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§ 1 .  Introduction and Preliminary

I n  t h e  paper [ 9 ]  th e  author discussed the  explosion  problem  of
branching stable processes in  connection with the  problem o f  uniqueness
and  non-uniqueness of solutions for a  class o f  non-linear integral equa-
t io n s  ( t h e  S -equa tions o f  branching s ta b le  processes). T h e  present
p a p e r  is  a n  extension o f  [9 ], and is devoted to  strengthening of the
conditions for explosion. F irst w e shall give tw o sufficient conditions
fo r  ex p lo sio n  fo r  a  class o f  branching L évy  processes (Propositions I
a n d  2  o f  § 2). Then w e shall apply the conditions to branching stable
processes a n d  branching Poisson processes, a n d  explicitly distinguish
explosion case f ro m  non-explosion case (Theorems 1 a n d  2  o f  § 3,
a n d  Theorem 3  o f  § 4). Finally we shall prove two comparison theo-
rems for explosion of branching Lévy processes, and  give some applica-
tion o f them (Theorems 4  and 5  o f § 5).

1. L e t  X = (W, X „ P,„ x e R )  b e  a  L év y  process o n  t h e  re a l lin e  R,
th a t  is , a  s ta n d a rd  M arkov  process o n  R , homogeneous in  space and
tim e and characterized by the representation

E(exp (iM ))= exp {t P ( ) 1  ) ,

1 )  We denote P0(•) and EA .) related to a  Lévy process by P ( • )  and E (•) , respectively.
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P ()= 1 .7  — 4 - 0 .2  2

(ei'Y —1—  i 4   )n(dy),
Imo) + y 2

w h e r e  e R, y a n d  a are real constants, and n(•) is  the Lévy measure.
The function W( )  is  ca lled  the F o u r ie r  exponent of the Lévy process.

W e call a  Lévy process the stable process o f in d ic e s  {a, #} when-
ever its Fourier exponent is of the form

P( ) = — — 13 s g n  tan  7r2OE 

if ae (0 , 1 )0  (1 , 2 ) a n d  — 1<fl<l,

or

P( )= i f  a = 1  and /3=0.

W e  c a ll a  L év y  process w ith  W( ) = —(1/2) 2  the Brownian process

and a Lévy process w ith P ( )=  e i4 -1  the Poisson process.

2. L et {p„; 2<n< c o }  b e  a  probability sequence, that is, p „ 0  and

E pn= 1, and define a stochastic kernel 7t(x, dy) on R x R  by
u=2

0 0

(1) 7r(x, dy) = E p„r5(„.... A d y ) ,
n = 2

w here R =  j  R "  i s  the topological sum  o f  product spaces o f  R
o<1.<09

with R° = {0} and /2 = {A}. Let k(x) be a locally bounded non-negative
measurable function on R.

Consider (X , k, 70-branching M arkov process on  the state space
R 2 ) .  W e  c a ll  the process ((X , k, 7t)-) b ra nch ing  L é v y  process and

denote it by X=(Q, X„ ;  x  E R ) .  The Lévy process X ,  the function
k(x) and the stochastic kernel it are called base (Lévy) process, k illing

ra te  and branch ing  law  o f X , respectively. W e call a  branching Lévy
process branching s ta b le  process o f in d ic e s  la , f il  whenever the base

2 )  Notations and terminologies on branching Markov processes are found in  [3] and
[9].
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process is the stable process of indices {a, W e  c a ll  i t  branching
Poisson process (branching B row nian process) whenever the base process
is the Poisson process (resp. Brownian process).

B ranching L évy process is a standard M arkov process, and the

points 0  and d are t r a p s  o f  it. 0  represents the s ta te  th a t  no Lévy
particles exist (extinction), and d represents the state that infinitely
m any Lévy particles exist (explosion). Let e ,  b e  the ex plosion time
o f  a  branching Lévy process, th a t  is, e, = inf {t; X= A} 3). Following
[9 ]  a  branching Lévy process is said  to  be  non-explosive i f  Px(e, < oo)
= 0  f o r x e R , ex plosiv e if  Px(e4<oo)>0 f o r x  R , an d  explosive with
probability  one if  Px(ej< oo)= 1 f o r x e R.

3 .  L e t  {p„; 2 < n <  c o }  b e  the probability sequence in  th e  previous
subsection, and set

(2) F(x; u)= p„u(x)"
n= 2

and

(3) G(x; u)= 1 — F(x; 1 — u), x e R

fo r  u e Bt(R) 4). C onsider the non-linear integral equation w hich is
derived from  the S-equation (of initial date 1 ) o f  (X , k, 70-branching
Lévy process;

(4)
{u(t, x)=1' Ex(exp {-1

0

k(X,.)dr}k(Xs)G(Xs; u,—.,))ds 5)

0<u(t, (t, x) e [0, co) x R.

It is  easy  to  see  tha t (4 ) a lw ays has the trivial solution u  0. More-
over from  [3; III, § 4.3] or [9], we have

Proposition O. T h e  m ax im al solution ii o f  ( 4 )  i s  g iv e n  b y  5(t,
x )=Px (e 4 <t) . H e n c e  w e  o b tain  f o r  t h e  e q u atio n  ( 4 )  t h e  following

3) The infimum of an empty set is taken to be co.
4) For a measurable space S, Bt(S)= If; measurable function on S  with 0<f<11,

where u<u denotes u (x )<v (x ) for all X E S .
5 )  u(r, .)=-u, by convention.
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assertion:
(i) I f  X  is non-ex plosiv e, then th e  un iqueness  o f  so lutions holds,
th at is, 17(t, x )=0 for (t, x )e [0, oo) x R.
(ii) I f  X  is  ex p losiv e , then  t h e  non-uniqueness o f  solutions holds,
th a t  is, F lo , x>> 0  f or (t, x ) e (0, co) x R . M o re o v e r i f  X  is ex plosiv e
w ith probability  one, then Jimx ) = l  f o r x  e  R.

t

Acknowledgement. T h e  author wishes to express his hearty thanks
to Professor K . Sato for his valuable advices and encouragements.

§2 . Sufficient conditions for explosion

1. I n  §§ 2, 3 a n d  4  w e restrict our consideration to branching Lévy
processes which, with th e  branching law n(x, dy)=S(x,x)(dy), satisfy the
following conditions:

(X-1) The base L évy  process X  satisf ies P( sup Xt= co)= 1.o‹,<00

(X-2) T he k illing rate k (x ) satisf ies lim  k(x)=co.

Remark 1. A  necessary and  sufficient condition for Lévy processes
to  s a t is fy  th e  co n d itio n  (X -1 )  is f o u n d  i n  Rogozin [6], w here he
p ro v e d  th a t a ll stable  processes except those o f ind ices  {a, — 1} with
0 <a < 1  satisfy (X -1 ) . T h e  Brownian process and  the  P o isson  process
also satisfy (X-1).

F o r  each real valued function f  o n  R , f  i s  a  function o n  R  de-
fined by

1 if x = 0

:f(x)= f (x ,). •f ..f(x„) if x = (x,,..., x„) e R", 1<n<oo

0 if x=  A.

Following [9], le t  u s  define fo r  y e R , Markov times jy  and p '  fo r  X ,
and j y  and p ' for X  by
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jy=inf { t:  X t> y}, p=inf {t: Xt< ,

jy= inf It: .4_ 1(X,)=0} 6',

=inf {t: ,

where /, is  th e  indicator function o f  a  s e t  E .  L et Z(t, w) 0, w c Q)

b e  th e  number o f  particles at t, th a t is , Z(t, w)= n i f  Xt(w)e R", O < n

< cc. T h e  next lemma will play essential roles in  later discussion.

