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1. Introduction

In this paper we consider the well-posedness of the Cauchy problem for
the weakly hyperbolic equation

(1.1 P(x, : -(%, %)u(x, 1) =f(x,1)

(1.2) (%)ju(x, 0)=u;(x) j=0,1,...,m—1.

Recently A. Menikoff [7] gave a sufficient condition for the well-posedness
in the case where the characteristic roots are distinct for >0, but some roots
become double when t=0.

Here using the same reduction of the problem to a first order system as
used by Mizohata and Ohya in [6], we want to point out that the assump-
tion of the distinctness of the characteristic roots for t>0 can be removed and

that we shall give the proof concerning the existence of the dependence domain.

Let P<x,t; F‘}, —%) be a differential polynomial of order m defined in

Q={(x,1); xeR, te[0, T]} and we assume that the coefficients are infinitely
differentiable and bounded as well as all their derivatives.
We denote

/(1 @ 1 8 198
D_(Taxl ”}'—?T) D=

and rewrite the principal part P, of P in the form

o 2 \_. )
Pm(x,t;ﬁ;, W)= m{Dr+h(x,t; D)D"+ -+ h,(x,1; D)} .
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Let (s<m—s)

(1.3) ™4hy(x, t; O 4+ h(x, 1 &)= inx (t—ux, t; 8)

X :]':[:(t—li(x, t; %),

where we assume for A, u; the following conditions through this paper except
for §6,

(1.4) Cinf e 59— pyx, 1 Oz e (>0)
i*j,(x,1)eR,|&]=1
inf 1(x, t; E)—Ai(x, t; &)= cy(>0)
ij,(x,t)eR,|E|=1
(1.5)

. 1nf lui(x’ t; 6)'—11'(3(, t; 6)1203(>O)
i*j,(x,t)eR,|&|=1

For pairs (4;, ;), we assume the condition A or B which will be indicated
later, then under these conditions we have theorems 1, 2, and 4.
Let

(1.6) 0,=D,—A(x, t; D), i=1,2,...,m—s.

A;=D,—u(x, t; D), i=1,2,..,s,

where A(x, t; D) is the pseudo-differential operator with symbol A(x, t; £).
Consider

(1‘7) Hm'__(am—s'"as"'al)(ds'"A1)
and put
(1.8) m=1C, _.(x, t; D, D)=im{P,(x, t; D, D)—I,(x, t; D, D,)}

+im 1P, _.(x,t; D, D,).
Now we take for basis m operators,

(1.9) 1, Al’ AzAl,..., ASAs—l"'Al,
014y A1senes Opyg—q--0145-- 4, .

Then we can represent C,,_; in the form
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(1.10) C,—,(x,1: D, D)=c,_(x, t; D)+, _s(x, t; D)4, 4+ +cp_Ag_ 41+

"'+coam—s—l'"01As“'Al +Qm—2(x* t; D, Dx)’

where c¢,_i(x, t; D) (i=1,..., m) is the pseudo-differential operator with symbol
cu—i(x, t; &) which is homogeneous of degree m—i in & and Q,_, is of order
m—2,

Let CO_(x,1; & 1) denote the principal symbol of C,_,(x,t; D, D,) and
introduce the following two conditions;

Condition A. For each i (1<i<s), CO_,(x, t; & u;) can be represented in the
form

Co-1(x, 15 &, pulx, 85 EN=(Alx, 15 ) —plx, t; ONTUx, 13 &),
where Ty(x, t; &) is a symbol of some pseudo-differential operator.

Condition B. For each i (1<i<s), tCO_,(x, t; &, w;) can be represented in the
Jorm 1Co_y(x, 15 &, pix, 13 )=(Alx, t; &) —pi(x, t; ENSi(x, t; &), where S(x, t; &)
is a symbol of some pseudo-differential operator.

Then it follows

Theorem 1. Under the condition A, for any given initial data and the

second term such that (uo(x),..., u,,_(x))€ DTIPx PP~ 1 x ... x DV, f(x, 1)

€&2(27%1Y), there exists a unique solution u(x, t) of (1.1)~(1.2) such that
a m—1
(u(x, 0o, (W) u(x, t))ea’?(g'g;""' x o x DE) (p=0, 1,...).

