
J. Math. Kyoto Univ. (JMKYAZ)
17-2 (1977) 259-298

Hopf algebra structure of simple Lie groups

By

Akira KONO

(Received May 25, 1976)

§ 1 .  Introduction

L et G  be  a com pact connected L ie group of rank  1 and  p  a rational prime.
The group multiplication j :  G x G — X  induces a  map

(1.1) p*: H*(G; H*(Gx G; Z p ).

By the virtue of the Ktinneth formular, p* gives a  Hopf algebra structure

(1.2) 45: H *(G ; Z,,)H * ( G ;  Z p) 0 H*(G ; Z,,)

of H*(G; Zp ).

Since

4)(x) — (x01 + 1 Ox) e /7*(G; Z p)0 ri * (G ; Zp )

f o r  17 *(G; Z p ) =H 1 (G; Z p ),

we put

(x) 4)(x)— (x01 + 10x) .

An element x e F1*(G; Zp )  is sa id  to  be primitive if iT)(x)= O.

O n the other hand consider the universal G  bundle

(1.3) G EC BC.

A n  elem ent X E R * (G ;  Z p )  is  ca lled  to  be  un iversa lly  transg ressive  i f  x  is
transgressive with respect to (1.3).
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As is well known

(1 .4 )  if  x  is universally transgressive, then x is primitive (cf. Borel [5]).

A s is well known

(1 .5 )  if  H*(G ; Z) is p-torsion free, then H*(G ; Zp )-_'1= A(x 1 , x 2 ,..., x i) with

deg x io d d  and / = rank G.

S o  b y  the H opf Sam elson theorem , each x i c a n  b e  c h o s e n  to  b e  primitive.
Moreover each x i can be chosen to be universally transgressive.

O n  the  other hand if  H*(G ; Z) has p-torsion, it seems to be very difficult
to determ ine the  H opf algebra structure  of H*(G; Zp ). I n  fact Browder [12]
showed that

(1 .6 )  i f  p  is  a n  o d d  prime, H*(G; Zp)  is primitively generated i f  a n d  on ly  if
H*(G; Z) is p-torsion free.

T he  purpose o f  th e  present paper is to determ ine the  H opf algebra struc-
ture of H*(G; Zp)  for any p  and any simple G.

F o r  a  classical type  G , th e  H o p f  algebra s tru c tu re  o f  H*(G; Zp) is  de -
te rm ined  by  B aum -B row der [4 ] excep t f o r  G =Spin ( n )  a n d  Ss (4 m ) . The
H o p f  a lg eb ra  s t ru c tu re  o f  H*(Spin(n); Z 2 ) a n d  H*(Ss(4m); Z 2 )  was deter-
mined by Ishitoya-Toda and the author [13].

F o r  exceptional ty p e  G , H*(G ; Z ) h a s  p - to rs io n  i f  a n d  o n ly  i f  (G, p)
is  one of the following:

(G, p)= (G 2 , 2),

=(F 4 , 2), (F 4 , 3),

= (E6 , 2), (E6 , 3), (A d E , 2), (AdE 6 , 3),

=(E7, 2), (E 7 , 3), (A d E , 2), (AdE7 , 3),

=(E8, 2), (E 8 , 3), (E8, 5),

w here G2, F 4 , E6, E7, E ,  a r e  c o m p a c t  1-connected s im p le  L ie  g roups and
AdE i i s  the quotient of E. by its center for 1=6, 7.

N ote that since th e  covering projection p : E 6 ->AdE 6 (re sp . p ': E7-4AdE7)
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i s  a  3-fold covering (resp. a  2-fold covering), p*: H*(A dE 6 ; Z p )--411*(E6 ; Z p )
i s  an isomorphism fo r a n y  prime p#3 (resp. p'*: H *(A dE 7 ; Z p )->H*(E 7 ; Z p )
is  an isomorphism for any prime p # 2 ) . The following are the cases where the
Hopf algebra structure of H*(G; Z p )  w as determ ined fo r  th e  a b o v e  (G, p):

(G2 , 2), (F 4 , 2) by  Borel [6]

(A dE 6 , 2), (E,, 2) for by Toda [34], Kono-Mimura [17]

i=6, 7, 8 and Kono-Mimura-Shimada [21],

(F 4 , 3) by Araki [2],

(E6, 3) by Kono-Mimura [18] and Toda [34],

(E7, 3), (A dE 7 , 3), (E8 , 3) b y  Kono-Mimura [19].

So the Hopf algebra structure of H*(G; Z p )  w as determ ined except fo r  (G, p)
=(A dE 6 , 3 )  and (E 8 , 5). In  th is  paper w e  sha ll de te rm ine  these  tw o  cases.
Cohomology operations o f  H*(A dE 6 ; Z 3 ) an d  H*(E 8 ; Z 5 ) a re  also deter-
mined.

The results o f  th is  p a p e r  are stated as follows, fo r details see Theorem
5.15 and 6.10:

H * (E8; Z 5 )L ' , Z 5 [X 1 2 ]/ (4 . 2 ) 0 A ( X 3 ,  X I I ,  X 1 5 , X 2 3 , X 2 7 , X 3 5 , X 3 9 , X 4 7 ) With

deg x i =

()c = ( )c  1 )  = ( )c = 0

4(x 15)=x 120x 3
,
( x 2 3 ) = x 1 2 0 x i1 ,

4T(X 27)
=

2X120X15 ± X T 2OX3,

(R X 3 5 )
=

2X 120X 23 +xi 2 C)x,,,

(T(x3 9 )=3x, 2 0 x 2 7 +3x.? 2 Ox 1 5 +x; 2 0 x 3 ,

.( .X 4 7 )=  3 X 1 2 0 X 3 5  + 3x; C )X 2 3  X 1 2  OX

X i i = g 1 X 3 ,  X 1 2 = 1 3 X i 1 ,  X 2 3 = g 1 X15,

X 4 7 = . 9 1 X39.

H* (AdE6; Z 3 )= Z 3 E X 2 ,  X8EX3, 4 )0 / 1 (X 1 ,  X 3 ,  X 7 ,  X 9 ,  X I I ,  X 1 5 )  With deg X= i,
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sR x ,)=(x 2 )=0,

(x 3 )=x 2 (:)x 1 , (x 7 )=x3Clx (x8)=X3OX
2 ,

0 (X 9 )= X 2 0 X 7  - X 3 0 X 3  + X 8 O X I
 - F X 1O X 1 ,

IR X I I ) = X 2 0 X 9  -X 3 0 X 7  - 1- X 8 0 X 3  - X 1 0 X 3 ±X 8 X 2 O X I -

( .X 1 5 )= X 3 0 X 9  ± X 8 0 X 7  + 4 0 X 3  X 8 X 3  ( ) X i ,

x 2  = / 3 x 1 , X 7 =  ,9 1 X 3 , X 8  = 1 3 X 7 , Xi 5 = 1 x „

The paper is organized as follows :
I n  § 2 CotorA (Z5 , Z 5 )  f o r  som e Hopf a lgebra  over Z 5  is  ca lcu la ted . In

§3 a  generalization o f  Theorem 1.1 o f  [13] is  g iv e n . In § 4  the  invarian t sub-
a lgebra  H*(BT 8  ; Z 5 )w(E8) u n d e r t h e  a c t io n  o f  t h e  W eyl g ro u p  o f  E 8  is
calculated. I n  § 5 th e  Hopf algebra struc tu re  o f H*(E 8 ; Z 5 )  is determined by
th e  results o f  § 2, § 3, § 4. I n  th is  section the Rothenberg-Steenrod spectral se-
quence [29] plays an im portant role. In  th e  next section, § 6, the  Hopf algebra
structure of H*(A dE 6 ; Z 3 )  is determ ined. N o te  th a t  in  § 6 w e only  need the
result of § 3 . I n  § 7  t h e  Hopf algebra s truc tu re  o f H*(E 6 ; Z 3 )  a n d  H*(F4 ;
Z3 )  is determined by making use of the result o f  § 6.

Throughout th e  p ap e r the augm entation idea l o f  a  connected algebra A
is denoted by

§2. Injective resolutions o f Z5

I n  th is  section w e shall construct injective resolutions o f  Z 5  over some
Hopf algebras.

Notation 2.1. (A , (I)) is  a  graded Hopf algebra over Z 5  such that

(1) A s an algebra

A ̂  Z 5 [x , 2 ]I(x; 2 )0 A(x 3 , x 11 , X15, X23, X27, X35),

where deg x i = i,

(2) The coalgebra structure is given by

(x3)= (xii)=.Rxj2)= 0 ,

(X15)
=

X 1 2 0 X 3
,
 R X 2 3 )= X 1 2 0 X 1 1 ,
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= 2X1 2 O X 1  5  +  X  2 O X 3 ,

(X35)
=

 2X1 2 OX2 3 + X  2 O X 1  ,

where .(x)= 0(x) - (x01 + 1 x ) .

To construct an injective resulusion o f  Z 5  over th e  coalgebra (A , 0 )  we
use the method o f  [32 ] (see also [20]).

