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Introduction

L e t  g  b e  a  complex semisimple L ie  algebra, and  h  a  C artan  subalgebra
o f  g  a n d  d  th e  root system o f  (g , h ) . Denote by g" the  root space correspond-
in g  to  a  ro o t  cx, th e n  g  =  h  +  E ,g " . W e  f ix  a  p o sitiv e  system o f  roo ts  A +
and denote by d o the set of sim ple ro o ts .  Put

1 vn +  = Eaee+g œ, n = EClE g œ ,  P.= 2  Laced +OE•

Let U(g) be  the  universal enveloping algebra o f  g .  F o r  any x e h*= Hom (1),
C), w e consider the factor space M(x)= U(g)// x, w here  I x i s  th e  left ideal of
U(g) generated by n+ a n d  {H — x(H)+ p(H); H el)}. Then M(x) has the  natural
structure of U(s) -module a n d  is  ca lled  the  V erm a m odule  in d u ced  b y  x. A
nonzero element of a U(g)-module is called extreme if  it is annihilated by n+.

D .-N . Verm a proved i n  [ 1 ]  th a t  a  su b m o d u le  o f  M(x) generated by its
extreme vector is isomorphic to another Verma module M(x'). The submodules
o f this type are called here Verma submodules. H e  a lso  got a  sufficient condi-
tion  o n  a  p a ir  (x, x') f o r  M(x) to  con ta in  a Verm a subm odule isomorphic to
M O .

A fte r tha t, I . N . B ernstein  and o th e rs  p ro v ed  th a t th is  condition is also
necessary [2]. So all the Verma submodules are already known.

I n  that w ork [2], they also  constructed  a n  example of submodules which
a re  not generated by their extrem e vectors. They treat there the case g = sl(4,
C ) a n d  x  i s  a  ce rta in  w eight (2) (see § 2). J .  D ixm ier and N . C onze gave a
fundamental necessary condition for the existence of submodules which a re  not
of Verma's type.

I t  is  an  interesting problem to determine the structure of the Verma module
M(x), a n d  especially  to  find the  subm odules of M(x), n o t  of Verma's type.
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But even for algebras of lower ranks, the complete solution is yet unknown.
In  th is  note, w e construct the subm odules o f  non-Verma's type w hen g

= sl(4, C) and x = mo for any positive integer n  by a certain general method.
The author expresses his hearty thanks to Professors T. Hirai and N. Tatsu-

uma for their kind advices.

§1 . Preliminaries

Let X Œ  X  _ a  (a E ), H a i  (cx, e d o )  be  a Weyl basis normalized as follows :

1) Œ([XŒ, X _ a ])= 2,

2) oci(Ha j )= 2 < ai  > / < ai , a i  > ,  w h e r e  <  ,  >  is  the inner product o f I)*
induced by the Killing form of g.

D enote by sa the reflection corresponding to a ro o t a  a n d  b y  W  the Weyl
group of (g, I)). In  the following we denote by U(p) the universal enveloping
algebra of a Lie a lg e b ra  p . For It e = Hom(1, C)), we put

M(x1P)-- M(Z); F ly  it(H)v el))}

U(11111.)=  e U N ; ad (H)v  p(H)v  (H e WI •

They are called weight subspaces corresponding to a weight
T hen M ( Z )  (resp. U (n)) is expressed as a direct sum  o f weight subspaces

as

A4(x)= Ep,_ MAP —P)

(resp. U(n) = E p e r . —10),

w here r +  i s  the set of all non-negative integral linear combinations o f  zlo .
Further M O O  is isom orphic to U(n) as a vector space, and as a U(1))-module
M(XItt —  is isom orphic to U (ni —

For our later use, we quote here the following known facts in the form  of
two theorem s (see [1], [2], [3] and [4]).

Theorem A  ( [1 ] , [2 ] , [4 ] ) . L e t  z  a n d  0  b e  tw o  e le m e n ts  o f  b* , then
the f ollow ing properties hold.

1) dim, Homo (MOO, M(P))= 0  o r I .
2) Ev ery  non-zero elem ent of  Hom,(M(X), 1 4 (0)) is  an  embedding.
3 )  dim, Hom o (M(X ), M(0)= 1 i f  ( I n d  o n ly  i f  th e re  e x is ts  a se q u e n c e

o f positiv e  roots satisf y ing the f o llow ing conditions: p u t  0 0 ) = 0  and
0(-1)= s y ,.••s y i 0 (1 j then
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a )  x=tp ( k) , b) tp (i-1 )(1 -1) is  a  positive integer f o r any  i.
4 )  E ach irreducib le  sub-quotient m odule of  M (x ) h as  a  highest weight

p—  p with p e W x x—  F +.