Theorem 2. Suppose the condition B, then for any given initial data
(uo(x),..es Uy (x))€II2 and the second term f(x,t)e2D,,, the Cauchy problem
(1.1)~(1.2) has a unique solution u(x, )€ &,

2. Proof of theorem 1
Let
2.1 Cuei(x, 15 D, D)=cy1(x, t; D)+Cpy_o(x, t; D)4, + -
+eo(x, t; D)0,y q++0,44 -4,

then taking account of (1.8), the equation

P(x, : %, ——gt—>u(x, N =f(x, 1)
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becomes
(2'2) (imnm_im—]Cm—1)“+Rm—2u =f’

where R,,_, is of order m—2. At first we consider the equation

(2.3) U, = iCp - u(x, D=i""f(x, 1).
Put
2.9 (u, Adyu, 4,4 u,..., 0p_g— g0, 45+ A )= Ugy Uyserey Up_ 1)

and denote U='(uy, uy,..., u,,—,), then the equation (2.3) can be expressed as
the following matrix form

3.5) D,U(x, y=H(x, t; D)U(x, t)+ F(x, t)
’#1. 1
2
ug i1
H(x, t; é): -.....u.u........s ...........................
ta, 1
: .)‘s .
: o1
[Cpoy*tiCp—g  ICpy—g—y*+"iCg +2’m—s

where A,=A(x, t; £) (homogeneous of degree i in &), c,_;=c,_{x, t; &) (homo-
geneous of degree m—i in ¢) and F='(0, 0,...,0, i"™f).
Next we set (see Mizohata and Ohya [6])

2.6) V(ix, )="((A+1D)"2ug,..., (A+ D"y (s (A+D™ " Nugis, Uy q),

then (2.5) becomes

2.7) D,V(x, t)=Hy(x, t; D)AV(x, t)+ B(x, t; D)V(x, )+ F(x, t)
Hy 1.
w1
#s EO Al O
Ho(x,t;é).: ..-................E ......................... =
VP | M A,
: RS
: o1
iCpeq+iCpy—yg : )'m—s
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where ,=A(x, t; E/IE]), wi=pCx, 15 EIED, e;=ci(x, t; &/I]), and B is a bounded
operator in (L2(R"Y)™.
Construct N, a matrix which diagonalizes H(x, t; £), namely

N, 0 NTU 0
N= N1 =
Q N, R N3!

where N,, N, is the diagonalizer of A,, A, respectively, and det N;=detN,=1.
Note Q=(g;;);<igm—s» then q;; must satisfy
1<j<s

(2.8) Gi=m)gn ==y =y Tl Zeemes.
_ iCpj i=1,2,...,m—s
@0 =y = T ) Ay T =230,

By using the condition A and the equality

COy (%, t5 &)=y FCom 2y — )+ G iy — i — 1)+ (pi — 1)

we can construct ¢;; smoothly and accordingly N(x, ;&) in such a way that
det N(x, t; &)=1.

Since Hy(x, t; D) is diagonalizable, then, as well-known, for any given
V(x, 0)e 2%, and the second term F(x, 1)e&?(2}%.), there exists a unique
solution V(x, e &2(2%.) n &} (24z!) of (2.7) and we have

(2.10) IV@lle< C(T. k)[n V(0>||k+g;||F(s)ukds] (k=1,2...).

Introduce the following norm

@10 e, DIE = e, D31+ |- a0

(5 e

2
m—2+1 1

and consider the case k=1, for instance. Then by (2.11), the inequality

lleCx, Dllo<CTI| A+ Dutx, 0o+ 170x, 5)111ds |

holds, and this inequality enables us to solve the Cauchy problem for (2.2)
by successive approximation, for we have

[Rp—2u(x, DI <C [lulx, Do -
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In addition, Ue £2(277' X ++ X DTS X DPi5X - X D)) N EH (D2 x -+ X
27757 x 97375 1 x --- x L?) implies at once

(u(x, 1), —g—tu(x, ..., (%—)m_lu(x, t)>eé’,°(9','j;1 x oo x L2),

3. Proof of theorem 2

Assume the condition B and consider the Cauchy problem

G.1) Pe(x, t;%, —37 w(x, ) =f(x, 1) (x, )€ ={(x, £); xe R, t€[0, T']}
(T'=T-z¢)
(.2) () utr 0=, =0, 1..om—1,

where P, is a differential operator depending on & (positive parameter) defined
by

3.3) Pe(x,t;—a%, —%>=P<x,t+e;—a%, —37) (O<e<ey).
Instead of the previous transform (2.6), let
3.4)  Vix, D="((A+ 1) 2ug,..., (A+1y"s" 1y, (t+e)(A+ 1) ug,...,
(t+e)u, 1),
then the system (2.7) becomes

