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§ 0 .  Introduction

T he  following problem is called a  cancellation problem ([2]).
Let A  and  B  be  rings such that A [X ,,..., X „ ]=B [Y ,,..., Y„] w ith X 1 ,..., X „

and Y 1 ..... Y algebraically independent over A  a n d  B  respectively. Is A  iso-
m orph ic  to  B? O r, m o re  strong ly , does it fo llow  tha t A =B? W e  s a y ,  fol-
lowing [ I ] ,  A  is  invariant if  for each B  as above, there exists a n  isomorphism
between A  and  B ; we say A  is strongly invariant if  it follows that A =8 .

The following question was raised in  connection with the  cancellation prob-
lem  for Dedekind domains ([2]).

Question. S u p p o se  V  i s  a  D . V . R . (rank o n e  d iscre te  valuation  ring)
o f a  f ie ld  K .  L et u  a n d  w  be algebraically independent elements over K  and
le t  U  be  a  D. V. R.-extension of V  to  K (u , w ) . Suppose th a t b o th  Vu = U n K(u)
and V = U  n K (w ) a re  residually algebraic over V  (i. e. residue class fields of Vu

and V  algebraic over that o f  V). Is  U  residually algebraic over V?
I n  § I ,  w e  f ir s t  p ro v e  th a t  the  question  is affirm ative  i f  e ith e r  [Vint„:

V/m],< oo o r  [1/„./m,, : V/m], < oo (Theorem 1).
O n  th e  contrary le t  u s  assume that there exists a  residually transcendental

element Z E U  o v e r  V , th e n  w e  have Z =f (u , w )Ig(u , w ) w ith f ( X ,  Y ), g(X , Y)
V [X , Y ].  T hen , w e  can  reduce  the  question  t o  th e  c a se  w here V  a n d  U

have a common uniformizing parameter t  (Proposition I). Then, we can choose
n  such  tha t f (u , w )/t"  a n d  tnIg(u, w ) a r e  u n its  a n d  a t  le a s t  o n e  o f  them is
residually transcendental over V. S o  w e  m ay  assume th a t  Z = f(u , w)/t". Our
Theorem 2  asserts that ii z  can be chosen so that ,T(u, w ) does not contain any
term  o f  th e  form  uiw i w ith  inj > 0 ,  th a t  is, f (u , w )=f 1 (u)d-f 2 (vv) (fi(X )e  VEX]),
th e n  b o th  V„/t V , a n d  V,„/t V„, m ust have  infinite p-independent elements over
V/tV. This result plays an important role in  § 2.
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Finally w e give a n  example which shows th a t  the question is negative in
general.

in § 2 we study a  cancellation problem for Dedekind dom ains. The follow-
ing two results are well known.

Theorem 0 .1  ([1 ], T h . 3 .3 )  S uppose  t h a t  A  is  an  in te g ral d o m ain  of
transcendence degree one ov er a subf ield, then A  is inv ariant. If  f urtherm ore
A  is not a poly nom ial ring, then A  is strongly  invariant.

Proposition 0 . 2  ([1], (5.4), (5.5), (5.6), (5.7))
L e t  A  b e  a D edek ind  d o m ain  an d  suppose th at  A [X ,,..., X „]=B [Y ,,...,

Y ,] and  that A k  B .  L e t K  be  the quotient f ield of  A  n B .  Then:
1) If  A  n B =K , then A  is  a poly nom ial ring, say  K [T ], ov er K .
2) I f  A n B gr K ,  th e n  A =K [T ] n V1 n •• • n Vr  ( r> 1 )  w h e re  T  i s  a  suitable
transcendental elem ent ov er K  and  ev ery  Vi i s  a  D. V. R. o f  K (T )  such that
1/i K  an d  V; is residually  algebraic ov er v  n K.

W e p ro v e  th a t, in  case  2) of P roposition  0 .2 , each V i /tt i h a s  in f in ite  p i -
independent elements over Vi n Kgn i n K ) with p i = ch(Vi ln i)> 0 (Theorem 3).

A s a  corollary, we see that a Dedekind domain A  whose quotient field has
a  finite transcendence degree over a  "residually perfect" field is  invariant.

