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Introduction

A fte r  t h e  classical works o f  G. Ju lia  [1 9 ]  a n d  P . F a to u  [9 ] , [1 0 ]
o n  th e  iteration  and com position  theory f o r  polynom ials o r  rational
fu n c tio n s , I . N . B a k e r  h a s  in v e s t ig a ted  th e  th e o r y  in  th e  c a s e  o f
transcendental entire functions since 1955 a n d  obtained m any results.
In  particular, he generalized the m inim um  modulus theorem concerning
entire functions o f  o rd er le ss  th an  1 / 2  ([2 ] T h eo rem  3 ) a n d  further
proved, using Fatou's theory o f  iteration, interesting theorems concern-
in g  t h e  perm utab ility  o f  tra n sc e n d e n ta l e n t ire  fu n c t io n s  ( [2 ] , [3 ] ,
[ 4 ] ) .  In 1968, F. G ross [13] and  M . O zaw a [24] proved independently
that certa in  en tire functions do not have any factorization (by com po-
sition) into  trascendental entire f a c to r s . S ince then , there have appea-
red  m any resu lts i n  factorization theory, by applying Nevanlinna theory
etc. H ow ever, m ost o f these recen t resu lts (except [21], [26]) concern
th e  im possib ility o f  factorization , that i s ,  t h e  p rim en ess, th e pseudo-
primeness an d  so on.

In  th is paper, w e sha ll treat certain com posite functions o f  tw o  or
three p rim e  fu n ctio n s, w h ich  b e lo n g  to  c e r t a in  s p e c ia l  c lasses. F or
th e  functions o f  these classes one can  show  the forms of the ir factors
(Theorems 1 an d  2 , p ro ved  first b y  S . K oont [21], excep t o n e  o f th e
conclusions in T h eo rem  1 ). W e  sh a ll g iv e  a  s im p ler p ro o f o f  these
tw o theorem s i n  § 2 .  U s in g  th e se  fa c ts  a s  k e y  le m m a s , w e  sh a ll
proceed to prove our m ain  T h eo rem s 3 , 4 , 5 , 6  a n d  7 ,  w h ich  assert
that th e  facto rization  by co m p o s it io n  o f c e rta in  en tire  fu n c tio n s  is
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u n iq u e  u p  to  l in e a r  p o lyn o m ia l fac to rs . In  th e  fo llo w in g , w e sh a ll
g ive m ore detailed contents to these theorems.

T h e  function z  e .  is  a  p r im e  fu n c tio n  w h ich  is  fu n d am en ta l in
facto rization  theo ry  o f  tran scen d en ta l en tire  fu n ctio n s, so  it seem s
important to  ask w hether o r not the com posite function F (z )  = (z  e .) .
( z -k e .)  is  u n iq u e ly  factorizable ( s e e  § 1). O n e  o f  th e  purposes of
th is paper w as to  so lve th is q u e s tio n . A t a  g lan ce , it  se em s  d iff icu lt
to  know  into w hat facto rs (other than those o f  th e  above factorization
its e lf )  F (z ) a r e  factorized, because the o rd e r  o f  F  ( z )  is n o t  f in i t e
a n d  th e  fun ctio n  z  e .  (considered  a s  t h e  le f t  fac to r o f F ( z ) )  has
in fin ite ly  m an y  zero s . H o w ever, F ( z )  m a y  b e  w r it te n  a s  z +H (z ) ,
w here H (z) = e' (1 - F exp ( e ) )  is  period ic  w ith  period  2 7 i, a n d  th is  w as
th e  clue to solve th e  a b o v e  p ro b le m . In d e e d , le t t in g  a n y  non-trivial
factorization o f  F  b e  F (z) =f og (z) = f  (g (z)), w e  c a n  c o n c lu d e  th a t f
and g  have the sam e form  a s  F  (T heorem  2). U s in g  th is  f a c t ,  we
can prove Theorem 3 , w h ich  in c lu d es th e  a ff irm ativ e  an sw er to  o u r
question ab o v e . In  Theorems 4, 5 and  6, w e consider the same problem
fo r ce rta in  entire functions w hich  a re  reduced  to  ( z e . )  ( z  e . )  in  th e
sim plest case. I n  T heorem  7, w e  co n s id e r  th e  factorization o f th e
functions o f  th e  form ; (z) (z+  H  ,(z )) • ex p [H , (z )], w h ere  en tire
functions H , and  exp[H J have period  27ri. U n der th e  condition that
the order of H 1 ( z )  is fin ite , w e shall p rove that th is function  F  ( z )  is
un iquely  factorizable. F u rth e r if  there ex ists an  entire function I/ 3 (z)
satisfying th e  identical relation H 2 (z ) = H3 ( z  H , ( z ) )  ,  th e n  F (z) ( z
exp [1/3 ( z ) ] )  ( z  H  , ( z ) )  i s  t h e  o n ly  fac to r iz a tio n  u p  to  eq u iv a len t
facto rizations. W h ile , i f  th e re  is  no  su ch  a n  id en tic a l re la tio n , then
F (z )  is  prime.

In addition to th e  above m entioned theorem s, w e shall give several
results concerning the primeness o f ce rta in  entire functions a s  w ell as
generalizations o f  c e r ta in  known results.

H ere the author wishes to express h is deepest gratitudes to Professor
Y . Kusunoki fo r h i s  en co u ragem en t an d  gu id an ce . T h e  author also
w ish e s  to  ex p re ss  h is  h ea rty  th an k s  to  P ro fe sso rs  M . Ozawa, I .  N.
B aker, F . Gross and  C .-C . Y ang fo r their valuable suggestions.

§1. Definitions and Preliminaries

A  meromorphic function  F(z )  -=f o g (z )=f (g (z ) )  is s a i d  t o  have
f ( z )  and g  ( z )  as  le f t  an d  r ig h t  facto rs, respective ly , p rov ided  that f
is  meromorphic and g  i s  e n t i r e  ( g  m a y  b e  meromorphic w hen f  is
ra t io n a l) . F (z ) is  s a id  to  b e  p r i m e  (p se u d o -p rim e , le f t-p rim e , righ t-
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prim e) i f  every factorization  o f th e  ab o ve  fo rm  in to  factors  implies
that either f  is  lin ear or g  is  l in e a r  (e ith e r  f  i s  r a t io n a l  o r  g  is a
polynomial, f  is linear w henever g  is transcendental, g  is  linear w hene-
ver f  is transcendental, resp .). W hen  factors are re str ic ted  to  en tire
functions, the factorization  is called  to  be i n  e n t ire  s e n s e  (prim e in
en tire  sense, etc.). I f  F  is  a  n o n -p erio d ic  en tire  fu n ctio n , th en  it is
known that F  is  prim e if F  is  prime in en tire  sen se  (c f. [15]).

N ow  it is w ell-know n that F ( z ) = z +e .  is  prim e. Th e prim eness of
th is  fu n c tio n  w as  s ta ted  b y  P. Rosenbloom  [2 9 ] w ith o u t p ro o f and
proved fo r  th e  f ir s t  t im e  b y  G ro s s  [13]. T h e  fu n c tio n  z  + e . has
sp ec ia l p ro p ertie s  su ch  th a t it  h as  no f ix e d  points and no multiple
zeros, it is periodic m od a non-constant polynomial and i t  is  o f  smaller
growth in  som e angular sector. T herefore the prim eness o f  th is F (z)
can  be proved by several w ays, a n d  th e  p ro o fs  h a v e  su ggested  the
extensions of factorization theory into several directions (cf. [6], [12],
[13 ], [25 ]). B y these facts the function z±e  h a s  o ccu p ied  the signifi-
cant position in factorization theory.

Assume that a non-constant entire function  F (z ) has two factoriza-
tions f 1of,0 o f „(z )  a n d  go g2o og„,(z) in to  non -lin ear en tire
factors. I f  m =n a n d  if  w ith suitab le linear polynom ials 77,(j=_1,
n — 1) the relations f i (z) f2(z) = T o g ,0 7 1 ( z )  ,  .  .  f ( z )  =T 1

og„(z ) hold, then  the two factorizations are called equiv alent ( in  entire
s e n s e ). I f  every factorization  o f  F (z )  in to  n o n -lin ear , prime, entire
factors is  eq u iv a len t, th en  w e  sa y  th a t F ( z )  is uniquely  factorizable.
Of course, prime functions are considered to  be un iquely factorizable.

S o  far, the following two classes of en tire  fu n c tio n s  have yielded
num erous types o f p rim e functions (c f. [6 ], [1 6 ], [2 5 ] etc.). For a
non-zero constant b, following Koont [21], we define

J(b)= { F (z ) = H(z ) + cz  ; H  is en tire , period ic w ith  period  b
(H (z +b ) = H (z ))  and c  is  a non-zero constant}

L(b) = { F (z) = H,(z) + z  • 02(.) ; H, and ell2 are entire,
periodic with period b.}

Evidently, J ( b ) c L ( b ) .  In  fact, the function in L ( b )  su ch  th a t 112 (z)
is  constant belongs to  .1(b). N o te  that, f o r  exam ple, z E  .1 ( 2  7 ri)
and the prim eness o f  th is  fu n c tio n  w a s  p ro v e d  b y  G ro ss  [1 6 ] (cf.
[25]).

U sing resu lts o f C .-C . Y an g  [35], S . K oon t [21 ] recently proved
tw o fundam ental theorem s concern ing fa c to rs  o f fu n c tio n s  in  J(b )
and L ( b ) .  W e sh a ll p ro ve  th ese  th eo rem s (T h eo rem  1 has becom e
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sharper) in  § 2 b y  th e  simpler a rgu m en ts . (T h e  first proof of a special
case of Theorem 3  essentially g ave  t h i s .  T h e  author then used Baker-
Gross' theorem ( [6 ]  Theorem  1, c f . a lso  the argum ent in  [3 4 ]) .)  Next,
applying these theorem s, we want to prove in  § 3 th a t certain functions
in  J(27ri) o r L (27ri) a r e  un iquely factorizable. N o te th a t (z +e .)0 (z +
e.) J ( 2 7 i )  a n d  (z e.).(z -Fe.) G (27Ci)

W e denote by M ( r,  f )  the maximum modulus of (an  entire function)
f ( z )  fo r I z l = r .  A n d  w e  sh a ll u s e  N evanlinna 's notations su ch  a s  T
(r, f ) ,  m (r, f ) ,  N (r, a, f )  and  S ( r,  f )  w ithou t reca lling  t h e  definitions
([23 ]). If f ( z )  is  en tire , it is  c lear T(r, f ) = m ( r ,  f ) .  For a meromorphic
function f ( z ) ,  w e denote by p ( f )  th e order o f  f ,  b y  p ( f )  th e  lower
orderof f  a n d  b y  p * ( f )  th e  exponent o f convergence o f the zeros of
f ( z ) .  (About these notions, se e  f o r  exam p le [1 7 ]  p .  1 6 -2 5 .) . In the
following, we shall u se  these notions only fo r  entire functions.