(3.5)  DV(x, )=H§(x, t; D)AV,(x, )+ B®(x, t; D)V(x, )+ (t+&)F(x, 1)

pe 1
.1
HY(x, 15 0) b
£ . —_—
0 x’t, Z= |esescssscsescccsescsstcssososcccne R
:/‘l(le) 1
- 1
it+e)eled, it+e) e, A8
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where AL =A(x, t+e&; &/IE]), 1@ =px, t+e; E/IED), cf?=c(x, t+e; &/|E]), and BO
is a bounded operator in (L2(R"))™.
By the condition B, the relation

(3.6) (t+8)Cm 1 (x, 15 & ) =(AP(x, t; &)= P (x, t; £)Sx, t+e; &)

(1<i<s) is valid, and therefore the same result as theorem 1 holds for the
Cauchy problem (3.1)-(3.2).

Let u,(x, t) be a solution of the Cauchy problem (3.1)-(3.2) with the initial
data (uo(x),..., - ((x))ell2 and the second term f(x,t)e2,,, and define
(see O. A. Oleinik [8]) u,n, u, f, by

m—1 m m
(3.7) u5N=u0+tul+...+_L_~ w,_ + t <a ) ‘.

(m_ l). at t=0
tN+'" N+m
+e (N+m)' ( ot )
(38) U=Ug—Ugp, Peu =f—PeucN=fa
then we have
i .
(3.9) ((%) flico=0  j=0,1,..., N.

Using the same method as the reduction in §§1 and 2, the equation (3.8)
can be represented in the form

(3.10) {11,,(x, t; D, D)—iC,,_(x, t; D, D)}u+R,,,-o(x, t; D, DYyu=i""f.

Let a.(x,t; D)(0<i<m-—2) be a pseudo-differential operator of order i,
then R,,_, can be expressed as a linear combination of the operators a,;
(0<i<m-—2) (by lemma 4.1 in Mizohata and Ohya [5]) as follows:

(3.11) R, ,_2(x,t; D, D)=a, o(x,t; D)) -0 A% AP
+a, (x,t; D)o _5---0P AP AP+ +a, ,_,(x,t; D).

We now rewrite the equation (3.10) as a system by substituting (3.11)

(3.12) DV, (x, )=HE(x, t; D)AV(x, )+ B (x, t; D)V(x, t)
+(t+8) "B,V (x, D+(t+e)F(x, 1),

where B, is a constant matrix.
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Uniform boundedness of the operator norm of H{'(x, t; D), BY(x, t; D)
and also that of the diagonalizer N®(x, t; D) of H§ imply

G.13) Vel Clhk, T || L1V lads + 1) s | k=120,

t
0
If we define f,, W,, by
£ =15, 1), W0 = LY s) s

and choose the integer N such that N+1>C(k, T'), then (3.13) yields

(.14 W, <(N+DW (1) +(N+ l)t”“otsng)r(, [FAQIPE

Multiplying (3.14) by ¢ ¥=2 and integrating from 6 to t, and observing that
O~ N+DW(5) tends to zero when d— +0, we have

(3.15) W.(t) <(N+1DeV+2 max | f.(0) ], .
0Lt<T"

From (2.11), (3.13) and (3.15), it follows

(3.16) No(x, ) 1oy <Ek,N, TN+ max || f,@) ], -
0<t<T’

By definition, the inequality

(3e) () 70l

Nitw (e, DIl < C[ l14(x, 0) e +max
0<i<T’ }aslﬁN

holds, and thus we get

@1T) s, DS G, N, O e+ max = (L)' (5) w0 ]

O0<t<T' |2
JSN+1

where C, y 1 is a constant independent of .
Consider the case k=2 for instance, then from (3.17) we have

(3.18) ludx, Ollm+1,L200y <M (0<e<e),

and then there exists a subsequence (u.)j—y,,.. Wwhich converges weakly in
Elhy -

The limit function u is a unique solution of the Cauchy problem (1.1)-
(1.2), which satisfies
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(u, -gt—u,..., <—§7>m_‘u>eé’?(9',’_'z XX D}2) (cf. Mizohata [4]).

4. Reformulation of the conditions

We shall now express the condition A and B in a more explicit form.
Let 6,,_,(C,,_,) denote the principal symbol of C, _,, and set

“.1) O =0, 0,444, ,4;_ 4,4, i=1,2,..,s.
4.2) H") Opp—s0rr00 04000l 4 od;_ jor-0d, i=1,2,..,s.
Then

Hm_n:ni)z(am—s”'aH-1)(61') {(ai—l"'alAs"'Al)_(ai—l"'alds"'

"'Ai+lAi—1"'AlAi)}
implies
4.3) G (M, —MN=0 (mod (t— 1)) i=1,2,.,s,
and by the same reason we get
(4.4) G, (11 — H"’IA) 0 (mod(x—p)) i=1,2,..,s.
From (4.3) and (4.4), we have
(4.5) G (Coy (X, 15 Dy D)) | ey ZiG ey (42 04— TG A)) | ooy +

+})m—l(x’ z; é» ﬂ;) (and (li_iui)) .