Theorem B [3 ] .  I f  M (x ) possesses a  subm odule w hich is not generated
by  its V erm a subm odules, then there ex ists three d if f erent e lem ents
o f  Wx such that

1) M O O  M( ) A4 (C), 114 (x) M(m1) M( ) .

2) \ {0}

(L e t M  b e  su ch  a  subm odule an d  N  b e  th e  subm odule generated by  all
its V erm a subm odu les. T h e n  th e  element in  th e  above theorem  w as chosen
in  [3 ] in  such a  w ay  that putting  = { p et)*;n  mivi(xlti—p)n NI,
we have e S  and f o r any  fl e E.)

§ 2 .  The Verma module M(X„) of 91(4, C)

Put g =91(4, C) and denote by I) the Cartan subalgebra of g consisting of
all diagonal matrices. T hen  the set 4 0 consis ts  o f th ree  roo ts oc,, a2 , a3 ,  and
w ith  su itab le  n u m b erin g  A  = { a,, a 2 , a3 , Œ1 + 2 , a y  + 0C3, a 1 +a 2 +a 3 } a n d  its
Dynkin diagram is given by

0 0
Œ1 Œ2 OE3

Define a weight co by

w(Hcci ) = co(I = 0, co(11„2)-= 1

and put x„-- mo (n=1, 2,...). W e study the Verma module M ( x ) .  B y Theorem
A, all the Verma submodules are given as follows:

=M(x„ — nœ2)= U(g)X!,,

M(s„,s.2Xn)= AAA —  nal — noz2) — U ( g ) X "  ' 1 Œ 2 ,

M ( 5Œ35
a 2 Z I) =  A ( , ,  — na3 — na2 )= U(g)X !„,X % 2 ,

1t4 (s,,,s„3s.)0= M(X H — na, — na2 — nŒ3 )

U(g)X !„,X !„,X %,,
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M(s„ 2 s,s,t3 s 2 L)=M (X ,, — n 1 3 )

-+- U ( g ) X ,X i X ! , X " OE2 .

I. N. Bernstein and others constructed a  submodule o f M(x i )  which is not
genera ted  by  its  V erm a subm odules [2 ]. In  th is  note w e construct such  a
submodule of M(X ).

Lemma 1. In  M O O , if  th e  s itu a t io n  in  Theorem  B  o ccu rs , th e  element
m ust b e  e qu a l to  zu —nŒ1 —na2 —nŒ3 .

P r o o f . Let M  b e  su ch  a  submodule of M (X ) a n d  N  b e  the submodule
genera ted  by  a ll its  Verma submodules. W e see easily that  i s  one of the
following three elements:

Zu— nat —  2,  L I - —  n a t3 ,—  na1 — notz — nc43.

Choose a weight vector x  of weight — p in  M  which does not belong to N.
Suppose =z„ —fla t —11a2 . Let g ' be  a subalgebra o f g  generated by X , ,

X ± Œ 2 ,  and W ' a subgroup o f W generated by scti and scc,. Then g ' is isomorphic
to  sl(3, C) and W ' is  the Weyl group of g'. Since X,c3 X_ Œi = (i = 1, 2),
XOE3x = 0 and U (g ')X ! U(g')x U (g ')1 . T h is  fac t m ean s  th a t sI(3, C ) h a s  a
submodule which is not of Verma's type. But the number of the elements W'z,,
is t h r e e .  This contradicts the assertion of Theorem B .  Sim ilarly  w e have

x„ — irx2 — not3 . So w e get our assertion. Q. E. D.

Put la =M1X0/M(s. 2 k ,) , and denote by .)"Z the image of x  e  M (X„) under the
canonical map.

Lemma 2. Let not, — na2 — noc3 — p . F o r  a n y  x E M(X H I ) .k M(s oc2x„),
th e re  ex is t o n ly  the fo llow ing  tw o  poss ib ilities :

1) 2  is  a n  extrem e vector,
2) there  ex is ts  a  sequence o f s im p le  roo ts  ,61 ,...,133 „  s u c h  th a t X p ,„•-•X 0 ,5c-

= const. T.

P ro o f. Assume th a t  5Z is  n o t an extreme vector in  1-11. Then there exists
a sequence /3, of simple roots such that X f i k •••X f l i g  is  an extreme one. By
Theorem A, + ••• +13k must be equal to one of the followings:

na l , na,, na i +na 3 , na 1 +na 2 +na 3 .