For the factorization theory o f  entire functions, the following P6lya's
lem m a w ill be crucial.

L em m a 1 (P6ly a [ 2 7 ] )  Suppose f ( z ) , g (z )  and h(z ) are non-constant
entire functions such that f (z ) , g ( h ( z ) ) .  I f  h ( 0 )  =0 , then there exists
a constant c  w ith 0 <c <1  such that

M (cM (r/2 , h ), g ) .- M ( r ,  f )  ( r r o ).*)

(H ere the condition h(0) = 0  is  n o t e ssen tia l w h ich  m ean s  th a t i f  we
add  th e  co n d itio n  r ro ,  then  the cond ition  h(0) = 0  can  be rem oved .
Note that th e  inequality M (r, f ) M (M (r, h ) ,  g )  is  c learly  valid.)

L et F ( z )  b e  a  transcendental entire function  o f fin ite order (fin ite
low er order) and assum e th a t  F ( z )  c a n  b e  w r it te n  a s  F(z )=f (g (z ) )
with transcendental entire functions f  and g , then  from  L em m a 1, we
can conclude (a s  P6lya showed) that th e  order p ( f )  = 0  and p(g) p(F)
(the lower order p ( f )  = 0  and p ( g ) _ p ( F ) , resp.).

A b o u t th e  re la t io n  betw een  M ( r ,  f )  a n d  T ( r ,  f )  f o r  a n  entire
function f ( z ) ,  the following lemma is fundamental.

L e m m a  2  (c f .  [1 7 ]  p . 1 8 )  Let f ( z )  be entire, then we have

T (r, M (r, T ( 2 r ,  f )  ( r _ r o ).

L e m m a  3  (c f .  [21])
 I f

 f (z) .L ( b )  ( b # 0 )  and f  is non-linear, then
we have log  M (r, f ) T ( r,  f ) .1 z „r( r.r o )  f o r  some constant k 5 > 0 ,  hence
p ( f )

* )  In the case where some assertion (* ) is valid fo r  sufficiently large values of r, we write
simply that (* ) is valid fo r  r_ro ( r o is not same in  all cases).
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For completeness, we prove Lemma 3. Let f(z ) =  H ,(z ) z  •  exp [H, (z)].
Assume that I I , ( z )  is  n o t co n stan t. T h e n  t h e  function f ( z + b )  _ f ( z )

b. e x p [H ,(z )]  satisfies log  M (r ,  f (z + b )— f (z ) ) . -k o r ( r _ r o ) ,  a s  is easily
seen by Lem m a 1. H ence w e can  conclude l o g  M (r, ( r _ r o ) .
Next assume that I I ,  i s  constant and w rite  f(z )= -H (z )-1 -cz  w ith  H (z +
b )= H (z ) .  It w ill b e  su ffic ien t to  p ro ve  th a t log M (r , H ) ( r r o )
fo r some k , > 0 .  A s w e can  assum e w ithout loss o f  gen era lity  th a t the
value 0  is  taken  b y  I I ( z ) ,  w e have n (r , 0, ( 2 k , / l o g  2 )  •r  (r -2-- r0 )  for
some ko  w hence w e obtain

rN (r, 0, H) r  n ( t ,  0 ,  H) 
/2 (log 2) • n(r /2, 0, H )  k o r ro ).t

Since log M (r ,  H ) .T (r ,  H )  _ _ N (r ,  0 , H ),  w e have the conclusion.
W e note also the following well-known fact.

Lemma 4  L e t H (z )= h (e s ) be a non-constant entire function w hich is
periodic  w ith  period 27ri (h (z) is  holomorphic in  0 < lz1 < oo  a n d  h a s  the

Laurent expansion E a , e ) .  I f  H (z )  i s  o f  e x p o n e n t ia l  ty p e  ( o rd e r 1

and m ean t y p e  M (r ,  H )= 0  (exp  [K r ] ) ,  a s  r — ›o o ,  fo r  som e constant
K ) ,  th en  the num ber of coefficients a, w h ic h  are not z ero is f inite .

The proof o f  th is lem m a can  be done, using L em m a 1, a s  follows.
S ince H(z) = h (e )=h ,(e .)-1 -h ,(e - s ) ,  w h ere  hi (z )= akzk a n d  h2 (z ) =

a_,zh, it is enough  to  p rove that h ,  a n d  h ,  a r e  both polynomials,
under the hypothesis that H (z )= h (e s ) is o f  exponential t y p e .  B u t  if
h(es) i s  of exponential type, then  h,(es) and h 2 (e ) a r e  b o th  so. I n
f a c t , n o tin g  M (r, h i (e ))= m a x {  I h , (e . ) I ;  I z l , r ,  —7r/2 .. arg z_<7r/2} +0
(1) (r ro ) ,  W e have M (r , h, (es)) - M (r, , H )  0  (1). H ence hi (es) must
be exponential t y p e .  Then by Lem m a 1,

M (ce -h, h i ) = M [cM (r/ 2 , es), h,(es))_eiCr(r ro)

f o r  some positive constants c  (0 < c<  1 ) an d  K .  H en ce  w e  h a v e  M (r,
h,) (r _._r ())  fo r some positive in teger N , w h ich  m ean s th at h l  i s  a
po lynom ial. S im ilarly h , is  a  po lynom ia l. T hus w e have done.

§ 2. Two Fundamental Theorems

W e  sh a ll p ro v e  h e re  th e  fo llow ing tw o theorem s concern ing the
factors for functions in  f ( b )  a n d  L (b). T h ese  a re  used subsequently
a s  key lemmas.

Theorem 1  L e t F (z ) E L (b) (b 0 )  a n d  F (z )= A g (z ) )  w ith  non-
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linear entire f unctions f  and g, then w e hav e
and g (z ) EJ(b).

Theorem 2  Let F  ( z )  J( b )  ( b 0 )  a n d  F  ( z )  , f ( g  ( z ) )  w ith  n o n -
linear entire f unctions f  an d  g , then  w e  hav e  f ( z )  j ( b ')  f o r  s o m e  b'
0  and g (z) j ( b ) .

These striking theorems were proved fo r  th e  firs t t im e  b y  Koont
[2 1 ], except the conclusion f ( z ) E L ( b ')  in  Theorem 1. B u t his proof
seem s com plicated. Here we w ish to prove these theorem s by the
simpler argum ent, which is due to Gross [ 1 4 ] .  (A bout th is argument,
also c f .  Baker-Gross [6].) Formerly i n  [ 3 3 ] ,  t h e  author used this
argum ent and obtained a  result concerning a  problem o f  Gross on the
periodicity o f  entire functions (c f. §5).

In  th e  following, we shall u se  symbols H , H  ( j  :  a  natural number)
fo r periodic entire functions with some periods.

Proof  o f T heorem  1. Let F (z ) H,(z ) + z  • exp [H ,(z )] =f (g (z ) ) , where
entire functions H , an d  e x p ( H ,)  a re  periodic with period b # 0 ,  f  and
g  a re  non-linear entire functions. Then we have

( 1 ) f(g (z + nb)) —  f(g (z)) = nb • ell"  (n : any integer).

From this relation, one sees that t h e  functions [g (z  +nb) — g ( z ) ]  can-
not vanish i f  n  is a non-zero  integer. Hence we obtain

( 2 ) g (z + b) — g (z) e 0 ( .)  and g (z +2b) — g (z) = e

fo r some entire functions p ( z )  and  q (z). From (2 ) , we deduce

(3 ) egr+b) + e ' = e fo r all z.

Hence we have that p ( z  b )  — p (z )=c o n s t .  =c , by Picard's theorem .
( In  fa c t , o n  a c c o u t  o f  th e  re la t io n  ( 3 )  e x p  [p ( z +b ) — p ( z ) ] cannot
assum e three values 0 , — 1 an d  co.) Thus we obtain

(4 )p  ( z )  =  3 (z ) + -b -c  • z  =c,z +113 (z ),

where 113 (z + b) = H3 ( z )  and  ci = c / b. B y (2 ) and (4 ), w e have

( 5 ) g (z +b) — g (z) = " 1 3(..).

Ta king an  entire function h ( z )  satisfying [ (exp (c,b) ) h (z b) —  h (z )]
=1 , we have that g  has th e  fo rm ; g(z) =114 (z) + h (z) exp[c i z +113 (z )],
with H 4 ( z +b )=H 4 (z). I f  exp[c 1b ] # 1 ,  w e  m a y  ta k e  h(z ) = const.= c„
with c ,= 1 /(ex p [c 1b] — 1). I f  e x p [ 4 ] = 1 ,  w e m ay take h(z ) =az , with

f ( Z )  L  (b') fo r  som e b'
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a = 1 / b .  H ence w e m ay w rite

( 6 ) g (z) = 114 (z) + e ' ' 1 ' , i f  eclb* 1 ,  or

( 7 ) g(z) = I -14 (z) +z•ec1= -1-H3(.),

W e can  ru le  ou t the possib ility  ( 6 )  a s  follows. W e  m a y  assume
that th e  n - th  power of exp[c,b] i s  n o t  e q u a l  to  1 f o r  a n y  non-zero
in teger n ,  since otherw ise g (z) b eco m es  p e r io d ic  (w ith  p e r io d  nb) ,
w hich m eans that F (z )  =f (g (z ))  is  p erio d ic , co n trary  to  t h e  non-per-
iodicity of F ( z ) .  Since g (z  nb) = g (z )  (exp[nc,b] — 1)exp[c 1z+ 1/3 (z )],
w e have from  (1)

( 8 ) f  ( g  ( z )  (exp[nc,b] — 1) e 1 13 )) =- f (g (z)) nb • ell2(.0

fo r an y  in teger n .  I f  exp (c,b) = 1 , then  the le f t  h a n d  s id e  o f  ( 8 )  is
bounded fo r a ll n .  I f  exp(c,b) >1 (< 1 ) , it  is  b o u n d ed  w h en  n  moves
negative  (positive re sp .)  in tegers, w hile th e  r ig h t  h a n d  s id e  o f  ( 8 )  is
unbounded with respect to  n .  T his contrad iction  show s that the case
(6 )  does not occur.

