  uniqueness is obvious, since the m ap p in g : X ->[e, X ]
of g2 to  g° i s  in jec tiv e  (V e y  [11]) . W e  sh a ll show the existence.
S ince D  is  sym m etric , th e  subalgebra g ' =

g -2+  [13 -2 ,
 q 2 ] +q2 is  a ls o

semi-simple and E  is contained in  [g -2 , g2 ] ([4 ]).  W e d en o te  b y  p
the adjoint representaiton o f [g-2, g2] on g-2. L et ço, b e  th e  charac-
teristic function o f V , w hich  is a positive function defined on  V  and
satisfies the fo llow ing equality (V in b e rg  [1 2 ]) :

(2. 1)ç o v ( a x )  =  (det a)-içov (x),

where a= exp p (A )  ( A  [g -2 , g 2 ] ) . Put M (x ) =log gov (x ). Since the
killing form a ' o f  g ' gives a  duality between g-2  and g2, w e can w rite
in  th e  T ay lo r series fo r M  (e + tx ) a s  follows:

M(e + tx) = M (e) — ta ' (e, x ) + 0 (t2) .

w here e- E g2 . Then from  (2 . 1 ) , we obtain

a' (- , [A , e]) =T r p ( A )  f o r  A  [g-2, g2] .

L et e* = 4é. Then a' ([e* , e] , A ) =- —4 Tr p (A ) . O n th e  other hand
from  Tanaka [ 9 ] ,  w e  g e t  a ' (E , A) = 2 Tr p (E) • p (A ) = —4 Tr p (A ) .
Therefore ce' (E — [e*, e], A ) = 0 fo r  a n y  A  [g-2, g2] and hence a' (E
— [e*, e], g ') =0. T h i s  implies E= [e*, e]. q.e.d.

2. 2. We now investigate Cartan decompositions of the Lie algebra
g ( D ) .  L e t g (D) = f+ p  b e  th e  C artan  d eco m p o sitio n  a t h e  point
,/ — le  D (e e V )  and let 1  b e  th e  corresponding Cartan involution.
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Then f  is  the isotropy subalgebra of g (D ) a t  / — le . Therefore from
[2 ], w e have

(2.2)f = e + m + n  (d irect sum),

f n  = g ' ;  [e, A ] =0} ,

ut = { X + He, [e , X ]]; X E  g21

n =  IY +  [I, [e, Y ]]; Y e

W e set

(2. 3) = { X -4 [e , [e, X ]]; X e

'if = 1Y— [I, [e, Y]]; YE g'}

Lemma 2.2. p D ii+  frt.

Proof. L e t  a  denote th e  killing form  o f  g (D) . Then p= Ix
E g (D ); a (X , f) = .  Clearly a +  f°) --- a (fii, n) = a (f, nt) =0,
because a (e, g'`) 0  for A +  l 0 .  L et X, X 'Eg2. T h e n

a (X — [e, [e, X ]] , X ' + i[e , [e, X ']])

a (X , [e, [e, X T ) — 1 a ([e, [e, X ], X ') = 0 .

Therefore we have a (fit n i)  = 0  and hence hi p. By using (1. 1) we

can show a (i1, n) 0  similarly. q.e.d.

Since ô= 1 o n  f, w e have for any XE g2

X + [e, [e, X ]] = 6 (X ) + [6  (e), [6 ( e ) ,  (X )]] .

O n the other hand, 6 = —1 on p. It follows from Lemma 2. 2

— X + , [e , X ]] = 6 (X ) — +UT (e) , [6 (e) , 6 (X )]].

Therefore we get

(2.4)C ( X )  = 1 - [ e ,  [ e ,  X ] ]  f o r  XE  (32.

Similarly we have

(2.5)( Y )  =  [I, [e, X ] ]  f o r  Y e  g1.

Let e* be a s  in  Lemma 2. 1. T h e n  i [e*, [e*, X ]] E g2 for any Xe g2.
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H ence by (2. 4) w e have

6  [e* , [e* X ]]) = +[e, [e,  [e*, [e*  , X ]]]]

= +[e, [e* ,2X ]]

= x ,

here  w e use the fact that E  i s  in  th e  center o f g°. S in ce  62= 1, we
have

(2.6)6  (X ) = 1--[e* , [e*, X ] ]  f o r  XE

S im ila r ly  b y  u s in g  (1. 1) , w e get

(2 .7) 6(Y) = — [I, {e*, Y ]]  f o r  Y E ' .

B y  (2. 4), (2. 5), ( 2 .6 )  a n d  (2. 7), w e kn o w  th at 6 (e) = ç '  f o r  ,1
= —2, —1, 1 and 2 .  Hence 0(0°) = g°, because g°= + [ 1,  01]
( [ 4 ] ) .  C learly  6 (e) = e *  and 6 (e*) —  e  .  Therefore 6 (E) =- —  E .
W e now assert [e, 02] = [e*,I n  fact g2= [e*, [e*, 0_2]]. So, [e, 02]

= [e*, [e , [e*, 0 -2]]] = [e*, 0 - 2 ] ,  proving our a sse rtio n . W e  set

(2 .8) [e, 09 = [e*, 0-9
Then r p°= 0, because the mapping :  X — >[e, [e, X ] ]  of g2 to  0-2 is

injective (cf. (2. 2)). Moreover dim g°= dim r + dim 0-2= dim r + dim p°.
H en ce  w e  ge t g°-= + p° (d irect s u m ) . B e in g  invariant b y  6 , p° is
containd in  p .  T hus w e have proved.