Let L  be a  graded submodule of ;17  generated by

{X 3 , X ii, X 1 5 , X 2 3 , X 2 7 , X 3 5 , X 1 2 , X j2 , XL, 4 . 2}.

L et s: L -* sL  b e  the suspension. Denote th e  corresponding elements under the
suspension by

{a4, a 1 2 , b 1 6 ,  b2 4 , C28, C36, d, 3 , d 2 5 , d 3 7 , G 4 0 .

L e t  0 : A ->L  b e  the  p ro jec tion  and  t: L ->A . th e  in c lu s io n . D efine O: A--+sL
and sL ->A  by the following commutative diagram:

L  A L

Construct the  free  tensor algebra T (sL ) over sL  and denote th e  product by
tP. L e t I  b e  th e  two-sided ideal o f  T (sL )  genera ted  by  Im(i/J.(000)00).(1 -
(A ) ) .  Then we have

L em m a 2.2. I  i s  g en e r a t e d  b y

[a 4 , a  2], [a 1, k J, [(lb  ck], [b16, b 24],

Cd, [C28, C36 ],

[d 1 3 , bid + d25 • a 4 , b24]+d23 • a i 2 ,

[d 1 3 , c 2 8 ]+ d 3 7 •a 4 +2d 2 5 •b 1 6 ,

[d 1 3 , c 3 6 ] + d 3 7  • a 1 2  + 2d2 5  • b2 4 ,

[d 2 5 , b 1 6 ]+ d 3 7  a 4 , [ d 2 5 , b 2 4 ]+ d 3 7  • a, 2 ,

[d 2 5 , c2 8 ] +d 4 9  • a4 +2d 3 7  • bi6,
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[d 2 5 , c 3 6 ] + 4 9 • a 1 2  2 d 3 7  •  b 2 4 ,

[d 3 7 , b , 6 ]+ (14 9  • a 4 , [ d 3 7 , b 2 4 ] +  4 9 • a i 2 ,

[ d32, C28] - 1-  d49 • b 6, [d 3 7 ,  C 3 6 ] + 4 9  •  b 2 4 ,

Ec149, b [d49, ck],

where 1= 4,4, 12, j= 16, 24, k= 28, 36, 1= 13, 25, 37, 49, x • y =t1/(x, y ) a n d  [x, y ]=
x  • y -(-1) 8y - x  with v= deg x • deg y.

The proof is easy.

P u t X  =T (sL )II. Then 0  induces a  m ap A -0 (  which is again denoted by
0. We define a  map

-0.(000)000c: T(sL)

a n d  ex tend  it na tu ra lly  over T (sL ). T h en  d ( I ) c l  a n d  s o  d  induces a  map
X - X ,  w hich is again denoted by d: X -OC (c f . [3 2 ]) . T hen  it is  easy  to  see
d 2  = dod= O. So (X, d) is  a  differential coalgebra over Z 5 .

Since the relation

do0 + 0(000)4=0

holds, w e now  can construct th e  twisted tensor product X  w ith  respect t o  O.
That is, X = A O X  is  an A-comodule with the differential operator

d = 10 d  + (1 0 0 ) .(1 0 0 0 1) (0 0 1) .

Then we have

L em m a 2 .3 . d  is given by

(2.1) d(x 3 )= a 4 , d(x 1 1)= a 1 2 , a ( x 1 2 )= d i 3 ,

d(xis)=b16+xi2 )d(X 2 3  =  b24-1-x12•a12,

d (x27 )=c28  +2X 12  • b16 - 1- 4 2  •  a4 ,

a(x 3 5 )= c 3 6 + 2x, 2 • b2 4  +xf 2  • a 1 2 ,

a ( 4 2 ) = d 2 5 + 2x, 2 • d 1 3 ,

a ( 4 2 )= d 3 7 + 3x, 2 • d2 5  + 3xf 2 • d13,
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a(x 4
1:2 ) =d 4 9 — -,C12 • (13 7  + . )q . 2  •  d 2 5  X ? 2  •  di 39

(2.3) d(a4 )=d(a 12 ) =O,

130 1 0 =  —6/13 • a4, ( 10 2 4 ) —  —di3 • al2

a ( C 2 8 ) =  2 4 1 3  •  b i  6  —  d 2 5  •  a 4 , d ( c 3 6 )---- 3  • b24  d 2 5  •  a tz ,

d(d 1 3 ) = 0, d(d25)= — 2 di 3 , Cl(d3 7) 3[15113, d 2 5 ],

d(C 149) —  E ti37 , d, 3 ] — di 5 •

Note that

d(x)=d(x) for a n y  x G sL.

Now define weight X  by

(2.4) A :  x 3
 X i i  X 1 5

 X 2 3  X 2 7  X 3 5  X - 2

X :  a4  a 1 2 1 ) 1 6 b 2 4  C 2 8  C 3 6  d 1 2 i + 1

weight : 1 1 1 1 1 1 j

Define filtration

Fr( ) =  {x; weight x  r } .

Then

d(Fr(X ))  F  r (TO .

Put

E 0 (X ) = i(X)I F i+ i(X) •

Let d 0 : E 0 (X)-+E 0 (X ) be the  induced m a p . Then

E0 (X )

/1 (X 3 , X 1 1 ,  X ,
 X 2 3 ,  x 2 7 ,  X 3 5 ) 0 Z 5 [ 114 9  d12, b16, b24, e 2 8 , C 3 JO  C(Q(x 12)) •

where C(Q(x 1 2 ) )  is  the cobar construction of Z 5 [x 1 2 ]/(x Since

d0 (x4 )— a4 , dax 1. 0= a 2 ,  d 0 ( X 1 5 ) =  b 1 6 ,

10(x23)=  b 2 4 , d 0 ( X 2 7 ) =  c2 8 , a 0 ( X 3 5 )  =  C 3 6 ,
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(E 0 (X ), do )  is acyclic and so is (X , d).

So by definition we have

(2.5) H(X ; d)= CotorA (Z5 , Z 5 ).

Remark 2 .4 .  E0 (A )=2 1F ( A ) /F  1 (A ) is primitively generated (cf. [25]).

Now we prove the following:

Lemma 2 .5 .  H4;  d)L-' Z5  generated by  t1 4 1  = {d 1 3 c2 8 + others} .

P ro o f . Consider the spectral sequence associated with the above filtration.

E0 Z5[a4, a 1 2, b16, b24, c28 ,  c36] 0 T{d 1 3 , d25, d37, d49}

The element x4 1  o f  degree 4 1  is of the form

a i d, 3  • C28 -Fa2d13 • b2 4  • a4  +a 3 d 1 3  .1) 1 6  •f , + d , 3 a 4  -f 2

+Œ4d25 • b16 d 2 5 a 4 + C45d37 • a4

where oci e Z ,  and f i i s  a polynomial of a ,  and a 1 2 .

Since d 0 (x 4 1 )=  0  we have a 4  = 0 , f3 =  0 and a 8 =O.

B u t  d i ( c „. f i )-= —2d 1 3  • 13. 1 6  •f 1 , d 1 (b 1 6 . f 2 )= — d 1 3 . a4 -f 2  a n d  d 1 (c3 8  • a4 )=-
— 2c/ i 3  • b2 4 a4 . O n  th e  o th e r  h a n d  d 1 3  • c2 8  I m  d i . So E 1 Z 5 generated by
d 1 3  • c2 8  f o r  deg =  4 1 .  Clearly d 1 3  c 2 8  i s  a  perm anent cycle  (cf. Remark 2.6)
and  is  n o t  a  coboundary b y  th e  reason o f the  f iltra tion . S o  E i E c o  f o r  deg
= 4 1  and we have the result. Q .  E .  D.

Remark 2 .6 .  u 4 1  is represented by d 1 3 c2 8  + d 2 8 b, 6  + 2d 3 7 a 4

P ro o f .  d(di 3 C 2 8  d 2 3 b i 6  2 d 3 7 a 4 )

=2di 3 b1 6 +d, 3 d 2 5 a, + d 2 5 d 1 3 a ,  2 d ..; 3 b 1 6  [ d 2 5 , 3 ]a4

= 0 .

Let (A', 0 ')  be the  Hopf subalgebra of (A , 4)) generated by

{x3 , X11, x12 , x15 , ,C23} •

Put
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L '={ x 3 , x 1 1 , x 1 5 , x 2 3 , x 1 2 , xi 2 , x? 2 , 4 2 }

and

sL '={ a 4 , a 1 2 , b 1 6 , b 2 4 , /11 3 , d 2 5 , d 3 7 , 4 9 } •

Similarly we can construct (X ', d') and (X ', d'). Then we have

(2.7) (X ', d ') is acyclic.

And so we have

H(X '; d')=CotorA ' (Z 5 , Z 5 ).

Moreover we have

Lemma 2.7. H 2 9 (X'; d') Z 5 generated by u2 9 ={b 1 6  • di3+ 2 a4.d25}-

The proof is similar.

