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Introduction
Let G be a locally compact unimodular group and K  a compact subgroup

o f G .  Let 8  be an equivalence class of irreducible representations of K  of
degree d ,  and k— )-D(k) an irreducible unitary matrix representation o f  K
belonging to 8. We put xs(k)=ci.traceD(k).

A p  xfi-matrix valued continuous function U =U (x ) on G is called a spheri-
cal matrix function of type 8 if it satisfies the following four conditions;

( i ) U°(x)--- U(x), where U ° ( x ) = U ( k x k - l)dk,
( ii)  U * x 5 (x )= U(x ), where U * V x )= .[K  U(Xk- 1 )X8(k)dk,

U(X); X E  G} is an irreducible family of matrices,
(iv) Ti c  U(kxk - ly )dk = U (x )U (y ) for any x , y E  G,

where dk  is the normalized Haar measure on K.
W e assume that G has a continuous decomposition G =S K  ( S n K = {e}),

where S  is a closed subgroup of G and e is the unit element in G .  Let s—)-A(s)
be a finite-dimensional irreducible matrix representation o f S . W e put

W (x )=D (k )0A (s - 1 ) (x =k s, k E  K , sE  S ),

W (x )= f  K W(kx - lk - l)dk,

then W (x) satisfies the above conditions (i), (ii), and (iv), and its each "irredu-
cible component" is a spherical matrix function of type 8.

Conversely, are all spherical matrix functions of type 8 given in this way?
If G is a motion group or a connected semi-simple Lie group with finite center
and if K  is a maximal compact subgroup of G, then we have an affirmative an-
swer [1]. But, in general, the author obtained a weaker result only for quasi-
bounded spherical matrix functions. Namely, for a quasi-bounded spherical
matrix function U of type 8, we can find an irreducible Banach representation
s--0.21(s) of S  such that U is equivalent to an "irreducible component" of W (x).
Here

 W ( x ) = W 0 ( x 1 )  with -W (x )=D (k )0A (s - 1 )  ( x =k s , k E K , s E S ) , and in
this case, the author does not know whether the representation s—>A(s) is
finite-dimensional or not.
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The quasi-boundedness of spherical matrix functions make it possible for
us to utilize Banach algebras in our study. In  a Banach algebra a maximal
regular left ideal is closed, but in a more general algebra we don't know whether
it is closed or not. This is just the reason why we need the qausi-boundedness
of spherical matrix functions.

Finally, the author expresses his hearty thanks to Prof. N. Tatsuuma and
Prof. T. Hirai for their kind advices.

§ 1 .  Quasi-bounded spherical matrix functions
Let G be a locally compact unimodular group, and K  a compact subgroup

o f G .  Let 8 be an equivalence class of irreducible representations of K  and
x8(k ) (kE  K ) be as in  the introduction. A  p xp-m atrix  valued continuous
function U= U(x) on G is called a spherical matrix function of type 8 if it satis-
fies the four conditions (i)'—<iv) in the introcdution.

A  function p(x) on G is called a semi-norm on G if it satisfies the following
conditions ;

( i ) p ( x ) > 0  for all x E G ,
(ii) p ( x y ) ‹ p ( x ) p ( y )  for any x, y E  G,
(iii) lower semi-continuous,
(iv) bounded on every compact subset.

If a spherical matrix function U satisfies the inequality

utj(x)1 <ap(x) (1< i, j < p)

for a semi-norm p(x ) and a positive constant a, where u 15(x ) is the (i, j)-m atrix
element of U(x), then U is called quasi-bounded.

If a  topologically irreducible representation of G on a Banach space con-
tains 8p-times, then it gives us a quasi-bounded p xp-spherical matrix function
U =  U (x ) o f typ e  8 [1]. Conversely every quasi-bounded spherical matrix
function is given by a topologically irreducible representation of G on a Banach
space.

§ 2 . B a n a c h  algebras A ,, A ,° , L ( G ) * ,  and 4° (a)
Let G and K  be as in § 1 .  We assume that there exists a closed subgroup

S  of G such that
G = S K , S n K =  { e} ,

where e is the unit element in G, and that the decomposition x = sk (sE S ,k E K )
is continuous. Fix a left Haar measure dpc(s) on S  and denote by dk the norm-
alized Haar measure on K , then d x = d iu(s)dk is a Haar measure on G.