Lemma 1. ( i )  L et x  an d  y  be  reals w ith x  y ,  then  Px(eA= oo,

jy= oo)=0.
(ii) Px(Z(jy)/oo as  y/oo)=1.

Comments f o r  t h e  proof. T h e  first part ( i )  is o b ta in e d  f ro m

[9; Lem m a 11] a n d  (X -1 ). T h e  se c o n d  p a rt ( i i )  is o b ta in e d  f ro m

(X-1), (X-2) and the conservativity of the base process.
The next corollary is a direct consequence o f Lemma 1.

Corollary 1. Fo r each real x, Px( lim  jy= 0=1.

Consider the following sequences o f numbers :

(S-1) h„>0 (n_>: 1) satisfying E h„= cc, a n d  H„=
rn= I

(S-2) /„ 0  (n ..>-.1) satisfying 1„IH„---> 0 a s  n—> co,

(S-3) t„ > 0 (n a 1) satisfying E t„ < cc,

(S-4) positive integer N„ (n >1) satisfying N„—+ co a s  nœ-+ co.

For a positive integer b, set k„= inf k(y) and set

I= I ( N „ )b --  P(inf X, < -107)t‹t„

H-E  (Nn)b-1„ N„! 5
4„t„e-xx"-dx

6) Lemma I l  o f  [9 ]  is not correct if j „  is defined as [9; p. 45]. In order to make
the lemma correct we should modify the definition of j„ and P i  as given here.

7) 7 a „  denotes the sum of a „ taken over all sufficiently large n.
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111 = 1 ,  {P(sup X < bl„+ h„, t)} (N)bdt.
o s-zt

Then we have

Proposition 1. I f  th e  sequences in  (S -1)-(S -4) and  positive integer
b  c an  b e  c h o se n  so  th at I ,  I I  an d  I I I  are  f in ite , then  th e  branching
L évy  process is explosive w ith probability  one.

I n  o rder to  g ive  ano ther su ffic ien t cond ition  f o r  explosion, set
lc;, = inf k(y) and for a positive integer b  set

IV = E{P(inf Xt < - )+ I 1OE-', e—x Xhisi "dX} b(bN „)! k„r „

v= ES fP(sup X5< I. +h„,,)} "-dt.
It 0 s‹. t

Then we have

Proposition 2. I f  th e  sequences in  (S -1)-(S -4) an d  positive integer
b  c an  b e  c h o s e n  s o  th at  IV  a n d  V  are  f in ite , th e n  th e  branching
Lévy  process is explosive w ith probability  one.

Remark 2. W hen X  is a  b ran c h in g  s tab le  p ro c e s s  o f  indices
to t, f ib  then  I an d  III can  be  ex pressed  in  the  f ollow ing f orm  by  the
space-time transform ation of  stable processes:

I= E P (inf X t< -  t;'/21„)
nt < 1

III= Ece(bl„+h„i)15{ P(sup Xf<x)} (Nob  dx
x

a+1 •0 t <  I

IV  and  V  also can be ex pressed in  a  sim ilar way.

2. L e t u s  prove Proposition I .  F ir s t  w e  f ix  a n  (.0 e Q  w ith Z(0, o.)),-
a n d  e.,(w)= c o , a n d  give som e definitions ( f o r  sim plicity, sym bol w
will be omitted often).

L et 4) be a  mapping from R „ to  R  defined by 0(x)=  max {x,,

xn } f o r  x = (x 1, x„)E R " .  D efine  random  variables j(„)(co) and
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y,i(o.)) (n l )  by

(1) lnl = Yn = cp(X(i(„))).

Consider the branch o f co starting from  y „  a t  j ( „) ,  and after shifting
the time scale by j(„ ), denote it by O p ) .  Define

i„= t„ A inf {t : [X1(0„co)], <y  — /„} 8 ),

where [X ,( • )], denotes the first coordinate o f th e vector X 1 (  ) .  Let
z„ b e  the number of occurrences of splitting of [X ,(0 „0 )]1  in the time
interval [0, i d .  For k  I ,  le t  J ,zk a n d  y„,k b e  the tim e  and place,
respectively, o f th e  k - t h  sp lit t in g  o f  [X 1(0„(n)]1. D e n o te  b y  0„,,,co
the branch o f @ Jo starting from y„,k at f k w ith  the time scale shifted

by
 For the branch 0„,"  define

=  t,, A in f lt :  [X,(0u,k(o)] l < Y n,k nif •

L e t  z „,k  b e  the num ber of occurrences o f  splitting o f  [X ,(0„,„(0)]

in t h e  tim e interval [0, F o r  lc, = ( k , ,  ('<,), k,, k2 I , let ij n,k2

and Y , k2 b e  the tim e  and place, respectively, of the k2-th  splitting of
[X ,(0 „ ,k ,w )],. D en o te  b y  (:)„,,,a) th e  b ran ch  of co starting from
s„,k, at f ,, k2 with the time scale shifted by

Repeating similar procedures b  tim es, we can define random  vari-
a b le s  i- n,k,,,+

=(k,, k„,) and kb.... 1). For the branch O n kbW define

j„,,b = inf {t: 1(_ „ ,kb a )))  0} .

Finally, setting

f„=m in k b =(k ,, . . . ,  kb), 1< k ,‘„ z „ + 1 , 1 -.<...k2--<...z„,ki+1,

..., I < kb < +11,
then we have

(2) f (.+ 1)— ,j(„) ‹b t„+ L .

N ext w e prove tw o lem m as, w hich are im portant in the proof of

8 )  aAb=m in{a,b).

a n d  th e  branch +,(1) < b —1, k„,



248 Michio Shimura

Proposition I.

Lemma 2. I f  th e  sequences i n  (S -1 )- (S -4 ) a n d  positive integer
b  can be chosen so that I and  II are  f inite, then there ex ists a  random
v ariable  n  tak ing f in ite  v alues an d  satisf y ing the follow ing property
a. s. (Px) on  {e4 = cx )}: I f  n > n  an d  1 <ki,..., kb_,<N„, then

z„> N,„ Z > Nn,••., znAk, kb_ 1) > Nn.

Proof. F irs t o f  a l l  w e  give several definitions. {Q(t); t,>-. 0 } i s  a

Poisson process with Q(0) a 0, independent o f X  and X ; q ( t )=  St
o
k(X s)ds

a n d  D„,y= {Q(9(jY-1- A t„)).< N „ } .  Consider a  sequence o f  events 240,0
={e4= co, z„<N,, }, n I .  L e t  u s  estim ate P.,(A„,o), u s in g  t h e  strong
Markov property a n d  th e  branching property o f  X  (see [3; I  § 1.2.]).

(3) Px(A„,0)<EJ.loo<e,: P

Nn
sup P y (D )=  sup Ey( exp { — (p( jr- in A t„))

y>H„ y I I , , ,n=0

x {q)(P-in A 4 )} '1 (1 0 )—
s u p

II  • Y > lin

In  th e  first inequality o f  (3 ) we employed th e  fac t; j < e  a. s. ( P i )

o n  le4= c o l  f o r  n t , w h ic h  i s  a  consequence o f  Lemma 1, (i). In
the last equality we employed the next identity

(4)
n e_ a an, = (co 

e
_x

x
u
d x .

m= 0 .  in! n!

