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§ 1. Introduction

The G oursat problem in  th e  class of analytic functions has been treated by
several authors, for instance Gârding [1], Htirmander [4], M iyake [5 ] and Hase-
g aw a  [2 ] .  However, th e  same problem in  th e  class of C"-functions has not yet
been treated from th e  general point of v ie w . In  this paper, we consider general
equations in  the  case  when the  in itia l hyperplane is simple characteristic. In [3],
we treated the second order equations and obtained a  necessary snd a  sufficient
condition for the e-wellposedness of the G oursat problem.
Let

Pot, 50=Pmot, a., a o+Pm_iot, ax, ao

+R,„„_ 2(at , ax , ay )

be a  partia l differential operator o f order m  with constant coefficients, where P .
and Pm -, are homogeneous p arts  o f order in  and  i n - 1  of P  respectively. a„ ax , a,
stand for  a respectively. Mor precisely, we consider this operator inat 

a a
ay

(t,,, y )ERLxRixRi.
We im pose on the principal part the following assumption ;

(A. 1) t=0 is  s im p le  characteristic fo r  P .  Namely, th e  co e ffic ien t o f a,"
vanishes, a n d  moreover i f  we denote th e  terms containing

o f P,,, by (aoax -I- )az1, then a o + E a # 0 .

O u r  problem is  th e  following : L et the  equation be

(1. 1) Pot, ax, aou(t, x, 3)=f (t, y, x ) E  e  x ( t

and  the  data , say  G oursat data, be

(1.2)
x, y )E  x , y —2

u(t, 0, y)=v)(t, y)Ee
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W e say  tha t the Goursat problem is e-wellposed i f  f o r  a n y  data { u } ça
and  f ,  th e re  e x is ts  a unique solution u(t, x, y )  e t ,x , y ,  for (t, x, y) { (t, x ,
x E R i,yG R i }. Of course we should impose among {u,} and yo the  following com-
patibility condition ;

(C) aço(o, y)= u,(0 , y) , 0 .

Let us rem ark the  fo llow ing fact : If  th e  G o u rsa t problem is e-wellposed,
then by Banach's closed graph theorem , the  linear mapping

(1.40, 711' • • U7m 7, ÇD 7 f ) u

ra - 2
is continuous from  H  es, y X e t , , x e t , x , ,  into et.x

H ereafter w e assume, besides (A. 1),

(A. 2) a 0 # 0,

(A. 3) P 7m (7, e, 72) and e ,  27) are real polynomials.

A lthough  w e  assum ed  the coefficients are constants, the result obtained
below  could  be extended to  operators w ith  variable coefficients. Our main aim
is to elucidate the fundamental charactor of the C- -Goursat problem.

§ 2. S tatem ent o f th e  results

Let

P 1(7 , e, )7 )= bi(e,77 )7 ' 1 +1 72(e, ve - 2 +- •-•

Let r= z -,(e , )2 ) (1 ._ i_ m -1 ) be  the roots of P 7m(7, e, 77)=0, w hen b i ( e .  72) 0
re a l) . W e  have the following analogue to  the  hyperbolic equation.

T h e o re m  1 . In  order that the Goursat problem is e-wellposed, it is necessary
that all the roots z- i(C, 72) are  real f o r all e, )2 real.

Moreover we have the following result.

T h e o re m  2 . In  order that the Goursat problem  is e -w e l lp o s e d , it is necessary
that the principal symbol P f l ,(7-, C, )2) is divisible by bi (e, )2). Namely

P„,(7 , e, ri)= bi(e, 72)6 .-1 (r, e, 77),

where is a polynomial of  homogeneous degree m -1 .

Concerning the  homogeneous part P m _, of P , w hen w e impose the following
assumption ;

(A. 4) 67m_1(at, ax, a y ) is stric tly  hyperbolic  in  t h e  t-d irec tion . Namely

the  roots 7)) of e, 72)= 0  are a ll rea l and distinct,

w e have the following fact, which could be compared with the Levi condition.
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Theorem 3. Under the assumption (A . 4 ) on P„,„ if the Goursat problem  is
e-wellposed, then Pm ,  h a s  the following form;

(2. 1) Pm-i(r,e,)7)=-c0.-1(r,e, )7)+Me, )7)Qm-2(7,e, )7)

where c is constant, M e, )7) is that appeared in Th. 2  and Q,,,,, i s  a  polynomial
of homogeneous degree m -2.

R em ark . If we don't assume (A. 4), namely we don't assume that the roots
r(E,72) are distinct, then the situation would be fairly complicated.

Now we can say the converse of the above theorems.

Theorem 4. U nder the assumption (A .4 )  a n d  (2 .1 ) o f  theorem  3 ,  the
Goursat problem is e-wellposed.

Before proving these theorems, we make the following reduction of the equa-
tion . In view of the assumption (A. 1) and (A. 2 ), w e m ake the change of in-
dependent variables,

1
x, yi 

a

l  xaoa ,

Them, as=-
1

as, - -
1

yi=a Thus the operator cto ax +  a i av j  i s
a a

transformed to as ,. Next, let the coefficient of art be c, we put

u = e ' '

then the coefficient of arifi disappears. Let us remark that, for this change of
independent varisbles, the hyperplanes t=0 and x= 0 where the Goursat data are
given are transformed to t' = 0 and x '= 0 respectively. So, denoting t', x', y ' and
it anew by t, x, y and u, the equation (1. 1) with f= 0  takes the form

(2. 2) ar- 'a u=
i+ j+ia 157n

§ 3. P roof o f  Theorem 1

We follow the argument of Mizohata in [ 6 ]  w hich  w as used  to  treat the
Cauchy problem. However, we should remark that the direct use of Fourier
transformation does not work.

For simplicity, we change the notations : w e w rite  x„ • •., x i , x 1 4 i  in stead  of
x,y 1,••.,y 1 . So the operator P  is denoted by

p(a„ as )=ps ,(a„ as )+R,_,(a„ ax ).
we are going to prove the theorem by contradiction. More precisely, we assume
the Goursat problem is e-wellposed and that there exists a point whose first
component e? *0, such that

e0) 0
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has a  root 7-=71(e°) satisfying

Im Ti(V)*0

W e can assum e, if neceaasry, by replacing e° b y —e°,

(3.1)I m  7 , ( e ° ) <  0  (  e °  I =1, e? *0)

Localization a n d  inequalities
Take a  function 13(x)EC" with com pact support. W e assume 0 - p(x) - 1 and

i3(x) - - 1 in  a  neighborhood o f  th e  o r ig in . Apply P(x) to P [u ]= 0 . Then

(3. 2) P[3u]= [P , P lu .

Next, le t a (e) be C-  function with support contained in  a  small neighborhood of
e°. W e assum e 0- a(e) - 1, a n d  a(e)=-1 in  a  neighborhood of $°. Although we
make precise th e  size o f th e  supp [a ]  la te r , w e assume from th e  beginning that
on the support of a , th e  el  coordinates never vanishes.

Let a (C )= 4 - - )  and  define pseudo-diff. operator a„(D) by

a„(D)u(x)=9" - Ta n (e)ii(e)], f o r  uE

Apply a n (D) to (3. 2), then

(3. 3) P[a„Pu]=an[P,  ] u .