Using the product formula for pseudo-differential operators we find

: W o 0 0 gw O 3 i )
(4~6) lam—l(n A H lAu) (6‘[17’"_1 at Hi— = lax Hi).

On the one hand, P,(x, t; ¢, t)=(‘c—;1i)ﬁ“l (x, t; &, 1) shows

m—1

90 S 1[0y
4.7) a7 Um=1 ,=”‘—7<6‘c> Bal
0 3G
(4.8) aéa m=1 =i a‘l’aé 2(61) " aé

therefore, if we define L, by
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2
@9 L 9= {Pixri & 045 (2) P

+ Z ((7 3z, P, + l(gi )sz‘;Ta#i)%#i}

then (4.5) means Ly(x, t; &)=C3-(x, t; & py(x, t; &) (mod (4;— ).
Exchange (4;) for (y;) in our considerations in §§1,2, and 3, and define
L(x, t; & by replacing 4; with u; in (4.9) then we get the following:

T=Hy

Theorem 3. If we replace CS_((x,t; & ;) by L, (or L) in the condi-
tion A and B, we obtain the equivalent conditions.

Remark: From the expression P,(x, t; & 7)=(t— ) (t—2)Q,, it follows Ly(x,

=P, (x, 5 & ) +0i(x, 15 &, ﬂi)("g‘t_ Hi— az; a—i—#i’a%— /h) (mod  (4;—py)),

and the right hand side coincides with (X) in A. Menikoff [7]. If we set
A;=u;, then L; would be the Levi function of Mizohata and Ohya [6].

5. Dependence domain

In this section, sometimes pu;, (1< j<m—s) may be used in place of A;
for the simplicity of notations. Similarly Zj is for fi;,
Change the coordinates, the so-called ‘‘space-like transformation™ such that

(5.1 U=y(x, 1, x;=x, (I<a<l)
A Loy \?
(777) JTE. a=l<_ax¢) >0 (x,)elU

where U is a some neighborhood of the origin and

Hmax= Max  sup lui(x, 2581 .
1<ism (x,0)ef,|&|=1

Consider the equation in t
(5.2) Y- x5 Yt +E=0  (1<i<m)

subordinate to the change of coordinates, then there exists a unique solution
T of (5.2) for any fixed (x, t)e U and & (#0).

If we denote this root by ji(x, t: &), then f(x, t; &) can be seen sufficiently
smooth, and we have



Cauchy problem for weakly hyperbolic equations 255

Lemma 1. In a some neighborhood U, of the origin, we have
(5.3) Ax, £ Yalli+ &) — (X, 15 Yl +E) = Cix, 15 &) (i(x, 15 &)= fi(x, 15 &)

(1<i<s) where C(x, t; &), homogeneous of degree 0, is sufficiently smooth.

Proof. First we note that . i,+¢& is not zero for any (x,t)eU and
£ (#0). Therefore, for suitable U, and for sufficiently small |{—1|, there exists
a smooth function vy(x, t; {, 7, £) such that

(5.4 A, 5L+ = Alx, i+ )= -1vlx, 1 {, 7, &).
Put (=1, 1=/, in (5.4) and take account of YA;=A(x, t; Y L+&), Y f;
=px, t; Y. 4,4+ &), then we have the result by setting C;=y,—v,.

Lemma 2. (Mizohata and Ohya [6] Lemma 4.1) By the transformation
(5.1) D,—uyx, t; D) is transformed to

(5.5) Yux, t; D, D)(D,— ji(x, t; D))+e(x, t; D, D,)

where W(x, t; &, 1) is homogeneous of degree 0 in (&, 1) such that
l'_"[ Yix, t; &, 1)=P,(x, t; Y., ¥,), and e(x, t; D, D) is a pseudo-differential
i=1

operator of degree 0.

Assume that P is transformed to P by (5.1) and put

- ! Cm— 1= im(Pm - ﬁm) +im ! P

m—1

then the lemma 2, (1.8) and (1.10) imply

P, P
(5.6) m = lZle(x,t f T)W—'*' Z es+.(x t; é T)m

+cm—1(xa t Wx1'+é)+"’+co(x, t; wx‘['}'é)('/ltt
—)'m—s—l(x’ t; lﬁxf'f'f))"'('//:‘f—#x(x, N ‘//xr+é)) .