O n  th e  o ther hand  it has been  an  open  question if  the  case  2 ) o f Propo-
sition 0.2 exists really ([1] (5.6), [2] (5.8)), a n d  w e  show it by constructing an
example.

T h e  au thor w ishes to  express his thanks to  Professor M . N aga ta  and  to
Professor M . M iyanishi for their valuable  suggestions and critical reading of
the manuscripts.

§ 1 .  Residually algebraic extensions

Theorem 1 . 1 )  U n d e r  th e  c o n d it io n  o f  th e  question , i f  e i th e r [Vu lm u :
V/in] i < co o r [V,v /in i,: V/in] ; < cc, th e n  U  is residually  algebraic ov er V , where
in„, in s,, a n d  i n  a re  m ax im al ideals o f  V ,„ V „ and  V  respectively  an d  [ : ];
stands for inseparable degree.

In  order to prove this, we show a lemma.

Lemma 1 .  I f  U  i s  a  D. V. R.-extension o f  a  D. V. R. V , then there ex ists
W such that
i) W  is a  D. V. R. an d  is  an  unratnif ied extension o f  U , and
ii) denoting  by  V  th e  integral closure o f  V  in  W  an d  b y  n  the m ax im al

1) This theorem was suggested by Professor M. Nagata.
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id eal o f  W, w e  se e  th at V/(1 n V )  is separably  closed ( in  its algebraic clo-
sure).

P ro o f . L e t K  b e  the quotient field o f  U  a n d  L  th e  algebraic closure of
K .  Consider the set I ' of all pairs (U,t , n,l )  which satisfy the condition
i') U A  is  a  D. V. R. which is a n  unramified extension of U , U,t c  L  and n  i s
the maximal ideal of U .

Define a n  order in  F  b y  the inclusion re la tio n . I t  is  e a sy  to  se e  th a t T
i s  an  inductive  se t, and  F  h a s  a  maximal element, say, U 0 . W e show  that
th is U 0  i s  the  required one.

I n  fac t i )  is  o b v io u s . Suppose ii) d o es n o t h o ld  f o r  W= U,t0 ,  then there
exists and  element a  in  th e  separable closure o f  Vint a n d  n o t in  V,10/( V2 0 n n2 0 ),
where ni is  the maximal ideal o f  V a n d  VA 0  i s  the  integral closure o f  V in U 2 0 .
Let f ' (X )  be  a  monic minimal polynomial over V2 0 /(1/2 0 n n )  which has a  a s  a
root. L ift f '(X )  to  a  monic polynomial f (X )  over V20 . Then U2 0 [X ]if (X )U 2 0 [X ]
is  in  general a  semilocal ring, and  if w e  loca lize  it to  U'2 0  a t  a m axim al ideal,
it f o l lo w s  th a t  U'A „ con ta ins U ,„  properly  a n d  satisfies i'), a contradiction.

q. e. d.

Proof  o f  Theorem  1. T ake  W in  Lemma 1 w ith respect t o  V c U, and let
U *  b e  th e  completion o f  W .  Take integral closures o f  V, V„ a n d  Vu,  i n  U*
and let (V *, m*), (V :, m ) and (V ,  n t ) be their completions in  U * respectively.
W e  m a y  assume [ 1 ' 4/m0 : V/in],< oo. T h e n , b y  o u r  construction, w e  have
[ V,*, int*„ : V*/111*] < . Since  V*„ i s  a  D . V. R., there exists a n  integer n  such
th a t ( n,,*)" ç in* V : * 0 a n d  w e have [V/nt* V*,, : V*/nt*] < n[ : V*hrt*] < oo.
Since V * is complete, V,T is  a  finite V*-module ([3] (30.6)). Therefore V {  V ]
is  a  finite V-module. Take derived normal r in g  o f  V :[V ,! ] and  denote by V'
its localization at the prim e ideal lying under th e  maximal ideal o f  U * .  Then
V ' is  a  D. V. R. and , since Vu ,  Vw c V' c U *, w e have U  V '.  Since V ' is alge-
braic over th e  D . V . R . V :  a n d  s in c e  V *  is residua lly  a lgeb ra ic  over V , V '
a n d  U  are residually algebraic over V. q. e. d.