F irst suppose 13, +•••+13 k —na 3 . Put y= X L x . T hen  bo th  X „ ,y  and X„,y
belong to  M(s.,X n). By the same way as in the proof o f Lemma 1, the U(f1')-
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module generated by X'2., 2 a n d  y  cannot be generated by its Verma submodules.
T his contradicts Theorem B .  Therefore fl, + • • • + f3 k n o t , .  Similarly fl, + • + /3 k

na t .
N ex t suppose )3 1 + • • + fi k = na, + na 3 . P u t  y =  X f i k • • •X o i x = X L x .  Then

Y e M(Zu — no(2 — p), 11/1 1,5. 2X0. 
B ut M(X.IX„ — na 2  — p)=CX2 W . ) 0 -  This

is a contradiction. Q. E. D.

A s  a  result o f  this lem m a, our problem  is reduced to  finding a n  element
x such that is extreme.

§3. B asic relations in  an  enveloping algebra

I n  th is  section, w e prepare  tw o lem m as. W e consider the m apping of g
given by e(X ± ,c)=  X ,„ , e(H Œ) = w(H„) (a e  z1), where w= s oci s„,s„ i . T h e n  e  can be
uniquely extended to an  an ti-au tom orph ism  of U (g) w h ic h  is  d e n o te d  b y  e
a g a in . Note tha t e  maps n 0:2EN U(111 

n 1 a 1  —  n 2 a 2 )  in t o  i t s e l f .

Lemma 3. T he map is an  identity  o n  U(n1 —not2) f o r  any positive
integer n.

P ro o f. T his is  p roved  by  induction on n. The assertion holds for n =1,
because a  basis of U(nl a 2 )  is g iven  by  X _ X „ , X ._ „ 2X._„ 1 a n d  ((X _Œ,)
= X _Œ2, e(X _Œ 2 )= X Œ .

Suppose n>  1. L e t  x  =  X _ f l i  • • •X _ 2 ,, where fl i ' s  are  sim ple  roo ts a n d  Efii
= n(a, + a 2 ). If 13 1 fl2„, then

e (X  fi X _ h • • • X _ i X _ # 2 „)= e(X _ p 2 „)e(X • • • X  /32 , , ,)e(X  _ p,)

= X  _ fl i (X  _p 2 •••X

= X

W hen fi t =/3 2 „= a , ,  x  c a n  b e  w r i t t e n  as a  linear c o m b in a t io n  of
X _,,,y X _2 ,c2 X where ye U(n1 —(n —2)(a, +a 2 )). In fact, let P  be a Kostant's
partition function (see [I]), then

dim U (n1 — (n — 2 ) 0( — nOE2)= — 2)01i + not2)

= n— 1

= — 2 ) OE + /2))

=dim U0t1 — (n  —  (al + 01 2)) •
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Therefore, let Y i '  y 2 ,..., y„_ 1 b e  a  basis o f U(111 —(n —2)(a + a 2 ) ) ,  then y 1 X 2 ,
Y 2 X - 2 2 2 ,— >  are m utually  linearly  independen t. H ence  they  fo rm  a
basis  o f  U(M — (n — 2)a, — na2 ). O n the o th e r  hand, w e  have the following
equality in U(n):

v 2  V X ±  2X2  

Therefore this case can  be  reduced  to  the previous one. Q. E. D.

Let us c o n s id e r  th e  r ig h t id e a l Px g e n e ra te d  b y  c ( n +)  and {H — w(H)
+w p(H); H E T h e n  /x = e ( 4 )  a n d  U(n) C) /x  = U(g)= 4C) U(e(n)). Denote
by P 1 (re sp . Pr )  the projection of U(g) on to  U (n) (resp . o n to  U(c(n))) according
to  the above direct sum decomposition. Then

P i (X  a 2 x)= c(P,.(c(x)X  OE,) (X E U(g)) .

Moreover there holds the following useful equality.

Lemma 4 .  L et x  be  an  elem ent of  U(nl—na,—noc 2 ) ,  then

P i (X e,2 x)= — e(P i (X  „i x)) .

P ro o f. Let x= X _ f l i -• •X _0 2 n  (I3k = a ,  or a 2 ) ,  then

P i (X „ i x )= Pi ( E f ik ,„, x _ fl , • • • Ex„,, x _ fl j  •  •  •x _ f l2 n )

= P,( Ex _ p , • • • j c  f ik • • •x _ f l ,„(11„, ( lik  + + •  + f i2 n )(H  a i ))

=EX - - -12„(— I — (fik+ 1 + • + f l2n)(H a i )) •

Here means that X  is absent. On the other hand,

P,(X OE2x )= e(P,.(e(x)X  Œ i ))= c(P r (x X OE ,))

= e( P r( Eflk=ŒiX  —  fl • • • [X  — 110 X OE , ] . . . X  _fi 2 n )

=  t(PrŒ ( — Ha i +(13 1+••• +13k - l ) ( - 1 1 ,, i )X -132„))

= E(n-1—(n(oc i + 2) — fik + — • • • — /32,, o t i)  (H .))

x ((X _ fl i
• • • 5(' Ilk • • • X—fl 2 „ )

= E( l  ± A + I +  • • •  1320 (f I„,))c(X  _ p i
. ' flk • • • X _ /3 2 ,)
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=—dP i(X„,x)).