Let p (x ) be a semi-norm on G .  We shall denote by L p(G) the Banach
algebra of measurable functions f  on G satisfying

f  H p=  If (x)1 p(x)dx<+ 00 .

For an equivalence class 6 o f irreducible representations of K  of degree d ,  we
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choose an irreducible representation k—>.D(k) of K  belonging to 8 such that all
D(k) are unitary matrices. Put

Lp(G)*Xs= {f* ; f  E LP(G)}

where X8 is the complex conjugate of x8 , then this is clearly a closed subalgebra
of Lp(G).

For a dx d-matrix valued measurable function F(s) on S, we write f i f (s)
for its (i, j)-matrix element. Then we shall denote by A , the Banach space of
all F(s) which satisfy

Flip=d. Max f I f t  j (s)I p(s)d[c(s)<+ .
.5

For F, GEA R , we define a product F*G  as

F*G (s)=  f s F(t)G(t - ls)dp,(t).

With this product A  is  a  Banach algebra, nam ely w e have the inequality
li F*GlIp<IIFIlp11 GlIp.

N ow we have two Banach algebras L (G )4 8 and A .  D e f in e  a linear
mapping 0 of Lp(G)*x s  to A R as

0( f )(s) = f K D(k) f k - i)dk

If we choose a positive constant C such that p(k)<C for a ll kE K , then we
have

p(x)<p(x k)p(k - 1 )<C p(xk) (x E G, kE K).

From this, we easily obtain an inequality

Il f ) l dCllfll.

This implies that 0 is continuous. Moreover we can easily show that 0  is  a
bijection and that

0 - 1 (F)(x)=d.trace[F(s)D(k)] (x=sk, sES, kE K),
110 - 1 (F)11p<d 2 C1IFIlp •

Therefore 0 is an isomorphism between two Banach spaces .1., (G)418 and A ,
but this is not an isomorphism of Banach algebras.

For every f L  p (G ), we put

f °  (x )=  K f (kxk - l)dk,

then the subspace
L°p(8)= { f° ; f L p(G)*b}

is  a closed subalgebra o f Lp(G)*x 8 ,  and f---of° is  a  continuous projection of
Lp(G)*x s  o n to  4 (8). Therefore this projection induces a  continuous one
F— F° of A R onto a closed subspace denoted by A .  N am e ly ,
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=° ( .1 ° ) ( 1 ' 4 ) - 1 (F)).
For any f  , qE Lp(G)*x s , it is easy to show that

T '(f*q ° ) =T '(f )*T '(9 ° )=-°(f )* (°(9 )) ° ,
hence we have the following

L em m a  1. A ;=0(L °„(8)) i s  a  c l o s e d  subalgebra o f  A , and 0  m aps
isom orphically  the B anach a lg eb ra  L ;(8) on to  A .

Since (f  *g°)°=f°*q°, we obtain the equality

( F * G o
) ° F o* G o (F, GE A ,).

§ 3. M ain  theorem
Denote by C a the vector space o f  all column vectors with d  complex

numbers, and by ei ( 1 < i< d )  the vector whose i-th component is 1 and all the
others are 0. For a Banach space H  with a norm 11•11H, th e  tensor product
space C aO H  is also a Banach space with the norm

d
II E  eiOvi II= E  II vi IIH.
1=1 1=1

Then our aim in this section is to prove the following

T h e o re m . L e t  G  b e  a  l o c a l l y  compact u n im o d u lar g r o u p  w i t h  a
c o n t in u o u s  d e c o m p o s i t io n  G =S K , w h e r e  S  i s  a  c lo s ed  su b g rou p  and K  i s  a
compact su b g rou p  of G su ch  th a t S  fl K ={ e }  .  Let 8 be an eq u iv a len ce  c la s s  of
ir r ed u c ib le  r ep r e s en ta tio n s  of K  w ith  d e g r e e  d .  I f  U =U (x ) be a qua si-b ou n d ed
p X p -sp h e r ica l m a tr ix  fu n c t io n  on G of ty p e  8 , th en  th er e  ex is ts  a to p o lo g i ca l ly
i r r e d u c ib l e  r e p r e s e n ta t i o n  IA(s), H 1  o f  S  o n  a  B anach  s p a c e  H  w i t h  the
f o l l o w in g  p r o p e r t y .  F ix  an ir r ed u c ib le  u n ita r y  m a tr ix  r ep r e s en ta t io n  k---›-D(k)
of K  b e lo n g in g  to  8 a n d  p u t

W  (x)= D (k)0 A (s - 1 )( x =  k s , kE K , s E  S),

W (x )=W °(x - 1 )=--1 W (kx - 4 - 1 )dk.