S e t  k„,1 inf k(y) k„). Since t h e  la s t m em b er i n  (3 )  is n o t
y > H — In

greater than

P(.1-1"<t„)+
ÇO D

e -x xN-dx,

th e  finiteness o f  I  a n d  I I  gives E Px(A„,o)< co. N ow  le t  u s  apply the

Borel-Cantelli lem m a to  IA„,01, th en  w e  o b ta in  th e  following assertion :
There exists a  random  variable tt, taking finite values such that, a. s.
(P„) o n  1e,, = N„ for n n1.
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L e t n ,  be  an  arb itra ry  fixed  positive integer, a n d  consider events

B, =B(1,,, ={e,,=oo} n {z „>  N „  f o r  a l l  n_.>./71} and A ,1, =  B1 n {z„,,<N„

f o r  som e k = 1 ,. . . ,  N „ } ,  n > n ,.  L e t  u s  estimate P ( A 1 )  i n  a  similar

way as  w e did in  (3).

(5)
Nn

Px(A„,i) < E Px(B, n { z „,,<N „} )<N „ s u p  P
y
(D

n , y
)  

•
k =1 y >1 1 „-in

Set k , 2 i n f k(y) k„). Since t h e  la s t m e m b e r i n  (5 )  is n o t
y >11„-21 ,,

greater than

N 
NbP(..1-1"<in )

' Nul .1 tne-xxN"dx'

th e  finiteness o f  I  a n d  I I  gives E Px(A„,,)<  co . A ga in  app ly ing  the

Borel-Cantelli le m m a  to  {A„,1}, w e ob ta in  th e  assertion: There exists
a  random  variable n2 taking finite values (n2,>.. n1  and  n2 may depend
o n  th e  choice o f  n1 ) such that, a. s. (Px ) o n  B ,, z,,k>N , , f o r  a l l  n, k

such that n  n2 a n d  1 < k<N „.

R epea ting  sim ila r p rocedures b — 1 tim e s  a n d  s e t t in g  B b _  1 =

B (b-1;n1,-.,nb-1)= B lb -2 ;n 1

n > n b _ ,  a n d  I < k1,..

w ith  nb_ nb_ 2  (  •  •  •

obta in  th e  assertion :
values (nb,>, nb_ , and
su c h  th a t, a . s. (Px)

n fiz„,(k, ..... 4 _ 2 1 >  N „  f o r  a l l  n , k  such that

kb- 2 N n }  f o r  a n  arbitrary fixed integer nb_,

n 1 ), th en  fro m  th e  finiteness o f  I  a n d  I I  we
There exists a  random  variable n b  taking finite
n ,  m ay depend  o n  t h e  choice o f  n1,..., nb_,),

0 1 1  B b - Zn,(ki , .... k b - 1 ) > N „  f o r  all n, k1,..., kb_,

such that n >nb a n d  1 < kl,.••, kb-1
Finally, setting B o;„,,..., f bnb,= B k .,;n i ...... n b -  n {z„,(k, ... k b - 0 >  N „  f o r  all

n, k1,..., kb_, such  tha t n _>.-nb a n d  1 k b _  < N „ } fo r  a n  arbitrary
fixed integer nb w ith  nb,>.•nb_, a n d  summarizing th e  above results, we
have

Px(fe,,=  Œ J}\ J  Bo;„0)=Px(/30;„0\ 8(2,„,,„,))
n 2=111

co
"".= Ps10(b-

•
. m b-l)\ B(b;u1,...,n1, )) = °
 b =  b  —
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(1 <ni <n2< ••• <nb), from which we conclude

Px({e4= col\ B,b,„, „o)= O.

This completes the proof.
Let C„, n  1 ,  b e  a  sequence o f  even ts de fined  by  C „= {e j=oo }

n { ;>  N,,, z„,i,> N a,..., z„, ..... ) >  N „  f o r  all k 1, .., kb_ , such that
1 k1,..., kb_ ,  < N „ I .  It follows from Lemma 2  that

CX)

(6) Px(te.A= oon j C „ , ) = 0 .
I1=  I m=11

Lemma 3 . For each positive integer

OD (4)

(7) E x( C„: (j1„4.1)— i(„))) t„+
It = III 11=1H 11=111

{P(sup s< bl„+ h,, .1)}("0"dt.
o

P r o o f . First using the inequality (2 ) , we have

(8) the  le ft hand  side  o f (7)

< Ex(C„: bin+ i id (b t„d- Ex(C„:
11=111 II =

In  order to  estim ate  Ex(C „:I„), set C,, = inf {t: Q (go(t))= n}, w here Q(t)

and ço(t) are given in the proof o f  Lemma 2, x, = X (Ck) and D(n, y )

— {Q(cp(jY-1"))>N„}. T h e n  b y  the s tro n g  M a rk o v  property  and the

branching property of X, we have

(9) Ex(C„: J„) <Ex( jio < e 4 :S Py,(div) x

Nn Nn

FT P.,,, 00(dwki)— 11
k  =  1  D (n ,xk  i(w )) k,, - 1 D (n ,x 4 -1 )w k b -2 ))

)(dw,, )5'c•••S.'.6 min { tk ,  kb= (k 1,...,kb),
0 0P xkb - 1( wk
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1 <k  "...,k  b< N „} ( w k ) ( i
Y -4 -1 1 n -r i 

E d t
kb

) i.),=Y,) 
9 )

N,,
=E x (j(n )<e j:5 Prn(dw) 1D,„,„,,,o)Px,i(w )(dwk,)

D(H,Y k 1=1

Nn

• • H D (1 7 ,X k i-i(W k b -2 ))P A k b -1 (W k b -2 )(d W k b -1 )
k b -

5 :  1 < k  j , l i k b < N „ P x k b ( w k b - d ( i Y + h '+ '  >1) 
iy = y n .d i ) .

Now, using [9 ; Lemma I l ] ,  we have

P X 1 ,„ (‘M cb -1 )(i Y + h >1 )1Y =Y  ot<PX kb (W kl,-1 .)(i Y +11 ,E +1>  t) IY =Y 11

P y +  + 1 >  t)13,=Yn= 13( +11,1+ i >

for Wk , .  in  th e  last expression of (9). Hence th e  last m em ber o f  (9)

does not exceed i{P(-61,,1-11„+ 1> 0}(1V n)b di . T h is ,  co m b in ed  w ith  (8)

and (9), gives the inequality (7),

Proof of Proposition 1. Choose th e  sequences i n  (S-1)—(S-4) and

a n d  positive integer b  s o  th a t  I ,  I i  a n d  I I I  a re  .finite. By Corollary

(jo 1)— j(„))= c c  a. s. (P x )  o n  te, = col .

Suppose th a t Px (e,= 00> 0 fo r  som e x e i t ,  th e n  P x ( f e ,  col n
>0 f o r  some in  by (6). Hence we have

E x (n c „ : ( i(n+ 1) i (n ) ) )=  ° °
I l =m n =in

w hich contradicts t h e  finiteness o f  III. T h is  p ro v e s  Px(eA =co)=

for a ll X e R , completing the  proof.

3. L e t u s  prove Proposition 2. First of all w e introduce som e nota-
t io n s . F o r  a  Markov t im e  T  of X , OT  i s  th e  m apping  from  S2 into
its e lf  s u c h  th a t  X ,(0,-(.)w)-= 7,((,))(w )  f o r  a l l  t 0. F o r  a n  a) e 52

9) 5D.f(w)P;,(dw)=E,(D; f(w)).
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consider a  subgroup o f the branching Lévy particles that exist at 1=0.
W hen  w e  deno te  the  h is to ry  o f  the  subgroup  for t 0  b y  w' (e S2),
let us denote the history of the complementary subgroup by w\w' (e 0).