T h eo rem  2. 3. L e t  D  b e  a  sy m m etric Siegel d o m ain  of the
second k ind  and let g (D) = f + p be the Cartan decom position at the
po in t .N/ — le (e e V ) .  T h e n

f = f° + nt + It (direct sum)

p= p° + Fri + t't (direct sum ),

w here f°, ni, n, Ii, IT and p° are g iv e n  b y  ( 2 .  2 ) ,  ( 2 .  3 )  and  (2 . 8 ) .

2. 3. L et u s denote by A the holomorphic vector field on D cor-
responding to A  E  (D ) .  Put a= N/ — le .  I t  is  e a s y  to  s e e  th a t  the
following equalities hold :
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(2 .9)A 1 =  , / e], f o r  A E g°,

[/,--i],= A/ - 1 Y ,  f o r  Y E g '.

Let J  b e  the complex structure of D .  For XE  g', w e have X, — 6(X ),

= (X ),,  because X  + 6 (X ) e t a n d  hence  5.-C1+ 6 (X), = 0. On the

other hand by (2.4) and (2.9), [e, X ], = A/ — 1[[e , X ], e ],= —2,1 —16(X ) 1.
T h ere fo re  w e  have

(2. 10) J (X —(7 (X )), = [e, X ] ,  f o r  XE 02.

Similarly for Y E g', we have P, - 6( Y )1 = - 26(Y) 2 and [I, Y], — 6([I, Y]),
t i

= — ([/, Y]),= — 2 [I, 6 (Y)],= — 2 A./ —16 (Y),. Therefore

(2. 11) J (Y —  (Y ) ) ,=  [/ ,  Y ] ,  —6 ([./, Y ] ) ,  f o r  Y E g1.

W e se t

(2. 12) Z =W +e— e*)=4-(l+e+(7(e)).

C learly  Z  is  co n ta in ed  in  f.

Proposition 2. 4.

(1) Z  b e lon g s to  the c e n te r o f  f.

(2) U n d e r the n atu ral id e n tif ic atio n  o f  p w i t h  T the
tangent sp ace  to  D  a t  ,/ — 1e, the f o llo w in g  eq u ality  h o ld s:

ad Z X = JX  f o r  X E p

Proof . S i n c e  [e , f°] = 0 , 6 ([e, = [ — e*, r ]  = 0 .  L e t  X e  g'.
Then by using (1. 1), w e obtain [Z, X  + 6 (X )] ([e, X ] ± [(7(e), 6  (X )])

= ([e  , X ] + 6 ([e , X ])) = 0 , b e c a u se  [e, X ]  E  p° b y  T h e o r e m  2. 3.
T h e re fo re  [Z, 0. N e x t le t  YE g ' .  T h e n  f ro m  (1. 1 ),  (2. 5) and
(2. 7), [Z , Y (Y ) ]  =  (  [ I ,  Y ]  [I, ( Y ) ]  [e, Y ] -* (7([e, Y ]) )

([I, Y ] — [e, Y ] [ e ,  Y ] — [I , Y ])  = 0. H e n c e  [Z , n] = 0 , p ro v in g
(1).

B y  direct computations, w e  have

(2. 13) [Z, X  — 6 (X )] = [e, X ]  f o r  Xe g'.

(2.14)[ Z ,  Y (Y)] = [/, Y —  (Y)]
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= Eli, 17] —  ([1 , 1 1 )  fo r  Y E 1.

Now the statem et (2) follows immediately from (2. 10) , (2. 11), (2. 13)
and (2. 14). q.e.d.

W e  set

(2. 15)p =  I x  E pc; [Z, X ] = —

p += X e  P; [z, x] = —

Then the following equalities hold :

(2. 16) pc= p.,.+ p _  (direct sum) ,

= N/ —1 [Z, X ];  XE pc} ,

p = tx-+ •,/ —1 [Z , X ];  x Ep

Proposition 2. 5. The follow ing equlity  holds:

Ad (exp —  le) b = f, + p_ ,

where b  is  the subalgebra o f g (D ), given by (1. 13) .