Remark 2 .8 .  (1) The spectral sequence used in  t h e  p ro o f  o f  Lemma 2.5
is essentially May's spectral sequence [23].
( 2 )  H 4 1 (X ; d ) 0 0  and  H 2 9 (X ';  d ')0 0  a re  also proved by the fact that x 3 9  and
x2 7  a r e  not universally transgressive which is proved in  § 5  without using the

above results.

§ 3 .  A transgression theorem

In  th is section G  denotes a  com pact connected Lie group o f  rank 1 a n d  p
a  rational p r im e . L e t  U  b e  a  closed connected subgroup o f  G  o f  rank l'.
As is seen in §2 of [35], the fibering

(3.1) G BU

is equivalent to the principal G  bundle

(3.2) G E BU

where E =E G x G  a n d  B U =E G x pt f o r  t h e  to t a l  sp a c e  o f  t h e  universal G
bundle EG.

D enote  by  T i(G ; U ) a  graded subm odule o f  Hi (G; Z p ) which consists
of the  transgressive elements with respect to (3.1) o r (3 .2 ) and  T *(G ; U)=E i „
Ti(G; 11).
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Thus

(3.3) T*(G; U)=5 - 1 (i*H* -"(BU, pt ; 4))

for the coboundary operator 5: H*(G; Zp )---41*±' (E, G; Z d  and the homomor-
p h ism  i* : H*+ 1 (BU, pt;Zp )—H*+'(E, G; Zp ) in d u c e d  b y  t h e  bundle projec-
tion i: (E, G)-4(BU, pt).

Obviously we have

(3.3) Inn n* T*(G ; U )  f o r  n*: H*(GIU; Zp ) H*(G; Zp ).

We use the following notations

Teve"(G ; =  „  T 2 i ( G ;

T o d d (G ; n = z i3 O T 2 1 + 1 ( G ;  U) .

L e t T  b e  a  m axim al to rus o f  G .  Since any m ax im a l to ri a re  conjugate
to each other, we have

(3.4) T*(G; T) is independent of the choice of T .

Following [13], T*(G; T) is denoted  by  T .

In  [13] the  following is proved (cf. Theorem 1.1 of [13]):

Theorem 3 .1 .  There exist elements a 1 ,..., a, of odd degrees such that

(1) H*(G; ad()Im n* as an  Imn*-module,

(2) T =  <a,,..., al > ()Imn*,

where a1) indicates th e  subinodule spanned by the  s im p le  inonornials
•••ar (s,=0 o r  1) w h ich  a re  linearly  independent, a n d  <a 1 ,..., a1 >  does

a  submodule spanned by {a 1 ,...,

L e t  U ' b e  a ls o  a  c losed  connected  subgroup of G  such that U.
Consider the following commutative diagram :

(3.5) G GI U BU

G GI U' B U '.

Then by the naturality of the transgressions we can easily get the following :
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Lemma 3.2. T*(G; U)DT*(G; U ').

L e t U t be  a  graded submodule o f  FI*(G; Zp )  which consists o f  universally
transgressive elements.

Since

(3.6) Ut=T*(G; G) ,

we have

(3.7) Ut cT*(G; U )  f o r  any U

by Lemma 3.2.

Also by the commutative diagram

(3.8) U BU

G GIU BU

we have

L emma 3 .3 .  j* T * (G ; U)cT*(U' ; 1]).

N ow  reca ll from  [27 ]. L e t R=k[X ,,..., X n ]  b e  a  graded polynomial alge-
b ra  over a com m utative field k  with deg X i > 0  fo r  a n y  i ,  1 < i < n  a  finite se-
quence o f  homogeneous elements with positive degrees { f 1 , . . . , fs }  is  c a lle d  a
regular sequence if f i is a  non zero divisor in  R/(f 1 , . . . , f i _ 1 )  for any i,

Let K ]  b e  a ls o  a  graded polynomial algebra with deg Y i > 0
for any i, 1 < i< n .  Let 9: R'—>R. be a homomorphism of graded algebra. Then
the following is well known:

Lemma 3.4. The follow ing three conditions are equivalent:
(1) R  is  a f inite  R '-m odu le under cp,
(2) (p(IT„)} is  a  regular sequence,
(3 )

 
R  is  a f ree f inite  R '-m odu le under (p.

The proof is given in  [ 2 7 ] .  See also [16].

O n  th e  o th e r  h a n d  l e t  {g 1 ,..., g s }  b e  a  finite sequence o f  homogeneous
elements with positive degrees in  R '. Then the following is well known [27]:
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L em m a 3 .5 . I f  9  is  f aith f u lly  f lat a n d  {9(g 1 ),..., 9(g 5 ) }  i s  a  regular
sequence, then {g 1 ,..., g s }  is also  a  regular sequence.

Note that

(3 .9 )  if R  is  a free R'-module under 9, 9 is faithfully flat.

An important example o f  a  regular sequence is given in  this section.

L e t G1 b e  a  com pact connected L ie  g roup  G 2  its closed connected sub-
group and  i: G2 - >G1 the  inclusion. Then we have

L em m a 3 .6 .  I f  H*(G i ;  Z )  a n d  H*(G 2 ;  Z )  a r e  p-torsion f r e e  a n d  rank
G1 =rank G2=- 1, then H*(BG 2 ; Z p )  is  a  f r e e  H*(BG 1 ; Z ) -module under i .

P ro o f . S in ce  b y  B o re l's  th eo rem  (c f . [5 ]  s e e  a ls o  [ 2 9 ] ) ,  H*(BG i ; Z p )
a n d  H*(BG 2 ; Zp )  a re  both graded polynom ial algebras in  /-va riab le s  o f posi-
tive degrees the result follows from Quillen's finiteness theorem (Corollary 2.4 of
[28]) and Lemma 3.4. Q .  E .  D.

Remark 3.7. W e  c a n  a lso  p ro v e  L e m m a  3 .7  b y  the cohom ology Serre
spectral sequence for the fibering

G l IG 2 ---0 BG,

and the fact that H°"(G i lG 2 ; Z p ) = 11"d(BG 1 ; Z p ) = 0.

Now consider the following commutative diagram

(3.10) El B1

E2 B2

where F—÷E,—+B, and F—E 2 —>B2 a r e fiberings F is arcwise connected and
B1, B2 a re  1-connected. Also we assume th a t F, E l , E2, B1, B2 have homotopy
type of CW complexes o f finite type.

L e t { 4* (1 ), d}  (re sp . { E r(2 ), d } )  b e  the cohomology Serre spectral se-
quence for the fibering F—>E1 -43 1 (resp . F—>E2 -03 2 )  w ith  Z p  coefficient. Then
we have

Theorem 3.8. I f  H*(B i ; Z p ) i s  a  f r e e  H*(B 2 ; ;)-m od u le  of  f in ite  rank
under f * ,  then E,.**(1) is  a  f r e e  E,.**(2)-module f o r r>2 .



S im ple L ie groups 271

Pro o f . L e t  {x, =1, x 2 ,..., x„} b e  a  f r e e  basis o f  H*(B i ; Z r ) over
H*(B 2 ; Z r ).

L et { E ”(3 ), 4}  be  a spectral sequence such that
(1) A s a m odule E ',." ( 3 )  is generated by 1, X2,..., X n with bi-degree (deg x i , 0),
(2) d,.(X i)= 0  for any i.

Define 9: 4*(3)— >E:*(1.) by  9(X i)= x i 0 1 .

Since d(x 1C)1)= 0 fo r any  r>2 , 9  is  a  m ap of spectral sequence. Then we
only need to prove

(3.11) 9 : E:* (3)0 E1*(2) E;* (1) is isomorphic fo r r  2.

Moreover we only need to prove

(3 .1 2 )  9 0 f "  : E r (3) E r (2) Er(1) is isom orphic.

But (3.12) follows from the following (3.13):

(3.13) E r ( 2 ) > Er(1)

H*(B 2 ; Z r )C)H*(F; Z r)  f ' ® 1  > H*(B i ; Z r ) O H *(F; .

Q. E. D.

Corollary 3.9. U n d e r t h e  assum ption o f  Theorem 3.8, x e 17(F; Z )  i s
transgressive with respect to F--+E 1 -+B 1 i f  a n d  only  i f  w ith respect to F — >.E2- -

B2.

Now we can prove the following:

Theorem 3 .1 0 .  L e t  G  b e  a  com pact connected L ie  g ro u p  a n d  U  be
its closed connected subgroup such that H*(U; Z ) is p-torsion f re e .  Then

c T*(G ; U) .

Moreover if  rank U= rank G , then

T t:=T *(G ; U) .

Pro o f . L e t T ' b e  a  m axim al torus o f  U  a n d  T  a  m a x im a l torus o f  G
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such that 1' c T .  Then by Lemma 3.2,

TZ = T*(G; T)cT*(G; T') .

On the o th e r  h a n d  s in c e  H*(BT' ; Zp ) is a  free  H*(BU; Z,,)-module by
Lemma 3.6,

T*(G; U)= T*(G; T')

by C orollary 3.9. So w e have

c T*(G ; U) .

I f  rank U= rank G, w e  m a y  assume t h a t  T' = T .  A n d  s o  w e  have the
second assertion of the theorem. Q. E. D.