Now we give som e definitions related to an co e 52 w ith Z(0, co) 1
and e4(a))= op  as w e d id  in the previous subsection. Let j(„)(w), 3,„(u))
and 0„co (n  >1 ) be those defined in the previous subsection. For arbi-
tra ry  f ix e d  positive integers b  and in, B„,= {e,= oo, Z(j,,„)) b1. For

B ,„ and n  in ,  let us define j„,k, i„,k a n d  z„,k b y  induction of k
= 1, 2,..., b.

0„co, 10.)=

u,k+ IC U =  1s0;,,k(„0, ° ;,,k+ = f) j (n)(e .n, on )an,kW \°n,k+ 1W

(I< k< b — 1).

f , : ,  = f a n d  in,k +1 = n,k F k+ 1 (1 k  b  — 1), where

irt,k=  inf ft: /(_ 11„1(Xt(0,„ ka)))= .

y„,,= y „  and J.:1,k+ 1=  (P (X (ir l,k , 07, kw)) k b—  1). F or 1 < k < b, de-
fine

in,k= t„ A inf ft: [X,(0. ,kw)] i < Yn,k — •

L et z„,k b e  th e  n u m b e r  of occurrences of splitting o f  [X,(0„,kw)],

in the time interval [0, i„ ,j.
Following two lemmas will play similar role in the proof o f Propo-

sition 2 as Lemmas 2 and 3 did  in the proof of Proposition I .

Lemma 4. I f  th e  sequences in  (S-1)—(S-4) an d  positiv e integer b
can  be  chosen  so  that IV  are  f in ite , then there ex ists a  random  vari-
ab le  n' ( >m infn: Z (j0 0 ),. b l) tak ing  f in ite  v alues an d  satisf y ing the
follow ing property  a. s. ( P i )  o n  {eA= co}: F o r  each n > n ',  there ex ists
an integer k  w ith 1 < k< b f o r which z„,k> bN„ holds.

P ro o f. L e t  D„, b e  the event defined in  the p ro o f o f  Lemma 2
(o f course  w e should  replace N „  in  the previous definition w ith bN,
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h e re ) . C o n s id e r  a seq u en ce  o f  e v e n ts  A„,„,=B„, n ( r  f z „ . ,  bN nif ),
k=-1

n m. T h e n  b y  the strong Markov property and the branching proper-

ty  o f X  (refer to the estimate (3) of Lemma 2),

P x(A { sup P y (D ,) } 1 '
y>11„

<  { P O -  < ) +  I  1'° c 'xb ivn d x}(bN„)!

where k'„=  in f  k (y ). Therefore i f  IV  is  f in ite , th e n  E Px(A„,„,) < co.

Hence the Borel-Cantelli lem m a im plies that the assertion of Lemma 4
is  v a lid  i f  w e replace the phrase - o n  {e ,= o o }"  in  i t  w ith  "on  B .".

M oreover, s ince  Px({e4= oo}\U B„,)=0 because  o f  Lemma 1, ( i i ) ,
.=

it follows that Lemma 4 is valid in itself. This completes the proof.

N o w  set = B„, n ( bN „}) for n m .  I t  fo llo w s  f ro m
k= 1

Lemma 4 that
00 00 _

(10) Px(fee = col n A, „,) =0.
m=1 n=tn

For a) E m) define

ko = ko(n, w)= min {k: 1 < k <h with z > bN„} .

Consider the f ir s t  bN „ branches sp lit  o ff from [X , ( O f l k 0 w ) ] 1  in  th e
tim e  in te rv a l [0, i„,k0] and c la ssify  them  in to  b  g ro u p s  a s  follows :
F ro m  the f irs t sp lit  b ra n c h  to  the N„-th one t o  the first g roup  G,,
from  the (N„+ 1)-th one t o  the 2N„-th one t o  the second group G2,...,
and f ro m  the ((b — 1)N „+1)-th one t o  the bN„-th one t o  the b-th
group  G b .  W e note tha t each  g roup  G k  < k <b) consists o f ju s t  N„

(„,ko,k) (I k b)branches of Let0kow. b e  a random  variable defined
by

i(n,k o,k )= min {,b,„+ 1(w): w e  GO •

Then by the definitions given in this subsection, we have

t„-E max : 1 <k< b}

tn + i(n ko k) o n  271,,,„,.
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Using the inequality (11), we have

Lemma 5 .  For each positive integer

(12) Ex( n „ ,: E C h t+ 1  b n b))
Il = =

oo< E t„ + b2 yc{P(sup X.s< in+ l i l t +  InN"dt.
11 II=171 =M S< I

P roof o f  L em m a 5  is  s im ila r  to  th a t o f  Lem m a 3 a n d  w e  omit
the detail here.

N o w  w e  a r e  a t  th e  f in a l s te p  o f  p ro o f  o f P roposition  2 . I t  is
sim ilar to that of Proposition 1, and we obtain Proposition 2.

§ 3 .  Explosion of branching stable processes

In  order to simplify the situation, we make the  following additional
assum ption o n  branching s tab le  p rocesses to  be  conside red  i n  this
section.

(X-3) The k illing r a te  k (x ) is bounded f o r  x< 0 .

Main results of this section are the following two theorems.

Theorem 1 .  C onsider a  branch ing  s ta b le  process o f  in d ic e s  {a,
13} with a e (0, 1) U (1, 2), -1 </3< 1 o r in d ice s  {1, 0}.
(i) L e t th e  k il l in g  ra te  be such that k(x),--.-zx 7  '° )  a s  x -+ o o .  Then for
any constant y > 0, th e  process is explosive with probability one.

(ii) L e t th e  k i l l in g  r a te  be such  th at  k(x).----log  x  a s  x -*o o , then  the

process is non-explosive.

Theorem 2 .  C onsider a  branch ing  s ta b le  process o f  indices {cx,
-  1 } w ith  1  < a < 2 , a n d  le t  t h e  k i l l in g  r a te  be such that k(x);----xY

a s  x -* œ . T h e n  th e  process is exp losive w ith  probability  o n e  o r  non-
explosive according as the constant y > Œ /(c -  I) o r  yo/ (c  - 1 ), respec-
tively.

10) f(x)>-.-,g(x) as x --occ=>0<lim f(x )Ig (x )} < lim  i f (x) g(x)) Goo.
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1. Proof of the case of explosion in Theorems 1  and 2

F irst w e  choose  th e  sequences o f  numbers in  (S-1)-(S-4) a s  fol-

lows;

(1) h„=-1„=n6, t„= n-i1  a n d  N „=[n v ]" )

where 6, p  and  v are constants satisfying the condition;

(2) b >  - 1 ,  p > 1  a n d  v >O.

L e t  M, = sup X ,  a n d  M_ = inf X .  Recalling Remark 2 ,  w e see  tha t
( 1

/, I I  and I I I  of Proposition I  are

(3) 1 =  E a n l)b -  p (m  <  _  n b +  at)

(4) I I;,5„ E l ( [ n l ) b -1  /[nv] !} ,(,,,,, e-'x rnv idx  1 2)
n C,n

(5) III ,.., C  2E n" { P(M ±  <x )} [n ''
l b   d x  

a 0 .V+ I

and /V  a n d  V  of Proposition 2 are

(6) IV e - x x h ( " v i d x } b
C 2 n 7 ( 6 ± 1 ) - P

(7)
oo dx 

C 4 E n 1  IP(M+ < x)1[111
x 1 + "n 0

where b  i s  a  positive  in teger, and C i(1 <i ( 4 )  are positive constants.
Next we list the conditions for the above quantities to be finite.