Consider th e  c a se  ( 7 ) .  W e prove that c,z+113 ( z )  m ust b e  constant.
Since g(z ± nb)=g  (z ) +nb•exp[c,z+11 3 (z ) ] , from  (1 )  w e have

( 9 ) f (g (z) nb • ex p[c i z  H,(z )]) = f (g (z )) nb • e.H2(.)

W hen z  moves some com pact set K „ th e  v a lu e  ta k e n  b y  th e  function
H,(z ) = exp[c  ,z  H , ( z ) ] m o ves so m e co m p act set K ,  w hose in terio r
covers th e  fu ll un it c ir c le  ( s a y ) .  T h is  is  e v id e n t . I n  f a c t , fo r  o p e n
d isks D =  z  <m l (m  = 1, 2 ,  . . . ) ,  then  th e  u n io n  o f  th e  se ts  115 (D„,)
( m 1 )  covers th e  u n it c ir c le  ( a  c o m p a c t  s e t )  b y  P ica rd 's  th eo rem ,
and  1/5 (D„,) is  open b y  th e  f a c t  th a t  t h e  holom orphic fu n c tio n  is  an
open m apping, hence there exists a positive integer m  such that 1-15 (D„,)
covers th e  u n it c ir c le . T h e n  K , m ay b e  tak en  a s  t h e  c lo su re  of D .
Note th a t  th e  c o m p a c t se t  K 2 = H ,(K i ) h a s  a  p o s itiv e  d is tan ce  from
the o rig in , since 115 ( z )  does not vanish.

From  th is fact a n d  (9 ) , w e  o b ta in  f o r  som e p o sitiv e  co n stan ts  A
and  B,

(10) M (An, f ) +0  (1 )  ,  ( n  n 0 ).

T o prove th is inequality , w e m ust v e r if y  th a t , le t t in g  K 3 (n )=  (g (z)
nbH,(z )) (K 1 ) th e  im a g e -se t  o f  K ,  b y  t h e  fu n c tio n  g (z) n b  •  H 5 (z) ,
th e  complement of K ,(n )  has a  relatively compact connected component
including th e  orig in  fo r each n n,. For th is purpose, w e m ay assume
(choosing a  su itab le c irc le near th e  u n it c ir c le  i f  n e c e s s a ry )  th a t  for
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an y  z  w ith  z  = 1 , th e re  ex is ts  an open d isk  U. w ith  c e n te r  a t  z  su c h
that some connected component of 1/5

- '( 3 U :)  i s  a  s im p le  closed curve
in  K 1 . T ake a  f in ite  open covering o f  th e  u n it  c irc le  b y  su c h  d isk s
U , then noting that g  ( z )  is bounded (w , r .  t .  n )  on K , and  that nb • H,
(z) becom es large  fo r la rge  n , w e  c an  co n c lu d e  th a t t h e  complement
o f  K 3 ( n )  h a s  a  re la tiv e ly  com pact com ponent inclun ing the o rig in .
Then th e  inequality  (10) fo llow s from  (9) by a sim ple estim ate, noting
the maximum modulus principle.

F rom  (10), w e h av e  lim  in f ,_ (lo g  M  (r, f)/ lo g  r) 1. By Liouville's
theorem, we conclude that f ( z )  is  a  lin e a r  polynomial, w h ich  is  co n t-
rary  to  hypo thesis . T hus w e have p ro v ed  th a t c,z  +113 ( z )  is constant.
H ence by (7) w e obtain

(11) g (z) = H, (z)-Fc;z, for some c2 0,

th a t is , g (z) E J (b ) .  F u rth e r  w e  sh a ll p ro v e  f ( z )  E L  ( b ')  f o r  som e b'
# 0 .

Since g (z +n b )  =g (z )-Fn b c „ th e  re la tio n  (1 ) becom es f (g(z ) -Fnbc,)
— f(g (z )) nb • exp (112 ( z ) ) .  Because g  ( z )  takes every values*), w e can
conclude from  th e  ab o v e  re la tion  th a t  the functions (f (z -Fbc 2) — f(z ))
a n d  (f (z  +2bc 2) —  f  (z )) h a v e  n o  zeros. R e p e a t in g  th e  a rg u m e n t  at
the beginn ing o f  th is  p ro o f  ( c f .  ( 2 ) ,  ( 3 ) ,  ( 4 ) ,  ( 5 ) ) ,  w e  o b ta in  th a t
f ( z )  can  be w ritten  as

( 6') f (z ) =11 6 (z) + e " ' " ,  if e0"2# 1 or

( 7') f (z ) 116 (z ) z. e 3.+H7(r), i f  e 03b2 = 1,

where H ,  is  en tire  w ith  H ,(z +b c ,)  =H ,(z )  ( j = 6 ,  7 ) .  In  th e  case  (6 ') ,
the relation F (z  nb) —  F (z ) = nb • exp (H2 ( z ) )  reduces to

(e-3 1-2 — 1) • e33. (.)+H7(2(.)) = nb • elf2(.) (n : any integer)

w h ic h  is  c le a r ly  im p o ss ib le . H en ce  o n ly  t h e  c a s e  ( 7 ')  i s  possible.
T hus w e have proved f (z )  E L  (b') w ith  b' = bc2 # 0 ,  which completes the
proof o f Theorem 1.

Proof o f  Theorem 2. L et F (z ) = H  (z ) cz  = f  (g  (z ))  w ith  non-linear

* )  In fact, if g(z) = c' has no roots for some c', then by (11), we have c2z-1-1-14(z)—c'=exp
[a (z )) fo r  some entire function a (z ) .  By the upper conclusion (note J (b) EL  (b )),  a (z )
e .  (b )  so that a' (z )  is periodic with period b. Since also the derivative of expCa(z)) has
period b, we deduce that expCa(z)) itself has period b, w h ich  is  impossible. Thus g(z)
takes every values. Further we can prove that there exists no identical relation such as
z +  H (z )  h(z)expCa(z)), where H , h  and a are entire with H (z  b ) =  H (z ) and p (h )< l  (cf.
proof o f Theorem 7),
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entire functions f  and  g. Since F  E J(b )  and  J( b ) c L ( b ) ,  by Theorem
1 w e have g e  f ( b ) .  Now g ( z )  c a n  b e  w r itte n  a s  i n  (11). I n  this
case, g' (z) = H,' (z) + c 2 is  p e r io d ic  w ith  p e r io d  b. A s  F ' (z) = f  (g (z))
g' (z) = H' (z) + c  is  a lso  p erio d ic  w ith  p erio d  b , I '  (g (z)) m u s t  b e  so,
th a t is , f ' (g (z + b)) = f ' (g (z)) . S in c e  g (z  + b) = g (z) + c,b, w e  obtain
f  ' (z +c ,b ) =f ' (z ) , w h e n c e  w e  h a v e  th a t  f  (z+c,b) — f(z) = const. =c'.
H e re  c '# 0 ,  otherw ise F  ( z )  b e c o m e s  p e r io d ic , w h ic h  is  impossible.
Therefore we obtain

(12) f (z )—   c
c

 b'  z + 1 1 8 (z ),

w here 118 (z + c,b) = Hs ( z ) .  Thus f ( z )  E J( b ')  w ith  b ' =c ,b  O.

Corollary 1  L e t F (z ) =H (z ) +cz  be a  non-linear entire function in
.1 (b )  (b  C ))  which is of finite lower order, then F  ( z )  i s  prim e. (cf.
Lemma 11'.)

T h is  follows directly from  Theorem  2 , Lem m as 1 a n d  3 ,  s in ce  the
non-linear left an d  righ t factors of F (z ) a r e  both  necessarily  transce-
ndental a n d  further the lower order o f  t h e  le f t - f a c to r  is  p o s itiv e  so
that, i f  F  is not prim e, th en  F ( z )  cannot be of fin ite lower order.

Further w e have

Corollary 2 I f  F (z ) = H(z) + ze'E L (b)  ( b 0 ) ,  t h e n  F (z )  is prim e.

In  fact, using T heorem  1 , i f  F =f (g )  and f  is  n o n -lin ea r , th en  w e
have that g ( z )  m ust b e  lin e a r  (c f. proof o f Theorem 4, (20)).

Corollary 3  L e t F (z ) = z ell() L (b)  ( b 0 ) ,  t h e n  F (z )  is prim e.

In fact, let  F=- f (g )  w ith non-linear entire functions f  and  g. Then
w e m ay w rite f(z) = zeP(.> and g(z) = ze.7(.) = cz+ H,(z), where p (z) , q(z)
and  I-11 ( z )  are non-constan t e n t ire  fu n c t io n s  su c h  th a t  111 (z +b) = H 1

( z )  .  T h e  re la t io n  g (z +b) — g(z) =- cb b eco m es (z +b)e(.+ 0 —zeq(.) = cb.
T h is  w i l l  b e  c le a r ly  im p o ss ib le . B ecause, i f  exp[q(z+b) — q ( z ) ] 1,
the left h and  side of th is  relation has zeros, a n d  if  exp[q(z+b) — q(z)]
= 1 , then th e  le f t  h a n d  s id e  b e c o m e s  beq(.), w h ic h  i s  non-constant.
(also c f .  L em m a 9).

Corollary 4 L e t F  ( z )  b e  a  non-linear function i n  L ( b )  ( b  ( ) )
which does not belong to j ( b ) .  Then no  entire function f ( z )  can satisfy
th e  identical relation f  (f  (z)) = F (z).