T he  following proposition shows th a t  th e  question  can  be  reduced  to  the
case where U  a n d  V have a  common uniformizing parameter.

Proposition 1. U n d e r t h e  condition o f  th e  q u e s t io n , th e re  e x is t  L, V'
an d  U ' such that
(1) L  i s  a f ie ld  ex tension o f  K  an d , u  an d  w are  algebraically  independent
over L,
(2) V ' i s  a  D. V. R. o f  L  a n d  U ' i s  a  D. V. R. ex tension o f  V ' t o  L(u, w)
and they  hav e a  common uniformizing parameter,
(3) b o th  V'„=U' n L (u ) a n d  V'w =U ' n L (w ) a re  residually  algebraic  ov er V'
and
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(4) i f  U  is  re s id u ally  alg e b raic  (o r tran sc e n d e n tal)  o v e r V , th e n  U ' is  re -
sidually  algebraic (or transcendental, respectiv ely ) ov er V'.

P ro o f .  L e t X  b e  a n  indeterm inate over U ,  th en , s ince  K (X )(a)n u(x)
= voc(x) with a = u  or w, ( I ), (2), (3) and (4) ho ld  fo r V' = V (X ), U' = U(X ) and
L = K (X ) except that V (X ) a n d  U(X ) have a common uniformizing parameter.

Take uniformizing parameters q  o f  V and  t  o f  U  respectively, then we have
q =trs  with a n  integer r >0 a n d  a  u n it  s  o f  U .  Define U'=U(X )[1]1(Fr— sX ),
V '  V(X) = V(X) [ Y]/( Yr— qX ) and L = Q ' V ', then they are required ones.

In  fa c t , s in c e  L  is  a lg e b ra ic  o v e r  K (X ), ( I )  is o b v io u s . S in c e  U'/tU'
= k*(X)[F]l(Fr — .a )  a n d  V 'itf  V' = V'I =  k ( X )  a re  f ie ld s  a n d  since  V 'IqV '
=k (X )[111 (r) is local (where k  and k* are residue fields of V  and  U  respectively
a n d  g  is  th e  class o f  s  i n  k * ), U ' a n d  V ' are D . V. R.s which h a v e  a  corn-

Q _ I u , _ K (u , w ) (X )E ll 
(Fr — s X )

—
K (u , w , X )[F ]  _  K (u, w , X )[Y ]  __L( u ,  vo. F in a lly  (3 )  a n d  ( 4 )  holds be-P. (Fr — s X) (Y r — q X )

c a u se  V', V = L ( )  n U ' a n d  U ' a r e  a lg eb ra ic  o v e r V (X ), VŒ(X )  a n d  U(X)
respectively, q. e. d.

I n  order to prove Theorem  2, w e show  a  lemma in  fields theory a n d  one
more lemma.

Lemma 2 . L e t  k  b e  a  s e p arab ly  c lo s e d  f ie ld  o f  p o sitiv e  characteristic
p  an d  K  an  algebraic  ex tension  o f  k. L e t tk z i, "  b e  a  set o f  f ie lds such that
kg_k z g .K  a n d  K  is  f in ite  o v e r k , f o r e a c h  2: E A .  I f  K  h as  a  f in i t e  p-base
ov er k , then K  is  a f in ite  n k,-module.

zcA

P ro o f .  L e t a 1,..., a r b e  a  finite p-base o f  K  over k. Then there exists
a n  integer n  such  that af" E k  (i=1,..., r) because K  is purely inseparable over
k. So we have

k(KP") =k(K P" ." ) = k (K P ') = -  •••

Since K  is finite a n d  purely inseparable over kz ,  there exists an integer in,
such that kz p KP - z. Then w e have

k (K P z ) ,  k  (K P " ) .