Since P=Pm+R.-1,

(3. 4) Pm[anPui=ar[P, P]u—R T„ 1 [a„13u].

By assumption, P i n  h a s  th e  form

P.(a„ az)=axiar - 1+ :i2 q,(ax)ar3
where a,(e) is  a polynom ial of homogeneous degree j .  Since o n  th e  su p p o r t  o f
a ri ( e ) ,  t h e  symbol i e ,  o f  ax, does not vanish, we can apply, in  th e  dual space,
(ie 1) - 1  to  a „ (e )v (e ) . So we define (ie 1) - 1 (D) by

(i$1) 1 (D)(a nv)== 9- 1 [(iel) -  l a „($)1'($)]

Of course, we have

(7.$1) - 1 ax,(anv)=as i (i$1) - 1 (anz, )=a„t , .

Namely (2:$1)- 1 (D) is  th e  in v e r s e  o f  ax 1 .  Now, w e apply (i$1) i (D) to (3. 4). Then

(3. 5) (ie1)-1(D)q5(3x)5r-](a,,Pu)

-=(1:1) - 1 (D){aCP, Plu— R,„[anPu]l .

Now the coefficients (ie 1) - 1 (D)q,(3,) i s  a  pseudo-differential operator i n  x  of
degree j - 1 .  T h is  implies in  particular that t=0 is  no longer characteristic to
th e  operator o f th e  left-hand side.
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L et us remark that th e  characteristic equation o f th e  left-hand side o f  (3. 5)
is

T M - I +  (ie1 )-1 0 e ) 7 M - i = ( i e l ) i P M ( Z " ,
f=2

L et -t-7, 72, •••,z-;,),_, be th e  roots o f this equation when e=-°. By assumption there
exists positive numbers 3 and  s  such that

Re r i —E33 , for

Re , for

Now, we consider th e  right-hand side of (3. 3). L et it be

(3.7)[ a r (ie1)-1(D)9p9In-j+ (ie1) - '(D)R .-1(at, as)1(anPu)
j=2

=(ie l ) - '(D)a„[P, 3 ]u .

T he right-hand side is

(i$1) - '(D) 1- - a- L ' 01, axxana., » 8 • toJ=1 ae;

(-1)'° 
—(ie1) - 1 (D) E , voo„ a x xa n a is • to .

lur22

N ow , in view o f th e  fact that the term containing ari  as a  fac to r is 3r - lax i , this
can be written as

(iel) i (D)ar -1 (anaz 1 i3-u)± Dx anap• .

where C, is  o f order m-1— Iv I, differential in  t  and  pseudo-differential in  x, and
the term contrining ar -1 does not appear. F o r simplicity, we denote th e  left-hand
side o f (3. 7) by

[ar-14-a(at, D)](anieu),

where a(a„ D) is  o f order m-1 and  has th e  same property as C .  S o  t h e  rela-
tion (3. 7) becomes

(3. 8) [ari+a(a„ D)1(a u)

na x i ig • u) - F mana;is .

T h is  can be written, denoting a(a„ D) by —co (a„ D), as

(3. 9) 3r-1(a,,Pu)=(ieirlar1(anax,P•u)+1/0 Qat, Dxa n as • to
where C. is of order m-1-11,1. If  we use this relation for a r '( a n a, 1 ,8 • u), (3.9)
can be written again

3 1(a n i3u)=(ie i ) - 2 3r 1(a3; i i3•u)

+(fe,) - '  E  cg„ Dya„ax i a,;',43 • to+ E ' c g t , D)(a Ti a.'43 • u) .1,1zo 10,0

(3.6)



130 Yukiko Hasegawa

I f  w e repeat th is process, w e  have

a r l (aPu)= (iei) -  k a r i (ana i i3

+ E (i$1) - s E  Qat, ma,03.9r 1a,3 • u) ,
s=0i I  20

w here k is  an arbitrary positive integer. W e can interpret this formula as follows :
fo r  an  arbitrary  positive integer k, ar-1(a 2 p u ) can be expressed as

(3. 10) ar-1(ani3u)=(iel)- k ar - 1 (anai; i P • u)

+  E D)(a„(3 • u)1,120

w here d,, k is d ifferentia l in  t, pseudo-differential in  x o f order m -1-11 ) , and  is
o f th e  form

7 n -2
E b i (D)ait

w here order bi (D)_ in-1  —  —j.
Now, we consider th e  equivalent system to (3. 5). Let

[an - l+ E (iel)-1 (D )q ;(a .)aril(an i3u)= f ,
where

/3714— R.-1(anPu)}.
Let

U =V 1+1 )'(A u ),(A +1 ) 7 4 -3 a,(Au), •••,ar - 2 (132.1))_ E(A, a t )(pi,o,

then  (3. 5) becomes

(3. 11) at(ar,U)=HAanU+BanU+F

w here F= t(0, •••, 0, f), B  is  a  bounded operator in  L2 ,  and

' 01
0 1

o
el - iq;+i(ie)/ ( ie l),

h2 h 1 ,

H(e) is homogeneous degree 0 in C.
B y th e  definition o f H, w e have

det ( I —H(e))=(ie,) - 1 13
7„(z-, ie) for E 0 .

In  th e  sam e w ay a s  [6 ]  p . 117, w e can find a  non-singular matrix N o such  tha t

/
N0H(e° )N-(11= =go

a9, • _2.. /

H (e )=  o
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1where I ceii  I < -
4

81171, ô  being defined in (3. 6). T hen (3. 11) become

(3. 12) tan(N0U)=[00+ No l ig e ) — H(V)} NV] Aa„(N ÔU)

N 0 BNV(anN 0 U)-1-- No F

N ext, if  w e restric t the  neighborhood Veo of e° small, for all eE -17„0, by denoting

No lige) — Hcem NV = g) )= (aN ())is i. sn , ,

w e have

a 
4m —1).

W e take a(e) such  tha t supp [a]c Vo. Put,

exp (—  At)N o a n U= V =- `(v , • , IL11)

then (3. 12) become

at v, -)=-(20+2,—s)Av("±N0BN1v(n)-Fexp(— s A t)N o F

And define

m-i
S (t)= E111)(11 2 —  E  I l v (P11 2

0=1 i=N1+0

w here II.11 stands for the P.-norm  in  the x-space. W e omit the suffix (n), then

S'(t)=E R e( 
d v i

 v 0)  E  Re( 
d v  

 , .dt dt

2 3The calculation gives (assuming - - <distance (0, supp a(e))<—f )

(3. 13) Si(t) ônilv("112-011)(n)11.11P411 nlIv` n ) 112P I I 2

w here a '(<3 ) and C' are positove constants independent of n and P=exp (—sAt)
x N o F.

In view  of the form  P" , w e have

Si(t)_3'n v")11 2 — IlexP (— A t)f 112

w here C is  a positive constant.

P ro o f o f  Theorem  1
W e assume (2. 2) to  b e  e-wellposed. A t first we define a  se ries of solutions

u n (t, x) of the Goursat problem . N am ely w e define their G oursat data. Let y';(e)
b e  a  function  w hose support is located in  a  small neighborhood of V .  On the
support of 0(e), a(e)=1. And assume f (e )rd e= 1 . We define

(3. 14) 0.+1(e)=0-(e— nV) •
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Namely

(3. 15) On+ exp (ine'x)0(x) .