P ro o f. Assume that a n  entire function f ( z )  does satisfy the identity
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f ( f ( z ) ) = F ( z ) .  B y T heorem  1 , f(z) m ust belong to  bo th  c lasses L (b')
and  J( b )  fo r  some b' ( # 0 ) .  H ence f (z ) =cz + H i (z ) =112 (z) + z• exp[H 2

( z ) ]  fo r a ll z , w h ere  H , has period b , H , and exp(113 )  h a v e  p e r io d  b'.
C onsidering  t h e  fu n ctio n  f ' (z+b')— f ' (z ) = b'11 2 ' (z) • exp[H2 ( z ) ] ,  this
entire function has periods b  and  b'. U sin g  th is  fac t a n d  noting that
non-constant en tire  functions cannot be doub ly period ic , anyw ay, w e
can  co n c lu d e  th a t 113 ( z )=c o n s t .  =c , (say). T h e n  w e  have f ( f  ( z ) )
=e ic z +e il l ,( z )  +H ,( c z +H ,( z ) ) .  A s  b '= c b  (c f . proof o f Theorem 1),

f ( f ( z ) )  now belongs to J( b ) ,  contrary to hypothesis.

C oro lla ry  5  L e t  F ( z ) G L ( b )  ( b # 0 )  a n d  F = f , o . . .  o f , ( n _ 2 )  be
a non-trivial f actoriz ation of F ( f , :  non-linear) in to  en tire  _ f actors. T hen
w e have f I E L (b ,)  and f ,E.7(1) 1 )  for appropriate values b ,  a n d  b,(2_j_<
n )  w ith  b „=b .  I f  F(z ) j ( b ) ,  then for w e  have A E J ( k )  w ith
b„= b. (The  b's are not zero.)

Corollary 6 Let F ( z ) E L ( b )  ( b 4 0 )  and F = 1 ,0  . . .  . 1 ,  b e  a  non-
triv ial f actoriz ation of F  in to  e n t ire  fa ctors . If fo r e v e ry  s>0 , M (r, F)
<e„,,(er) holds for a  sequence o f r's g o in g  to  in f in ity , th en  w e  have
— 1 . H ere  e„,(z) =exp[e„,_,(z)] and e , ( z ) = e . ( m .2 ) .  (Note t h a t  J ( b ) c
L (b).)

C oro llary 5  fo llow s from  T heorem s 1  and 2 . Corollary 6 follows
from Corollary 5, combined with Lemmas 1 and 3.

Note that e  an d  co s  z  (w hich a re  both o f p seu d o -p rim e) h ave  an
infinite num ber o f non-equivalent factorizations. (A lso c f . [2 1 ] , [2 6 ] .)

§ 3. Uniqueness o f Factorization

3. 1 . J . F . R it t  [2 8 ] settled the factorization problem by composition
fo r  polynomials, in  w h ich  c a se , rough ly speak ing , t h e  factorization is
unique un less it in c ludes fac to rs su ch  a s  t h e  fo llow ing th ree cases ;
f ,(g ,(z ))=f ,(g 2 ( z ) ) , where

(A) f l (z )= z-, ( z )  = z .  and f 2 (z) = z., g 2 (z)

(B) (z) = z rn[h(z )]., g i (z )= z - and f ,( z )=z - , g 2 (z) = z-h(zn),

(C) (z) = P„, (z ), g ,(z )=P„(z ) and f ,(z )=-P„(z ), g 2 ( z )=P .(z ) ,

w here m  and  n  are  positive  integers, h ( z )  i s  a  p o lyn o m ia l an d  P„(z)
is  th e  n -th  cosine polynomial (degree n ) defined  by cos nz=P„(cos z).
H ere it w ill be notew orthy that in  c a s e s  (A )  a n d  (C ) , f ,  a n d  g ,  are
permutable : f , ( g , ( z ) ) =g ,( f , ( z ) ) .  (For the perm utability, we shall refer



Uniqueness of the factorization under composition 105

to  J a c o b s th a l  [ 1 8 ]  i n  c a s e  o f  po lynom ials, J u l i a  [ 2 0 ]  f o r  rational
functions, an d  B aker [ 2 ] ,  [ 3 ] ,  [ 4 ]  and  Y a n g -U ra b e  [3 6 ]  in  th e  case of
transcendental entire functions.) T h e  c a s e  ( B )  o ffers  exam p les of
transcendental entire functions w hose factorizations a r e  n o t  unique.
For instance, if w e  take  F (z) =zP•exp(zP) w ith  a p rim e number P ( _ 2 ) ,
then F (z ) has two non-equivalent factorizations (a s  n o ted  b y  Ozawa)

F (z) = z P  (ze.o) = (ze.)  o z ,

w here e ,  z •ex p [zP /p ] an d  z e . a re  a ll p r im e , a s  is k n o w n  a n d  easily
proved.

H ow ever, w e can  prove (easily) that F (z) = zPeP. = zP (ze.) is  un iqu -
e ly  fac torizable  if  p  is  a  p rim e n um b er a n d  fu r th e r  F (z) = P (z)eP(.) =
(z e .)  0  (z )  is  so  i f  P  ( z )  i s  a  non -lin ear polynom ial w h ic h  is  prime
an d  has at least one sim ple zero or tw o  zero s w ith  c o p r im e  multiplici-
ties.

W hen both fac to rs  a re  transcendental, t h e  en tire  fu n c tio n  F (z) =
(ze.) 0 (ze.) m ay b e  th e  sim plest exam ple which is uniquely factorizable.
W e can  generalize th is exam ple, fo r  in stance, to  th e  fu n c tio n  (zeP(.))
(zeQ(.)), w here P  a n d  Q  a r e  som e non-constant po lynom ials. A lso , let
F ( z ) =  (z e .) (h  (z )e .), where h  (z ) is  a non-constant e n t ire  fu n c t io n  of
order less than  1 (p (h) <1) w ith  at least one simple zero, then F  ( z )  is
un iquely  fa c to r iz a b le . W e w ish  to  p u t  h e r e  a n  o u tlin e  o f  t h e  proof
of th is  last assertion . L et

F (z) = (ze.) 0 (h (z) e.) = f(g (z))

w ith non-linear entire functions f  a n d  g .  T hen  by Borel-Nevanlinna's
theorem  (c f . [2 3 ]  p .7 2 )  an d  th e  fac t th at h (z ) h as a t least one simple
zero, f  (z ) must be transcendental. Further, noting E d re i-F u ch 's  theorem
(Lemma 8 ) , w e have o n ly  to  co n sid er t h e  fo llo w in g  th re e  c a se s : (i)

f  (z ) = h,(z )eP), w here h 1 (n o n -lin e a r)  and p ( z )  ( #  c o n s t . )  a r e  entire
functions with  p (h 1 ) =- 0 , an d  g ( z )  i s  a  transcendental entire function
w ith  p (g) <1. ( i i )  f  (z) z e o ( . )  a n d  g (z ) = h (z )e“.) with non-constant
entire functions p  and q. ( iii)  f(z) =- 12,(z) eP(.) and g  (z ) is  a polynomial
w ith  deg g 2 ,  w here h , and  p  are non-constan t entire functions w ith
p(h 1) < 1 / ( d e g  g )  an d  hence p  (h ,(g )) <1  (cf. [3 4 ]  Lemma 6).

In  case  ( i ) ,  from  F = f ( g ) ,  w e o b ta in  eq u a tio n s  h,(g (z)) h (z) ed(=>
and p(g (z ))=z  —  d  (z ) h  (z )e , w here d  (z )  i s  a n  en tire  function  w ith
p ( d ) < l  (Lem m a 1). Then applying G oldstein 's theorem  (Lem m a 10),
it follows that p ( z )  m ust b e  a  po lynom ial. B ut th en  w e  h a v e  p(g) = 1,
w h ich  is a  co n trad ic tio n . In  case  ( i i ) ,  w e h a v e  a  functional equation
q (z ) F p (h (z )e“.)) = z  h (z ) e.. From this relation, noting q  (z ) m u s t  be
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lin ear, w e  o b ta in  eq u iva len t fac to riza tio n s. I n  c a s e  ( i i i ) ,  w e  have
equations h,(g (z )) = h (z ) and p(g(z)) = z  - h (z) e. , whence we can derive
a contradiction as a b o v e . H e n c e  it  is  s e e n  th a t  F (z )=  (ze.) 0 (h (z) e.)
is  un iquely  facto rizab le . T hus th e  im possib ility  o f  c e r ta in  functional
equations w ill be usefu l in  the subsequent studies.

3. 2. Main Theorems

Theorem 3  Let F (z ) = (z  + h (e.)) (z  +Q(e.)) , w here h  (z )  is a  non-
constan t en tire  f unc tion  w ith  the order p (h (e .))<o o  and Q (z ) is a  non-
constant polynomial. T h en  F (z ) is uniquely  factorizable.

Rem ark. I f  h  is  e n t ir e , th e n  p (h (e )) < c o  i f  h (z) Ye ( c f .  [3 6 ]
Lemmas 1, 2).

Theorem 4  L e t  F (z ) = (H (z) + z • exp [z + h  (e .) ])  ( z  P  (e .) )  ,  where
H (z )  and h (z )  are e n tire  f u n c tio n s  w ith  H(z  +27ci) =H(z ) and p(h(e.))
<o o , and P (z ) is a non-constant polynomial. Assume t h a t  th e  function
H(z ) + z •ex p [z + h (e .) ] is  prime, th en  F (z ) is  un ique ly  factorizable.

Corollary 7  L e t  F (z) = (H (z) + ze.) 0 (z  + h (e.)) 0 (z  - P (e.)) , where
H , h and P  are as in T heorem  4. T h e n  F  ( z )  is  u n iq u e ly  factorizable.

Theorem 5  Let F (z) = (H,(z) + ze.) 0 (z  - H2 (z )) , w here entire functions
H i (j = 1 , 2 )  hav e period  b r i .  Assume t h a t  z+112 ( z )  is  prime, then F (z)
is  un ique ly  factorizable.

Corollary 8  Let F (z ) = (H(z ) + z e.). (z  + e (z )), w here  H  is e n t i re
w ith  H (z +27ri) =- H(z) and e „,(z) = -exp [e„ ,,(z )], e0 (z ) = z  (m  1) . Then
F (z ) is uniquely  factorizable.