Corollary 3.11. T* (G ; U)=T*(G; T) .

F ro m  n o w  on w e  assume th a t  H*(U; Z ) is  p -to rs io n  free and rank  U
=rank G.

Now recall from [13] (see also [35]):

Theorem 3.12. Let a , b e  the  elem ents in  T heorem  3 .1  a n d  T o  be
the transgression w ith respect to  the f ib e r in g

(3.14) G —> GIT BT

w here T  i s  a  m ax im al to ru s  o f  G .  T h e n  {t o (a ,) , . . . ,  t o (a,)} is a  regular
sequence .

Remark 3.13. T 0 (a ,) is n o t  u n iq u e ly  d e t e r m in e d .  B u t  th e  property
To (a i)}  is a regular sequence is independent of the choice of r o (a i).

Now let T  be the transgression with respect to

(3.15) G GI U BU .

Since H*(BT; Zp )  is  a free H*(BU; Zp ) module by Lemma 3.6, are
also transgressive with respect to (3.15). M oreover we have
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Theorem 3 .14 . Iz (a i ), • • T(at)} is  a  regular sequence.

The proof is easy (cf. Lemma 3.5).

Remark 3 . 1 5 .  L e t  G 1 , G 2 b e  c lo se d  c o n n e c te d  su b g ro u p s  o f  G  such
that
(1) H*(G,; Z) and H*(G 2 ; Z ) are p-torsion free,

(2) rank G1 = rank G2,

( 3 )  G I  DG 2 .
Then consider the following commutative diagram

G 1 /G 2G I G

BG,

As is  w e ll k n o w n  e ' *  i s  surjective and s o  e *  is surjective. A n d  so G /G i

is  to ta lly  non hom ologous to  zero m o d  p  in  G/G2 . S o  H*(GIG 2 ; Zp )  i s  a
free H*(GIG 1 ; Z)-module.

§ 4 . M o d  5  invariant subalgebras of W eyl groups

Let T  be  a maximal torus of E „ . The completed Dynkin diagram of E8 is

CX 23 24 25 26 (x7 OE8

o
(x2

where a 1's (1 <i<8 )  are the simple roots and

ii =2a 1 +3a 2 + 41 3 + 6a 4 + Sa 5 + 4a 6 + + 2a 8

is  the highest root (5= (7) 8 ) (cf. [11]).

Let U  b e  the identity component of the centralizer of the elem ent x 1 e T
1su c h  th a t a 1(x 1) = - . -  and a i(x 1) = 0  fo r  i= 2, 3,..., 8. T h e n  the W eyl groups

W (  )  of E , a n d  U are generated by the following elements:

W(E8)= <ço i ; i = 1, 2,..., 8>
(4.1)

W(U)=- <q) Cp' ; i =2, 3,..., 8>
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w here çoi (resp. (75) denotes the reflection through the  p lane  ai = 0 (resp. = 0 )
in  the  universal covering o f  T .  (See Borel-Siebenthal [10].)

Remark 4.1. A ccord ing  to  Borel-Siebenthal [10] th e  lo c a l ty p e  o f  U i s
D 8 .  S ince  t h e  c e n te r  o f  S pin(16) is Z 2 EPZ2 , n*: H*(U: Z p )—>H*(Spin(16):
Z p )  is isomorphic fo r any  odd  prime p , where Spin(16)—+U  is  the  universal
covering map.

Since th e  center o f  E 8  i s  trivial w e  m ay  consider tha t a ll roo ts a re  ele-
m ents o f  H 2 (B T )=H I(T ), th e n  th e  s im p le  roo ts  a l , a..., a 8 f o r m  a  basis
of H 2 (BT) and H*(BT)=Z[a i , a8] (cf. [9]).

Following Bourbaki [11], we put

1 I
= — 01 7 - 2  -1 - C3 - I- C S  + C 6  + C 7 )  ,

= 8 1 + 6 2

at= 8 i - CI- 2 f o r  3< i<8 .

Then 5=g, +e 8 .

Put

=  E1

18= — Es

t i = E i f o r  i= 2, 3,..., 7 .

and

Then

a , =

Œ2 12 t1t1

CX3=  t 2 +  ,

ai = ti _ — ti _ 2 f o r  4< i<8

and
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— t8 .

8
Since t•= E  a..a1 f o r  au e ZL-

1

1, the  elements tl , t2 ,..., t8 a lso  form  a  basis2
of H2 (BT; Z 5 ).

Then the  ac tions of W(E8 )  a n d  W(U) over H2 (BT; Z 5 )  a re  g iven  by  the
following table (4.2)

W1 W2 WS W4 W5 W6 W7 W8 '9-9

ti t1 +c1 tg —t2

t2 t2 +c1 ti —t1 tg

tg t3 +c1 tg 14

tg t4 +C3 tg tg

tg t5 +C1 t 4 tg

tg t6 +c1 (5 17

tg tg + C I tg tg

tg tg + C I tg

(4.2)

where the blanks indicate the trivial action and

=t, +t 2 +•••+t 8 .

Denote by

C i =  i ( t  1 ,  t2,•.., 1 . 8)

the  i-th elementary symmetric function on the variables t,'s (co = 1).

Also denote by

pi =o-,(ti, ti,..., ti)

th e  i-th  elementary symmetric functions on  the  va riab le s  t r s  (p o  = 1). W (E 8 )
and  W(U) act o n  H*(BT; Z 5 )  a s  a  r in g  homomorphism and the invariant sub-
algebras are denoted by H*(BT; Z 5 )4 '( ).

Then we have the following:

Lemma 4.2. H*(BT 8 ; Z 5 )w(u)= Z 5 [13 1 , p2 ,••., p7 , c8 ].
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The proof is easy.

P u t 9 = 9 ,•  N ote th a t  s in c e  l I c E 8 , W (U)cW (E 8 ) a n d  s o  if f e H*(BT;
Z 5 )w ( E8) , f e H*(BT; Z 5 ) 8'(u). B ut 9  d o e s  n o t  a c t  o n  H*(BT 8 ; Z 5 )w(u). Also
note that

Lemma 4.3. i*: H*(B U; Z 5 )-411*(BT; Z 5 ) is infectiv e and Im i* = H*(BT;
Z 5 )w( u), w here i: Tc—X  (cf. §3).

T he  graded subalgebra R = Z 5 [c 1 , e 2 , c 3 ,..., c8 ]  is invariant under th e  ac-
tion o f gp. 9 (c i)  is given by

8 8 8
(4.3) E  9(c 1) = (l +t i +c i ) =  E + 0 8 - ic i .

i= 1 i=1 j=1

L e t / I =  (C j), /2  =  (C j, C 2 ) and 1 3  =(cf, e 2 , c 3 ). Since 9(c 1 )= — c, a n d  9(c2 )= c 2 .
T h e  ideals 

I
 a n d  / 2  a r e  9  invarian t. Since 9(c 3 ) a, c3 mod /2 , 1 3 i s  a l s o  9

invarian t. go(c4 )-=c4 , q(c 5 ) - c,— c4 c1 , 9(c 6 ) c6 -2c 5 c1 , 9(0  e 7 +2c6 c, and go(c8 )
c8 + c7 c, mod

The identity

(4.4) (l+ t1)= f l ti)
1= 1i =  1 i= 1

gives the relations between ci 's and pi 's

8 8 8
(4.5) E  ( - 1) i c i •  E  c 1 =  E  ( - 1)iPi •i=1 i=1 1=1

More explicitly

(4.5') pi= ci —2c2 ,

P2 = Ci —  2C3C1 2e4,

p3 = Ci — 2C4C2 2C5Ci — 2C6 ,

p4 = — 2C5C3 2C6C2 — 2C7Ci  +2 e8 ,

p5 = C i — 2C6C4 2C7C3 — 2C8C2

P6 = 2C7C5 2C8C4 ,

P7=  C 3 — 2C8C6 •
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L et R*=H*(B T; Z)w(E8 )  a n d  i: R *-4Z t be the  inclusion. Note that

Lemma 4.4. I f  f  R * , then f e H*(B T ; Z 5 )w ( E8 )  i f  an d  only  i f  9 ( f ) =f

Now we prove the following:

Lemma 4 .5 .  L et f 2 8  eR 2 8  b e  a  hom ogeneous elem ent of  degree 28. I f
f 2 8 = p 7 +  (other terms), then go(f28) f 2 8 .

P ro o f  Since 9(c 4 )-a. c4 . mod /3  = (ci, c 2 , c3 ),

and

9(c 8 — c8 c , )  c6  — 2c8 ci  +c 8 c, c 6  — cs c i  m od 1 3 ,

the ideal

1 =(c , C 2 , C 3 , C 4 , C 6 — 05C1)

is in v a rian t u n d e r  t h e  a c t i o n  o f  9 .  P u t  R '= R t I I  a n d  n': R t— >R ' (the
projection). Then

R '=Z5[c5, c 7 , c 8 ]0A (c
1
)

and

(4.6) n'(Pi) = Tr' (P2)=0 ,

ie(p 3 ) =2(c 5 c1 — c6 )=0 ,

7C(p7 ) = 6 - 2 c 8 c5c i .