P ro o f .  L et X E  gc2 . B y  (2 . 1 3 ) w e  have Ad (exp  —  le) X= X
+ — 1 [e , X ] — 1[e, [e, X ]]= X— 6  (X )+ — 1  ad Z(X — 6 (X ) ) .  There-
fo r e  b y  (2 . 1 6 )  , A d (e x p  —1e) gc2E1.1_. N e x t  l e t  YE g e l .  Then
Ad(exp — le)Y — 6 (Ad (exp A/ — le)Y)= Y+ Ni — 1 [e, Y ] —6(Y )— V —1
x [6 (e ) , 6(Y )] =  Y —  6 (Y ) +  — 1([I, Y] + [e , Y ])=Y  — 6(Y )+ \I —1
X ad Z (Y  — 6 ( Y ) ) .  T h i s  implies Ad (exp V — le) gelCf, + p_. L et A
= Ai + A, E gc°, where Ai E fc° and A 2  pc°. It follows Ad (exp N/ le) A
.A .2 + 'V -1[e, A 2] (mod fc). And A2+ —  1  [e , 6 ( 4 1 2  +  —  1 [e, A2])
= 2A2+ V —1 [e, A.2] — — 1[e* , A d =  2 (A2+ V —1[Z, A 2]) E p_. Hence
Ad (exp  —  le) gc°Cf, + p_. Finally fo r Y E  q ,', A d (exp  —  le )Q (Y )

Q (Y ) .  Since i (I )  = 1 , it fo llow s Q(Y ) — crQ(Y )=Q(Y —  6 (Y )) .
Hence by (2. 14) , w e get ad Z (Q (Y ) — 6 (Q (Y  ))) = ad 1(Q(Y  — 6(Y ))

— y 1  —1 (Q (Y) —c  Q (Y )) . Therefore Q (Y )  — 6 (Q ( Y )) E p_ and hence
Q Cf, + p_. T h u s  w e  h a v e  proved Ad (exp  —  le) bCf, + p_.
Since d im  (f, + p_) dim g (D),—  dim D = dim we can  conclude
Ad (exp  —  le) b = f + p_. q.e.d.
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§  3 .  The structure of the cone V.

3 .  1 .  W e return  to  genera l cases. Let vr denote the projection

of g-2 onto t0-2 with respect to the decomposition g- 2= v2+ ro_2+

Put

B y  (1. 6) w e  g e t fo r  an y y E  g '

v,. (y) = lim A d (exp tE,) y .
G—, 00

Therefore V ,C V .  From  th is fact, it fo llow s that V ,. i s  an open con-
vex cone in 1 :0 -2  containing no en tire  stra igh t lin es . It is  c lear fro m
(1. 2 )  and (1. 9 )  that

(3.1)F  ( w  ,  w )  =  [[I  ,  w ] ,  w ] m V,. f o r  7E/ E

Let v=e+a+bEg-2 , where CE V„ a E ro-2 and b E ts-2. Since the

domain S, constructed in § 1 ,  is sym m etric, there exists e* i n  2 ( = g 2 )

such that E,=  [e*, e ] by Lemma 2. 1. W e then  have b y  (1. 6), (1 . 7)
and (1. 10)

(3. 2) Ad(exp [e* , b]) e= e —b + i [ [b ,  * ] ,  b],

(3 .3 )A d ( e x p  [e* , b]) v = e + a —  [Lb , , b]

S in ce  V , is contained in  V , w e ge t fro m  (3. 2)

(3. 4)4 [ [ b ,  e l ,  b ]  G V ,. fo r an y b E

And b y  (3. 3)

(3.5) a [[b, b] V r  if y  G  V

L e t  =  +  v r ,  i.e ., the projection of fr' to ro-2.
e V i f  x E V and y E V , w e know  from  (3 .2) and  ( 3 .4 )
is contained in V.

Since x + y
th a t 77 (V)

Lemma 3.1. .11+  V ,.= - 77(V) .

Proof . C le a r ly  V ,+  17,DV (V) . Conversely let C E V , and a c  V r .

Then e + a E V .  Therefore e + a E V ( V )  ( V ) . Hence V ,+ Vrcv (V ) .
T herefo re V „  V ,. i s  th e  in terio r of 77 ( V) . T h is  im plies V ,+
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= ( V ).q . e . d .

Proposition 3 .2 . L e t  v =e + a +  b e g ' ,  w h e r e  e E -2 , aE r0 -2
and b  E r,-2 . T h en  v E V  is  and o n ly  i f  C E  V , and a — H[b, b ]
E  V,.

P r o o f .  T h e  " if "  p a r t  is  a lread y  p ro ved  ( c f .  (3. 5)) . Suppose
that CE  V  and a — j-[[b, b] E V . T hen  from  L em m a 3. 1, =  e  a
--12- [[b , e l ,  b] E 7 (V ) C  V .  S in ce  ad(exp ( —  [e * , b ]) )u = v , w e get
v E V. q.e.d.

I f  w e  set

(3 .6 )D o =  v s '  (,1 — 1e) ( C E V8) ,

Then w e get im m ediately from  proposition 3. 2

Corollary 3. 3.

Do= -( u +  v  +  +  — l e :  u E  (ro ')„ v  E w E

Tm u —  [[1., w], w] y, e l ,  Tm v ] E V r} .

3 .  2 .  B y  (1. 7) , ad e  (resp. a d  e * )  g iv e s  a  linear m apping of

rs° (resp. r8-2) to  18 -2 (resp . to 1x0). L e t  X E L - 2  a n d  YE r,°. By
(1. 6 ) , [e, [ e* ,  X ] ]  = [[e , e l ,  X ] = —  [E„ X ]  = X  a n d  [ e * ,  [ e ,  Y ]]

[[e* , e] , Y ] = [E,, Y ] = Y . T hereby

(3. 7) ad e • ad e* = 1 o n  r ,

ad  e* • ad e= 1 o n  1.80.