Theorem 6  L e t  F (z ) = (H, (z )+ ze . (z )) (z  + H 2 (Z) ), w h e re  e n tire
f unctions H ,(j = 1 , 2 )  have period b ri w ith  p (H 2 ) < o o , and e „,(z) i s  as in
Corollary  8 ( m . 1 ) .  T h e n  F (z ) is uniquely  factorizable.

Theorem 7  Let F (z) = (z  -FH,(z))&12(.), w here entire functions H, and
eH2 hav e period b ri w ith  p(1/1 ) < c o .  T h e n  F (z ) is uniquely  factorizable.

Rem ark. W e shall show that, i f  H 2 (z ) =113 (z  + H ,(z )) h as an entire
solution H3 (z ) , th en  F  ( z )  is  u n iq u e ly  fac to r iz ed  as  F (z )=  (z •exp [H ,
(z ) ] ) . ( z + H ,(z ) ) ,  otherw ise F (z )  i s  p r im e .  (N o te  C o ro llaries 1  and
3.)

3 .  3 .  For the proof o f  Theorem  3, we use the following Lemmas 5
and 6.
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Lemma 5  Let F(z ) = ( z + 1 / ,( z ) ) .( z + H 2 ( z ) ) ,  where H ,  a n d  112 ( *
const.) are entire, periodic with period 2 r i such that th e  order o f  H ,  is
finite and H 2 ( z )  is o f  exponential type. I f  F ( z ) = f ( g ( z ) )  w ith non-
linear entire functions, then g ( z )  must be of exponential type.

Lemma 6  Let p (z )  and q (z )  be holomorphic in  0 <  I z I <00, and let
G (z )  be entire. Assume that the relation

(13) p ( z )  q(zeg.)) =G(z )

holds fo r a ll z 0. T h e n  b o th  p (z )  and q ( z )  must be entire functions.

Proof of Lemma 5. S in ce  F(z )E .1(27ri), b y  T h eo rem  2  w e  have
f ( z ) E J( b )  fo r  some b # 0  and g (z) E J (27ri) . Now we have

(14) log M (r, F) _<log M aM (r, z -FH 2 (z )) , z d -H ,(z )])
[M  (r, z  11 2 (z ))]k (r.ro )

fo r some positive integers m  and k , since p (H ,)  is fin ite and H 2 i s  of
exponential ty p e . Further, noting that M ( r,  f ) _ e 'r( r_ r (,) with some
positive constant ô  (Lem m a 3 ) , w e have, using Lemma 1,

(15) log M (r, f (g ))_ lo g  M [c M (r/2 , g ), f ].6  c M ( r/ 2 ,  g )  ( r_ r o ).

Since F =f ( g ) ,  w e have from  (14) and (15) th a t M ( r, g) _< exp
(2mkr) ro ) , w hich , com bined  w ith  Lem m a 3 ,  im p lies th at g  is
exponential type.

Proof of Lemma 6. Assume that P(z ) = a k e  and a 0 for some
k  w ith  1- k < 0 0 , then can choose {z), z ,— ›0(j— oo) such that

(16) I z„• exp(p (z,) )1= 1, (j= 1, 2, .. .).

Indeed, write p(z ) = p,(z) ± p 2 ( 1 / z ) ,  w here p , ( z )  consists o f  terms
o f  non-negative powers and p 2 ( 1 / z )  consists o f  te rm s o f  negative
pow ers. I f  (1 6 ) is  n o t v a lid  fo r  any {z} , then  I z •e x p (p (z ))1 > 1  (or
< 1 )  in  some neibourhood of z = 0 . S in c e  p ,( z )  is bounded near z=0,
from  above inequality w e h ave  exp[—p 2 ( 1 / z ) ] 1 < k iz  I  (o r  exp(p 2 (1/
z)) I <A / iz  I) in  some neibourhood of z= 0  f o r  some positive constant
A .  This means that I exp ( - p 2 (z )) <1/A  I z j (o r  I exp(p 2 (z )) I < A lz  )
fo r sufficiently large values o f I z F ro m  th is  w e  have t h a t  exp( -p ,
(z ))  is constant, = 0, o r  exp(p 2 ( z ) )  is a t  m o s t  a  linear polynomial.
This contradicts to hypothesis. Hence (16) must be satisfied fo r  some
(z}, z,---›0 as j---›00.

Let's take z= -z , satisfying (16) a s  z  in  (13). S in c e  z „  tends to
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zero as j--->oo a n d  I z i •exp(p(z .,))1 =1 ( J =  1 , 2 , ...), we conclude that
p (z )1  R e  p(z 1 )---->co(j—>00), w hence w e deduce that t h e  left hand
side o f  (13) tends to  oo as j - -c o . While the right hand side o f  (13)
remains bounded. T h is  is im possib le . Hence we have proved that a - k

=0 fo r any positive integer k , which shows that p (z )  is entire.
From (13), it is clear that t h e  origin  cannot be a  p o le  o f  q(z).

Further th e origin cannot be an  essential singular point of q(z), which
follows from a  theorem of W eierstrass, since z e g .)  ( z * 0 )  cover some
punctured neibourhood o f  o r ig in  b y  Rouche's theorem . Thus q(z)
m ust be also an  entire function.

Proof of Theorem 3. L e t  F  =f ( g )  with non-linear entire functions
f  and g .  Since F(z ) J(27ri), by Theorem  2  (c f . (11) a n d  (1 2 )) we
have f (z ) =cz  / (27ric,) + H,(z) and g (z) = e 2 z  H  2 ( z ) ,  where H i (z +27ric,)
= 11,(z ), 11 2 (z  +270 =112 ( x ) ,  c  a n d  c2 a r e  som e non-zero constants.
From F = f (g), we have c = 2 7 i .  H e n c e  w e  h a v e  f ( z )  z / c 2 + H,(z ) =
z / c2 + 112 (z / c2 ) a n d  g (z) = c 2 (z ( z ) )  ,  where H 3 (z  +270 = 113 ( z )  and
114 (z) -=1/c,• H, (z) . Thus• we may assume that

f (z ) = z + H , (z ) and g (z) = z + H2 (z) ,

where H i (z +270  = H i (z) ( 1 = 1 ,  2 ) .  Now we can write that f (z )  = z +
p ( e )  and g ( z ) =z +q ( e 0 , where p ( z )  a n d  q (z )  a r e  som e holomorphic
functions in  0< I z I < 0 0 . By Lemma 5 , g (z ) m u st b e  o f  exponential
type, whence by Lemma 4  w e m ay  w rite  q (z) = .  a ,e ,  f o r  some
constants c c ,(— m k _ m )  an d  some p o sitiv e  in teger m .  I n  t h e  rela-
tion F =f ( g ) ,  cancelling z  and  then putting w =e., we obtain the relation
q (w) + p (w • exp[q (w)]) = Q (w) + h (w • exp[Q  (w )]) , (w k 0 ). By Lemma
6, q (z ) is a polynomial and p ( z )  is  a n  entire function. Here p  and q
are non-constant, since otherwise f  o r  g  becom es linear. The above
identical relation now can be written as

(17) p (zew) = Q (z) — q (z) + h (zeQ(.)) , (z #0) .

One finds that deg q = deg Q and the arguments of the leading coefficients
o f  q  an d  Q a re  equal. In  fa c t , if  deg q#deg Q , o r deg q-=deg Q and
the argum ents of the leading coefficients of q and  Q are  not equal, then
w e can  choose a  suitable rad ia l straight line L  on which exp [q (z)]
tends to zero  while exp [Q (z )] tends to  co  a s  z--->oo. W e sha ll show
that this state o f  affairs leads u s  t o  a  co n trad ic t io n . Since p(h) =0,
there exists a  sequence { r„}, r„>0 and r„-->00 as n--->oo such that m(r., h )

h)' - . ,  where m  (r, h )  is the m in im um  modulus of h  (z ) for I z I

*) Boas R. P . :  Entire functions (Academic Press, 1954), p. 51.
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=r*), and since h  (z ) is not constant, M (r, h) (r ro), hence we have

(18) m (r „, h)

here we take e a s  0 < e < 1 / 4 .  Letting L : z  = te °  ( t>0 ) , t h e  equation
r„=  z• exp[Q (z)] j has a solution z=z„, — to e "  say, n o ) .  In this case
we may assum e that r„ e x p  (5 t„) (n- n o )  fo r  some p o sitive  co n stan t o
so that we obtain from ( 1 8 )  h (z „ • exp[Q (z„)]) e x p  ( a t o /2) = exp (6 I z „I /
2 ), while we have that I p (z o •ex p [q (z n )])  I + 1  (z>,) I + j q ( z )  I I  z„ (n
> no)  fo r some constant K > 0  (noting zeq(0  -40 a s  z--› co  o n  L) . These
inequalities a n d  (17) mean that exp(O I z o 1/2) I z „11 (n._ n o ) , which is
clearly impossible.

Then again by (1 7 ) , w e ob ta in  th a t Q (z) — q (z) (po lynom ia l) is
bounded on  some rad ia l straight l i n e ,  h en ce  Q (z) — q (z) =- const.= —d
( s a y ) .  Then we have that q (z )  Q  (z )  +d  a n d  fro m  ( 1 7 ) ,  p (z) = h (e - d
z) —  d . Thus f(z ) =z+p(e.) = z —  d + h (e. - d) a n d  g (z) = z + q (e.) = z + Q
(e s )  +d . Taking T (z )  =z +d , we obtain that

f(z) =  (z+  h (ed)) 0 T - ' (z ) and g  (z ) = (z ). (z  + Q (e)

which shows that two factorizations f  (g (z )) = (z  + h (e.)) (z  + Q (e .)) are
equivalent, which is to be proved.

3. 4. Proof o f Theorem 4. Let F_ — f (g )  with non-linear entire
functions f  and g. Since FG L  (27ri), by Theorem 1 we can write

(19) f(z) = H,(z) + zeK(.) and g (z) = z + H 2 ( z ) ,

where non-constant entire functions H ,( j= 1 ,  2 )  an d  eK(.) h a v e  period
2ri. Then

f(g (z)) =- 11,(z + 112 (z)) + 112 (z) • eK(. H 2 ( z ) )  z .  e K  + 1 1 2 ( 2 ) )

= 11(z + P (ez)) + P (es)e(.+“,.» (a+  P(ex» + ° ( x i - P ( 0 ) ) .