Therefore K  is fin ite  n  kz -module because K =k(K P", a 1,..., (Ir ) i s  a  finite
ZE A

k(KP")-module.

mon uniformizing parameter y = t f .  (2) holds because

Lemma 3 . L et (V , t) b e  a  D. V. R. o f  a  f i e ld  K  w ith  separably  c losed
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re s id u e  c la ss  fie ld  k  o f  p o s itive  ch a rac te ris tic  p .  L e t  x  b e  a  transcendental
e le m e n t o ve r K  a n d  a s s u m e  th a t (V i , t) i s  a  re s id u a lly  a lg e b ra ic  D. V. R.-
e x te n s io n  o f V  to  K(x) s u c h  th a t Vx 1tVx  h a s  f in i te  p-base o v e r k .  Then there
exists a  transcendental element y e K[x] over K  such that;

*) i f  cc K[y] n vx , otP*. — a= t13 w ith  a E V a n d  13 E  Vx , th e re  e x is ts  y e Vx

K[/3] su ch  tha t oc—yetVx .

P r o o f .  I f  a  is a lgebra ic  over K  th e n  a e K  n  Vx = V  and  the  asse rtion  is
obvious. Therefore w e assume th a t a  is transcendental over K .  N ote th a t  in
th is  case, 13 is also transcendental over K .  F o r  each transcendental element
z E K [x ]  o v e r K ,  w e define  Vz = K(z)n Vx . T h e n  Vx /tVx  is  f in ite  ove r V itt%
because K(x) is finite  over K(z) a n d  Vx  i s  a  D. V. R.-extension of V .  t o  K(x).

S o  Vx /t1/, is  f in ite  k' = r  V x /t Vz -m o d u le  b y  L e m m a  2 . C h o o se  a  trans-
zeK[x]
t r a n s .  1IC

cendental element y e K [x ]  o v e r  K  w hich m akes [Vz 1tVz : k '] least w ith  z= y
and  w e  w an t to  show tha t th is  y  is  the  required o n e .  To see this, it is suffi-
c ie n t  to  show  th a t  Vy ltVy =V f l ItVf i i f  a  e  K[y] n vx , ocPc — a = tiq  w ith  a E V  and

V . I n  fact, i f  w e  can  take  y' =f(13)1g(13) with f(X), g(X) E K [ X ]  such that
a —y' E t Vx ,  then since V is residually algebraic over V , w e can take g'(13)e K[13]
a n d  h e V  such that y —y' e  t V x  w i t h  y=f(fl)g'(13)1h. Now [Vy ltVy : k l= [V y ltVy :
Vp 1tVp ][V f i ltVf l : k']. B y  o u r  c o n s tru c tio n  [Vy /t Vy : [17131tV: k']. Therefore
it ho lds tha t [ Vy /t Vy : V11/ t1 /]  =  I  a n d  Vy /t1/--- Vdt V1 .q .  e .  d .

Theorem  2. L e t V , K, U, u, w, V ,  a n d  V,„ b e  th e  saine a s  in  the  ques tion
a n d  t a  uniformizing param eter fo r  V .  S u p p o s e  th a t  V„ a n d  V,„ a re  residual-
ly  a lg e b ra ic  o v e r  V a n d  th a t th e re  e x is ts  a  residually transcendenta l e lem ent
Z e U  o ve r V such that

y = f ( U ) +  t"Z  E K (w )  w ith  f(X)E K(X),

th e n  th e  ch a ra c te ris tic  p  o f  Vu ltVu is  p o s i t iv e  a n d  Vu ltV „  h a s  in f in ite  p-in-
dependent elements over V1(tV„ n V).

P r o o f .  T h e  f ir s t  assertion is o b v io u s  b y  T h e o r e m  I .  T o  s e e  t h e  last
assertion, w e  sh o w  a  contradiction assuming that V,,/t V„ has finite p-base over
V/(t V„ n V ) .  W e m ay  assum e  tha t t i s  a uniform izing parameter fo r  b o th  V
a n d  U  by  P roposition  1 ; no te  tha t th e  finiteness of 1)-base is preserved. By
Lem m a 1, we m ay assume th a t  k= V /(i V,, n V ) is separably closed. I f  f (u) E  K,
th e n  w e  have Z e K(w) n U  V ,, , ,  contradicting that V,,, is residually algebraic
o v e r  V. S o  w e  u se  Lem m a 3 in  th e  case x= f(u), then there exists y e  K[x]
which satisfies *). If y=-g(x) with g(x) e K[x], then we have

g(v)-= g(x + t"Z)=g(x)+ t"'Z' = y + t"Z' E K(w)
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w ith a  residually transcendental element Z' e U  over V and w ith an integer in.
By multiplying tr if necessary, we may assume y e Vu .