Lemma 6 .  ( i)  L e t th e  in d ices  b e  e ith e r { a, 16} w ith  a e (0, 1) u
(1, 2), -1</3<1 o r  11, 01. T hen I is f inite if  a b +p - ( b - 1 ) v >1 .

(ii) Let the ind ices be  { a, 1} w ith  1  < a < 2 . T h e n  I  is  f in i te  i f  ab

+ p >0.

Lemma 7. I I  is f inite if  y( 5+1 )-  p >v .

11) [a ] is the greatest integer not exceeding a.
12) For two positive quantities A  and B , we write A < B  whenever the following two

conditions hold:
(1) A < B . (ii) A <c o  if and only if  B <oo.
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Lem m a 8. L e t the  ind ices b e  e ith e r {a, ,e} w i t h  a e (0, 1) u (1, 2),
—1 <f i < 1 o r {1, 0}. T hen III is f inite  if  2(5— bv< —1.

Lemma 9. L e t  th e  in d ic e s  b e  { a, —I } w i t h  1< a < 2 .  T hen IV
is f inite if  both b(w 5+p)>1  and y (S +1)— n>v  hold.

Lem m a 10. L e t  th e  in d ic e s  b e  { a, —1} w ith  1 <a<2. T h e n  V
is finite if cc <— l.

Proof o f  Lemmas 6 t o  10 follows from Lemmas 11 a n d  12 below.

Define ifr(x) = P ( M  <x )  and J(n )=0 0 n (x )x -a- id x , then we have

Lem m a 11. (i) L e t th e  in d ic e s  b e  e ith e r { a, [}  w ith  a e (0, 1) u
(1, 2), — I <fi < 1 o r {1, 0}, then J(n)---<n-1 as  n--+ co.
(ii) L e t  th e  in d ic e s  b e  { a, — 1} w ith  1<a <2, then J(n).;---;(log n)1-2

as  n—■co.

P ro o f. For 0 <13<K , put

(8)
n dx

./(n)= i5  + }IP , = J 1(n )+J2 (n )+J3 (n ) .
o J ,J

L e t  u s  estim ate J,(n ) ( i= 1, 2, 3). For because o f  [I ; Theorem
3a], we have

dx (J1 (n )<
JO

(dixOEP)n d,caP)13/{aca(pn— 1)1,xOE '

w here p =P ( X 1 >0 ) , a n d  a  is  chosen  suffic ien tly  sm all so  tha t d1c1P

<1
For J2(n), p u t q=11/(K), then 0<ilf (x )<q< 1 for e -< X < K .  Hence

J2(n)‹cc-'(a-a— K -2)qn.

Estimation of J3 (n )  for the  case ( i ) .  Because o f  [1; Theorem 4a],
we have for some choice of a positive constant d2

J3(n) (I -  d 2 X - œ ) "
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dx -1(or >5 (1—  d2x -1)" as co.

Hence it follows that a s  n—ow .
Estim ation of J3(11) f o r  the case (ii). Because o f  [1  ; Proposition

3 b ] , we have for some choice of positive constants d 3  and  d4

(9)
, xJ3(n),<., {I —d3 exp( —  d4:0)r" 

d  
x

„+1

dx ( o r >5  {I — d3exp( — dax")} n x.+1

— dy 
 ( d 4 ) 1 -  

5h 
e

_(+i)y
a (I —e-Y){log d3 —log (I

where n=a1(2-1), y= — log{ 1 — d3exp( — d4x1)1 and K' = —log{1 —

d 3 e x p (  —  4 0 )} . Since 1/{(1 —e-Y)Ilog d3— log (1 —e-Y )121-1/{y( — log y)a}

(y—>0 + ) a n d  since ( — log y )  i s  a  s lo w ly  v a ry in g  fu n c tio n  a t 0, we
have from  th e  Abelian Theorem [ 2 ] ,  the  last member o f  (9)--,--.(log n)'

a s  n--4  oo  3 ). H e n c e  it  fo llo w s th a t J3(n).------:(log n)! - a  as
F inally  applying these estim ates f o r  Ji(n) (i =  1 , 2 , 3 )  t o  (8), we

complete the  proof.

Lemma 12. ( i )  L e t  C  b e  a  constant w ith  C > I, then  f o r ev ery
positive integer n  large enough and f o r r>C n ,

1 n! e-xx"dx < C , exp ( — C2n),

w h e re  C , and  C 2  are positive constants given by  C1=C1{ .\/7t(C—  I)}
and C2=C — log C - 1 .

(ii) Let C  be a  constant with O C <  I, then

- e  xxndx I a s  n ---> oo(r co)
n!

under r<C n.

1 3 )  f(x) —'g(x) as x—>c<=lim {f(x )Ig (x )} =1.
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Proof. (i ) W h e n  C > 1 a n d  r C n ,  it i s  e a s y  t o  s e e  t h a t
max (e-x/cx")= c r ic r n .  Therefore for r C n ,
r<s

5oe
e-x -"dx - e- - jcpc(e-x/cxn)dx

e-r1ern1 e-, - ic,xdx=
C  -

N ow  apply ing  t h e  Stirling 's fo rm ula  n!, • \/27r n" 12e-" (n-*cc), t h e n
for every positive integer n  large enough, we have

l (Œ
e -x x "d x  <  - C(10) n! \/t (C- 1)(rIn)"e-H-nn-1 /2

= C, exp {(log r -  log n + 1)n - r - (1/2) log n}.

Now pu t r= C 'n  (C ' C ),  then

the exponent of the  last member of (10)

=  - (C ' -  log C' - 1)n - (1/2) log n

<  - ( C -  log C - 1)n -  C2 n.

I n  t h e  inequality o f  ( 1 1 )  w e  u se d  th e  fac t; f(C)= C - log C -  1  i s  a
strictly increasing function f o r  C  1 ,  so  tha t f (C ')  f (C )=  C2> f(1)= 0

for C> 1. By (10) and (l1), we have proved (i).

(ii) Note that

1 5") rI"e-xx"dx= e-r P(Q,<n)= P(Q„Ir <n1r),
n!

where {Q,.: 0 }  i s  a  P o isso n  process w ith Q0 0. A n d  t h e  law  of

la r g e  n u m b e r  im p lie s  th a t  P(Q,Ir < nIr) P(Q,Ir <1/C) -+ l a s co

(n -+co) under n Ir> 1 1 C > 1 . Thus we have proved (ii).

Comments for the proof o f Lemmas 6 to  10. Since L em m as 6 to
1 0  a re  d ire c t  consequences o f  Lemmas I l ,   1 2  a n d  [ 1 ;  Proposition
3b, Theorem  4a], w e w ill not give detailed proof, instead, w e state  a
few  com m ents. L em m a 6, (i) (L em m a 6, (ii)) is proved i f  we apply
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[1 ; Theorem 4a] (resp. [ I ;  P roposition  3b]) to  t h e  right hand side of
(3). In  th e  app lica tion  we remark that P(inf X i <  x)=P(sup X1)

1 1t l

> x )  a n d  that ( — X1) is a  s ta b le  process of ind ices {a, /3} whenever

X ,  is th a t  o f  in d ic e s  {a, /3} r Lemma 7  (Lemma 8 )  is p roved  i f  we
apply Lemma 12, (i) (resp. Lemma I l ,  ( i ) )  to  th e  right hand side of
(4) (resp . (5 )): Lemma 9  (Lemma 10) is proved if  we apply [I; Theo-
rem 4 a ]  a n d  Lemma 12, (i) (resp. Lemma II, (ii)) to  t h e  right hand
side of (6) (resp. (7)).