Considering the function F (z+ 2 z i)  — F(z ) a n d  cancelling th e  periodic
p arts , w e  h a v e  e x p [K (z + H 2 (z ))] = ex p [(z+ h  (e) )0 (z  + P (ed))], hence

(20) K ( z + H 2 ( Z ) )  ( Z  h (e.)). (z  + P (e.)), (mod 27ri).

Now th e  right hand side of (20 ) is uniquely factorizable by Theorem
3. Hence we may write

(21) K (z) = z  + h (e.) an d  z + 112 (z ) = z +P(e .), or
(22) K (z ) = z  an d  z+ H o (z) = (z + h (e.)) 0 (z + P (e.))

In  c a se  (21), from  (19) g (z) z  + P  (e .) , so that we h a v e  H ,( z )  H
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(z )  and f(z) — H(z) + z • exp[z + h ( e s ) ] .  I n  c a s e  ( 2 2 ) ,  w e  h a v e  from
F  =f ( g )  a n d  ( 1 9 )  th a t  H(z) + z • exp[z + h (e.)] =f (z + h (e . )). B y th e
assumption the left h and  side o f  t h is  re la tio n  i s  prime. S in c e  f  is
non-linear, th is is im possib le . H en ce  w e can  ru le  o u t  t h e  c a s e  (22).
T hus w e have done.

Proof  of  Corollary  7. W e repeat the argument in the proof of Theorem
4. Letting F =f ( g ) ,  w e h av e  (19). W e  s h a l l  s tu d y  tw o  c a s e s  (21)
a n d  ( 2 2 ) .  In  c a se  (21), since g(z ) =z  + P ( e s ) , w e  h ave  f (z ) = H ,(z ) +
z • exp [z + h (e.)] = (H(z) + zes) (z  + h ( e s ) ) .  A ssu m e th at f (z ) =f ;(g ,(z ))
w ith non-linear entire functions f,  a n d  g „  th e n  b y  T h e o re m  1 we
may write

( 2 3 )  f i (z) =- H2 (z) + zeH3(s) and g 1 (z) = z +114 (z) .

From f =f ,( g ,) ,  we conclude a s  in  th e  proof o f Theorem 4  th a t I/ 3 (z+
H 4 (z)) = z + h ( e . ) .  T h e righ t hand  side o f t h i s  i s  o f  f in ite  o rd e r , so
that, noting Lem m as 1 an d  3, H 3 (z )  m ust b e  l in e a r .  W e  m a y  assume
that H 3 (z )  = z . H ence g,(z) = z+ 114 (z) = z + h (e.). T hen from  (23) and
f =f ,( g ,) ,  w e have H 2 (z ) = H (z ) so that we obtain

f 1 (z) H  (z )  + z e ., g 1 (z) = z + h (e s )  and g (z) = z + P (es).

In  c a se  (22), noting g (z) = z + H2 (z) = (z + h (es)) o (z + P (e s)) , w e have
from F = f(g), f (z) = H (z) + zes. T hus in  a n y  c a s e s ,  th e  factorization
F (z) = (H(z) + zes) o (z+ h  (es)) o (z + P ( e s ) )  i s  t h e  o n ly  o n e  in to  prime
factors up to equivalent factorizations, which is to be proved.

3 .  5 .  T he proof o f Theorem 5 will become clear from that of Corollary
8. Hence we prove only Corollary 8. For th is  p u rp o se  w e sh a ll n eed
the following fact, w h ich  is  a  generalization o f known results ( c f .  [16],
[25]).

T h eorem  8  Let F (z ) = e.(z+ P (es)) Q (z), w here P and Q(# const.)
are poly nom ials and T h e n  F (z ) is  prime.

C orollary  9  L e t F (z ) = z  + e „,(z ) (m  1) , th e n  F (z ) is  prime.

C o ro lla ry  10 L e t  F (z ) P (e .)e" + Q  (z ) w i t h  p o l y n o m i a l s  P ( 0 )
a n d  Q ( c o n s t . ) .  T h e n  F (z ) is  prime.

Corollary 9 fo llow s d irectly from  Theorem  8  i f  w e  t a k e  P (z)
an d  Q(z) z .  A nd the proof of Theorem  8  b e lo w  e ssen tia lly  shows
Corollary ID , which is noted in  [3 4 ]  (rem ark after T heorem  3 )  witho-
ut proof. To prove Theorem  8, w e u s e  th e  fo llow ing  lem m a d u e  to
Ozawa.
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Lemma 7 ( [ 2 5 ] )  Let F (z )  be an entire  f unction  satisf y ing  the ineq-
u ality  N (r , 0 , F ')_ k o m (r ,  F )  (= T ( r ,  F ) )  fo r  a l l  positive num ber
w ith  a set E of  f in ite  linear m easure  a n d  fo r  so m e  ko > 0 .  A ssum e that
the system  of  equations

(24) F (z )= c  and F '(z )= 0

hav e only  f in ite ly  m any  com m on roots f or any  constant c  ( # 0 0 ) .  Then
F (z )  is le f t-prim e in  en tire  sense.

Proof  of  T heorem  8 .  Consider N (r , 0, F ') .  Letting

G (z) — ( 1 + P '  (e-)e-)e,(z + P (e0) ........ e .(z + P (e0) 
(1 +P ' (e.)e.) e 1 (z + P (e-)) .e .(z + P (e.)) + Q' (z)

we have, by the second main theorem o f Nevanlinna,

T (r, G )L<N (r, co , G )+ N (r ,  0 , G )+ N (r , 1 , G)

+0 (log [rT (r, G )]),

for rE E , w ith  a set E , o f  finite linear measure. Note that th e  deno-
minator o f G (z ) is equal to F' (z). Then using C lu n ie 's  theorem (cf.
[1 7 ] p .5 4 ), we obtain N (r, 0 , F'). (1— s)m (r, F) = k a m (r ,  F ) for r
with k0 = 1 — ( 0 < e < 1 )  (c f. [ 2 5 ] ) .  Thus the first condition in Lemma
7  is satisfied.

Next consider th e  equation ( 2 4 ) .  W e  m a y  suppose, substituting
Q (z )  b y  Q (z )— c , that c = 0 .  Then (24) can be written as

(25)
e.(z +P (e-)) + Q(z) = 0

1 e .(z + P (e.)) ......... e ,(z + P (e.)) (1+ P ' (e-)e-) + Q' (z) =0 .

Assume that the equations (25) h ave  an  in fin ite num ber o f  com-
mon roots { z , j r .  Then  from  (25) w e have

(26) 12'(z-) —e _ 1 (z  +P (e-^ ))....e ,(z„+P (e ..))(1+e..P '(es .))
Q (z„)

for n=1, 2 ,  . . . .  By the first equation o f  (2 5 ) , e.(z.+P(e--))— >oo as
n—>oo. Hence we must have e k (z „ + P (e--)) —> co  as n -0 0  fo r  k =- 1, ...,
m —1, and e-- co  as n—>oo. Then the right hand side o f  ( 2 6 )  tends
to oo as n--->oo, while the left hand side o f  (26) tends to zero as n—>co.
This is a contradiction. Hence the equation (24 ) can have at most a
finite number o f common roots fo r  any c. T h u s  F ( z )  is left-prim e
in entire sense by Lemma 7.

By the result o f  Baker-Gross ( [ 6 ]  Theorem 3 ) ,  th e  r igh t factor
of F ( z )  (which is periodic mod a polynomial) cannot be a polynomial
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o f  degree greater than  2. L et F (z) = f (R (z)) w ith  a  quadratic poly-
nomial R  (z ) . In  th is  case , substituting th e  v a r iab le , w e  m a y  assume
that e„,[(z +z o ) + P (e x p (z + z o ) ) ] + Q ( z + z o ) i s  an  even function for some
zo . But th is  is  im p o ssib le . T h us F (z ) is  prim e in en tire  s e n s e .  Since
F  is non-periodic, F (z ) is  p rim e as is know n and easily proved ([15]).

Proof of Corollary 8. L ettin g  F = f  (g) w ith  non-linear en tire  func-
tions f  and g , w e can  w rite  a s  in  (19) th a t f (z ) = H i (z) + z • exp(H,(z))
and g (z) = z  + H,(z), w here H „ exp(H 2 ) a n d  H , a r e  entire, periodic
w ith  period 27ri. From F =f (g), sim ilarly a s  in  th e  proof o f  Theorem
4 , w e have

(27) H,(z + H,(z)) = z + e „,(z) + U r i

fo r som e integer k. H e re  t h e  r ig h t  h a n d  s id e  o f  (2 7 )  i s  p rim e by
Corollary 9 , hence 112 ( z )  is  lin ear an d  w e  (m a y )  h a v e  g (z) = z + H,(z)

z + e„,(z) . Therefore we obtain f (z ) = H (z ) + z e.. Thus we have proved
that two factorizations F (z )=  (H(z) + ze.). (z + e „,(z)) = f(g (z)) are equiv-
alent, hence w e have done.

3. 6. Proof of T h eorm  6 . Let F = f(g), where f  and g  are  non-linear
entire functions. Since F L (271. 0 , w e can  w rite f  and g  a s  in  (19).

(19') f  ( z )  =I/2 (z) + z • eK(.) and g (z) = z + H,(z).

T hen a s  before we obtain ex p[K (z +H 4 ( z ) )]=e (z +1 1 2 ( z ) ) .  Hence

(28) K (z + H,(z)) = e„,„(z + H,(z)) + 2k,ri (k, : a n  integer),

so  that K (z )= 2 k ,r i+ e x p [U ,(z ) ]  f o r  som e entire function U ,(z ) , since
z + H,(z) =c  has roots fo r an y  constant c  (cf. footnote at p. 102). There-
fo re w e h ave  U,(z+ H,(z)) = e „,,(z + H 2 (z)) +2k,n-i fo r so m e  in tege r k2 .
T h is im p lies  th a t U ,(z)=2k 2r i+ e x p [ U ,( z ) ]  f o r  som e entire function
U2 (Z) . T h u s  w e  h a v e  U2 (z+144 (z)) = en-3(z +14(z )) +2k ,7ri for som e
integer k,. R epeating th is process, w e a r r iv e  a t  U,„,(z )= 2k  +  exp
[U „ ,„ (z )] and

(29) U„,„(z+H, (z)) = z + (z) +2k „,7ri,

w here U„,„ an d  U„,„ a r e  some non--constant en tire  functions, k „  and
k„, a re  so m e in tegers . S in ce  the righ t hand  side o f  ( 2 9 )  i s  p r im e  by
Corollary 1 (c f . [ 6 ] ) ,  U,,_1 (z )  must be linear. P u t t i n g  U„,_,(z) =az + b,
w e have from  (29) that a= 1 a n d  H,(z ) = H,(z ) + c w ith  c = — b + 2k „,7ri.
T hen w e have

(30) g (z) = z +112 (z) +c.
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From (28 ) w e have K(z) = e,,_,(z — c) and fu rth er fro m  F = f(g)
w e have

(31) f(z) = H,(z — c) + (z — c)e(z— c) .