Now replacing y  b y  u  and y + t Z '  b y  w, w e  w a n t to  show a contradic-
tion (i. e. that V  residually transcendental over V ) under the assumptions that
u e Vu, w = u + t"Z  and th a t * ) o f Lemma 3 holds for y = u.

If n < 0 , t - "w=t - "u+Z  E V  is  residua lly  transcenden ta l over V. So w e
show the case of n > 0 b y  induction on n. Since k  is separably closed, u
satisfies a relation

uP' —a e tV,„ w ith  a E V.

We write uP° — a = tu' with u' E V . I f  e = 0 then we have

w — a = u + t"Z — a —1(14' +t" - ' Z )e  K[w] .

Therefore by our induction hypothesis applied to u ' a n d  w ' u=i n - 1 Z ,  we see
t h a t  Vw = Vw , is residua lly  transcenden ta l. If  e > 0 ,  w e  m a y  assume t h a t  (a
mod t V )  (V/tV)P. B y  * )  there exists y e K[ul n Vu s u c h  t h a t  u—yEt V.. We
m ay assume th a t  y = f '(u ) ( f ' (X )E  K [X ] )  is  the one whose degree is the least
in  the polynom ials that have these  properties. T hen  ( i )  in the case where
ch. V= p

(5=f'((wP' —a)/t)  = f  ((uP u — a +PP' Z P ')It )

=y+  ZP 'g '(tt', Z  P ')  e IC[W ]

with g '(X , Y )E  K [X , Y] and (ii) in the case where ch. V=0

(5=f" ((wv — a)It)=f'((uP' + peuv -  t " Z +  Z 2 h(u, Z )  —a)/t)

=f'(u ' +peuP ' - 't" - 1 Z +  Z 2 h (u , Z )1 t)= F  (u ')+

peu r - Z  sf' ,   +  Z 2 h'(u, Z ) =y Z

+ Z 2 h'(u, Z)E K[w ]

w ith  h(X, Y ), h '(X , Y ), e K [X , Y ].  Note th a t  in case (ii), if we choose integer

r  s u c h  th a t  b =truP— , i s  a unit in Vu ,  th e n  (b mod tVu)lk V/t V , because
au

Of' Of"
'deg ' < d eg f' and trc u mod tVu fo r  any c e V. Therefore, i f  we write

au au
u — y= t u "  w ith  u" E  V ,„ th e n  in  e a c h  case w e  have w —  (5= tu" + t"'Z' E K[w ]
w ith  in < n and a residually transcendental element Z' e U o v e r V. T hen  use
induction hypothesis applied to u " and w"= u"+ tm -  ' Z'. q. c. d.
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Remark 1. W e d o  not know  w hether th e  question  is  affirmative even if
w e assume only th e  finiteness o f  p-base o f  V„/tV„ ( o r  Vw / tV ) over k. O n the
other hand, we see that finiteness o f  p-base does not im ply  [V„/m„: 1//m] 1 < co
in  the following case :

V= k(x)[t], ( ) , K=Q 1 V,

W=k(x, x v " , . . . ) [ [ t ] ] ,
- n ( n + 1 )

U = X P - I t - EX
P - ( 1 + 2 / t 2 ± . — + X P

2 tn+ • • •  and

vu = w nK(u)

where k  i s  a  f ie ld  o f  p o s itiv e  characteristic p  a n d  x , t a r e  algebraically in-
dependent over k.

Now we show tha t the  question is negative in  general.