Proof o f  T heorem  1, (i). T h e  proof is based on Proposition 1,
and it takes following form on  account o f  Lemmas 6 , 7  and 8.
(i-1) L e t the  ind ices be either {a, /3} w ith  a e (0, 1) u (1, 2), —1 <fi < 1
or {1, 0 } . I f  we can find 5, p and y in (1) and (2), and positive integer
b satisfying a  se t o f  inequalities

(12)
1 ce5—bv< —1,

a6+ p—(b-1)y>l, y(5+1)—p>v,

then th e  process is explosive with probability o n e . (1 2 )  has a solution
if y >O.
(i-2) L et the  ind ices be {7, 11 with 0 <a < I o r  {a, 1} w ith  1 <a <2,
then th e  s e t  o f  inequalities o n  6, p  a n d  y  in  (I) and (2), and positive
integer b are

(13) y(6+ 1) p > v, ca5—bv< —1

or

(14) aS-1-p>0, y(6-1-1)—p>y, 1.6— by< —1,

respectively. Both (13) and (14) have solutions if y > O. That establishes
Theorem 1, (i).

Proof o f  Theorem 2 (th e  ca se  o f  ex p lo sio n ). T h e  proof is based
on P roposition  2 , and  it takes following form o n  account o f  Lemmas
9  a n d  1 0 .  If we can find 0, p  a n d  y  in ( I )  an d  (2 ) , an d  p o sitiv e
integer b satisfying a  se t o f  inequalities
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(15) N ab+ p)> 1, y(6+ 1)— p> v, ct6<  —1,

then  th e  process is explosive with probability o n e .  (15) has a solution
if y>4(Œ -1). That establishes Theorem 2 (the case of explosion).

2. Proof of the case of non-explosion in  Theorems 1  and 2

A  useful sufficient condition for non-explosion is g i v e n  i n  [5;
§5.14.] o r  [9; Theorem 2 ], a n d  w e  a d o p t  i t  f o r  th e  proof. Because
a  sim ila r discussion w as precisely given i n  [9; Theorem 3 ], we give
only a  few comments fo r i t  h e r e .  N ote th a t b y  the Jensen's inequality,
we have

(16) E(exp{1tok(Xs)ds})< 1t0E(exp {k(Xs)})ds

-1tods1= dFs(y) exp {k(y)},

where Fs(y)=P(Xs<y). L e t u s  apply o n  th e  last m em ber o f  (16) the
asymptotic property of stable distribution function Fs(y)(s>0) for y--4co

(se e  Skorohod [10]). T h e n  f o r  each  k illin g  r a te  k(y) considered in
th is subsection , w e see  that th e  last m em ber is fin ite  f o r  som e t>0,
which establishes the  result just desired.

§ 4 .  Explosion of branching Poisson processes

In  th is  section w e show th a t Proposition 1 is also valid to another
typical branching Lévy processes—branching Poisson processes, and the
results are  as follows.

Theorem 3. C o n s id e r a  b ra n ch in g  P o isso n  p ro c e s s , a n d  le t th e

k i l l in g  r a te  b e  s u c h  th a t  k(x)::----x Y  a s  x—>cc). T h e n  th e  process is

e x p lo s iv e  w ith  p ro b a b ility  o n e  o r non-exp los ive  a cco rd in g  a s  th e  con-

s tan t y>1 o r  y<1, respectively

Consider a  semi-linear differential-difference equation of the form :
Ou 

{ (t ' x )= u (t ,  x +1)— u(t, x )+ x7u(t, x) (1 — u (t, x))et (1)
0<u(t, x).< 1, u(0, x)--- 0, t>0,
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Corollary 2. F o r th e  equation (1 ), th e  uniqueness or non-unique-
ness o f  so lu tions holds according  a s  t h e  c o n s ta n t  y  I  o r  y>  l, re-
spectiv ely . M oreov er in  th e  case of  non-uniqueness, f or the m ax im al
solution a ,  lim tA t, x)= 1 f o r x >0 .

I CX)

Proof o f  Theorem 3 .  T h e  ca se  o f  ex p lo sio n . First w e choose the
sequences o f  numbers in  (S-1)-(S-4) as follows:

1 = the height o f  a  jum p of a Poisson process,

(2) (and therefore 1-/„= n), 1„=0,

t„=11-1' and  N „=[n r],

where p  and  v are constants satisfying

(3) p > I a n d  v> 0.

Then I ,  / /  and / / /  of Proposition I  a re  1= 0 and

(4) E   , ,
n Liz 4 iC  i n v - “

(5) 1 / / = E [ e r ,

where b  is  a  positive integer a n d  C ,  is  a  positive constant. H ere w e
note that (5) follows from

{P(supXs< I )}["'ibelt = IP(X , < 1)11-"v ib  dt
o s ‹ t 0

exp( — [n lb t )d t= [1 1 1 - b.

N ow  applying Proposition 1 a n d  Lemma 13, (i) i n  th is  case , w e  have
th e  follow ing: I f  w e  c a n  f in d  p  a n d  v  in  (2 ) a n d  (3 ), and positive
integer b  satisfying

(6) y—p> v a n d  b v >l,

then  th e  process is explosive with probability o n e .  (6 ) h a s  a solution
if the constant y>  1. That establishes the result on explosion.



262 Michio Shimura

The case of non-explosion. The p ro o f  is  s im ila r  to  th a t o f  non-
explosion fo r Theorems 1 and 2  given in  2  o f  § 3. H ence w e omit
the detail, instead, give a comment: W hen X  is  a  Lévy process with
a  Lévy measure o f bounded support including a Poisson process, satis-
factory information on the asymptotic property of distribution function
Fs(y)=P(Xs<y) (s > 0) for y  cc are found in [7].

Proof o f Corollary 2. Consider the equation (1) in  §1 of a branch-
ing Poisson process with k (x )= x7 0) and n(x, dy)=60,,,o(dy)

tt(t, x)= YoE.,;(exp i — so qi(r)d r}Q7(s)u(t — s, Q(s))

(7) x f 2 — u(t — s, Q(s))1)ds

10 ‹ u(t, x)< 1, (t, x)e [0, co) x [0, oo),

where (W, Q(t), P.,; x is a Poisson process.
T o p rove  the corollary , w e only  need to  show the equivalence of

equations (1) and (7 ) because o f 4  o f  § 1. For the first step , let us
prove the equivalence of ( I ) and the following equation

(8)
x) =Y 0E.,(Q7(s)14(1— s, Q(s))11—u(t —s, Q(s))1)(1s

0<u (t, x )<1 , (1 , x )E  [0, 00) X [O, c i ) .