W e define u„(1, x) b y  the solution of Pu n = 0  w hich satisfy th e  following Goursat
data.

ATA(4-1-1)m-2u„(0, x), (A+1) 1" 3 t u n (0, x ), ••• , ar 2 u n,(0, x))
, -- - ((0,(x ), 0, ••• , 0)

un (t, 0, .0---- gon (t, xi)---m;2 ait it„(0, 0, !

Obviously G oursat data (3. 16) satisfy compatibility condition (C ). (3. 16) can  be
w ritten  a s  follows.

(3.11)

In  th e  same

(3. 18)

f  aitun(o,x)----=g - iccionv ( e l + 1 ) - - 21 ,

u„(1, 0, x')=
-

,(t, x ').

w ay a s  [ 6 ]  p . 119, w e have

IlanNoE(A , u tsuo, x.)11=c+0(-7

1
1- )

C i s  a positive constant.
Now, w e p u t u=u„(t, x ) in  (3. 5). B y hypo thesis  o f  e-whllposedness, there

e x is t  a  p o s it iv e  in teger h  an d  a  neighborhood (in x-space) Q of x= 0 and  small
T ' such that

(3. 19) max I a;un (x, t) 1 0(n") for ,xEs2

B y taking the  support o f p(x) sm all, w e can assume th a t  th e  sup p o rt o f p(x) is
contained in  Q, therefore w e have

(3. 20) Ip(x)a;un(t, x)11_ 0(71") , for T' , m-11 .

Now, let us consider the right-hand side of (3 .5). The term ( i i ) -
'(D)ana.x,Par'u

is one which does not appear in  [6 ]  when considering the Cauchy problem. Here
w e  use (3. 10) fo r a r'( a n ax i pu,i ). In  view  of (3. 20), if  we choose k =h  then

ciet)-ak  ri(ana,o .un.)115-c

A fter using the relation (3. 10), th e  right-hand side o f (3. 5) h a s  o n ly  t h e  terms
which appear in  [6 ]  a n d  a  term  w hose L 2 -norm is bounded w ith respect to  n.

Hereafter we can consider in  th e  nearly  sam e w ay a s  [ 6 ]  p .  121 ,-, 4 2 4 .  Of
course on the w ay  th e  term s ar

-
'(a n d.;,3 • un ) appear. W e treat these term s in the

above way.
A fter all w e have

(3. 21) S„(t) C. exp n t )-0 (
1

) .
72

(3. 16)
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F or the  definition of S ( t ) ,  see  [6 ] p . 124. O n the  other hand, by  hypo thesis  of
e-wellposedness, S 7 ( t )  m u s t  h a s  polynomial order w ith  respect to  n. Thus the
proof of theorem  1 is complete.

§ 4 .  The proof o f  Theorem 2

Consider th e  equation (2. 2). A t first we prove Theorem when y e  R i.  In this
case (2. 2) can  be  w ritten  a s  follows.

(4. 1) E k a lt19:0 ! P  .
1-F-j-rk5nt

i67 rt-2

Then Theorem  2 claims that ; if  E-wellposed then  a ll te rm s in the principal part
of (4. 1) have the factor a x ,  m ore precisely

Now, w e give a  rough sketch  of the  proof o f Theorem  2 . In  f irs t s te p  w e
prove  am-2, 0 , 2 - 0 .  More precisely, assuming am -2, 0, 2 0  w e construct a  sequence
of solutions of (4. 1) w hich show s the continuity from G oursa t da ta  t o  solutions
d o e s  n o t hold. T h i s  s h o w s ,  i n  v ie w  o f  Banach's closed graph theorem , the
Goursat problem is not well-posed if  a m - 2 . 0 , 2 #  O. In second step, w e  show  further
ant_2,0, t=0 (3 by using the conclusion of Theorem  1.

First step
W e assum am_2, 0, 2 #  O. (4. 1), w e pick up all term s containing ar - 2  as factor,

then

(4. 2) ar 1axu— (am -2, 2. oai7+am_2,,,,asa y +am_2,0,2 + a m-2.1, Oas

+ am_ 2 , a, ia y + am-2.0,0) a r 2 +  E  ai i k9;:a!„8:u.
-

Putting u -=exp(i72y)v(t, x), v(t, x) m ust satisfy th e  following equation ;

(4. 3) 1ax v — [am _2,° ,2(i)2+am _2.0 .1(i)+a2.0 ,0 iaz ' 2v + ( a n t  -2, 2. 0
,9

.
2
x
.

am,-2, 1, 1(i )
3

x + a m - 2 ,  1 oax )ar - 2 v +  E  a iik ( i0 k a a ix v .
i5771, - 3

If  necessary, changing x b y  —x, w e can  assume am-2, 0, 2 < 0 .  Now th e  first term
of the  right-hand side has th e  form :

(a  722+  ib Oar -2v where a > 0 ,

w e m ake the positive param eter 72 tend  to +D O . Then denoting

C= A/a772 -kib72+c,
w ith  Re C> 0, w e have

C =A /a)7 +i 
b

2/ _  + 0 ( 1 ) whena

T his implies in  particular ( le t u s  rem ark b is also real),

IC I =C -F 0 ( )= C + 0 ( cl

L et us consider the solution y  01 (4. 3) which satisfies th e  following condition.:

— >-1- 00
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aft v(0, x)=0

(4.4)2 v ( 0 ,  x)= 1

v(t, 0)=P 4 2 /(1)1-2) !

In  view  o f the  first condition, w e  p u t v(t, x)
I .-2+ 9 . 0

(4.5)v ( t ,  x ) =  E  v  
pm q..1.0 P q  n  — 2 + p ) ! qO ! •

The second condition implies

v0 0=1  . v o ,,=0 , fo r all q 1 .

T h e  th ird  condition implies

v00 = 1 ,  v p , o =0 , fo r all .

Comparing the coefficient of trxs,

(4. 6) 8-1-1=C2vr, 3+(am-2, 2, O n  s+2+am-2. 1. 1(i 12)Vr. 2+1+ a m -2 ,1 , On s+1)

+  E  a i j k ( i 72) ks + i  •

To m ake clear th e  recurence relation, w e  con sid e r t h e  term s corresponding to
i-=- 1n-3 in  th e  summation.