In  p a r tic u la r , ad  e *  (resp. a d  e )  g iv e s  a n  isomorphism of 1 g-2 (resp.

o f  Ts') onto r ,' (re sp . onto 18-2)

Lemma 3.4.

(1) L e t  bEr8 - 2. T h e n  [ [ b, b] E  V,- a n d  [Eb, e l ,  b] =O

im p l i e s  b = 0.
(2) Let C E r8°. T h e n  [[e, c], c] G V , and  [[e, c], c] = 0 im p lie s

c = 0.
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Proof. T h e  fa c t [[b, e*], b] e V  is  a lready p roved  ( c f .  (3. 4)).
Suppose [[b, b] = 0 .  T h e n  b y  (3. 2), e — b is  con ta ined  in  V.
S ince lim ,e` Ad(exp tEg)(e— b)=  — b, we g e t —b e V .  Similarly we
have b e  V , because [[ —b, e*], —b]= 0. N ow  b= 0 follows immedi-
ately from  the fact that V  contains n o  en tire  stra igh t lin es . H en ce
w e  h a v e  p ro v ed  (1). W e  c a n  w r i t e  c=  [e*,,  b '  r , 2 .  Then

c] , c] = [[e, [e*, b ']] , [e * ,  b ']]= [b ' ,[e* , b ']]= [[b ' , et], There-
fo re  th e  assertio n  (2 ) follows from  (3. 7) an d  (1). q.e.d.

N ow  w e set

(3 .8)6 1 1 =  r o - ' ,

CPI =r,-2+ r'+ r,°,

(3 .9)j o =  ad (I + e — e*)

It fo llow s from  (1. 1) an d  (3. 7) that jo2= — 1 on
write

(3. 10) We= C )  C V ) (d irect sum),

c1V+ le v e V e ;. iw =

Ito e ; .iozv = —

Clearly thethe following equalities hold :

Hence we can

(3. 11) [V + , = FTP- , V -] =

Define a Qte-valued skew-symmetric biliear form LA on crA), by

(3. 12) w ') = k[w , w ' ]  ( w ,  w ' ect.1),).

Proposition 3. 5. L e t  H(w, w') = 2 (w, fv ') f o r  w, w'
CW + .  Then H  is a  17,-hermitian form  o n  c + •

Proof. E ach  e lem en t w  of 942.,_ can be written as w = w1-1- / Ï
x [e*, w  +  , /  — 1 [e ,  +  Q ( w s )  ,  w here w jE  r,', w , rs° and W3

E T-1. T hen  by using  (1. 10) and  (3. 11), w e get
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H(v.), w ) =  [[w w el; w1] + [ w a; ,

H ence by (3. 1) and Lemma 3. 4, w e k n o w  th a t H (w , w ) E  V,. and
that H(w, w) = 0  means w,-= wz= ws=- O. q.e.d.

§ 4. Realization of D  as a Siegel domain of the third kind.

4. 1. Let S  be the symmetric domain constructed in  § 1 and let
g (S ) = ti b e  the C artan decomposition at — l e  (e V s). T h e re
ex ists a unique z in such  that ad  Is=  ad  I  on ( = q ( S ) ) .  Then
b y  Proposition 2. 4, Z=1- (L+ e —e*) i s  in  th e  cen ter o f f  and ad  Z
g ives a  complex structure on p which coincides with one of the domain
S under the natural identification of p w ith  the tangent space to S  at
,/ — le . Let p+ and p_ b e  th e subspace of , p , g iv e n  b y  (2. 15) for
the domain S .  Note that

(4. 1) [p+, 14] = p-] = o,
[14, p] c ,,
P+=P-
[fc, P±] P±

Let Gs, G38, K, K„ I ' ,  and P _  be the connected subgroups o f G,
corresponding to the subalgebras fe, p., and p _ .  T hen  P±, Ke
and K ,P_ are closed complex subgroups of G38. Moreover exp:
a re  holomorphic diffeomorphisms. I t  is  a ls o  w e ll  k n o w n  th a t  the
mapping defined by

P+ x x  P _  2  (a, b, c)—>abc E Gca

i s  a  holomorphic diffeomorphism onto an open set of Gcs and that G3
C P + K ,P _ . Therefore fo r each  point g K  in  S= Gs / K , there corre-
sponds a  unique z  in  p ,  such that exp z= th e  P+-part o f g ,  and the
assignment: gK-->z gives a holomorphic imbedding of S onto a bounded
dom ain 9' in  p + .  This is called• the Harish-Chandra imbedding.

Let z, z' E 9 . Then we can write e x p  z = g k p ,  e x p  =  g' • k' -p',
w here g, g ' E Gs, k, k' E K ,  and p, p' e  P .  I t  f o l lo w s  t h a t  (exp
• exp z= re- • V -1. g • k • p. Since g'-' g  e P+KcP-, (exp exp z
E  P + K ,P _ . T h u s w e  can  d efin e  a  mapping ,1( (z , z' ) :
by
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) ( ( z ,  z ' ) - 1 = the Kc-part o f  (exp e)-1.exp z .