T aking T (z )= z + c ,  we obtain from (3 0 )  a n d  ( 3 1 )  th a t  f (z )=  (H ,(z )
+  ( z )  )  0 T - ' (z ) and g  (z ) =  T  (z ) (z  +  , (z ) )  .  Therefore two factoriza-
tions F (z) = f (g (z)) = (H,(z) + ze „,(z)) (z + H 2 ( z ) )  a r e  equivalent, which
is to be proved.

3 .  7 .  For the proof of Theorem 7, we shall use the following lemmas.

Lemma 8  (Edrei-Fuchs [ 8 ] )  Let f ( z )  and g(z) are two transcendental
entire f unctions. I f  p * ( f )> O ,  then w e have necessarily  p * ( f (g ) ) , c o .

Lemma 9  (B orers unicity theorem  cf . [ 2 3 ] )  Let a i (z) ( j = 0 ,  1 ,  . . . ,
n )  be entire functions of order no greater that p, le t  g (z )  ( j= 1 ,  n )
be also entire a n d  le t  g , (z )— g , (z )  ( jk )  be transcendental entire f unc-
tions or polynomials of degree greater than p, then  the identity

E a i • eg J(.) = a s (z)

holds only  w hen as (z )= a 1 (z )= -....=a ,(z )=0  id en tica ly .

Proof  of  Theorem  7. Letting F = f (g )  w ith  non-linear en tire  func-
tions J and  g , by th e  fact F (z) e L (bri) w e  can  w rite  a s  before

(32) f(z)=  I / 3 (z) + z • el 14(.) and g(z) =z + I / 5 (z ),

where entire functions H „  exp (H ,) a n d  H ,  h a v e  p e r io d  2ri. Since
p * (F ) is fin ite and g ( z )  is transcendental, by Lemma 8  p *  ( f )  cannot
be positive . Hence

(33) f(z )=  H, (z)d-z•eff4( 0 =h(z)eq(.)

for some entire functions h (z )  and q (z )  with p(h) = 0 .  F rom  ( 3 3 )  we
have

(34) h(z+bri)eq(.4-2")—h(z)eqw=27rie".).

By Lemma 9 , w e o b ta in  q (z+  2 ri)  — q (z )= co n s t.= c„  say. T h e n  (34)
becomes [eqz (z +270 — h (z)]eq(=) =22ri exp (H ,(z)) . S in c e  p (h) = 0, w e
conclude that eqw=c, exp (H ,(z )) for some c ,# 0 .  G o in g  b ack  to  (33),
w e have H s (z) = (c 2 h (z) — z) exp (H4 (z)) . This m ean s th a t c,h (z) —z (

0 )  is periodic, so c ,h (z )= z + c , ' for some c,' # 0 .  H ence from  (3 3 )  we
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have H, (z) = c,exp (H 4 (z) ) and f  (z ) = (z  + c,) exp ( I /4 ( z ) )  f o r  s o m e  c,.
F rom  F =f ( g )  a n d  (3 2 ) , c o n sid e rin g  F(z-1-27ri) — F(z), w e  o b ta in  ( a s
before)

(35) H2(z) = 114 (z + I / 5 (z )) + 2k ri and H,(z) = 115 (z) +c 3 .

F ro m  (32) and (35) w e  have g (z) = z + H i (z) —c, and hence

F(z ) = (z -FH, (z ))ell2(.)= (z+H,(z ))e".+Hi(.)-3)
= c3) ell4(0 ) 0 (z + H,(z) —c3 ) =f  (g (z )),

w h ic h  is  the only non-trivial fac toriza tion  i f  F ( z )  i s  n o t  p rim e . Thus
u n d e r  the a ssu m p tio n  th a t F ( z )  i s  n o t  p rim e , f r o m  ( 3 5 )  w e  have
H ,(z ) = H ,(z  + H ,(z )) fo r  so m e  e n tire  fu n c tio n  116 (z) s u c h  t h a t  exp (H,
( z ) )  h a s  p e r io d  2ri.

Rem ark. T h e  fu n c t io n s  z -FH,(z) — c, and (z +c,) • exp ( I / 4 ( z ) )  are
k n o w n  to  b e  prime by C orollary  1 or 3.

§4. C e r t a in  p r i m e  functions i n  J(27ri) or L (27i)

W e  w ith  to  note h e re  the following several results.

Theorem 9 L e t  F(z )=z +h ,(e .)+h ,(e .)e , ., w h e re  h ,  a n d  h2 (f t0 )
are entire  f unctions w ith  p ( h ) < l  ( j =  1, 2 ) .  T h e n  F ( z )  i s  prime,
unless h, is a  linear polynomial and h ,( z )=c z - ,  fo r  som e non-zero cons-
tan t  c  and som e positiv e integer m.

Theorem 1 0  Let F(z ) = z+ Q (e.) +h(e..), w here  h (  c o n s t . )  is entire
w ith  p (h (e .) )<c o  and Q  is a polynomial, th en  F ( z )  is prime.

Theorem 1 1  Let F (z) = z + h (e.) + Q (e..), w here h  is  e n tire  w ith
(h )<1  and Q  is a (non-constant) polynomial, th en  F ( z )  is  prime.

Theorem 1 2  Let F (z )=Q (e )  d-z• exp[z +P(e.) ] w ith  p o ly n o m ials  P
and Q . T h e n  F ( z )  is prime.

Theorem 1 3  Let F(z ) -= (z+H,(z ))eH 2 ( .) , w here H ; ( + const.) is entire,
periodic  w ith  period 27ri w ith  p(H 1 ) < c o ( j= 1 ,  2 ) ,  th e n  F ( z )  is prime.

For the p ro o f  o f  T heorem  9, w e sh a ll n eed  the following lemma.

Lemma 1 0  ( [ 1 2 ] )  Let F(z )= .h,(z)-1-h 2 (z)e . ,  w h e re  k ,  and h , ( 0 )
are entire  f unctions w ith  p ( h ) < l  ( j = 1 ,  2 ) ,  th e n  F ( z )  is  righ t-prim e.
Fu rth e r if  h, is  non-constant, then  F  is prime.

Proof  of  T heorem  9. L e t  F =f ( g )  w ith  n o n - lin e a r  e n t ir e  fu n c t io n s
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f  and g .  Then by Theorem  2, Lem m a 6 and  the p ro o f  o f  Lem m a 5,
we m ay assum e that f (z )  =  z  q  (e . )  and g (z) = z + Q (e) , w h e re  q (z)
(#  co n st.) is  en tire  and Q  (z ) (#  co n st.) i s  a po lynom ia l. From  the

relation F = f (g ) ,  w e  have (cf. proof o f Theorem 3)

(36) q(zeQ(.)) = h (z) — Q (z) + h,(z)e..

H ere the righ t hand  side o f  (3 6 ) is righ t-prim e by L em m a 10 , hence
q (z )  is  a polynomial. Further i f  h ,— Q #  const., th en  th e  righ t hand
side o f  (3 6 ) is  prime by Lem m a 10, so  that q  must b e  l in e a r .  But in
th is  case, a special case a Lem m a 9 leads to a con trad iction . If h1 —
Q = const. ( = c 1 ) ,  no ting  that Q  is a lin e a r  polynomial (w h ic h  w ill b e
c lea r fro m  (3 6 )), w e  have that h , is  lin ear and, using Borel's theorem
(c f. [31] p . 279), w e  o b ta in  th a t  q ( z )= z - ± c „  h e n c e  h ,(z )= c ,z - ,  for
some constants c, and c,# 0 , an d  fo r  som e positive in te g e r  m .  Thus,
i f  F  is not prime, then  h , is  lin ear an d  h2 (z) =c 2 z - ,  w h ic h  i s  t o  b e
proved.

The proof o f  T heorem  10 can  be done, using T heorem  2 and the
following Lemma.

Lemma 11 ( [ 3 4 ] )  L e t  F (z )= h (e . )+ Q (z ) ,  w h e re  h (#  c o n s t . )  is
entire w ith p (h (e .))< o o  and  Q  is a non-constant polynomial, th e n  F (z )
is prime.

The proof o f  Lem m a 11 ( in  [ 3 4 ] )  shows essentia lly  th e  following
fact, w h ich  is  a conjecture of G ross ([16 ] Conjecture 2).

Lemma 11 ' L e t  F (z )= H (z )+ Q (z ) ,  w here H (*c o n s t.) is  a n  entire
f unction  o f  f in ite  lo w e r o rd e r w h ic h  is  p e rio d ic  w ith  p e rio d  27ri and
Q (z )  is  a non-constant polynomial. T h en  F ( z )  is lef t-prim e. F u r t h e r
i f  Q ( z )  has no quadratic  right f actor, then F (z )  is prime.

Indeed, i f  F = f ( g )  w ith  tran scen d en ta l en tire  fun ctio n s h  a n d  g,
then  by Lem m a 1 w e have p(h ) = 0 . T h e n  for any s> 0 , there  ex ists a
sequence tr„) r „ > 0  and r„-->co (n—*co) s u c h  th a t  m  (r„, h ) M(r./2,
h) 1 1 3 - . ( n  1 ) even  in the case p (h )= 0  (noting Lemma 2) *). Therefore
from  the argument in [3 4 ]  F ( z )  must b e  pseudo-prime and further
w e can  ge t the above conclusion.