Example 1. L et p  b e  a  p rim e  integer and  le t t, Z, a,, a 2 ,..., a„,... be alge-
braically independent elements over Fp Z / p Z .  Define

K = F p (t, a,, a 2 ,..., a„,...) V=F p (a i , a2 ,...,

S= W— tW  a n d  U= Ws , then

I) U  is  a  D. V. R.
Since tU  i s  a  un ique  m axim al ideal o f  U , it  is  su ff ic ie n t to  show  that

ntnU = O. S in c e  W/tW is  a field, tW is  a m axim al ideal o f  W and  is  a unique
prime ideal containing tn W fo r  any positive integer n. S o  it fo llow s tha t tn Ws

n w=tnw a n d  ntn Ws = (ntn W)W,. T h ere fo re  it is  su ff ic ien t to  sh o w  nt n W
= 0 . F o r  g e n tn  W , ta k e  a  representative G(X 1 ,..., X,„) o f  g  i n  V(Z) [X 1 ,...,

X „ ,... ].  Since we may replace X f  in  G (X ) b y  al -t-tX, + , ,  w e m ay assume that
G  is  of the form

G (X ,,..., X ,.)=  bA A1,1 w i t h  b e M A  =  Xi' • • •X ::r

i = 1, r).

O n  th e  other hand, denoting the  class o f  X i i n  W by  x i ,  W i s  a free V (Z ) -

module having basis
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{ f l x 0  e i < p and e 1 = 0 except only fo r  a  finite number o f  il.i=1

Since g = G(x „..., x r ) = E b 2 M 2 ent"W  ; where 1W1 i s  the  class o f  MA i n  W,
w e have 1)2  e nr v(z). Therefore we have b1 = 0  and  g= 0 , because V (Z ) is  a
D. V. R.

Now we define u = x , and  w=x, + Z, then
2) u and  w are  algebraically  independent over K.

L e t L  b e  the  quo tien t fie ld  o f U .  T hen L=K (Z, x 1 )  a n d  Z  is transcen-
dental over K .  O n  th e  o ther hand , since [U/tU: V(Z)/tV(Z)] = oo, x, is tran-
scendental over K (Z ) .  Therefore the assertion is obvious by our construction.
3) U  is residually  transcendental ov er V.

In fact, Z  is residually transcendental over V.
4) V„= U n K (u ) is residually  algebraic ov er V.

S in c e  V =   s ,  w ith  S ' =  S  K (u ) and" (xP, — a, —tX2 ,..., Xf,—a„—tX„,,,...)
each x„ is residually algebraic over V , w e see that Vi, is residually algebraic over
V.
5) V„,=U n K(w) is residually  algebraic ov er V.

To see this, it is sufficient to show the following.

Proposition 2. V ,  is  V-isomorphic to V .

P ro o f . L e t v  b e  th e  valuation defined by U  su ch  th a t v(t)= I a n d  le t v*
b e  t h e  valuation o f  K({X i }i „ )  d e f in e d  b y  v*(g)= Min i f  g = E li ,M ) .

A EA A EA

KEIX where b2  e K and each A41 i s  a  monomial of X 1.
I n  o rd e r  to  p ro v e  Proposition 2 ,  it is  su ffic ien t to  show  v(f(u))= v(f(w))

fo r  every f (X ) e V [ X ],  because th e  K-isomorphism :  K(u)--4K(w) defined by
(p(u)= w would give a n  V-isomorphism o f  V„ o n to  V„.

N ow , if  v(f(u))= oo then ,f(u)= 0  and f (X )= 0  because u  is transcendental
over K , which implies v(f(w))= co.

Suppose th a t  v(f(u))=n e N . W e  d e f in e  f,(X ,), f2 (X ,, X 2 ),..., fk (X „.. ., X k )
with f i (X„..., X i ) e V[X,,..., (i = k) inductively a s  follows.

If  v*(f (X i ))=  ro ,  then we define f,(X ,)= t - ro f (X ,)e V[X J .  When f i (X „...,
X.) e V[X„..., X i ]  is  de fined  a n d  if  f i (x,,..., x1) ,:v tU  then  w e  fin ish  th e  pro-
cedure (i= k). If  f i(x„..., x i) e tU , then since {(a1 mod tV)}, c ,,, a re  p-independent
over (V/tV)P, we have

f i (X „..., X i ) e a1, X — a i , OV[X X 1] .