Every element o f  U(n1 — na, — na2 )  is  a  linear combination o f  th e  above mono-
m ials. Therefore we get our assertion. Q. E. D.

§ 4 .  The construction of extreme vector in  Eli

L e t  x M(x„lx„— na l — na2  — p) U(nl — — na2)). B y L em m a 4  w e see
t h a t  X„ i x =0<=>X,,,x = O. T h e r e f o r e  i f  X,,,x = 0 , x  is a n  extrem e v ec to r . We
see in § 2  th a t  X ,X FI G, ,  is  a  unique extreme vector i n  M(x„lx„— na, —na,—p).
O n the other hand,

dim U(11 — na, — na2 )— 1= (n + 1)— 1

=dim U(nl — (n na2)

=dim M(X„IL — (n — 1)ai —  notz — 1)).

W e  c a n  c h o o se  x ,  f ro m  M(XHIL, —  not, -n Œ 2 --- p )  i n  su c h  a  w a y  th a t  X„,x
= X ! a 2 • T hen  by  L em m a 4,

X,c2 x 1 = ---t(X! - -
a X% 2 )=  —.)0 1 X!;1.

Replacing a ,  w ith a 3 ,  w e can take from  M(XHIL, —  " 2  na3 -  p )  a n  element
x3  such that

XG,3x3 = X2;( 1X! oe2 , X Œ2x 3 = — X'1,, 3 101;1.

For any positive integer n, we define a  submodule M of M (x ) as follows :

p u t  z= X 1x 3 —  X ,x ,  a n d  M= M(s„,x„)+ U(g)z.

Theorem. F o r  any pos itive  in teger n , the  subm odule M  of  M ( x )  is  n o t
generated by its Verma submodules.

Proof. We see that,

X o c i z = X„ 1X!„ 1x 3  — X 3 X„ i x,

= ( Ha, — (n — 1)) —.X!„,Xf -
OEIX!,,,

= nX 11;‘ ,1 x3 (1-1„, — n(a2  + a 3 )(1-1„) — (n — 1)) — X!OE,X%

--= X " Œ 2  G  M(Scc 2 X„) •
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Similarly,

Further we get

Shunsuke Mikami

X „z= XL,c2 e M(Soe 2 Zr1)•

X OE2 Z =  X2.„,X„x 3 — X11,,3 X „x i

= — X!,,,X !„,X ! -
7 1+X% 3 Xi±,,,X!-

Œ 1

=0 ('.  X „ ,X _ OE3 = X _ OE,X

S o  z  is  no t a n  extreme vector in
 M ( x ) .

 S in c e

dim M(s„
2 LIL — na2 na3 — P)

= + na 3 ) = 1,

a n d  X'1, X 3 X 12„ . i s  a n  extrem e vector i n  M(sca n ), z  does no t be long  to
MOŒ2 X„).

N o te  th a t  M  is  a  proper submodule o f  M(L2)  a n d  contains M(s 8 2 267)  a s  its
proper subm odule. T h is  submodule cannot be  genera ted  by  its  V erm a sub-
m odules, because  every  proper V erm a subm odule  is conta ined  i n  M(s a f2 y,„).
Thus we get our results. Q .  E .  D .

Remark 1. T h e  e x is te n c e  o f  su ch  a  submodule m e a n s  th a t th e  general-
ized Verma modules considered by M. Duflo a n d  N . Conze in  [5 ]  a re  reducible
in  some cases.

Remark 2. I n  t h e  case  of n =  1  o r  2, z  is w ritten  exp lic itly  a s  follows
(m odulo X!„,X !„ 3 X11„,):

fo r  n=1, X _„X _ OE2X X _„X _„X „,,

fo r  n = 2 , X „ — 5X _ „X _ OE2X _ _ „ )

— „2X _ „X _„X „,— 5X ,,X _ „X _ OE ,X _„).

I n  these  tw o cases, w e can  p ro v e  b y  a n  explicit calculation that M  an d  th e
known Verma submodules give essentially a  complete Jordan-Wit- der sequence of
MOO.
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