E k(iri)k vr _,,, + ;
k

Since j + k 3 ,  j _ 3 .  So

( E  a m _3 , j, k ( i 7) ) k )V r -1, s+ j •j=0  k

So, if w e denote am - 3.;( ) =  E  a m -3 . j .  k ( i l l ) k ,  w e can  rewrite
k 5 3 - j

am - 3, M y r - 1, .9+j
.1=0

w here w e have
am-3,;(01_A l 273 - i

So (4. 6) can  be  w ritten  in the form,

(4. 7) 8+1= C2vr, 8+  ai(i))Vr, s+1+ aoV r, 8 + 2 + A  am-3, A ) V r - i , r + j

±  am-4, 1()7)V r-2, ,+ j+ E  a m - i ,  j (ii)Vr-i+2,r+j+ " •
j=0 • =0

w here a1 ()7)=a m _ ( 72)-1- a.2  1 , 1 j  , , 771-2 1.0, a0
=

 a n t= 2 . 2  0  and an ,_, ()7) is  a  po lynom ia l in  )7
o f  order T h is  sh o w s  th a t I) , is  d e te rm in e d  u n iq u e ly . A t first, we see
easily that

f  v = 2
p , C "  f o r  p  0

(4.8)
vpg= 0 for q >  p.
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W e are  going to estim ate u p ,  (q<p ), w here 72 is  la rg e . F o r  th is purpose  le t  u s
rem ark  tha t there  ex ists a positive constant A  such  tha t fo r  72 large

la1(>2)1 A1C1,

lani_i,;(72)1 A1Cl i - i  • (Rem ark that 72 <const. ).

In view  of this, w e consider th e  following associate majorant:

(4.9)A l C r  f.-1.3+;=0

+ AlC1 4 - 1 74-2.8+;+ +
j= 0 i=0

T hen w e have

Lemma 4. 1. It holds

M r!
si

where C is an  appropriate positive constant (independent o f  )7).

for s r .

Pro o f . A t first by  (4.8) th e  lem m a is true fo r s = r .  So we shall prove this
fo r s < r .  W e prove th is by induction on r. Suppose the estim ate  is true  for

Then

Iv'+ +11-5_1Cr r
s !ICI"(C1CD'F A IC I ( s +

7.1
1)1 ICl 2 s+ 2 (CICI) r - s - 1

+ A  r ! 
I C I"-"(C IC ir"(s+2)!

+ A ji o lCr i (
(

r
s+ .1

1.)) !
I ICl 2 + 2 i (C1C )

T - s - j - 1

.fro ± l )+ A i
(rs-2)1!  ic12.9+2./(cicly-s-i-2+

(r(—s ±i+).)2)t. ! +A2j1C1 z - I C I " + 2 1 ( C I C ) T - 8 - ' - " - 2 ) ±i=o

(r+1)!  1c12.9+2(cici)r-s[  rs ++r + 1  1 1 A  
(s+1)! (r+ 1 )(s+ 2 ) C 2

A  v3 , 1 (s+1)!  c i + A ( r - 2 ) !   (s+1)! 
+ r l .frô (r+1))- (s + j)! i=c) (r+1)! (s + j)!

+ A (r— i+2)! (s+1)! 
j = 0  (r+1)! (s + j)!

T he quantity between [  ]  is  majorized by

1  A  1  A 1 (4. 10) 1r+1 r + 1  C  r + 1  C2 + A .A  r + 1 i=0 r+1
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i 1 .
+ ••• +A  E  C -  i+ 2 +

j= 0  r+1

Now we choose C(> 1) in such a way that

A 1
—  - < —  .
C J-0

Namely, C>mA+1.
r1  Then, in view of = 1  , the above quantity is less than 1. This

r+1r +  1
completes the proof of Lemma.

Now we consider

tP X q-2v  =  E
P.4 p q ! 94 .

For t, x_ 0, we have

lar - 2v(t, x

VPE tP X P

p o  ( p l) 2

r 2p
E tPxP

p o  (p D2

t'-'x PE V   
p sO P P  (p !) 2

t P x q  
E 144q<p P ig !

t P x qE
4 < l) 9 0  P !  q !

(Since I vpq <14 0 f o r  q<P)

— E t 9 X 0  I C l 2q (C1CO P - q  •
P 1)2

This second term is

E  IC17  x q  E  tP(cICDP - q= ) C,1x c i t g  E (Clci)itj.
q o  (q!) P; P>4 q a o  (q 1) 2

7 
j a i

In conclusion

ICl 2 q  

(4. 11) I a r 2v(t, x; 72)1 E xqtq(1— E (C I )it')
q u  (q ! ) 2

E
2q  x qtq

q o (q
_  E

qz..o ( 0 2  x  t  .

Now let us recall the definition of the Bessel function of imaginary argument

/0(4= E
Z

! )2  ( 2  )

,

and its asymptotic formula for 00 in the sector +5< arg z<
r-

—
2  

—62

/0 (z) — 2
e :r z  (1+ T3-z-1 + 0 ( -1z -, .

Now, the right-hand side of (4. 11) is expressed as

(4. 12) /0(2IC I -./.if)(1— (CI C 1)i t)— 1/0(2 I -Vxt )— /0(2C 'Vxt )1
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We take Then 1— W e fix  x 0 >O. T h e n ,

since 2 I I / f = ô / f f  ( ô : positive constant) thus the first term  increases

1
I
 exp (ô1 / 2 ) { l + O ( 1 / 2 ) }

Next,

Thus

3/2)

exp (2 /x0 t)=exp  (ô 1/1) exp (O( h/2))

=exp(1 / 2 )  {l+O(_ 2 / 2 ) }

This shows

I(2 v 'x 0 t)— I0 (2 /x 0 t)=exp (ô I 1/2){O(

Thus we have

(4. 13)I ô r - 1 v ( t z ,  x0  ; ^  exp (ô' 1/2)( O < ô '< ô )

for therefore K I  la rge .
Now, recall u=ex p (ijy )v (t, x). By (4. 4) we have the following;

x, y )=O O i m -3

(4. 14)2 i i ( O  x ,  y)— "13

u(t, O, y )=e ''t" 1 /(in-2)!

By the assum ption of e -wellposedness the  grouth order of  ô ' u(t, x , y ) is at most
polynomial of therefore On the otherhand, by (4. 13),  ô r 'v ( t ,x , .y )  h a s
exponential order of .  T hese  can  not be  com patib le .

Second step
Denote

P n ( r,  ,  ) i ( V ,  ,  )+P(r, )
O w ing to the first step, the degree of P,,1(r ,  ) w ith  respect to  r is a t m ost in -3 .
W e shall prove "if P,(r, i7) O, then  the  charac teristic  po lynom ial P m ( ,  ,  i7j O
has a non-real root".

Considering the homogeneity of  P,,1(r, ,  ), w e  p u t

(4. 15)r / i = r ' , e/i 2.

Then

(4.16) Pm (r, , ) rj " {A m i (r ' , A , 1)+P m (r', 1)}=O.

Suppose

(4. 17)I 3 1 ( r ' ,  1)=a m j r " ' + + a 0 , a 3 1 O' j 3 .
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If  necessary, changing x b y — x, we can assume a,, > O. A gain  putting

(4. 18)

and  denoting

0.-1(7 1 , 2, 1)=-- z- ' 1 +C i (2)7'+  • •  •  - - l- Cm-1(2),

(4. 16) can be written a s  follows.

(4. 19) 2(1+ Ci(2 )C+C2(2)C2 + • - +Cm-1(2 )CP' - 1 )

4 - (am- 3
- k am- J -1C+ +ct00771- ') =0 .

Then

c,--i= 1±C1(2)C+ • 3(4. 20)
, ••• ±a 0 (m - 3

This show  that (4. 19) has th e  roots c(2) such that

(4.21) c (2 )--v-21a ._ , w h en  2 —» 0.