Since I  is  9  invariant 9  induces a  ring homomorphism

cry: R' R '.

Note that

(4.7) 9'(c 1 )= — c i

9'(c 5 )=c 5 ,

9'(c 7 )=c 7 ,

9'(c 8 )=c 8 —c7 c, .
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Then f 2 8  is of the form

ocp7 + f '2  g fo r  or e Z 5  and f ' 8 e K e r  .

Put

f28= 7TU28)= 7C(ŒP7)=aci —2ac8 c5 c1 •

On the other hand

ço'(f2 8 )=aci+2ac 8 c5 ci  .

I f  cp(f2 8 ) = f 2 8 , then (D, '(/2 8 )= L 8 a n d  SO CC =O. Q. E. D.

Also we have

Lemma 4 .6 .  Let . 1'40 e R 4 0 . 1 f  f40= Pi + (other terms), then 9(f40) .f40.

Pro o f . Since

(p(ci) ,a.- ci mod 13 ,

(p(c6 — c5 c,) , --c6 —c5 c i  mod 1 3

yo(c7 +c 6 c1 )-=c 7 +2c 6 c1 —c6 c1 =c 7 +c 6 c1 m od /3

and

(p(c8 -2 c 7 c1 )------ C 8  C7Ci + 2 C 7 C 1  = C 8  — 2C7C i  m od 13 ,

the ideal

J=(ci, c 2 , c3 , ci, c 6 —c5 c1 , c7 +c 6 c 1 , c8 -2 c 7 c1 )

e2 , c 3 , ci, c6 —c5 c1 , e 7 , c 8 )

is  invariant under the action of cp. Put R" =RtIJ and iv": Rt—>R" (the projec-
tion). Then

R" =Z s [c 5 ]0  A (c  c 4 )

and
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(4.8) n"(P 1)= 0

n"(p 2 ) = 2c4 ,

(p 3 )= 2(c 5 c — c6 )=0 ,

7r"(P4)= 0 ,

n"(p 5 )= c i -2 c 5 c4 c1

n"(P6) =0 ,

7r"
 ( P7)

=  ° •
Since J  is  9  invariant 9 induces a ring homomorphism

Note that

(4.9) 9"(c 1 ) = —c i ,

9"(c 4 )-- c4 ,

9"(c 5 )= c 5 —c4 c1 .

Then f 4 0  i s  of the form

flPi+f4o f o r  # G Z 5  and 1 4 0 E Ker 7r"

Put = n"(f4o) = fict — 4 ficic4ci

O n the other hand

9" (f4o)= Pet —4ficgc4 c i +4flc,c,c i = f3ct

If T ( f4 0 )= .4 0 , then 9"( /4 0 ) = j4 0  a n d  so  #=0. Q. E. D.

Remark 4.7. T h e  homogeneous space E8 / U  i s  a n  irreducible Riemannian
symmetric space denoted by E V IH . T h e  subgroup U  is  S e m i - S p i n ( 1 6 )  (cf.
[16]).

§ 5 .  H*(E 8 ; Z5 )

The purpose o f this section is to determine th e  Hopf algebra structure and
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the cohomology operations o f  H*(E s ; Z 5 ).

First recall from [7 ]  (see also [35] and § 3).

Theorem 5.11• T here  ex ist X3, X11, X12, X15, X23, X27, X35, X39, X47 e H*(E 8 ;
Z 5 )  such that

(1) A s an  algebra

H * (E8; Z5)'L 'Z5[X 12]072)0,4(X 3, X 1 i ,  X 1 5 , X 2 3 , X 2 7 , X 3 5 , X 3 9 , X 4 7 )

where deg x i = i,

(2) T t 8 = Z,[x 1 2 ]/(x7 2 )(:) <x 3 , x,,, X15, X23, X27, X35, X39, X47>

and Im7r*= Z 5 [x 1 2 ]/()4 2 ) ,  where 7r: E8 --,E 8 IT 8 ,

(3 ) x i i  = . 9 1 x3 and x 1 2 =/3x 1 1 .1-

The following is easily proved

Lemma 5.2. A s an  algebra

H*(BE 8 ; Z 5 ) =Z 5 [ y 4 , Y12'

w here cr(yf , i )=x ;  f o r j= 3 ,  11, 12 under the  cohoinology suspension u. More-
over y i 2 = g 1y

4
 and Y 13

The following is also easily proved:

Lemma 5.3. ( x 1 5 )0 0  if  and  only  if  y4 . y i 3 =O.

Let ft : U(240) be the representation defined in  [ 2 6 ] .  W e use the nota-
tion  o f  [ 2 6 ] .  Since the coefficient of (c'2 ) 2 i n  p*ft*(c 4 )  is  9.2 3 — 45 — 3 3 — (( — 1)2

_2 2 +9). (1) = — 36 0 0 mod 5, p*(c 4 ) # 0  mod 5. Since H 8 (BE 8 ; Z 5 )L=Z5 generated
b y  y  and so

( 5 .1 )  it* (c 4 ) = t x y i  for x 0  ( c 4  i s  the mod 5  reduction o f c 4 ).

O n the other hand fig 'c 4 = 0  and so

), 1 3 ] f o r  *< 14 ,

(5.2) /1 .9 'y i= 0

But fig  'yi.=flY4Y12=Y4Y13.

So we have
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(5.3) Y43'13= 0  •

So we have

Lemma 5.4. (.)c, 5) O.

Now we use the following (cf. [13]):

Theorem 5.5. F o r  x  FI*(G; Z r ) ( G ; a  c o m p a c t  connected L ie group),
the follow ing three conditions are equivalent:
(1) x
(2) 4)(x)—x01 elm  tu*OH *(G ; Z r ),
(3) 4)(x)— x01 e Im n*CD 17.

So we may assume that

(5.4) (x15)=x12,0x3 •

Lemma 5.6. .9  1 xi --= 0 f o r i-= 11, 12.

P ro o f . g ix  l e  Tk+.8 = 0 for i = 1 1 ,  12. Q.E.D.

So ■ (.91x15)=.91(x120x3)=x120xii a n d  so  <9 'x 1 5 0 O. But
and so

(5.5) glx15---- X 2 3  and =x120xii •

T 2 3l x 1 5  e  E 8

L e t  U  b e  th e  closed subgroup o f  E 8  defined  in  § 4 .  Since H *(U ; Z)
is  5-torsion free (cf. Remark 4.1) and  rank U=rank E 8 ,  we can apply Theorem
3.10 and Theorem 3 .14 . Let T  be the transgression with respect to the fibering

(5.6) E8 E81 U— > B U.

Note that

(5.7) {T(x3), * i s ) ,  * 2 3 ),  * 2 7 ) ,  '0 3 5 ),  * 3 9 ),  * 4 7 »

is a  regular sequence in

(5.8) H *(BU; Z 5 )L4'2. 5 [p 1 , p 7 ,  CO 9

where deg p i = 4 i and deg cs  =16 (p i , c , are  in  § 4).

Then we have

Lemma 5.7. (1) T(x 2 7 ) - p 7 +(other terms)
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a n d  (2) t(x 3 9 ) .--- pi +(other terms) up to non-zero constant.

Proof  of  (1). I f  t(x 2 7 )  does not contain th e  term  p 7 , t(x 2 7 ) e J = ( p i , p 2 , p 3 ,
P4' p 5 , p 6 , c8 ). O n  th e  o th e r  h an d  t(x i) e J ,  f o r  i = 3, 11, 15, 23, 35, 39, 47, by
th e  dim ensional reason. T h is  contradicts t h e  f a c t  t h a t  (5 .7 ) is a  regular
sequence. Similarly we can prove (2). Q. E. D.

Now consider the following commutative diagram:

(5.9) E 8  - 0  EE,

E 8  - 4  E 8  I U B U

E 8 - 4  E 8  T 8B T  8 .

Note that

(5.10) I m  fi* j* : H * (B E  8  ; Z 5 ) - - H * ( B T 8 ; Z 5 )} H * ( B T 8 ; Z 5 )w(E8)

(cf. [33]).

I f  x2 7  is universally  transgressive, by th e  naturality of the transgressions
there exists an  element x e H *(B T ; Z 5 )w (u )  such that

(5.11) x = p 7 + (o ther term s) a n d  x E H*(BT ; Z 5 )w(E8) .

But (5.11) contradicts Lemma 4.5 and so we have

Lemma 5 .8 . x 2 7  is not universally transgressive.

F o r a  co m p ac t connected L ie  group G ,  Milnor-Rothenberg-Steenrod con-
structed a spectral sequence of algebra {Er'', cir }r ,  such that

( I) E t  is naturally isomorphic to the cobar construction of H*(G; Z r ),
(2) E l ' CotorH* ( e ;zP)(Z p , Z r ),
(3) E t  Gr(H* (BG ; Z p ) ) .
(For details see [ 2 9 ] .  See also [11] and [24].)

If ( x 2 7 ) =0 then

(5.12) CotorH"(E8 , z5)  (Z 5 , Z 5 ) Lz Cotor 4 "(Z5 , Z 5 ) OZ, [y 2  8 ] f o r  d e g  35.