Substituting 4— ai  b y  tx ; ±  , (1 j  0, we have



A  cancellation problem fo r  Dedekind domains 341

x 1 ) - f ' i ( x i  . . . .  xi+ i )
 w ith  f X tV[X ,,..., X i +

I f  v*(f(X ,,..., X i 4 .,))=r i , we define

i(x x i+  1) =  F r if i (X  1 ,• •• , i+1).

S in c e  r o + r, + •••+  rk _  =  n  w ith  r 1 >0 (i = 1, k — 1), w e  f in ish  these
procedure by at most (n + 1)st step.

O n  th e  o ther hand , due  to following Lemma 4 ,  w e have y e  U (i =2, 3 ,...,
k+ I) such that wP— a l = ty 2 , Y 2  — a2 — tY3,••., yr, — ak —  tYk+

So by construction of f i (X X 1), we have

.f (0 =  t"fk(Y , • • • , Y k )  w ith  ik(Yi ,  • • • , Yk) t  U.

Therefore v(f (w)) = n q. e. d.

Lemma 4. F o r w of Example 1 , there exist ye U k+1) such that

wP — a l = ty 2 , y — a 2 = ty 3 , . . . , —a k =ty k + 1 . M o re o v e r  y i = x i + tc i w iyh c i e U.

Pro o f . W e  show  the existence b y  induc tion  on  i. Since w = x , + t Z ,  we
m ay include th e  c a se  o f  1= 1, defining  Y i

 =w. S u p p o s e  we have  y 1 = x i + tc i

w ith  i > 1  a n d  vi e U .  T h e n  yf' — a t = xP, + tPcf — a i = tx i + , + tPcf =t(x i + 1 +tii -+t '  c )

a n d  it is  s u f f ic ie n t  to  p u t  y 1 + 1 = x i + tP- 1  cr, c 1 +  =  tP- 2 cf. q. e. d.

E x a m p le  2 . W e have similar examples in  unequal characteristic case  too.
For example, le t p  b e  a  p rim e  integer a n d  Z p a  localization of Z  a t  (p). Let
Z, a 1 ,..., a„,... be algebraically independent elements over Z p . Define

K=Q(a,,..., a„,...) V = Z p (a,,..., a„,...)

07.= 
V(Z)[X,,..., X„,...]

(XP, —a 1 —pX 2 ,..., — a „ — pX„ + ,,...)

U= W p w ,  u = x ,  a n d  w = x, + p Z .

The proof is same as  tha t o f  Example 1.

§ 2 .  Application

In  this section we give some sufficient conditions for a Dedekind domain to
be (strongly) invarian t. F o r the purpose we define:

D efin ition . W e say  tha t a D edekind domain A  is  a  (D. C .P .)  i f  A =K [T ]
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11 V1 n • • •  n ( r>1 )  w here K  i s  a  f ie ld , T  is transcendental over K  a n d  each
(V1, ni )  i s  a  D. V. R. o f  K (T ) su c h  th a t  Vi/n, is a lgebra ic  over k1 —(Vi n
(n 1 n K ) a n d  h a s  positive characteristic p i a n d  h a s  a n  infinitely many p i -inde-
pendent elements over k i .

Theorem 3. I f  a D edek ind dom ain  A  is  n o t  a  (D. C. P.), then  A  is in-
v arian t. If  f u rtherm ore  A  is  n o t  a po ly nom ial ring , then  A  is strongly  in-
variant.

P ro o f . Suppose th a t  A  is neither a  (D. C. P.) n o r  a polynom ial ring and
that A[X i  ,..•, X„] = B [Y 1,• • •, Y„] =R , A= B.