T h en  th e r e  ex is ts  a  W (x )-inv ariant p-dim ensional su b sp a ce  L  of the B anach
sp a ce  C aO H  s u ch  th a t  W (x)1 L  i s  eq u iv a len t  to  U(x ), n a m e ly , w ith  respect to  a
su ita b le  base of L , the m a tr ix  co r r e sp o n d in g  to  the o p e r a t o r  W(x)I L is  eq u a l to
U(x) f o r  a l l  x E  G.

Since U is quasi-bounded, there exist a positive constant a and a semi-norm
p(x) such that

lu i i(x)1 <ap(x ) (1 <i, j<d ) ,

where u i i (x ) is the (i, j)-m atrix  element o f U ( x ) .  Then

f U  (f )_ LU (x)f (x)dx
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is  a p-dimensional irreducible matrix representation of the algebra L;(8).
Therefore, by Lemma 1,

F U (F )= U (0 -1 (F ))

is also a p-dimensional irreducible matrix representation of the algebra A .
L e t eEm b e  an element for which U(U) is the unit matrix. Then there
exists a maximal left ideal A in A ; o f codimension p  such that e is a right
identity modulo a and that the natural representation o f  A ; on  21̀,VA is
equivalent to F— >U(F). In general, a left ideal a in an algebra is called regular
if there exists a right identity modulo a.

Lemma 2 .  P u t

9:5t= {F E A p ;(G *F )°E T I f o r  a l l  GEA,},

th en  0  is  a r e g u la r  l e f t  i d e a l  in  Ap, a n d  w e  h a v e  0 n M oreo v e r  e
is  a r igh t id en tity  m odu lo  E ft.

P ro o f.  I t  is clear that 0  is a  left ideal in A„. For any F, GE A 9 , we
have

{G*(F *e— F)}° = {(G*F)*el° —(G*F)°
-----(G*F)°*e— (G*F)°E

Therefore e is a right identity modulo 0  in A,.
The inclusion ic iW I fl A ;  is clear. I f  eEn, it follows that iv*eca

but this is impossible because the natural representation o f A ; on  A ;la  is
irreducible. This implies 0  n A A .  Since WI fl A °,, is a proper left ideal
which contains A, we obtain ail n A°p=A. q.e.d.

Let 9;n0 be a maximal left ideal in A,, containing 0 .  Then 0 0  is regular
(Q is a right identity modulo n o). It is w ell know n that a  regular maximal
left ideal in a Banach algebra is closed, and hence no is closed. S i n c e  EE
it follows that Up n From this, the space A/A. can be considered as
a p-dimensional subspace of A 9/0 0 . As usual, we can introduce a  norm  H
in A,,/0 0 with which ApPt o is a Banach space. Denote by [I (F ) the natural
representation of the Banach algebra Ap on A p/0 0 . Then it is algebraically
irreducible and we have

l!ri(F)x - 11<HF11,11X
for F  A  and X E Ap/0 0 . The subspace A;IK o f A,,/0 0 is  invariant under

11 (A )  and F—>-11 (F)I A70 2 1 . is an irreducible representation o f A ; equivalent to

U (F ).
We shall denote by L Ø(S ) the Banach algebra o f all functions f  on S

satisfying

i f i
s
li(s)lp(s)dtt(s)<+ 00

Let E u  be the d x d-matrix whose (i, j)-matrix element is 1 and all the others
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are 0. Define (fE .t i )(s)=f(s).E i j , then f E i j E A , for all f E L , ( S ) .  Now we put

( i F ( 1 < i ,  < d ) .