But since u2 9  e E i (cf. Lemma 2.7) and y 2 8 e E l, y 2 8  i s  a  perm anent cycle . So
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applying the cohomology suspension (cf. Remark 5.17) we have

(5.13) I f  (x 2 7 )=0, then x2 7  is universally transgressive.

So we have

(5.14)

By Theorem 5.5, i (x2 7 )  is of the form

(5.15) (XIX?. 2 0 X 3  + a 2 X 1 2 0 X 1 5 f o r  (xi , oc2  e Z, .

Using the coassociativity we have a2 =2a 1 an d  so we have

Lemma 5.9. .(x 2 7 )= 2x 1 2 0x, 5 +xf 2 ®x 3 .

Since g  'x 2 3  e I l l  = 0 , g 'x 2 3 = O. 4 9 'x 2 7 ) = g"(2x, 2  x i s +x i 2  Ox 3 ) =
2x1 2 0x 2 3 +x i 2 Ox 1 1  0 0 .  So we have

(5.16) '9 1 X 2 7  =  X 3 5 and (x 1  2x (5Zx 4- (9)X3 5 , = 1 2 _  2 3  X _ , . 2 I I  •

Corollary 5.10. T he  subalgebra g e n e rate d  b y  {x 3 , x i i , x 1 2 , x 1 5 , x2 3 , x2 7 ,
x3 5 } is isom orphic to (A , 0) as a H opf  algebra.

Then by the argument similar to the above we have

Lemma 5.11. (x3 9 ) O.

Moreover by Theorem 5.6, ( x 3 9 )  is of the form

(5.17) aix?20x3+oc2xi20x15+oc3x120x27 f o r  ai , oc2 , cc3 e Z 5 .

Using the coassociativity we have oc2 =3oc1 an d  a3 =3a 1 . So we have

Lemma 5.12. x  a").x -1- 3x? (50x -1- 3x atx3 9 ,  = 3 2 •..• 1 5 t2 27•

Since g  x3 5  E  T `R  = 0 , ,9 1 X35 = O . .R .9 1 X 3 5 )= ,9 1 ( 4 2 0 X 3  3 X i2 O X 1 5 +

3 X 1 2 0 X 2 7 )
= X 2 O X 1 1  3 X i2 O X 2 3  3 X 1 2 0 X 3 5  0 0 .  So we have

(5.18) g  1 X 3 9  =  X 4 7  a n d  (T(x4 7 )=3x 1 2 0x 3 5
+3xi 2 Ox 2 3 +x? 2 Ox i i  •

Now we compute fl-operation.
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(5.19) (fix15)=0 and s o  fix 1 5 =0,

4 T (P C 2 3 )=  x1 2 0 X 1 2 and so  flx 2 3 = — ,2  _3 ,2
2

. ( 6 .x27)= 0  and  so /x 2 7 =0,

1 3
fT ( f iX 3 5 ) = X 1 2 0 2 + X f  2 0 1 2  

a n d  s o  f l x 3 5 = — xi23 =2 4 2 ,

(fix 3 9 ) = 0  and s o  flx3 9 =0,

and

( T ( f lX 4 7 )= X j2 0 X 1 2  - X i2 O X f  2  - I- X 1 2 0 X 1 2

,and so  [3 -,x ,  =  —
4

4
.".12 -  - ' .

,

1
4

2 •

L e t  Pk 8 ={xEHi(E 8 ;  Z 5 ) ;  I (X )  =  01. Note th a t  P k . c rk . b y  [1 3 ]. Easily
we have

Lemma 5.13. Pk 8 0 0  if  a n d  only  i f  i 3, 11, 12.

So we have gix 1 1 = 9 ix 1 2 =0  for i>0  and g 1x3 =0  for i > 1 .

Lemma 5.14. .9 ix i  = 0 f o r  i> 1.

P ro o f . 4 9 i  x 15)= g i (x  20 X 3 ) = 0  and s o  gix 1 5 = 0  fo r i> 1. . ( g 1x 2 3 )=
gi(x 1 2 C)x 11 )= 0  and so  g ix 2 3 = 0  for i> 1 .  Similarly we have •( x)=O, i>1
and so  .9ix i =0 for i>1.

Q. E. D.

Thus the following Theorem 5.15 is proved:

Theorem 5.15. I n  Theorem 5.1.

(x15)=x120x3 , /(x23)=x120x11,

(x 2 7 ) =2x 1 2 0x 1 5 + 4 2 0x 3 ,

(x 3 5 ) =2x 1 2 0X 2 3 +Xi 2 OX 1 i ,

( X 3 9 )= 3 x 1 2 0 x 2 7 +  3 .X • i2 0 X 1 5 --E.Xj20.3C3,
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(x4.7) = 3x 1 2  ®x 3 5 + 3xf 2 0 .X 2 3 + X j. 2 C )X i i ,

(X 3 )
=

 'R X 1 1 )
=

 'R X 1 2 )=  0 ,

1 2
fix1 1

=
 x 1 2 3  /

3
X23 2  -

,
12,

1 3
P c 3 5

= 1  ,4
flX 4 7

/3x1=0 f o r  i = 3, 12, 15, 27, 39,

e9 1X3 = X 1 1 , c 9 1 X 1 5 = X 2 3 , ' x27 = x 3 5 ,  g lX 3 9 = X 4 7

3 'x = 0 f o r  i = 1 I ,  12, 23, 35, 47

and

g i x 1 =0 f o r a n y  j> 1 .

Let e: E 8 --4K(Z , 3) be the generator of H 3 (E 8 ; Z)- Z .  Consider the fibering

(5.20) K(Z , 2) —> E8,

which is classified by E. k 8  is called the 3-connective fibre space over E8.

Also consider the fibering

(5.21) K(Z , 3) —> BE8 BE8 ,

w hich  is  c la ssif ied  by  E
'
:  BE 8 -4K(Z, 4 )  c o r re sp o n d in g  to  th e  genera tor of

H4 (BE 8 ; Z) Z .  Note tha t B i -' ,  is the classifying space of

Making use of K udo's transgression theorem to the fibering (5.20) we have

(5.22) ; Z 5 ) L'Z 5 [ y 5 0 ](:)A (g
1 5 , 5C2 3 , A 2 7 , g 3 5 , R 3 9 , R 4 7 , y 5 1 , y 5 9 ),

where deg y i = i  and = q*(x i ).

Also easily we have

(5.23) H *(B E , ; 5 ) Z  5[Y16
,
 Y24

,
 .Y28, Y36, Y401 .Y48] f o r  *<50.

Consider the Serre spectral sequence for the fibering

B:E„ B E, ='-+ K(Z, 4).
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(5.24) • 'H*(K(Z, 4) ; Z 5 )(DH*(BÉ 8 ; Z 5 )

Z 5 [ u4 , u  2] 0 A ( u  3 ) OH*(BE- 8  ; Z 5) *< 50,

where deg ui =  u 1 2 = g 1U4  and u 13 = flU4•

Clearly y 1 6  is  tra n sg re ss iv e  w ith  t(y 1 6 )= u 4  u 1 3 . Applying .9 1- w e  have
Y24

=  g  Y  1 6  and r(y 2 4 ) u=  1 2  'L l i 3  and so  A2 3 = g 1g 1 5 .

Moreover we have

(5 .2 5 ) Y 2 8  is  a permanent cycle or d13( 1 0Y28)= 14130Y16.

By (5.25) we can also get

(5 .2 6 ) y 2 8  is  a permanent cycle Or ( x 2 7 )  O.

Similarly we have

(5 .2 7 ) j.4 0  i s  a permanent cycle or c/13(1 0Y40) = /1 13 0Y28.

M oreover u4  Y 2 4  i s  a  permanent cycle and corresponds t o  the Massey
product <y4, Y 13' Y 1 2 > •

Remark 5 .1 6 .  U s in g  th e  Milnor-Rothenberg-Steenrod spectral sequence,
the cohomology suspension

H* -"(BG; Z p )-- 4 -1*(G; Zr )

is represented by the following composition

H* + '(BG; Z r ) (-- - *  El El L t  *+ (EG ; Z r ) L-' R*(G ; Z r ) .

On the other hand

Im {E1 El * (G ; Zp ) }  = P (cf. Browder [12]).

§ 6 .  H* (A dE , ; Z 3 )

Let E 6  b e  the compact 1-connected simple Lie group  of type E 6 .  A s is
well known the center o f E 6  is  a cyclic group o f order 3  and denoted by Z3.

The quotient o f E 6  b y  the center, E 6 /Z3 is  d e n o te d  b y  A dE 6 a n d  the cover-
ing projection E ,--*A dE , is denoted by p.



Simple Lie groups 287

L et T 6 b e  a maximal torus o f E 6 .  The completed Dynkin diagram is

a lc c 3 of4 Or5 C(6
o

                

where a i (1 < i < 6) are the simple roots and

= a, + 2a2 + 2a3 + 3a4 +2a 5 + a6

is the highest root.