Differentiate on both  sides o f the equality (8) w ith  respect t o  t, then
w e  ob ta in  the  equa lity  (1 ). (Note th a t  the infinitesimal operator 5"
of a  Poisson  p ro c e ss  is  the following difference operator; . i f (x )=

f (x + 1 )— f(x ). )  M oreover remark that bounded solution of the equation

{  au x).-- u (t, x + 1) — u(t, x)

u(0, x)=0, t> 0, x,..>-0

is  o n ly  the trivial solution u  O . T h u s  w e  p ro v e d  the first step. The

second step consists o f proving the equivalence of equations (7) and (8).
A  p roo f w ill be  g iven  by  L em m a 14 in  the nex t section (note also
Remark 3), so  w e  o m it it. Thus w e proved the equivalence o f equa-
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tions ( I)  and (7). This completes the proof.

§ 5. Comparison theorems for explosion

1. In  t h is  section w e consider b ranch ing  L évy  processes w ith  the

general branching law  given in  § 1, (1), and note a lso  w e  need  no t

assume on th e m  a n y  of the conditions (X-1)—(X-3) in  th e  previous

sections. Now let us state our main results.

Theorem 4. L e t  X i (i= 1, 2 )  b e  (X , ki(x), 70 -b ranch ing  Lévy  pro-

cesses, a n d  suppose that k,(x)-<,k2(x) f o r  xE R . T h e n

px(  i(e y  < 0  < p x(2)(eip< 0 f o r  (I, x) E  [0 , G O ) X R,

and

P(x"(e» < co) (P.',2)(62) < oo) f o r  x E R,

w h e r e  P . "  a n d  e T  a r e  p ro b a b ility  m e a s u re  a n d  e x p lo s io n  tim e  o f

X i, respectively.

Let X  and  Y  be Lévy processes such that X t+ C t f o r  t 0,

w h e r e  C  is  a  re a l c o n s ta n t. L e t  Y  be ( Y, k(x), n)-branching Lévy

process. L e t  X i (i = I , 2) b e  (X, ki(x), 70-branching Lévy processes,

where k i(x) are given by

( I ) k ,(x )=  in f k (x  — C t) and  k 2 (x )  =  s u p  k(x —CO
0 < t‹T 0 < r‹T

(T is a positive constant). Then we have

Theorem 5. ( i )  I f  X ,  is  exp los ive , then  so  is  Y.

(ii) I f  X 2  is  non-exp losive , then so is  Y.

Let us state sim ple application o f  Theorem s 4 and 5. Let {pn;

n  2 }  b e  the probability sequence in the definition of the branching

law  of X, and set F( )  = p„(.;" (0 (  I ) .  T h e n  w e  have
n= 2

Corollary 3. (Savits [8]). L e t k(x) b e  th e  k i l l in g  ra te  o f  a  branch-

in g  Lévy process X , a n d  suppose
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(2) 0<k1 = inf k(x)sup k(x)=k2< co.
xeR xER

Then X  is  explosive (w ith probability one) if a n d  on ly  if

— F(0)- oo fo r  som e  e>0.

Let X  be  o n e  o f  branching Lévy processes considered in  Theorems
I , 2  a n d  3, a n d  le t  (X ,) b e  th e  b a se  process o f  X .  L e t  Y  b e  the
branching Lévy process with the base process (Y,=Xt+Ct) (C is  a  real
constant) and w ith  th e  sam e killing ra te  a n d  branching law  a s  those
o f  X . Then w e have

C orollary 4. I f w e  se c  fro m  [T h e o re m  I, 2  o r  3 ]  th a t  X  is

explosive, then we conclude that Y  is also explosive.

2. Proof o f Theorems

(i) L e t  S  b e  a  m easurable space, and f o r  0< T< oo  le t  S T  b e  the
product space [0, T] x S. L et 17 b e  a  mapping from Bt(ST) into itself
which satisfies the conditions (S-1)-(E-3):

(S-1) 3.70=0, Sl 1.<

(S-2) (Monotonicity) u, y  e 131(S1) a n d  u  y ,  then Su Su.

(S-3) (Continuity) u„, u E  Bt(ST) a n d  u„/u (u„\u),

then S u „ / S u  (resp. Eu„\.77.,u) '4).

Consider the following equation in  Bt(ST)

(3) u=.744.

Then from  [4; § I] (3 ) always has the unique maximal solution a, and
moreover we have

Lem m a 13. L e t vel3I(ST) and v<Ey, then v u.

For ueSt(RT) let us set

1 4 ) u„,/ti (u„\i4)<=:>u„GrV i i ( x )  (resp. ,/,,(r)\,u(x)) as n / c o  for each .1c: S.
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(4) (Fitt)(t, x)=S
o  

x(exp{ -Ss k i(t-r , Xr)dr} ki(t-s, Xs)

x G(X,; ut,))ds, (t, x) e RT, 1-  I, 2,

where ki(t, x) is  a  locally bounded non-negative measurable function on

R .  I t  is  e a sy  to  se e  th a t f ro m  th e  definition o f  G(x; u) in  § 1, each

mapping Ei satisfies the conditions (E-1)-(E-3).

Proposition 3 .  Le t 61(i =1, 2 )  be  the maximal solution of u=i-Tiu

in  B t(R T ) . Suppose that lc», x)<,k2(t, x) fo r  (I, x)e R T ,  then 6,(t, x)

<62(t, x) fo r (t, x)e RT.

Before the proof of Proposition 3, we show the next lemma.

Lemma 1 4 . Suppose that k ,( t ,  x )< k 2 ( t ,  x )  f o r  (t, x) E R .  If

u e B41.(RT) satisfies the equation

(5) u(t, x)=(E,u)(t, x)=1' Ex(expi -1 k ,(t -r ,  Xr)drif

x k,(t -s, Xs)G(Xs; uf,))ds, (t, x) G

then u also satisfies the equation

.
(6) u(t, x)= 5' Ls(expi-10k2(t- r, Ar)dli 1k 1(1 X )  X  G(X5; tit-)

+ (k2(t-s, Xs)-k,(t-s, Xs))u(t-s,Xs)Ods, (t, x)e R

P r o o f . F o r  simplicity we introduce the  no ta tions; (pi(r, s,t)-(pi(r,

s, t; w)=5 ki(t-q, Xg(w))clq fo r  0 < r< s < t<  T, i= I, 2, k3(t, x)=k2(t, x)

- k ,( t ,  x ) .  H e re  w e  n o te  th a t  k3(t, x )  is non-negative i n  R T  b y  the
assumption. Then

(7) the right hand side o f (6)

= Ex(e-q,2(o,,,t)ki(t - 5, X5)G(Xs; ut_s))ds

+  Ex(e- (P20 ,,mk3(t - 5, X, )u(t -  s, X3)(1s= I, +
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and then

u, ,) )d s
x s )G (x ,;

E x (fte — P 2 (°,s ,"— c 'P o ° '" ,k1 (t— s , X s )G (X s ; tt,„))d s

= 1 1 1 + 1 1 2 .

Substituting the equality (5) and using the M arkov  property, we have

1 2 =  d s 1  d rE „ , (e -T 2 1 0 ." k 3 ( t— s ,  Xs)
o o

X E x(c ‘P io ,r,1 -,)k  i(t — s—  r, X  r)G (X ,.;

I 5 1 ,
ds drE.,;(exp{—q),(0, s, t) +(p,(0, r, t — s; 0,w); k 3(t — s,  X )

o o

x k,(t — s—  r, X ,.(0sw ))G (Xr(0,w ), tit-s-r)).