It is easy to check the following equality (Satake [6]):

(4.2) . (z'.; z)

We also define a  mapping g (g , z ) : G '  X Y— > K, by

(g, z) the Ke-part of g  exp z .

T he group G' acts on ,9 ' in  obvious manner. Then g • exp z--=-exp g (z)
• g  (g, z) (mod P _ )  .  B y  a  simple calculation we h av e  (Satake [6])

(4.3)( g  ( z ) ,  g ( z ' ) )  -7 g (g, z) z ' )  g  (g , z)'.

I f  w e put ,1((z) z ) ,  then by (4.2)  a n d  (4 . 3) we know

(4.4)( z )  =  , 1 C  ( z ) - 1 ( z  E ,

J-C (g-(0).) g  (g , 0 ) .g  (q , O ) 1 ( g  Gi) .

4 . 2 . L et clic, cW, and cIV_ be a s  in  § 3. C lea r ly  [c , c t i c ]  =
an d  [ e, W e ] OEV e  by (1 . 6 ), (1 . 7 ) an d  (3. 8) . Since joX =  ad (I + e

— e * )X =  a d ( I s+ e — e * ) X  fo r X  e  we easily have •the followings :

(4. 5) cw+1 [1)— = O,

[P+, cW-] EcW+ ,

[ p ,  `W+] c ,

[f c, cf/i)±] CT) ± •

In  what follows, we simply write the actions of g E G s and z E on
CW, a s  gzv  and z w  ( 'W E CPPe) Since [e, q./,] = 0, following equalities
hold:

(4. 6) ‘..A  (gw, gw') = ( w  ,  w ') .

w ')  +  ( w ,  z w ' )  0  (g  E  Ges, Z E Ze), Ze/ E C W ,)

where „A is the skew-symmetric bilinear form on cf/Pc defined by (3. 12) .
We now define fo r each z E a Qtc-valued form  L, (w, w ') on V+ by

L, (w, zo') = 2 V — (i ( ( z )w ,  f . e / )  (w ,  w ' CW , )

Then by (4.. 4), and - (4,..,.6), ..I.„ (w, is ,
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Lemma 4. 1 (c f . [6 ]).

(1) L, (w , w ') i s  a  V  fherm itian fo rm  on c  +  •

(2) L , (w , z f i,') is a  sy m m etric  b ilinear f orm  on c(42

Pro o f . W e  can take an  element g e G ' such that g ( 0 )  =  z .  Now
(1 )  follows immediately from (4 . 4 ), (4 . 6 ) and from Proposition 3. 5.

To prove (2) , we first show that the following equalities hold :

(4.7)( 1  — =  ( z )  w ,  f o r  W + E ciV+ ,

(4.8)( 1  —  t-z) w_ = ,X(z) - 1w _  f o r  W _ E  C U L  .

In  fact, there exist z1, z2 e  p+  such that (exp -2)-1 • exp z= exp J ( (z ) '
• exP Hence by (4. 5),

w _  z w _ (exp-2)-' • (exp z) w_

= exp zi • ,_1((z)-iw_

= ,i((z)-1w _ + (z)-1w

Comparing the 147_-parts w e get (4. 8). T he equality (4. 7) follows
from (4.4) a n d  (4. 8). From (4. 7) , (1  — z2) = X (z )  on cf4),.. And
from (4. 8), (1 — , 1 ( ( z ) - 1 • t  on (TV+. Therefore t • ciC (z) = (z)-' • -2
and hence J. (z ) • t = • ,X (z ) on cW + . It follows

L ,(w , = 2 ,/ — (J( (z)

=2 ,,/ (w, iC (z) tw')

=  2  —  1A (w ,  • iC (z) w')

= — 2 ,,/ — (tw , ,X  (z) w')

= 2 ,/ — LA (iC (z ) w ' , w )

.= L,(w' , z.cv) . q.e.d.

We now set fo r 2: E

(w, w') =-• L,(w , w') + L, (w,( w , E  '1V+).

T h en  I, is  a  non-degenerate semi-hermitian form on cw+ in the sence

of Pyatetski-Shapiro [5] . Indeed, suppose that there exists wo E (TV+
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su ch  th a t %(w, w0) =0 for any w  E  if ), .  Then wo+zfoo= 0 and hence
w0+.77ziD0=- O. I t  f o l l o w s  t h a t  (1 — 77)0 = — ,,zzTvo = ( w o  zi-00)

—  (2wo f ,z 71,0) = 0. S in ce  1 —f-z is non-singular (c f . Proof of Lemma
4. 1) , w e  g e t w0=-- 0. Therefore 1' ,(w , w ') is non-singular. Thereby
we can define a  S ie g e l domain of the third kind by

(4.9)  D  =  { ( u ,  w ,  z) EQLC x cf/f), x.9'; 1m u —Re ± z (w , w) E 17,} .