Let V  b e  th e  identity component of the  centralizer o f  th e  element x e  T 6

su c h  th a t a2(x)= 
 2  

a n d  a1(x )= 0  for i 2. A c c o rd in g  to  Borel-Siebenthal [10]

the local type of P- i s  A 5 X A i . Moreover tz" is  S U(6) • S U(2) fo r S U(6) n S U (2)
=Z2 (c f . [1 7 ] ) .  Note that since P D  T6 and so  P=Z 3 .

Remark 6 . 1 .  T he  homogeneous space i s  a n  irreducible Riemannian
symmetric space and denoted by EH.

Since it': S U(6) x SU(2)— is  a  double covering,

(6 .1 ) n '* : H*(P ; Z p ) 11*(S U(6) x S U(2); Z p ) is a n  isomorphism f o r  any
odd prime p .  In  particular H*(P; Z ) is  p-torsion free for any odd prime p.

Recall from [3]

Theorem 6 .2 .  ( I )  H*(E6 ;  Z3):4.Z3[5.4]1(4)0/1(53, g 7 ,  X 9 , X-15, i- 1 7),

where .5-c e 71 6 , 5-c8=13.5Z7 and .R1 5 . 9  5c."
(2) H*(A dE6 ; Z3 )L."Z3 [X2 , X 8 ]/ (X 3 , 4 )0A (X 1 , X 3 , ,X7, X9, X11, X15),

where Xi E T iAdE 6 ,  X2=f1X1, X7 =.9 1 X3, X8=i3X7 and x 1 5 = g 1 x 1 1 ,
(3) Ker p* is  the ideal generated by  x ,  and x 2 .

Since by (2.2) o f  [13]

(6.2) P*(111E6) 1146

and
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(6.3) Tp6=Z3[8]/(fcg)e  <X 3 , 5■,'" 7, X 9 ,
 1 1 ,

 x 1 5 ,  3Z1 7 > and

1 1 E 6  
= Z 3 [ X 2 ,  X 8 ]/ (X 3 , 4 )0  < X 1 , x 3 ,  .,C7, ./C9, .X11, x 1 5 >

we have

Lemma 6.3. p*(x i) = '.i if o r  i = 3, 7, 8, 9, 11, 15.

P u t V = 17 /Z3  a n d  consider the following commutative diagram:

(6.4) E 6

V -> AdE 6  ,

where p: - + V  is  the restriction of p: E6 - >A dE6.

Note that the double covering

(6.5)i t " :  V PU (6)x SO(3)

induces an  isomorphism

(6.6) (n")*: H*(PU (6) x SO (3); Z 3 ) H*(V; Z 3 ).

Also the following Lemma is well known:

Lemma 6.4. (1) H*(T-/- ; Z 3 ) A 0 3 , jY , .p3 , yï7 , y 9 ,

where Sil e T i
p , y"3  e n  an d  EI;;  ̀.=.77 = <y 3 , j'J'3, S)5, .T7,

 9 ,
 S „ >  ,

(2) 1 1 * (V; Z3)-L=Z3[Y2]/(Y3.)0A(Y 1, .Y3 , Y11, Y7, Y9, Yil),
where yi E y'3 E Te, an d  T t= Z 3 [y 2 ]/(y3)C, < y ,, y 3 , y'3 , y 7 , y 9 , y i , >
(3) 5;7=g i .r'3, Y2=flY1 and Y7= 9 1 Y3.

By the argument similar to the above we have

(6.6) p*(yi)= j" ;f o r  i = 3, 7, 9, 11 a n d  p*(y3 )=

Now we apply Theorem 3.10 and Theorem 3.14 to  the fibering

(6.7) E6 E6fV. .

Note that
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(6.8) H*(BP'; Z 3 ) =Z 3 [U4 , U6, U8, u10 ,  1 4 12,  1 4 4 ]

where c(u j + ,)=Si i  a n d  cr(u'4 ) = .2'3 u n d e r the cohomology suspension a.

By Theorem 3.14

(6.9) {-456), r(54), T( ), '45Z1 5 ), r(i- 1 7 ) }  is  a  regular sequence.

t( 3 ) =Œu 4 +/3u'4  f o r  CC, /3 E  Z 3 .  I f  a= 0, t h e n  T(g3 )= 1614'4 . Applying .9'
w e  h a v e  r(x 7 ) = 9 1 )314'4 =13,9' u'4  E (u'4 ) t h e  id e a l g e n e ra te d  b y  u'4 . B ut this
contradicts (6.9). So c, 0.

Next we show

Lemma 6.5. T(.)7 9 ) -  u i o  and  1 .( 1 1 ) t  i 2  m od decomposables.

P r o o f .  I f  T(1-9 ) is d eco m p o sab le , -r(R9 ) E (U'4, U4, u 6 , Q .  O n  t h e  other
hand 1-(.71) E (U'4, u4 , u 6 , u 8 , u 1 2 ) f o r  i=3, 7, 11, 15, 17. This contradicts (6.9).

r(i 1 1) u1 2  m od decomposables

is proved similarly.

By the naturalities of the  transgressions we have

C orollary 6.6. ,j*(13 ) =  + f o r  a '  E Z3

and j*()= S j if o r  i =  7, 9, 11.

Moreover we have

Corollary 6.7. j*(x 3) = y 3 +a' y'3f o r  a '  E Z3

and j*(x,)= y if o r  i = 7 ,  9, 11 .

O n the  other hand, since

Q. E. D.

(6.10) H*(E 6 Ik ; Z 3 ) = H*(A dE 6 IV ; Z 3 ) = 0  f o r  *< 2 ,

we have

(6.11) j*(x  ) =  y ,  a n d  j*(x 2 ) = y2 .
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L et G  b e  a  com pact connected L ie  g ro u p . D e n o t e  b y  P  a submodule
of Hi(G; Z )  which consists o f primitive elements. That is

= {x e H i(G; Z r ); (x )=0 } .

Note that N . c 11 for any  i  (cf. [5]).

Now recall from [4]:

Lemma 6.8. Pip ( 6 ) = 0 f o r  i= 3, 9, 11.

The proof is easy.

Since j*(x y i  m od (.6 )  f o r  j= 3, 9, 11, we have

Lemma 6.9. (Rx i) 0 0 f o r  i = 3, 9, 11.

Now we can determ ine (x i)  fo r i= 3, 7, 8, 9, 11.

By Theorem 5.5 we may assume that

(6.12) ((x3) = x2Oxt .

Applying .9' we have

(6.13)

and

(6.14) (x8)= /3(x7)=fl(x3ex,)=x3O x2

A lso by Theorem  5.5, (x 9 )  is  of the form

(6.15) a1x2C)x7+cc2x30x3+23x1Ox1+0c4x8C)x1 •

Since i'(x,)= (.\7. 2 ) = 0, we have

(6.16) ( Ø1)t(x9)=(o3 + a 4 )x30x 2 0 x 1 + a 3 x 2 0  O x 1

Also we have

(6.17) (1(:) )(T(x9)=ccix2Ox3Ox, +oc 2 x30x 2 0x , .

Since (. 0 1 ) ( x 9 )= (1 ) (x 9 ), w e have
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(6.18) /3 = a ,  and Œ 4 =c 2 —Œ 1 .

Recall that

(6.19) flx3= — xi since  0(fix 3 ) =x 2 0x 2 a n d  flx3 E TL E 6  .

Applying 1(3 to  , (x9 )  we have

(6.20) ,(,6x9)=11x2Ox8 —OE2 xiOxi +of 1x 2̀
1 0x 2 +a 1 x8 0x 2

O n the other hand, since

(xl) — x 2̀
1 0x 2 +x3Oxi + xi Ox3 — x2 0x1 ,

IT)(x2 x8 )= x 2 0x 8 + x1C)x2 + x8 0x 2 + C )x
2

and

fix9e T2 E 6 ,

we have

(6.21) fiX9 = X 2 X8

and

.(x 9 )=x 2 03)x7 — xi Ox 3 +x/Ox i +x 8 Ox i  .

Next similarly (R x„) is  of the form

(6.22) /3 1x2 0x 9 +/32 xi0x 7 +f33 4 0 x 3 +/34 x8 0x 3 +/33x1Ox
1
 +/36 x2 x8 0x,

f o r  fli e Z 3 .

Using the relation (1 ). (x 1 )=(R ) 1 ) (x ii) we have

(6.23) )6 2 = /33=  fl5 = a n d  /34 =

Applying 16-operation we have

(6.24) =  x8 xi —

and

.(x„)= x 2 Ox9  — xi Ox 7 + x8 Ox3 — O x 3 + x8 x2 0x, .
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Now we can compute 1 11x1 f o r  i =7, 8, 9.

(6.25) .9 1 x 7 = , 9 1 . 9 1 x 3 _ _ _ . 9 2 x 3 =0 by the Adem relation,

.x8 )=.9 1(x30x 2 ) =x30x3  and s o  .9 1 x 8 = ,

g 1 x 9  e 713E 6 = 0  and s o  9 ' x ,  = 0 .