Now for instance, consider C9_,(x, t; &, ;). If we express CO_,(x,t;
& fy) as a sum of c¢,_(x, t; Y i, +&) and the rest r(x, t; &), then it follows
from (5.6) that r(x, t; &) has a factor (4, —ji,).

On the other hand, by the condition A and lemma 1, c,_(x, t; ¥ ji, +&)

may be factorized as (1, —ji,) times a symbol of some pseudo-differential oper-
ator.
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In general, we have

5.7 Coi(x, ;& i)=Tyx, 1; Ox, 1; O = fifx, 1; &) (1<i<s).

In other words, condition A is invariant under the transformation (5.1),
then we obtain

Theorem 4. Under the condition A, the solution u(x,t) of the Cauchy
J
problem; Pu=0, (%) u(x, 0)=ui(x) 0< j<m—1, has its support in

m—1
{x; \glx_’:l S”maxts ée ,\JOSUPP(”J')} .
j=

Remark: It is evident from the construction of the solution that under
the condition B, the theorem 4 is also valid.

Proof. It is sufficient to prove that the local uniqueness holds when the
condition A is satisfied locally. This is done by use of the localization of the
equation and the energy inequality.

6. Final remarks

The methods of the preceding sections seem to be applicable to the case
where the multiplicity of the characteristic roots is at most 3. But, since the
computation of the symbols becomes much more complicated, in this section we
treat only the equation of order 3 as an example. Here we omit the proof.

Consider the Cauchy problem

J

(x,H)eR'x [0, T]

(6.2) (L) utx 0=u,0, =012,

Express the principal part Py of P in the form

Pi(x 15 S 5 ) =P ADP+hy(x, 15 D)DF 4+ +hy(x, 1 D))

and assume
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T34 hy(x, 15 T2 4+ hy(x, 15 O =(1—Ax, 15 ) (t—plx, 15 O (T—(x, 15 ).
Moreover, to obtain the explicit condition, we suppose
(6.3) Ux, 15 8 —v(x, t5 &) =9g(x, t; H{Mx, t; &) —p(x, t; O}

Mx, t; &) —p(x, t; O)=h(x, t; &) {u(x, t; ) —v(x, t; &)}

where g, h are symbols of some pseudo-differential operators

(6.4) Cy(x,t;8)=L— Ji'o Co—mwI o=V~ Jé:o o=V (o=
- Z:O o=V —Wpt P(zl)];o=/1+Tu

Catn 139 = = X ff P = 5 PR o= D) G0N+ P2
- J

!
Cx 9= -5 %

Jt

Nl—-

o (60_V)(ijj{(go—/‘)(éo—A)}(ij)
- EIO (Co—w){ Z:o Eo—m D& — D}

I . I .
+ iz;.l C(llu“(i) 7 g (o ﬂ)(”(fo—l)u)‘*'P{l

go=4
where, to simplify our notations, we have set t=¢&,, t=x, and

6{ =f0, f—f(:)* 52 pP= P‘”((,;Z())P P2,

Now we define M(x, t; &) and L(x, t; &) by

6.5) M, t;89=3 Eo=NUCE - — 3 (Eo—m)D(E—1))

Jj=1 Jj=0

6.6)  L(x,1;8)=-- i

J

5 Cz(x £;8)+Cs(x, 15 8)

then we have the following:

Proposition 1. Let C(x, t; £)=0 (mod (u—v)),

Cy(x, t; =0 (mod(A—pu)(A—v))
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M(x, t; §)=0 (mod(4—p)),
L(x, t; §)=0 (mod (41— p))

then, for any given initial data and the second term such that (ug(x), u,(x),
U, (X)) € 2132 x P X D12, f(x, )€ E2(DY2), there exists a unique solution
u(x, t) of the Cauchy problem (6.1)-(6.2) belonging to &2(27.)Nn&H(27:1).

Proposition 2. Let tC(x,t; {)=0 (mod(u—v)),
| (Cy(x, ;=0 (mod (1) (i—v)

tM(x, 15 §)=0 (mod (A—p)),

1?L(x, t; §)=0 (mod (1—p))

then, for any given initial data (uy(x), u(x), uy(x))ell2, and the second
term f(x, )€ 2,,, there exists a unique solution u(x,t)eé&,, of the Cauchy
problem (6.1)-(6.2).

(11
(2]
[31

[4]
[51]

[6]
(71
(81
{91

[10]
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