L et e  denote the natural projection of .0  onto and let 0 , = e-1(0).
Since _Co (w, w') = H (w , w ') , w e get

Proposition 4. 2. The fiber o  is  the S iegel domain of the
second kind associated with the cone V,. and the Vr-hermitian form
H  on  C 11 4. given in  Proposition 3. 5.

4. 3. L et B  be the subgroup of Go g iv en  b y  (1. 14) and  le t B,
= M a ' ,  w here 6 =  e x p  — le . We se t

1= c+

w here c  an d  ro° a r e  subalgebras o f  g° a s  in  § I . T h e n  t satisfies
= 0 .

Lemma 4. 3. Under the notations above, the  L ie  algebra ho of
Bo coincides with c _+ to+ fe + p_.

Proof. B y  (1. 4), (1. 7 ) an d  (1. 13), th e  L ie  a lgebra I) of B  is
decomposed in  th e  following form:

b = (T-1) + (1:°)c -f- to +  ( i) V.

B y  Proposition 2. 5, Ad a (0 (_1) + e +  +  e )  =  fe+ p_. Clearly
Ad a (0(T-1) + te) C 2 (r - ')  + te cw _ + te . L et x  ( c,°),. Then Ad a x
=  x +  — ljox E T ) _ .  Hence we have proved Ad atiE b o . By consider-
in g  the e q u a lity  d im  (T-') + dim (ts°),= dim cr,p_, w e  g e t Ad db= be.

g.e.d.

L et ho b e a holomorphic mapping: LU,. x TV+ x P+ -->Ge/B0 given by

(4. 10)h ,  ( u ,  w, z) = no • exp u • exp w • exp z ,
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where no denotes the pro jection  of G ,  onto G e /B o . N ote that (tie
is  an  abelian subalgebra of g(D)c.

Lemma 4. 4. ho is  a  holom orphic dif f eom orphism  o f  ct.,t, x ,w ,
xp+ onto an  open se t o f G,/13„.

Proof. I t  is  su ff ic ien t to  p ro v e  th a t ho i s  injective. Now sup-
pose that a= exp u • exp w • exp z B o .  L et E ' =E  —  E . S in c e  [E ',
= 0, E ' is contained in t. Therefore Ad a E' =E' +2u + w  E bo, because
tOEbo. Hence by Lemma 4. 3, u = w = O. R e c a ll th a t  Z = i - ( I e  e—e*)
i s  in a n d  hence in  bo. Therefore Ad a Z  =Z  + [z , Z ] =Z  —  — 1z  E bo.
T h is implies z = O. q.e.d.

Since H T ), V ] , = 0 , w e  c a n  se e  th e  fo llow ing ( c f .  [1 ] or
[10] ) :

(4. 11) e x p  (w = exp w • exp w' • exP [ e ,  w ]  (w ,  Wi E CjVc) •

F or an  element w  of cfV„ denote by w„. (resp. by w _ ) its c (resp.
cW _-) component.

Lemma 4. 5 (c f . [ 6 ] ) .  E very  g E  G ' leaves ho (ctl, X  clifi x „7)
invariant and hence induces a  holom orplz ic transformation g  of cll.
X L e t  g (u, w , z) = (u ', w ', z ') . Then

z ' g (z) ,

w '— z '  (gw)_ = g (g, z) w

-  U  -  2 gW ] .

Proof. B y  u s in g  (4. 11) , we obtain

g • exp u • exp w • exp z

= exp u • exp gw • g • exp z

exp u • exp gw exp g (z) (mod K ,P_)

= exp (u [ (gw)„., (gw)_] ) • exp (gw ), • exp (gw)_ • exp g (z) .

And
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exp (gw)_ • exp g (z)

= exp g (z) • exp ( (gzv)_ —g (z) (gw)_)

exp g (z) • exp ( — g (z) (gzo)_) • exp (gw)_ •  e x p  [g  (z) (gw )_, (gw )_].

Therefore

g • exp u • exp w • exp z

exp (u i[(g w )+, (g w )_] + -1-[g (z) (gw )_, (gw )_])

• exp ((gw),_ — 9 (z) (gw) _) e x p  (z) (mod B o ).

Hence z' =  g (z) , = (gze)., —  g (z ) (gw )_ a n d  u' = u — [w ',  (y w )_ ]

u Lw ' , gw ]. It remains to sh o w  (gw )., — g (z) (gw )_ g (G, z) w.

W e can  w rite  g  e x p  z  e x p  (z) • g (g, z) • exp p+) . Then yw

g  exp z w = g  , + g (y, z) ,w + g(z) g (g , z)z-iw. . Therefore (gw),_

g  (g, z) w + g (z )g  (g , z) , ,w  and (gw)_ = g (g, z) 1w . Hence we have
w ' =  (gw)+ — g (z) (gw)_= g (g , z)w . q.e.d.