By Proposition 0.2, A = K[u] n V, n ••• n (r 1). Since A  is not a  (D. C. P.),
fo r  a t least o n e  i ( 1 <i<r) ,  say  1, either V 1 /n 1 h a s  zero characteristic o r  Vitt,
has a positive characteristic p  and V 1 /n1 has fin ite  p-base over V/(rt i n V ) where
V= V, n K , and n  is  the maximal ideal of Vi

O n  th e  o ther hand  by  [3] (11.11), A n B = K n v i n••• n vr = c  is  a  semilocal
D edekind dom ain. T a k e  s 0 i n  t h e  Jacobson ra d ic a l o f  C .  Then it holds
th a t  4 - -

1
1= K [u] a n d  B H T =  K [w ] with algebraically independent elements u

a n d  w  over K  by Theorem 0.1, b y  [1] (1.11) a n d  by  our assum ption  A  B.
N ow  p u t  p=n i  n A , then since 13=pR  i s  a  height one prim e ideal o f  R, R 13

is  a  D. V. R. Define U =R  n  K(u, w), th en  V„ = K(u) n u= v , is residually alge-
braic over V. B  is  a lso  a D edekind domain a n d  w e have  B = K[w] n n  • • •
n V . .  b y  Proposition 0.2. Since V„,=U n K(w)D.B and V  K , it follows that
V =  Vi fo r  som e i (1 <i < r') . Therefore V„, is residually algebra ic over V  K
= V .  F or s e C above

R [
1

—
s

1= K [u, X 1 ,..., X „]= Krw, Y ,,..., Y „]

and  w e have w =f(u)+tm Z , where f (n)e K [u], Z  eU a n d  Z  is  a non-zero poly-
nomial o f  X i w ith o u t constant term  (w ith respect t o  X i)  a n d  w ith coefficients
in V ,, such  that a t least one of the coefficients is  a  u n it  o f  V„. However since
the  class o f  X i in  t h e  residue field of R transcendental over A/p a n d  over
V/(p n Z  in  U is residually transcendental over V, a contradiction to Theorem
2. q. e. d.

Corollary 1 .  ( [ 1 ]  T h. 6 .5 ) I f  A  is  a D edek ind dom ain containing a  f ield
o f  characteristic z ero , then  A  is  in v arian t. I f  f urtherm ore A  is  n o t  a  poly-
nom ial ring , then A  is strongly  invariant.

Corollary 2 .  I f  A  i s  a D edek ind dom ain w hose quotient f ield L  h as  a
f inite transcendence degree ov er either ( i)  som e perf ect subf ield k  o f  positive
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characteristic p  o r ( i i )  th e  rational num ber subfield Q , then  A  is inv ariant.
If  furtherm ore A  is no t a  polynom ial ring , then A  is strongly  invariant.

P ro o f .  I t  suffices to show th a t A  is  n o t  a  (D. C. P.), which is obvious in
the  case  ( ii) . In  the  case  ( i) , it is sufficient to show t h a t  A  k .  Suppose that
V=A 1, does not contain k fo r same height one prime ideal p  o f  A .  Then V n k
is  a  D. V. R . (not a  f ie ld ) . Take its uniformizing parameter t. Then tl/Pekn V
because k is perfect and  we have a contradiction.

Finally, we show that there exists a non-polynomial Dedekind domain which
is not strongly invariant.

Example 3 .  L e t  K, u, w, Z a n d  U  b e  th e  sam e a s  i n  E xam ple  1 . Put
A = K[u ] n V  B =  K [w ] n v, t h e n  t h e y  are non-polynomial Dedekind
domains a n d  Z E U  is transcendental over both A  a n d  B .  W e  w a n t to  show
i n  U  th a t  A [Z ]= B [Z ],  w hich  w ould  im ply  that A  is not strongly invariant
because ASkB.

W e first show  th a t  A [Z ]= K [u , Z ] n U .  I n  fac t, it is  o b v io u s  th a t  A [Z ]
gK [u , Z ] n u . Conversely, if x e K[u, Z] n u, w e can w rite x =  + oc i Z + • • • +
an Zn w ith oci e K[u] (i = 1, n). Since Z  is residually transcendental over V.,
it follows that ŒE V,„ that is oci e V n K[u] = A  (i = 1, 2,..., n). Therefore we have
x  e  A [Z ]. Similar holds fo r B [Z ] and we have

A [Z ]=  K [u , Z ] n u =K[w, Z ] n u = B[Z] .

q. e. d.

B y  th e  w ay , w e  n o te  th a t  the restriction t o  A = K[u] n U , o f  K  isomor-
phism cp : K(u)-+K(w) such that p (u )=  w , gives a n  isomorphism o f  A  o n to  B
by Proposition 2.
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