Then clearly we have a relation

2.1(f ) 7T kl(g) - 8 5 e r * g )

where 8 ik is the Kronecker's delta.
For every element F E A R , we put

(E u F )(s )= E i i • F (s) (1<i , j <d),

where the right hand side is the product of matrices E i j  and F (s ) .  The linear
mapping F—›-E i i F  is clearly continuous.

Lem m a 3. E i "  OE n o  (1<i, j  <d ) .

P ro o f.  F o r  every open neighbourhood V  o f the unit e , we take a non
negative continuous function ev  which vanishes outside o f  V  and satisfies
f s ev (s)dp,(s)=1. Then ev E i j E A ,, and for any F  we have

(ev E i i )*F —  E u F11, — *0 ( V—>e).

Hence the lemma is proved. q.e.d.

Therefore we may consider that E L'  acts continuously on  the Banach
space A /9 1 0 . Put

JJ1 = E 11(A /!J 0) (1< i <d ) ,

then H i  is a closed subspace of A p /n o  and E t i is a continuous projection onto
H i . Moreover it is clear that

A p P.ff10 = H 1 +• • • +H d ( d i r e c t  sum)

and that

EtiH i -=H i ( 1 <i,  j<d ) .

For any function f E L ,( S ) ,  we easily have the equality

7 r i i ( f ) .  E15 =  E 0 .77. j i ( f ) (1 < 1, j  <d ) .

Lem m a 4 .  A ll -{71-i i (f ) , H i l  are a lg eb ra ica l ly  ir r ed u c ib le  r ep r e s en ta t io n s
of the a lg eb ra  1,,,(S), and th e y  are eq u iv a len t  w ith  one an o th er .

P r o o f .  W e  have only to show that each H i  is invariant and algebraically
irreducible under ir11 , but the former is clear. Let's prove the latter. Take a
non-trivial invariant subspace H 1 '  o f H 1 u n d e r  7 T . W e  put H i ' = E i i H i '
( 1 < i< d ) ,  then H i ' is invariant under Let F  be an arbitrary element in
A i, with f i i  for its (i, j)-m atrix  element. For any vector E f_ 1 17

1 H 1 '-+ •• • + H d '
where 17

1=--.E 11 X 1 (X 1 H 1 ') ,
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(F ) ( 171)=---7 r t i ( f i i ) ( E k i ) ( k )
1=1 k 1

=
7 rik ( f ik ) ( E  k l X

1=1 k =1
=

7 r i i ( f i k ) ( E  i l X  E +  •  •  •  ±Hd%
=1 k =1

since E i i X k E H i ' for all i. Therefore the subspace H1 ' +  + H '  i s  invariant
under fl ( F )  fo r  a ll F E A R . This implies H 1 1 -1- ••• H-H d '-=ApPl o , hence

q.e.d.

Let 7 r(s)(sE S ) be the left translation on A ,  namely,

(7 (s )  F)( t)  F(s - lt).

Then Tr(s) is a continuous linear operator on A, since we have

117r(s)FlIp P(s)11 FlIp.

Ailoreover, we can prove that the function s-*-77-(s)F on  S  is continuous for
every FEA R . Therefore { 7(s), A „}  is a representation of S.

Lemma 5 .  7r(s)0 0 ETt 0 f o r  a l l  s E S .

P r o o f .  For every open neighbourhood V  of s , we take a  function ev  as
in  th e  proof o f  Lemma 3. Then fo r  any function f  E L , ( S ) ,  we obtain
e v * /  L p ( S )  and

Ile v * f  - 7 1 (s).1 0 ( V - s ) ,

where(77-(s)f)(t)=A s - 1 t). Let E  be the unit matrix of degree d, then e v E E A
and

evE*F — >77-(s)F ( V ->s)

in A .  Since Tt o is closed, the lemma is now proved. q.e.d.

This lemma implies that the linear operator 7r(s) naturally induces a linear
operator on A ,M 0 which is also denoted by 7r(s). Since 117r(s)X11<p(s)II XII,
-{i(s), A/0 0 }  is a representation of S.

Lemma 6 .  E ach subspace H i  is  invariant und er  IT(s) fo r a ll s E S .