Next we verify

Lemma 4 . 6  (c f. [ 6 ] ) .  L et g e G ' and let -0 (u, w, z) = (u ', w ', z ').
Then Tm u —Re Z . (w , w ) = Im  u' —Re .L',

Proof . W e  f i r s t  assum e that z = 0. By Lemma 4 . 5 , u'= u —i-

x  [gw ,gw ], =Sze, and z '=  g (0) , here we put g = g (g, O). T h e re -
fore Im u' — Re _re (w ', w ')  = Im  u , gw] — Re 1%, (gw , gw ).
B y d irect calculations,

Re ± gw )

= 2 —  ÏJ1  (gw, ,1<(z') ) —2 Tm i7  (gw, <1( (z') z' gw)

=  — (w, z—V) — 2 Im ( g w ,  z  ( z ' )  g w )

= R e  (w , w) I m [ g w ,  'g w ] ,

here we used the facts that j ( ( z ')  = 0 - 1  and (z ') = ( z / ) -2 ' on
(- W + (c f. Proof of Lemma 4. 5). Since g  exp z' • g • exp (z" E  p+),

g  = exp  • S  • exp  z". H ence g w = g w + e g w  a n d  [gw ,
=- [gw , gw] . Combining these equalities, we get  Tm u' —Re ± 0 .(w ',
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w ') =Im  u —Re 1' o(w , w) . Since .99 is homogeneous, fo r  any z E
there exist fE G8, uo e  clie and w0E cf42+ such that f (uo, wo, = (u , w , z ).—
Hence gf (uo, wo, 0) =  (u ', w ', z') . It fo llow s Im u' —Re _Ez. (w', w')
=Im  u0 —Re .L'0 (w0, wo) =Im u —Re ..Co (w, w). q.e.d.

By Lemma 4. 6, we know that each -67 (g E  G8) leaves D invariant.
Moreover by Lemma 4. 5 we know that "0" acts as a quasi-linear trans-
formation in  th e  sence of Pyatetski-Shapiro [5].

4 .  4 .  Let be a holomorphic diffeomorphism of Go/B onto Go/Bo
given by

G e/ B D  ga-->g6-1B0 E  GC/BO ,

where d = exp — le. C le a r ly i s  compatible w ith  th e  action of f
G  G , i.e ., 6  ( f p )=f 6 (p ) (p E G c /B ) . W e  a r e  now  in  a  p o s it io n  to
prove

Theorem  4 . 7 . L e t  0  b e  th e  S ieg e l d o m ain  o f  t h e  th ird  k in d
d e f in e d  b y  (4 .  9 ) and  le t  h  (resp. h o )  b e  th e  im bedding  o f  D (resp.
o f  0 )  in to  Ge/B (resP. in t o  G o/ B o )  g i v e n  b y  (1 . 1 5 ) (re s p . by
(4 .  1 0 ) )  .  T hen

1 4 (0 ) = i-3h (D) .

Proof . F i r s t  w e  show that h., ( 0  o) = h ( Do) . L e t  u E  ( T 0 - 2 ) „

E  ( r 8 - 2 ) ,  and w E Then

Therefore

(4. 12)

jh (u + v + w +  'J — le)— le)

,-----exp u • exp v • exp Q(w )

.e x p  u • exp v+ • exp v_ • exp 1 [v_, v+] • exp Q(w )

. e x p  (u —1- [v 4., v_]) • exp (v., + Q ( w ) )  (mod B0).

Di (u + v + w + ,/ —le )  =ho(u' , w ', 0 ), where

I u' = u --1.-[v+, v_],

w' = v+ + Q(w ) .



Realiza tion  of Siegel domains 163

Since (v + .N/ —1 [e* , an d  y_ = (v •■/ —1 [e* , y ] ) ,  w e  get

[y+, v _ ]  =  — 1/4 [[e* , y] , y] a n d  [v+, =  —1/4 [[e* , y] , .  It
follows

Im u' —Re _Co (w ', w ')

1= Im  u  — Re [ [e* , y] , v] —  

 — 1 [v+ , 4 .] —   —  1  [Q (w) , Q (w)]
4 2 2

1
Im u —  

1— Re [ [e*, y ], y ] +
4 4

] , -
[I, w ], w ]

Im u — —
1  

[[I, w], w] —  —
1  

[[Im  y , Im  v ].
4 2

Hence by Corollary 3. 3, (u ', w ',  0 )  E  D 0 if and only if u + y + w + •%,/ —

E  D o . Since fo r a n y  (u', w ')  E  QL x cr/V+ there exist unique u E (1:0-2),

=  6 U ,,) , y  E  (r,-2 ), a n d  w E x '  sa tis fy in g  (4 . 12), w e  g e t  h0(0
-= ( D o ) .  Clearly D =G sD , and .0 = -0 0 0 . Hence ho ( 0 )  = Gs 110(0 .)
= Gq12 (Do) =  ( G ' Do) h (D) . 4.e.d.

4 .5 .  S in c e  D  g )  by Theorem 4. 7, every g E  A ut (D ) corresponds
to  a  holomorphic transformation g  of Then fo r g e  G  and pE
the equality ;  h o ( ( p ) ) — g h o (p )  holds, because th e  m appings h  and

are com patible w ith  the action of G.

Lem m a 4 . 7 . Let T  be the connected subgroup of G  correspond-
in g  to  the subalgebra t= c+ T00. Then for each t e T ,  F  is  a  quasi-
lin ear transformation.