B y  th e  d e fin it io n , to1(0, r, I  —  s ; O s w )= q ),(s „s + r, t; w ) and

= Ti(O, s + r , t )— (p ,(0 ,  s, t) so that we have

2 L ,( e x p  —(p2(0, s , t) + (p1 (0 , s , t);k3 (t— s, Xs)
o o

x 0+,,t) k 1(1 — s—  r, X , ,,)G (X

--St exp(—tp,(0, s, t)+ (01(0, s,
0 0

x X ,.)G (X ,.;  t it „ .) )= r  E .„ ( {c (P 1 (° ," ,"

X ,.)G (X ,.; u t_r))dr.

Finally sum m ing up the above results, we conclude

the right hand side o f (6)=1, +  (1 1 2  + =  U (/, "C ) ,

which completes the proof.

s+ 1)

Remark 3. Suppose that St E.,(k,(t—s, X spcis < c o  fo r  0< t.<  T  and
o  '

X E R  ( i= 1 ,  2 ) .  Then w e eas ily  see  tha t Lem m a 1 4  holds w ithout the
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assumption "k ,( t , x),< k2(t, x) for (t, x)e RT".

Remark 4. A s  th e  p ro o f show s, Lemma 14 ho lds w hen  X  i s  a

standard process o n  a  locally compact Hausdorff space with countable

b a s e . Proposition 3  and Theorem  4  a lso  ho ld  under th e  same condi-

tion o n  X.

Proof of Proposition 3. By Lemma 14

,(t, x )= (L71171) (t , x)=5` E.,(exp — Ss k2(t

x fk,(t — s, X5)(G(X5; • )) — fi,(1—s, Xs))

+k2(t —s, X 061(1—s, X s)})ds

S ince  k ,(t, x )<k2(t, x ) f o r  (t, x) e R T  a n d  G(x; u) —u(x) O, x E R  for
u E  B I (R )  b y  th e  definition o f  G ,  w e  h a v e  a ,(1, x)<GE2a1)(t, x )  for
(t, x) e R T .  H ence Lem m a 13 implies x )<a2(t, x )  f o r  (t, x)E RT,

which completes the proof.

(ii) Proof o f  Theorem 4. By Proposition 0 , e i( t ,  x ) =P x " ) ( e T  0  is
the maximal solution of the equation

(8) u(t, x )=  5o
Ex(exp — 

o 
ki(X,.)dr}k,(Xs)G(X s; u, J )d s ,

'

in  BI([0, co) x R )(i =  I, 2). B e c a u se  k ,(x )< k 2 (x ) fo r  x e R  (independent
o f  t), w e  c o n c lu d e  b y  Proposition 3  t h a t  e ,(t, x)<e2(t, x) f o r  (t, x)

e [0, oo) x R ,  w h ic h  is  ju s t  t h e  f ir s t  conclusion . N ow , le tting  t—+ oo
in  t h e  firs t conclusion, w e  o b ta in  the  second  conclusion . T h is com-
pletes the proof.

In  order to prove Theorem 5, we need the  following lemma.

Lemma 15. S uppose that u E BI(RT) satisf ies the equation

(9) tt(t, x ) =  li,(expi — 
o 
k( Y)drt k(Y )G(Y • u _ ))dsj s s, 1 s
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f o r  (t, x)e RT, a n d  se t v(t, x)=u(t, x—Ct). Then y  satisfies th e  equation

(10) v(t, x)= ç't Ex(exp —5 k(X,.—C(t— r))c1,4 k(X .—C(t—s))x
o s

x G(X,; y,„))ds

f o r  (t, X) E  RT.

P ro o f. B y  t h e  s p a t ia l  homogeneity o f  Levy processes a n d  th e

relation Yt= X , + 0  fo r  1,.>, 0, (9) is rewritten to

I 81 ( 1 ,  . X ) =  Eo(exp.
)  

— 1
0  
klx+ X,.+ 1 k(x + Xs+ Cs)

x G(x + X ,+ Cs; u,,))ds

Applying th e  change o f  variables; t =r, x=y—CT, a n d  using th e  relation
G(a+b; u( • ))=G(a; u(b+ • )), (11) is rewritten to

(12) u(t, y'—Cr)= E0(exp,', k(y X  C(r —  r))dri

X  k(y + X —  C(T —  S))G07 + X5; ll(T —  5 ,  '  — QT. — S)))C1S.

Substituting v(t, y)= u(r, y—Cr), a n d  again using the spatial homogeneity
o f  L evy processes, (12) is just rew ritten  to  (10). T h is  completes the

proof.

Proof o f Theorem 5. L e t u s  prove only (ii) because we can prove
(i) q u i t e  s im i la r ly .  Set ei(t, x)-=Px")(e(j)-<,. t) (i= 1, 2) a n d  ey(t, x)=

1)(xY)(e(1).< t), where iri n  a n d  e(i" (P . "  a n d  e71) a re  probability measure

and explosion tim e  o f  X1 (resp. Y ), respectively. Then by Proposition

0 , e, (ey) is  the m axim al solution of the equation

u(t, x)=S
o

Ex(exp{-5 
o

k,(X,.)dr}k i(Xs)G(Xs; ti,„))ds

(resp. it( t, x)=  t  E„(exp
o

k( Y,.)(1 rt
•

k( x G( Y,; 5))ds
, 0

)dl.} k(



B ranching Lévy processes 269

i n  B I(R T ) . S e tt in g  v(t, x)=ey(t, x— C!) a n d  ap p ly in g  L e m m a  1 5 , we

conclude that y  is  th e  m a x im a l so lu t io n  o f th e  equation

10 ,  x )=  E x (e x p l k(Xr—C(1-1'))chik(Xs—C(t—s))
o 0

x G(X„; ut_s)>Is

i n  B I(R T ) . Because k(x— Ct)<k2(x) f o r  (t, x) E  R I  by (I), w e  conc lude

b y  P ro p o s it io n  3  th a t ey(t, x—Ct)—v(t, x)<e2(t, x) f o r  (t, x )e RT. Since

X ,  is  non-exp los ive , w e h ave  e2(t, x ) = 0  f o r  (t, x) E R T ,  so  th a t w e  have

er(t, x ) = 0  f o r  (t, x)E R T .  F in a l ly  b y  t h e  M a rko v  p rope rty  o f  Y ,  we

c o n c lu d e  th a t  ey(t, x ) = 0  f o r  (t, x) e [0, oo) x R .  H e n c e  Y  is n o n -

explosive.

3. Proof of Corollary 3. L e t  X1 (i =1, 2 ) be b ranch ing  L é v y  processes

w ith  th e  same base  process a n d  branch ing law  a s  those o f  X ,  a n d  with

t h e  k i l l in g  r a t e  k, ( =positiv e  c o n s t a n t  in  (2)). F r o m  [3; 11, §3.5],

w e  se e  th a t  X ,  a n d  X 2  a re  e x p lo s iv e  (w ith  p ro b a b ility  o n e )  i f  a n d

o n ly  i f  11 co  f o r  some e > 0 .  N ow  app ly ing  Theorem  4

o n  X ,  a n d  X ,  we easily obta in  the conclusion.

Proof of Corollary 4. W e on ly  rem a rk  th a t k ,(x)= k i f  k(x — Ct)
0<t‹T

X 7  a n d  k 2 (x )=  sup  k(x — a s  x -+ o a  w hen  k(x).----- x Y  a s  x—>co
0<t,-„T

f o r  som e p o s it iv e  co n s ta n t y. T h en  th e  rest o f  p roo f is  obv iou s  from

[Theorem  1, 2  o r  3 ]  a n d  Theorem  5 , so  w e o m it  th e  detail.
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