P r o o f .  Since 7 (s ) .E 1 i = E i t oir(s), the lemma is clear. q.e.d.

Now we put

7ri i (s)=7r(s) I H ( 1 < i < d )

for every sE S .  Then for any f  E L (S ) ,  we have

7ri i ( f  ) = f  s w-i i (s)f(s)clp.(s).

Therefore all representations {7ri i (5), H i }  of S  are topologically irreducible and
equivalent with one another. L e t  { A (s) , H }  b e  a  topologically irreducible
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representation of S  on a Banach space H such that there exists an isomorphism
/1 of H i  onto H satisfying

/ i orri i (s)=A (s). (s E
and

Li= I j o E l i ( 1 < i ,  j  < d ) .

A s  before, w e denote by ei  ( 1 < i < d )  the column vector whose i-th
component is 1 and all the others are 0. Let I  be an isomorphism o f AVM s,
onto CaO H  defined by

d d
E X 1)=  E (Xi E  H i ).1=1 1=1

Then, for every F E A R whose (i, »matrix element is 113,

[( E i i ® A (f i i ))./] X k )
1, 3=1 k

d d
= (  E  E i R A ( f i i ))( E ek ® I k X k )

1,3=1k = 1
d d

=  E  ei 0 A ( f i i ) / i X j =  E  eio / in . ji(m x j
1,1=1 1,3=1

d
=  E  e10 11E undf ii)X i

d
=  E  ei O/ i  II (f13E 15),K3= [J. ri (E)]( E X k ).

k =1

Therefore the representation
d

F E  E 130 A (f13)
1,3=1

of A,, on the Banach space C4 O H  is equivalent to F-4-11(E) on ./4„/0 0 .
Put

W (x)=D(k )0A (s-1) (x=-ks, kE K , sE S).

For any function f  EL„(G)*g 5 ,  we denote by 1 13 the (i, »m atrix  e lem en t of
F =0 ( f )  E A R, then

1.1=1
E  E  A(, 13)=  1 .

(4  1 E 13 0  i s A (s)ditt(s) f  A _di i (k)f(sk - l)dk
d

f1 (E  ii®  il(S ))d  k )f iS k - 1 )C11.1(S)dk
, 3=1

=  D(k - 1 )0A (s)f(sk)d,u(s)dk

= f  W (x - 1 )f(x)dx.

Denote by W(x) the operator valued function W0 (x - 1 ), i.e.,

W (x)--- fK W(kx - lk - i)dk,

then we have
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E i i 0 A ( f i i ) = 1  W (x )f(x )d x
1=1 G

for a ll f  E L ) .  Since f---)4 ( f )  is  an isomorphism of the B anach algebra
14;(8) onto A ,  the mapping

f f W(x)f(x)dx1 L)
G

where L=  I(A 1% ), is a p-dimensional irreducible representation of the algebra
L°,(8) equivalent to f—>- U (f).

Lemma 7. The subspace L  o f CaOH  i s  invariant u n d e r  W(x) f o r  a ll
xEG.

P roo f.  F r o m  the definition o f  W (x) w e can  easily  show th a t the Ca®
H -valued  function  x--)- W(x - 1 )a  on  G  is continuous fo r  ev e ry  a E  C d0H .
Therefore x—)-W(x)a is also continuous since K  is compact.

Assume there exists a vector a 0 E L  such that W(x 0 )a0 EEL for some x 0 E G.
For every open neighbourhood V  o f xo ,  w e tak e  a non negative continuous
function ev  which vanishes outside o f V and satisfies fGev (x)dx=1.
For an arbitrarily given e> 0 ,  we have

II C x )a o —W(x 0 )a o ll < e  for a l l  x E  V,

i f  V is small enough, where II. M is the norm in C d 0 H  defined at the beginning
of this section. Then

LPfAX)ape r(X)d X —  0 4 1
G

if {W(X) — 0 ) 1  aoe v(x)dx11<6.
G

This implies JG W(x)a o ev (x )dxE  L  i f  V is  sm all enough . It is c lear that W*xs

= W  and th at W°= W, hence we obtain

W(x)a o e'v *x3(x)dxE L.

This contradicts that ev *LEE,;(8). q.e.d.

The proof of the theorem is now completed.
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