Proof  of  T heorem  10. Let F = f ( g )  w ith  non-linear en tire  functions

*) cf. Ostrovskii I.V . : On defects of meromorphic functions with lower order less than one,
Soviet Math. Dokl. 4 (1963) 587-591.
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f  and g .  Then from F  J( 2 7 ri )  we m ay write as before, f(z) = z - F q (e.)
and g ( z ) =z +R ( e .) ,  where q (* c o n s t .)  is entire a n d  R (# c o n s t .)  is  a
polynomial.*) From the relation F = f (g), we obtain th e  identical relation

(37) q (ze" )  = Q  (z) — R (z)+ h (es).

I f  Q (z )— R (z ) co n st., by Lemma 11' the right hand side o f  (37)
is leftprim e, so q (z )  must b e  lin e a r . T h e n  w e  have fro m  ( 3 7 )  that
the function (z  bri)eR(.+2. 0  — zeRc.) is a polynomial, which will be clearly
impossible (cf. Lemma 9).

Assume that Q(z)— R(z) = const. T hen, noting p (q) = 0 by Lemma
1, we can deduce a contradiction similarly as in  th e  proof o f  Theorem
3. Since F  is non-periodic, F (z ) must be prime.

The proof of Theorem 11 can be done quite sim ilarly a s  th a t of
Theorem 10, if  w e use the following lemma (hence omitted).

Lem m a 12 ( [ 3 4 ] )  Let F (z) = h (z) Q  (e .) , where h (z ) is a  non-consta-
nt entire function with p (h) <1 and Q (z ) is a non-constant polynomial.
Then F (z ) is prime.

Proof of Theorem 12.  L e t t in g  F  f ( g )  with non-linear entire func-
tions f  an d  g ,  since FE L (27r0 , by Theorem  2  w e can  w rite f (z )  =
1/3 (z)+ z•exp (H 4 ( z ) )  an d  g(z ) =z  H -H ,(z ), where entire functions H„
exp(H,,) and H , have period bri. From F = f (g) w e can  con c lu d e  as
before that z +P(e .) , H ,(z + H 5 ( z ) ) .  Since the le ft h an d  s id e  o f  this
is prim e (Corollary 1), we may have H 4 (z) = z  and 115 (z) = P (e .) . Hence
we obtain again from F = f (g) that H ,(z  P  (e .) )  P  (e .)  exp [z  P (e .)] =
Q  (e .) . Writing H,(z ) = h (e.) fo r som e holomorphic function h  ( z )  in
0<  I z  < o o , then the above relation reduces to

(38) h (zeP()) = — zP (z)eP(.)  Q  ( z )  (z * 0 ) .

By the proof of Lemma 6 , we conclude fo r  (3 8 ) that h (z ) is entire.
By Lemma 1, p(h) = 0 .  Further we conclude from (3 8 )  that h (z ) must
be a polynomial, using the argument in the proof of Theorem 3. (Note
also that the right hand side o f  (3 8 )  is known to be pseudo-prime by
Goldstein's theorem, [ 1 2 ]  Theorem  1.) Th en  by  Lem m a 9  we can
deduce a contradiction.

Proof o f  Theorem 13. L e t  F (z ) =f (g (z )), where f  a n d  g  a r e  non-
linear entire functions. S in c e  F L  (27ri) a n d  p* (F) < c o ,  f  ( z )  and
g (z ) can be written as f ( z )  = z•exp [H ,(z )] and  g  ( z )  = z  H ,( z ) , where
entire functions exp(H 3 )  and H , have period 2zi. From  F  =f ( g ) ,  we

* )  Note that Lemmas 4 and  5 hold under certain weaker conditions.
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have 113 (z -I- H 4 (z )) =112 (z ). S in ce  p(112 ) < o o  a n d  g ( z ) = z + H ,( z )  is
necessarily transcendental, by Lemmas 1 and 3  th is  id en tity  is  possible
only when H o ( z )  is linear, but in  th is case 11,(z) =11o ( z +H 4 ( z ) )  cannot
b e  p erio d ic . This contradiction shows th a t F ( z )  is p r im e  in  entire
sen se . A s F ( z )  is not periodic, F ( z )  is  prime.

§ 5. Certain Results on the Periodicity

Inspired by the question of Gross [13] : W hether o r  n o t a  non-
constant entire function f ( z )  is periodic when f ( f ( z ) )  is  so, the author
studied the periodicity of entire functions and obtained several results
in  [33], using the method which is closely connected with the argument
in  the proof of Theorem 1. T hen w e had to  p u t th e  assumption that
f  (z )  is  o f  finite order fo r  getting a  result from some moderate condi-
tion  ([3 3 ] Theorem 2 ) .  In  th is  section, w e  s h a l l  show th at w e can
prove the same conclusion as Theorem 2  in  [33], even when the order
of f ( z )  is  no t necessarily  fin ite . The result is stated a s  follows.

Theorem 14 L e t f ( z )  be a  transcendental entire function. I f  there
exists a  sequence of positive integers ( N :  f i n i t e  o r  infinite) such
that fo r  each z, at least one of f > ( z )  ( k —th derivative of f ( z ) )  is not
zero, and fo^ - 1 ) ( f ( z ) )  has the common period (1_.. n . N ) ,  then f ( z )  or
f ' ( z )  is necessarily periodic. (f ( o ) ( z ) =f ( z ) ) .  In fact, f ( z )  can be written
as f ( z ) =c z +H ( z ) ,  where c  is  a constant and H ( z )  is  a  periodic entire
function.

Remark 1. The assumption that for each, z , at least one of the k n

-th  derivative of f ( z )  ( n = 1 ,  2 ,  . . . )  is not zero , is  a lw ays va lid  w hen
R e  is  t a k e n  a s  th e  s e t  inz; integer mol f o r  som e positive integer

Remark 2. Take f (z ) -.=z +e,n ( z )  ( m  1 , integer), where e,n (z )=ex p
[e,n , ( z ) ],  e o ( z ) = z .  Then f o ) ( f ( z ) )  is  p e r io d ic  w ith  p e r io d  27-ci for
any integer In  th is  case, f ( z )  is  n o t p er io d ic  w h ile  f ' ( z )  is
periodic. Thus Theorem  14 is best possible in th is  formulation.

W e shall give here an  outline o f th e  proof o f  Theorem 14, which
w ill be suffic ien t. W e can  assume that th e  com m on period  is equal
to b. Further by the assumption that for each z , a t le a s t  o n e  o f f  (h.)
( z )  is not zero and f(k. - ') ( f ( z ) )  is  p e rio d ic  w ith  p erio d  b  ( n = 1 ,  . . . ,
N ) ,  we m ay assume that the functions [f ( z +b )— f (z )] a n d  [f (z +2 b )
— f (z )] have no zeros, otherwise by th e  u n ic ity  theorem  f o r  holomor-
p h ic  functions f ( z )  becomes periodic with period b  o r 2b. Hence by
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th e  argum en t in  th e  proof o f  Theorem  1, w e  h ave  only to consider
th e  following two cases.

(6") f ( z )= H 1 (z)-Fell 2 ( ' ) +- ,  i f  ei-#1,

( 7") f(z) = H,(z) + z • eH2(.)+", if e 1"= 1,

where entire functions  H ( z )  ( j = 1 ,  2 ) have period b.
In  c a se  (V), we can proceed to rule o u t  th is  c a s e  quite similarly

a s  in  [33 ] (cf. the first step of the proof o f  Theorem  1 ) .  In  fac t, we
have the identity

g ( f ( z )+  (exp[ncb] —1)•exp[cz+ H 2 (Z) =g (f (z ) )
(n = 0 , + 1 , . . . ) ,

fo r some transcendental entire function g ( z ) .  From th e  sequence {exp
(ncb ) ; n  is any integer} (exp(ncb) taking a  subsequence which
converges, we conclude by th e unicity theorem that g ( z )  is  a constant,
which is clearly impossible.

In  c a se  (7"), f (z + n b )= f (z )  d-nb•exp[cz+H 2 (z )]. B y  t h e  assump-
tion we have the identity, fo r some transcendental entire function g (z ),

g (f(z)+nb•ec.+ 1 1 2 (. ) ) -= g (f (z ) )  (n :  any integer).

In  this case , if  cz + H 2 ( z )  is not constan t, applying th e  a rg u m e n t in
the proof of Theorem 1 (c f. th e  seco n d  step ), we can conclude that
M (r , g ) = 0 (1 ), hence g (z )  must be constant, contrary to t h e  transcen-
dency of g ( z ) .  This contradiction shows that cz-I-H 2 ( z )  is  a constant.
Hence f (z) = c ,z + ( z )  fo r  some constant c so that f ' (z) = c 1 -F H' ,(z)
is periodic with period b.

R em ark . Let f (z ) =  cos z, then f ( f ( z ) )  has period 7, but f ( z )  has
period 27r.

Finally, we no te  the following result o f  Gross [14] a s  a  Gorollary.

Corollary 11  Let f ( z )  be a  transcendental entire function such that
(z) does not vanish. Assume f( 1 (z)) is periodic, then f(z) is necessarily

so.

P ro o f. Assume f ( f ( z ) )  has period b  ( # 0 ) .  Since f ' ( z )  does not
vanish, the conditions in  Theorem 14 a r e  satisfied  w hen N = 1  and
k1 = 1. Then  from  Theorem  14 it is enough to consider th e  case: f (z )
= c z + H (z ),  where c  is a constant and H (z )  is entire w ith  H (z + b ) ,
H ( z ) .  W e have to  show c = 0 .  By th e  periodicity o f  f ( f ( z ) )  a n d  f '
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(z) = c + H '. ( z ) ,  f ' ( f ( z ) )  is also periodic with period b , hence H ' (cz+
H ( z ) )  is  so. Since non-constant entire functions cannot be doubly
periodic, we conclude that c  is a  ra tiona l num ber. N ow  f ( f ( z ) ) =
c 'z i - c H (z )+ H (c z + H (z ) ) ,  an d  n o te  here that c H (z )+ H (c z + H (z ) )  is
periodic (with period m b fo r some non-zero in teger m ,  since c  is  a
rational number a n d  H ( z )  has period b). T h is sh o w s that, i f  c#0,
f ( f ( z ) )  cannot be period ic . H ence c =  0 ,  which means that f  ( z )  is
periodic. Thus we have done.
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