If j - 1 2  since an i _ , is real and positive one of branches satisfies

(4.22)I T I T 1 C ( 2 ) 1 - 5 ) - 4 / 1 2 1

Thus we complete the second step.
Finally we consider yŒ R1. Recall (2. 2)

(2. 2) ar-iaxu= E ai j a aai,a1;zi
1-1-j+1

Theorem 2 means that e-wellposed then

I f  E 0, by suitable change of independent variables, we can consider

the coefficient of ar--a; o. In  first step we consider such 12.=u(t, x, y 1 ) which is
independent o f  ly i ; So  w e can  m ake t h e  sam e process a s  1= 1 .  In
second step, we consider such 72=(>2 1 , 0 ••• 0). So we can make th e  same process
as 1= 1 .  Thus we complete th e  proof of Theorem 2.

§ 5. Proof o f  Theorem 3

We prove Th. 3 by th e  same principle a s  § 3. However, i n  th is  case  the
reasoning becomes fairly delicate. We regard a s  t h e  p r i n c i p a l  p a r t  o f
P .  Consider the  equation (2. 2), then

(5.1) P(7, e, aiidrie'72'

C, 17)+P.-1(r, e, 72)+Rm-2(7, e, 7?) •

where P., P i n ,  a re  th e  polynomials o f homogeneous degree m and  m - 1  respec-
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tively. R m ,  is  a polynom ial of degree m -2 . L et us rem ark  tha t the coefficient
of z-mi i n  P m -, vanishes and by Theorem  2 w e can  assume  P m C m i .  L e t

(5.2)P m _ i = e Q m _ 2 ( r ,  e ,  7 7 ) + P . _ 1 ( 7 ,  7 2 )

w here Q„,-, a n d  Pm _, a r e  t h e  polynomials o f  hom ogeneous degree m - 2  and
m-1 respectively, then

(5.3)7 2 ) + R . - z

==eQ.-14- P.-1 (r,77 )+R .-2 .

where the coefficient rm - 1  i n  P„,_, vanishes a n d  b y  t h e  assum ption (A.4), the
roots z-=-z-i(e, 27) o f 0,._1(7, e, 77)=-0 a re  a ll rea l and distinct.

W e shall prove that if 22) 0  then  the G oursat problem is not 8-well-
posed. Suppose P,,,-1(7, 27) 0, then  there  ex ists 77° su ch  th a t P,„_ i er ̀27°) 0. Let
us consider th e  characteristic roots of pm,(,-, ie, i e ,  i>7)=0  in  a  neigh-
borhood of e= N /1, /2=4° (2>0, la rg e ) . W e have the  following lemma.

Lemma 5 .  1 .  If  0 ,,_ ,E r;e , 22)=0 has real distinct roots 2,(e, 22) (1 i n t-1 )
f o r  a ll rea l (e, 72)#(0, 0), an d  i f  13 7.-i(7, 72) 0 , then there exists an e(122°1=1)
such that f'...1(7, 72 0 ) 0  and  the  roots { i}  m i  o f

(5.4) ie, i27)+P.-1(7, i72)=0.

have the following estimate f o r e , 2 E  V2.

Re z-i >6 A,/,/, 5>0

(5.5)

Re r i < 1V2+1_.<i m -1 f o r  2( >0) large,

where V2= {(e >7);1E- 60A/2 1<EN/1,172-4 ° 1<s 21, s o -= + 1 o r -1 , the choice being
defined later.

Proof o f  Lemma
Putting 7=i7' then considering the homogeneity of Q ._ , and P.-i, (5. 4)

becomes

(5.6) 10.-1(r', e, 27) —e ,  2 7 ) 1 9)=0.

Now, let

(5.7) C)m- 1 ( 7 / ,  e , 77)= (v ' -2(E, 72)).

{21(e, )7)}. iz,,,_, a re  a ll rea l and distinct for all 72)#(0, 0). P u t 2(0, 27)=2 ( ).
By th e  assum ption there exists 720(17201=1) such that P„,,,(ri, 72°) 0 . Next, since
the  degree in  z '  o f  P m _i (z-, 72°) i s  a t  m o s t  m -2, th e r e  e x is ts  a t  le a s t  o n e  i
(1 . i n2-1) such  tha t P._1(2z(27°), 77°) *O . Moreover we can assume, if necessary
by changing slightly 77° w e have
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(5.8)P . - 1 ( 2 k 0 7 ) ,  ri) 0 o r  P,i(2k()2), )7)=_ 0

f o r  )7 V o ; )7° I < s,1)21= 1} w here e  is small.

L et us write

77= 10 )7/ 1)7'1=1 .
Therefore

(5.9)

Put

172)=-2i(e/1)71, 77')1)71

Q .-2 (7 ' ,  E, )7)=Q._2( , -71)21, vi)21, 72/)1771 —

Pm_i(z-', 72)=P._i(7.71721,)7')1721 ' .

(5.10) )2)-Fc(e, 72)1771 .

By (5. 9) and (5. 10), (5. 6) becomes

(5. 11) (2i(V1Y) I ) - 2 ./(e/ )71, 77')+C)

— i 112 - 1 Q.-2(2i(e/ I )71, )7/)+ (, I 7// )

=iP.-1( 2 i(e/1721, 1) /)+ ( -  i )/  -

P u t e/1721---s, where we consider s - 0  w h en  1,71,  c o . T h e n  (5. 11) becomes

721 -2 (s , 0+C, s, )2')

v i )+c, )7')/e •
Namely

i13 ,, ,(2 i ( s, 771 )+ ( , )71 )+isQ„_2(2,(s, 72')H-(, s, )7')
C= H (21(s, 7)') - 2 ;(s, 771 )+0

Rewrite this by

Moreover putting

Then

( = f ( ( ;  s, )7')/e.

1/e= ..

(5. 12)( = f ( ( ;

where f ( ( ;  s ,  )71) is  a  holomorophic function in  a  neighborhood o f  (0 ; 0, 7)°) with
respec t t o  C, s  and rj. B y  m e a n s  o f L a g ra n g e 's  T h e o re m , is  a  holomorphic
function of u  (considering s, )7' are  holomorphic parameter) and

(5. 13)
3=1

 c,(s, 271 )u ,  ,

„ 1 1 r f ( z ;  s ,  17')ici (s, )•=•= — .- • dz
27rt ,=a 0z '

w here 30 i s  positive and suitable sm all. B y calculation w e have
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c1(0, will, (2 i(0 - 2 ;(0 )  •

Because o f (5. 8), w e have

I c,(0, ' ) I d ' ( >  0 )  o r  c1(0, 77')=-• 0 , 72'E V0 .