Applying 9 1 w e  have

(6.26) (x 1 5 ) = ( .9 ix 1 )= .9 1 (.x11 )=x30x 9 +x 8 0x 7 + 4 0 x 3 +x 8 x30x,i 

Applying fl-operation we have

(6.27) 0'(/3.,c15)=Ig(x 5 ) = x3Qx 8 x2 + x8 0x 8 —4®xi + x 8 x3 Ox2

and so

f ix is= — x i s in c e  flx, 5 e Tjj, 6 .

Since .9 1.x.1 5 e T2, 6 =0, 9 1x1 5 =0.

Note that

(6.28) P !id E 6 =
0 f o r  i 1 ,  2 ,  6 .

S in c e  (.9ix i)=0  for j>2 , we have

(6.29) 9ix1=0 f o r  j>2 .

Thus the following theorem is proved:

Theorem 6 .1 0 . In  (2) of Theorem 6.2,

(x 1) = ( x 2 )=0, ( x 3 )=x 2 0x 1 ,

(x7 ) =x3C)x 1 , 4 (x 8 ) =x3Ø.x
2

( X 9 ) = X 2 0 X 7  -  O X 3 ±  X8 °X i ± X t 0 X 1

(?Ci 1 )= X 2 0 X 9  - Xi O X7 -1-X80X3 - 4 0 X 3  + X 8 X 2 O X I  -  O X I ,

( X 1 5 ) =  O X 9  + X 8 0 X 7  X9 O X 3  + X 8 X 3 O X I ,

13X1 = X 2 ,  f i X 3  - x i ,  13X 7  =  X 8 , 13x9 =X 8 X2  ,
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f3x 1 1 = 13x15= flxi=0f o r  i= 2 , 8 ,

.91 x 2 = = x7 , 9 ' x 8 = .9 1 xi  I = x 1 5 ,

.9 1 x; =0 f o r  i=1, 7, 9, 15,

g ix i =0 f o r  j_>_2.

Applying p* we have

Corollary 6 .1 1 . In  (1) of  Theorem 6.2

R.R3)= ()=cT()Z8)=4k'9)=0 ,

(5Z1 =  5-C8C1R3,
( 715)=5680g7

Remark 6 .1 2 . Corollary 6.11 is p r o v e d  b y  A ra k i [2 ] u s in g  Kudo's
transgression theorem.

N ow  consider the  inc lusion  Y SU(6)— 47.-4E 6 . S ince  t h e  cen te r o f  f -

is o f  o rd e r  6 , w e  h a v e  Z 3 c4S U(6). C onsider t h e  follow ing commutative
diagram:

(6.30) S U (6 )   E ,  *  E 6 ISU(6)

SU(6)1Z 3 A d E 6  r  A d E 6 1 (S U ( 6 )IZ3)

Note that

(6 .31) H*(SU(6)1Z 3 ; Z 3 )'L' H*(PU(6); Z 3 )'L•Z3 [y 2 ]/(3,3)0/1(y 1 , y 3 , y 7 , 3)9 , y „ ) .

By Corollary 6.7 and (6.1) we have

(6.32) j'*(xi)=-y; f o r  i=1, 2, 3, 7, 9, 11.

I n  particular j'* is su r je c tiv e  a n d  s o  A dE 6 I(SU(6)1Z 3 )= E ,IS U (6) is
totally non homologous to zero mod 3 in  A dE 6 . So we have

Corollary 6 .1 3 . H*(E 6 ISU(6); Z 3 )=Z 3 [e6 , e 8 ]/(e, eg)0A (e 1 5 ), w h e re  deg
e•=i, r*(e 6 )=x3, r*(e 8 )=x 8  a n d  r*(e 1 5 )=x 1 5 . M oreover 13e15=ei.
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§7. H * ( E 6 ; Z 3 )

I n  th is  section we shall determ ine th e  Hopf algebra struc tu re  o f H*(E 6 ;
Z3 ). By Corollary 6.12 we only need to determine , ( 7).

F irs t re c a ll f ro m  [2]. L e t  lc  F 4 — >E 6 b e  t h e  inclusion defined i n  [2].
Then the following is known:

Theorem 7 .1 .  k*: H*(E 6 ; Z 3 ) 11*(F4; Z 3 ) i s  s u rje c t iv e  an d  Ker k*=
(A 9, 2 17).

Remark 7 .2 .  T h is  g iv e s  t h e  H o p f  a lg e b ra  s t r u c tu r e  o f  H*(F4 ; Z 3 ).
In  fact if  k*(.5e1)  is also denoted by fo r i = 3, 7, 8, 11, 15, then we have

H * (F4; Z3) Z3[FC8]/(5q)0A(3, 5.67, X ,

'R 5C' 3) = 4 ")C'7) =  ( 5('8) = °

(2 11) = .k-80 )Z3

ts)---)7 80 5Z7

Also recall from [19]:

Lemma 7 .3 .  (1) CotorH* (F4;z3)(Z3 , Z 3 ) is  g e n e rate d  b y  e le m e n ts  I 's  f o r
i=4, 8, 9, 20, 21, 25, 26, 36, 48, w ith deg ii i =

(2) T he R othenberg-S teenrod spectral sequence (or th e  Eilenberg-Moore
spectral sequence) (cf. [2 9 ] o r [30]),

E2 = COtOr" . (F 4 ;Z 3 ) (Z 3 , Z 3 )     Eco=Gr(H*(B F4; Z 3 ))

collapses,
9 .9 , ,9(3) Moreover C19, fin . 1u49 16 1u 4 ,  9 3 1 u 4are  represented by for a

generator u 4  o f  H 4(B F4 ; Z 3 ) Z 3 .

Now we assume that

(7.1) (x17)= 0 .

Then we have

Lemma 7 .4 .  (1) Under the assum ption (7.1),
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Cotor"* ( E 6 ; Z 3 ) ( Z 3 ,  Z 3 ) Cotor"*(F4;z3)(Z 3 , Z 3 ) O Z 3 [a 1  0 ,  
5

1 8 ]

w ith deg a i = i ,

( 2 )  I n  p articu lar a n  elem ent 5 1 9  o f  CotorH* ( E6;z3) (Z 3 , Z 3 )  of  degree 19
is of  the form  ail l o • 59  f o r a E Z3.

So by the argument similar to the proof o f Lemma 5.8 we have

(7 .2 )  Under the  assumption (7.1), a  8  is  a permanent cycle.

Since clearly *' 9 is universally transgressive, 7 o i s  a  permanent cycle repre-

sented by u 0  = T(54). S o  w e  have

Lemma 7.5. Under the assum ption (7.1),

H*(BE 6 ; Z 3 ) f o r * < 24, is generated by  the following elements:

u4 =T(5Z 3 ), u 8 =.911 4 , n 9 = f ig lu 4 , u 2 0 = 1 3 .91u 4

u1 0 = -0 9 ) a n d  u1 8 =T(.R , 7 )

P ro o f . Clearly 51, i = 4, 8, 9, 10, 18 are perm anent cycles. Since
is not decom posable , so  is ,9 3 ,9'u 4 . S o  th e  result follows.

Now the following is well known :

g 3 ,9 1 k*u 4

Q. E. D.

(7 .3 )  H*(BSU(6); Z 3 )-L=Z 3 [c 2 , c3 , c4 , c 5 , c6 ] ,  w here  c, is t h e  mod 3 reduction
of the i-th  universal Chern class.

Consider the inclusion

j': BSU(6) ,  BE 6  .

Then by the naturality of the transgression and by (6.32) we have

(7.4) j'*(u , 0 ) = c 5 + occ2 .c 3  for a  e  Z 3  u p  to  non-zero multiple.

Moreover we have

(7.5) j'*(u4), j'*(u 8 ) e (c 2 , e 4 )  by  the dimensional reason.

Since .93u10 e  H2 20 E 6  ;  Z 3 N,) SO
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(7.6) .93u , 0 E (u 4 , u8) by the dimensional reason.

O n the other hand

(7 . 7 )  i ' * (.9 3 u10)— , 9 3 (c5+ 0w2 . c3)=c6c5+ (other term s) up to  non-zero multiple.

And so

(7.8) i'*(.93u o) (c2 , c4)

That is a contradiction and so we have

Lemma 7.6. (5e" 7 ) 0 O.

Then applying Theorem 5.5  we have

Theorem 7.7. I n  (1) of Theorem 6.2,

R 3) =  .(g7) =  (g8)=  (.k' 9) = 0,

4 5c.' 1 =  8 0 56,( 5'C'1 5) = O g 7 ,1 7 )  =  0 )79

fl5e7 =54, 135C 1 5 = - 4 ,  flg i =0 f o r  i 07, 15,

.9  I=  5Z7, .
9  1 5e 11 = 5-C15,

g i = 0 f o r  j . 2 .

g'.Z i =0 f o r  i O3, 11,

The proof is easy (cf. Theorem 6.10).

Remark 7.8. T he  sim ilar proof is given i n  [18]. B u t  th e  proof is tedi-
ous since w e need th e  algebra structure of H*(BE6 ; Z3 )  f o r  * < 30 under the
assumption of (7.1).
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