Proof. L e t  (u, w , z ) e  D . T h en

t • exp 7/ • exp w • exp z-.-exp (Ad t u) • exp (Ad  t w) • e x p  z  (mod BO •

Since Ad tojo= jo. Ad t ,  w e know  Ad t w  E cf,i)+. C learly  Ad t u E  6 U ,.

Therefore "i" i s  a  quasi-linear transformation of D .q . e . d .

N ext w e consider the action of the connected subgroup of G cor-
respond ing to  th e  subalgebra cLi + W . I t  is  e a s y  to  s e e  th a t  th is
group coincides with exp Q . exp
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Lem m a 4.9. L e t  f  =  exp a- exp b  (a Qt , b  cW) , a n d  le t  f (u,
w, z) = (u', w ', z') . T hen

z' = z

w' = w + b, — zb _

u' =u + a+ w ] + b + + w] — zb _]

In  p artic u lar, f  i s  a  p a r a l l e l  t r a n s f o r m a t i o n  in Py atetsk i-S hapiro' s
sence ([5]) .

P ro o f.  B y  u s in g  (4 . 11 ), one has

f • exp u • exp w • exp z

= exp (a+ u) • exp (b + w) • exp 4 [b, w] • exp z

= exp (a+  u + 4[b, w]) • exp (b , + w ) exp b _ • e x p  [b_, b+ + w] • exp z

= exp (a + u [b , w] + +[b , b + + w]) • exp (b + + w) exp b • exp z

Since exp b_• exp z = exp z • exp (b_ —zb_)=--exp z • exp( — zb_)• exp
b ]  (m od B a) ,  we get

f • exp u • exp w • exp z

exp (a+  u +4 [b, w] [b b + + w ] [b  z b _ ])

• exp (b + w —  zb _) e x p  z  (mod Bo) • q.e.d.

4 .6 . D e fin e  a  Subgroup G L  (D ) of Aut (D )  by

G L  (D ) = f  G L  (R , + W ) ; f  (D ) =

Then Aut (D) = G • GL  (D) ( [2 ]  or [3 ] )  and the Lie algebra of GL (D)
is  g0 ([2 ]). B y  v irtu e  of Lemma 4. 5, Lemma 4.8  a n d  Lemma 4. 9,
each element of G  corresponds to  a  quasi-linear transformation of
Therefore it remains to investigate the action of G L  (D ) on 0 .

F or any g E G L (D ) , le t  u s  denote by z ( g )  th e  isomorphism of
G , given by

(g) a= Ad (g) a Ad (g) - 1 ( a  G ,) .

Then z  (g )B =B  and hence r( g )  induces an  automorphism (denoted by



R e aliz at io n  o f  Siegel dom ains 165

the sam e letter r ( g ) )  of G e/B . From the definition of Tanaka's im-
bedding, we have

h (G  (P )) =  (g )h (p ).

W e now  put = Ad 0 .  Then is  a lso  a sem i-sim ple graded sub-
algebra o f g (D )  satisfy in g  (1. 3) . H ence there exists X  in  g °  such
that A d (exp X ) ([4] ) . P u t g ' =exp X• g . C lea r ly  g' E G L (D )
and Ad It follows A d  g ' Vs — Vs an d  h en ce  th ere  ex ists  Y1,
•• •, X„, E  e  such that Ad (exp X,• • • exp Ym) A d  g ' e=  e . Let g" = exP
•• • exp Ym • g'. Then g "  i s  an element of G L (D ) having the following
properties :

a) Ad g" = a n d  A d g" e = e .

M oreover it is not d ifficult to  show the equality;

b) A d  g" E R  E, .

B y using  a  a n d  b ), w e can  see

c) A d  g" e* = e*

From a ) ,  b )  and c ),  w e know  that the spaces p+, p_, QL, cm), and cf/P_
are  stab le  under A d  g " .  Furthermore r (g") .B0= B .  and hence r
induces a n  autsinorphism o f  Ge/Bo, w h ich  is  d en o ted  b y  th e  same
le tte r  r . O bviously r (g " ) . j  = 'jo r  (g " ) .  A s  a  consequence we
g e t fo r any Pe D,

(g" (p ) ) (g") .h  (p)  r  (g") j12 (p) .

Hence fo r a n y  (u, z, w)

h,("0" (u, z, w) ) =nor (g " ) (exp u • exp w • exp z)

=roexp (Ad  g"u) • exp (Ad g"zo) • exp (A d g"z).

T h is equality leads u s  to  say  th a t -0." (an d  therefore -0 ) i s  a  quasi-
linear transform ation of O .  Thus w e  h ave  proved th e  following.

T h eorem  4 . 10 . In  th e  re aliz atio n  o f D  a s  D , e ac h  e le m e n t
of  A nt (D )  corresponds t o  a  q u as i- lin e ar tran s f o rm atio n  and each
elem ent o f  exp QL exp cf4) induces a  p aralle l tran s f o rm atio n  o f  0 .
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Remark 2. It is not d ifficu lt to  see that w hen the domain D is
hom ogeneous, our realization coincides w ith one g iv en  in  Corollary
2, II-37 in  T akeuch i [8].
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