Moreover considering the Taylor expansion of  w ith  respect to  s, w e have

C= , w here c01(7/)=c1(0, 12') •

Namely

(5. 14) C{i 1(2i(771), (À ') - 2 ' ) ) }  u + c i ; ( 7 2 ') s i u l

Particularly w e pu t s=p u , therefore e i 721=p le  so  e2==p1721. Then (5.14) be-
comes th e  following :

(5. 15) C=- 11Pm-1(2i(72'), 72')/yi (2i(0-2;(7/))1u+ co (O p iu i+ i

Finally w e have

(5. 16) 77)= -i7 '(, 22)

= 12 ( ,  7 7)— ( 13 m-1(2 i( 0 ,  1 2')I W2i(72') - 2;(0 ) —
p

cii(72/)pi_i( 1 ) 1 + j - 2

M oreover considering that c15 (72') is  o f  homogeneous degree 1 w e  p u t  c1;(72')I 77 I
=c o (? )  so  w e  have

(5. 16') ri(e, )2)=i21(e, 77)

- IP.-1(2i(27), 77)11-
*; ( 2 i( 7)) - 2 ;(72))1 *

E  cii(77)(6/ I 7? I Y(1/e)5 •i+ Ja2

W e can assume Pm-1(21(77 i ), 72')#0, 72`e Vo . N ow , le t us define th e  sign  of s o b y
th e  following ;

—(1)m-1(2[(7'), ilI(21(71)— (77TXeo>0

T hen by  (5. 16) w e obtain (5. 5). T he  proof o f  th e  lemma thus complete.

Localization in the (x, y ) space
L et p(x, y ) be C';' y  func tion  w ith  com pact support. Apply /3 to P it= 0 . Then

pPu=0. B y the formula

w e have

p P u =  E
1,120

(- 1 ) '   p (00 (011 )
!

''(5. 17) P [ u ] —  =— P(')CP(')ui •h.dzi 
(-1)'



142 Y ukiko Hasegawa

Now we take a function a(e, 77) w ith compact support. A pply th is to  (5. 17),
because of constant coefficients we have

(5. 18) P[aPu]-= —  E , P( ')[a13 ( ')u] .
m ai V !

F or convenience we say that the order of differential operator a„ ay  i s  1 and
the order of az is 1/2. For example the order of aola; is  i+!a1 +1 1 2 . The order

of left-hand side of (5. 18) is in -1+ 1/2. The order o f  
a

i s  m -1 . And the

another terms in the right-hand side of (5. 18) is at most m-1-1/2. So the most
adelicate part in the right-hand side is — P[cri9,24]. The same reasoning used inae

§ 3 can not be applied to estimate this term . This difficulty was overcome in the
following way*). Recall (5. 3),

P=eQ.-i(r, e, )7)+P.-i(r, 77)+R .-2(7, e, 77).
Then

ap aQm_, aRn ,_ ,(5.19)=  Q m -i+ +ae ae ae
aQ m -i a R . - 2The order of (2„,_, is in -1  and the order of e +ae ae is at most in-1-1/2.

Replacing in (5.18) /3 we have

(5. 20) P [a u ]= — (- 1 ) 'P ( ' ) [a(43,v ) ( ' ) u] .

Let us assume that on the support of a(e, 77)  e  does not vanish. Now we define
the pseudo-differential operator a; i by

(5.21) a ; if  _= iie f ( e , 77)) ,

where f (x , y )  is assumed that its Fouriertransform f(E, 77) h as its  support away
from th e  hyperplane e=0. The operator a.T.i is the same as (ie ir i  in § 3. We
regard the order of aT' as —1/2. Using th e  operator az i, (5. 20) can be written
as follows

(5. 22) Qm-i(a13xn)=

— E "  a-ip(o[a(13x)(')u] .,m ai

By (5. 18) and (5. 19) we have

P [ap u ]- =[Q ,+a z
a Q

a
m
e

- i+ aR
ame - 2](apz u)

E , 1:x0(a y o u )
v!

*) T h is id e a  is  due to Prof. M izohata.
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awhere E' does not contain th e  term — P  by (5. 22)a e  '

P[apu]-=.—  E
mai

(-1)1 , 1a -
P (')[a(13x) (')11]

—a;TP„,+Rm_21(aisxu)+[ax aQ
ani +  ae ] (a 1 3 xu)

af?„, 

P
(

' ) [ a u ]  .

Finally

(5. 23) P [a u ]= taxauai:1)(a y o u )  ,

where th e  order o f th e  left-hand side is m-1/2 and the right-hand side is at most
m -1-1/2 . L et us notice  that th e  right-hand side contains th e  term aV ar l .

Localization in the (e, 72) space and reduction to the system
A t first (if necessary replacing x by —x) we can assume s o (in Lemma 5. 1)

= ± 1 .  Take a  function ao (e, 77)E C° o f  small support which takes the  value  1 in
a  neighborhood o f (e, 77)=(0, 0). Define

(5. 24) an (e , 77)= a0(

Assuming the support of ao(e, )7) remains in  le I , )71 <s' (s'>0, small), then the
support of a f l (e, 77) remain

(1—  )  I -5$ -5- (1 + s')Afit-

(5. 25)
1 n—e/ A /T/(721 - n-Es' N /ii

Recall (5. 23) and  rep lace  a  by a n , then

(5. 26) P[a„182,]= i i c(atasa y a;')Cany o ul f(„ ) .

By (5.3) we can rew rite  (5. 26) in  th e  following form

(5. 27) [(2._i+a;'P._il[a.puJ=a-z-.1Cf(n)—R._2(ani9u)3.

Let f (AH-1) - '

E (A)= (A +1 )7 '

1
Putting il=t(u, a t u, ••• , ar'u) a n d  U=E(A)(48 'JO we obtain a n  equivalent system
to (5. 27) :

(5.28)a t ( a n U ) = - H c r o , U - F F  ,

where F=t(0, ••• , O, a.V[f (T ) — Rnt-2(anPu)]). Denote

D= 72); e> R an d  72'E Vo where 7)=)7'1771, an d  1-6'1<V/1721< 1-fen

1, 1 al v !
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w here R  is  a  large constant and s"  is  a  sm all c o n s ta n t .  L e t  u s  diagonalize H
i n  Q . T a k in g  a c c o u n t  o f  th e  fa c t th a t Q,„_,(r, e, ,)=-0 has rea l distinct roots
(if we choose R sufficiently large) w e can find (m -1 )x (m -1 )  m atrix  N(e, )2) hav-
ing  th e  following properties.

7 71(e, 77)O )
i) N(e , N2(C, )2)7 - 2 ( e ,  7 ) ) D

\ A■J • irm-i(e, 72)

ii) Each component o f me, 0 and  N - '(e, )2) i s  C- fuction o f  o rde r 0  with
respect to  (e, )7), fo r  (e, >7)e.Q.

v1+1 , 21 iii) 0 1 < co n st.(1 e1 + 1 0 2 fo r (e, )7)e Q w h ere  ni i (e, ri)  is
th e  symbol o f  (ij) element o f  N.

F o r example we take
1 1

r i .F7n -1

N-= ii i  -1

- 2 'oz.: 7, - 2 — 2
m -1

w here i2 i = r i / (1 ± A ) . T h is  N  satisfies th e  above properties i), ii) and iii).
Now denote Qn =supp a n . B y  th e  Lemma 5.1 we can assum e;

R eal part z-i(e,72)-(5±6).‘/IT

(5. 29) Real part 77) - ( - 5--Fs),■/77 ,

5 > 0 ,  s > 0  small, (e, Q„.
Put

(5. 30) ex p(-6N /iit)N anU=V ,.

Vn  sa tisfies th e  following equation:

(5. 31) (51+,..,/i ) vn— DV2=G„

w here G„=ex p (-6 N /T it)N F. Consider

N1

S(0= E IlVi" )/  II Vf" ) 112

1=1 J N 1+2

w here  V r  is  th e  i-th component o f  17'n) a n d  11.11 i s  L2-norm  i n  (x, y )  space.
T hen  w e have

(5. 32) S/(t)_5.N/i/711177,112
c

-  11G7,112.A/n.



C- -Goursat problem 145

P ro o f  o f  Theorem
W e prove this by contrad ic tion . W e assum e the G oursat problem  (5.33) to

be e-wellposed.

Pu =f
(5.33)a i u ( 0 ,  x, y)=u,(x , y) ,

u(t, 0, y) -= ( t ,  y)

w here P(r, e, 77)=eQ_ 1(7, e, 0+1 8 „„_,(r, 77)+R„,-,(r, e, 77). A t firs t w e  d e fin e  a
series of solutions u n (t, x , y ) o f (5. 33) w ith f = 0 .  Namely we define their Goursat
d a ta . L e t  sb(e, )7) be a  C- function whose support is  in  a  sm all neighborhood of

=(0, 0). On the support of çr.,(e, 72), ao(e, 72)=1, and we assume III 0(e, )7)1 2 ded 72= 1.
We define

(5.34)s b n ( e ,  7 7 ) = 0 ( —  A/n , 77-12.77°). Namely

(5. 35) On(x, y)=exp (i A /7-ix-Fin77°y)0(x, y).

Now we define u n (t, x , y ) as the  so lu tion  o f P u =0  w h ic h  sa tis fy  t h e  following
Goursat data.

t(u(0, x, y), a1it(0, x, y ),  ••• , arz u(0, x , y))

=E - i(A)N - "(0„(x , y), 0, ••• , 0)

m-2
un(t, 0, y)=çon(t, y)== E aîtr,(0, 0, y )tv i!  .

i=0

W e w ant to  show  that*)

(5. 37) N aE(A )Pun(0, x , Y )=c+0( N /
1

I T ) ,

w here c  is  a positive constant independent o f  n.

(5. 38) Na„Epil,„(0, x, y)=8a„NEfi„(0, x, y)

+(a n NEP— Pa n NE)ii„(0, x, y)

T h e  first te rm  o f th e  right-hand side is, by  defin ition , t (Pa n çb„, 0, • , 0). Since
a„(e, 77)=1 on the  support of 0„(e, 77) then a n 0 = 0 ,„ hence

13(x, y)0„=I3(x, y) exp (i A 5ix +iney )0(x , y) .

Since 0(x, y ) is analy tic  w e have

(5.39) II gx , A anN E/71.(0, x, Y)11=1 . I  13(x, y)0(x, Y)I 2dx dy } ÷=c>0 .

Now look a t  th e  last te rm  o f  th e  right-hand side o f  (5. 38). For sim plic ity  w e
c h a n g e  th e  notations :  w e w rite  x 1, x2, • • • , x i + , in s te a d  o f x , y „ ••• y l . So we
w rite  x instead o f (x, y ) and  w rite  e instead of (e, )7).

(5.36)

*) In  §3 , N  is a constant matrix but in this section N  is pseudo-diff. op. So the reason-
ing becomes fairly delicrte.
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We know that (c f [6] p . 120)

[a n N E , f i (x ) ]=  E  fi(')(x )(x '•a n N E )•  E - 1 N - 1 + R., p .1 1.15p :

T h e  symbol o f  (x'-a n NE)• E - 1 N - 1  i s  aia„N ()E ())XE-1(e)N -1(e). Denoting the
(i, j) element o f this matrix by q•i  a n d  its symbol by qi i (e), we have

(5.40)q i i ( e ) I < C ( 1 + 1 e 1 ) - L ' 1 1 2 f o r  EES2 .

Using this we obtain (5.37) by nearly same way a s  [6] P .  120.
Now we put u=u,,(t, x, y ) in  (5.32). By hypothesis of e-wellposedness, there

exists a positive integer h  a n d  a  neighborhood (in  (x, y ) space) G o f (x, y)=(0, 0)
a n d  a  small T ' such that

(5.41) max I x, y)1 - 0 (n ) for 0 - t_.7v ,
y)EG

By taking the  support o f fi(x, y )  small, we can assume that the support of fi(x, y)
is contained in  G .  Therefore we have

(5.42)y ) a t t „ ( t ,  x, y)Il -__0(nh) f o r  0  t T '  ,

Now we consider th e  right-hand side o f (5. 31), Gn . Recall

Gn =Nexp (—s,V7/

•, 0, a V(foo—R7.-2(ani9u.)))

f o o =  E C,(axayata; 1(anV u .)•rna IA 51

T h e  most delicate term in  Gn  is  a; 2a r 1 (a n fi 5 u,„). F o r this we use (3. 10) i n  § 3.
Namely

a;2ar-i(ant9xur,)_a;.2,9;2ha,,„._i(ana2..nni3x.un)

+ E' D)a.;2(an px•un).
11, 150

Considering the  support of a i, we haqe

llaVa; 2 h ar - 1 (ana2Pfix • Un)Il
<cile-2h-2a n(e, 72 )g(aile+1fiar-lu n )li

- const.(11n)"- inh_Cln.

Considering th e  order o f c,(a x ay at a.-,-) and d,.2hot, D) we see that Gn  is expressed
a s  linear combination of

exp (—s A /Fit)Na„E(A)(p ( ')•

whose coefficients being bounded operators in  L 2 a n d  a  bounded function with
respect to n .  Hereafter we can consider in  th e  same way a s  [6].
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§ 6 .  The p ro o f  o f  Theorem  4

Because of (2 .1) and (2 .2 ) from  the beginning we consider the following P.

P(r, C, = (r C 77)- Fe071-2(7, 77)+Rm-2(r , C V )

w h e r e  Q n2-1=O nt-2+0.-2.

M oreover we can assume the Goursat data is  zero . In  fac t, consider the follow-
ing u;

n2-2
V ( t ,  x, y)= E uk (x, y)t k  Ik! --Eço(t, 31) —  E uk(0, y)t k  /k! .

k = 0 k= 0

B y the compatibility condition (C), the  v(t, x, y ) satisfies the G oursat data (1.2),
and of course ?)EC - . In  the prob. (1.1)— (1.2), put u=v+27, then

Pu =- —Pv+f

a;f1(0, x, y)=0 0. 111- 2

1:(t, 0, y)=0

For simplicity we change the notations: we write x2 , x2, ••• x24-1 and C1  .2 , E L F '

instead of x, y1, ••• y t  and e, 722, ••• , v t re sp ec tiv e ly . A fte r  a ll w e  co n sid e r  the
following Goursat problem.

(6.1) Q m -laxiu— R._2u+f

au(o,
(6.2)

1 ul x i -0= 0

x ')= (x i , x2 , , x t ) xE R'+' .

W here Qn ,_, is  a  differential operator of order m - 1 , moreover strongly hyperbolic
w ith  respect to  t. And R , ,  is  a  differential operator of order m -2 .

W e shall prove Th. 4  by iteration, nam ely le t vo b e  the solution of

, a ; v 0(0 , x)=0 ,

and uo b e  the solution of

ax i uo= vo , uo x 2=0=0 .

In general, for j 1, v;  b e  the solution of

(6.3) Q n 2 -1 V j— R y n -2 1 i j - i  yx y = o  ,

and u ;  b e  the solution of

(6.4) a x i i1)
=

Vi ,

W e w ant to  prove that the  series u 0 ± u 2+  •••  converge.
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Now we introduce a  dependence domain of the G oursat p rob lem . Let

2„,„-= m ax 21(e)
ler=i

w here 2,(e) is  a  root o f  0 7,_,(7, e)=0. Let Y>o and  le t 2(t, .5'c) be the  backward
co n e ; {(t, x ) ; I x — i ' l 2 m a x a - 0 1  h a v in g  (7, i )  a s  its  apex satisfying t O. D eno te
b y  D(t, r) th e  se t o f  a ll points form ed by .0(7, x) when x ru n s  th ro u g h  xj

H ereafter take a  D(t, r) and fix it. A n d  denote D(s) the intersection D(t, r)
and  the  hyperplane t= s .  Now, w e have the  following two lemmas;

Lemma 6.1.

(6.5)
ax i u =v ( t , v ( t , x)E1-10Ç

u I xi -a-0

T he solution o f  the problem  (6.5) has the follow ing estimate;

(6.6) u(011 ct) C 1  v(011 D ( t)

w here Ilu(t)111)(1)=4 In(1, x)rdx and C, is  a constant depending o n  D (t) b u t  in-

dependent o f  v. . D ( 1 )

Lemma 6.2.

Qm_iv=g(t, x) g(t,
(6.7)

x)=o

T he solution of  the proqlem (6.7) satisf ies the follow ing inequality ;

(6.8) Illy(t)111k,D(t)—<_C2:11g(s)11 k. D (s ,d •S k=0, 1,2, • ,

w h e re  11g(s)11 k , D (s) —  E D (s)
la lS k

m-2
and 1112)(0111k,D(1)= E Ilatr(t, x )11.-2-i+k .D(t, •

1=0

Remark 6. 1
In  Lemma 6.1 w e can  replace II • IID(t, by D ( t ) • N a m e ly

Lemma 6. 1'
T h e  solution o f  t h e  problem  (6.5) h as  th e  f o llow ing e s t im ate : A ssuming

v(t, x)E1-1, w e have

(6.6') illu(t)111k.D(t)-0111ii,(0111k,D(t) •

T h e  idea o f using D(1) is  due to  P rof. Mizohata, cf. [8].

The proof o f  Lemma 6. 1
T his lem m a is a  particular case of Poincare's inequa lity . Let
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D+(t)=D(t)(11(t, x, y);

D_(t)=D(t)n{ (t, x , y ); .
By (6.5)
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u(t, x )= .f x
o

l v(t, s, x')ds .

Suppose x1 >0, by Schwarz's inequality

u(t, x)1 2 -0 1 11. v(t, s. x')IdsY -__ 1 12 ds s
o

l  v (t, s,

W hen (t, x) W O , w e have

G U . X ' )

110 , 41 2j V(t, S, 4 1 2 cls0

w here L (t, x ')= sup x1 . L et L = sup L (t, x ') , then
(t. x)Ey...(t) ( t . x )E D +(t)

lu(t, !v(t, x )rdx
14( C) 0 D.,- (t)

Therefore

x )3 + (t) •

In  the  sam e w ay w e have

x)Irb_(t)_(1/2)L 2 11v(t, x)o_co•

A fte r a ll w e  have

412ds

 

1111 (t X)11 DC t) N/1/2L11v(t, x)Ilo(t) (1. e•

Lemma 6.2 is essentially sam e a s  theorem 6.12 i n  [7 ]  p . 367. Considering
the  dependence domain o f  hyperbolic Q ._ „ w e can obtain (6.8).

The p ro o f  o f  T h . 4
Consider denoting M = sup Ilf(s)11k,y(,), b y  th e  lemma 6.2 w e have

0111k DC t) c, .Yo llf(s)11 ds<C A/ftk.D(o_ -= _ .

A nd b y  the  lemma 6.1' we obtain

-5_C I N V  0(0111 k D M  •

N ext, le t  u s  estim ate the solution y, of

Qm-ivi=Rin-2uo, x)=o

R . ,  is  a  diff. op. o f  order m-2, then

IIR.-2u011 k.D(s)_ C 3111110(011 k D(s) •

B y the  lemma 6.2 and  the  above estim ates w e have
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Ilivi.111,,,t)5c2yom 2i1011 k. D(. )dS

tte<C,Ca o (Huo(s)ffi k,Dcods -5.C,C2C3 ollIvo(s)111k,D(,)ds

_ C1C;C 3 M t
o sd s= C 0QC 3 Mt 2 12! .

And the solution u ,  of ax i ui =v i , "ill xi =0=0  h a s  the  following estimate ;

HUOHIR ,D 1) (C iC 2) 2 C 3111 t 2  / 2 !  .

For general j ,  w e h av e  the  following :

Lemma 6.3.

(6.9) k.D(t) ( c 1 c 0 . ) + 1 C,IMP+ 1 /(j+ 1) 1 f o r

When we replace u, w e  h a v e  a n  inequality nearly sam e a s  (6.9).
Taking account o f  th a t D (t, r ) is arbitrary, by th e  Sobolev's lemma, th e  series
E u k converge uniformly in  arbitrary com pact set in  R '  X [0, T ] .  In  th e  same
k=0
w ay E va) converge uniformly in  arbitrary compact set in R 1 +1 x [0, T].

k=0
L et u= E u k ,  u  is  a solution of the  problem (6.1)—(6.2) and uECr,..

0=0
A t the  end , we shall prove that th e  so lu tion  o f th e  problem (6.1)—(6.2) is

u n iq u e . L e t th e  prob. (6.10)

(6.10) au(13, x)=0

ulx,0=0

has a non trivial solution u .  There exists D(T, r) such that

sup Ilittillo.D(0 =M> 000 t 7'

By th e  lemma 6.1' w e have

11101o, Du) CI lax i u 110, Du) •

B y th e  lemma 6.2 w e have

So

(6.11)

Finally we have

(6.12) IlluIllo,Dct -M(C't) k /k! for ,

T h e n  1211110.D(1)= 0 . Thus we complete th e  proof of Theorem 4.
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R em ark 6. 2. For the variable coe fficients the above reasoning is valid too.
-

R em ark 6. 3. T h e  le m m a  6 .3  show s t h a t  th e  s e r ie s  E u c o n u e rg e  in
111.111CD(t) sense. T hen  w e  have the following ;

j=0

Proposition . Consider the Goursat problem (6.1)—(6. 2). For the data

E ( H ) k=- 0, 1, 2, --

the problem (6.1)—(6. 2) has a unique solution u  such that

u(t)G H I V  k  , a tu(t)G H g c— a+ k • • • , 2 U(t) lkoc •

At the end the au thor w ishes to  thank  P rof. S . M izohata fo r his valuable
suggestions and encouragement.
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