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Introduction

The present paper is a direct continuation of our previous work (Mochizuki-
Uchiyama [11]) and deals with a spectral theory for the Schrbdinger operators
—4+ V(x), in exterior domain D of R ,  some real "oscillating" long-range
potentials V ( x ) .  Throughout this paper, the same no ta tion  a s  in  [1 1 ] will be
used (the list of the notation is given in §1  of [1 1 ]), and formulas, lemmas, etc.
given in  [11] will be quoted as ( I . 2.3), Lemma I .2.3, etc..

Let L  be a selfadjoint realization o f —GI+ V(x) in the Hilbert space SC=L 2 (Q),
and e (2), 2ŒR, be the spectral measure for L  (the conditions on V (x) required
in  this paper will be summarized in  § 1 ) .  T h e n , a s  is proved i n  [1 1 ] , there
exists a  real number A b . depending o n  th e  asymptotic behavior at infinity of
V(x) such that the operator L  restricted in  e ((A a , 00))..st* is absolutely continu-
ous. Our purpose of the present paper is to obtain a spectral representation for
this (or more restricted) p a r t  o f  L .  Namely, we shall establish the existence of
a  unitary operator 1Ç f ro m  e((A s, 00))sc onto Sl'A J=L 2 ( (A8, ca);  L 2  (S n  - 1 ))

(S n  - 1  being th e  u n it  sphere in  R n )  which diagonalizes L .  I n  general A
(cf., §4).

Spectral representations (o r  eigenfunction expansions) for the Schr6dinger
operators were initiated by Povzner [13], [14] a n d  Ik eb e  [2 ]. In  these few
years, their results have been generalized to short-range potentials by Jager [6 ],
Agmon [1], Kuroda [7 ] and Mochizuki [10], and to "non-oscillating" long-range
potentials by Ik e b e  [3 ] , [4 ] a n d  S a itb  [1 5 ], [1 6 ] (cf., also  Pinchuk [12] and
Isozaki [5]). Among these works, this paper is on the same line with Jager [6 ],
Ik eb e  [3 ], [4 ] a n d  Salta [1 5 ] , [1 6 ] , a n d  will generalize results of these works
to "oscillating" long-range potentials.
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In  Jdger's theory, th e  operator g ,  is obtained in  th e  following way.

1(O. 1) (g , f ) ( 2 , ". ) = 2" lim r ( 1 1 - 1 )' 2 eT i " r ( •,i0 f)(1'3.02 > 0 ,

w here u=.2 2 ,, 0 f  is  th e  outgoing [incoming] solution of

(0.2)( - 4 +  V (x )-2 ) u = f  (x ) in  Q

verifying th e  outgoing [incoming] radiation condition

(0.3)u e L , _ , ) , ( S 2 )  and aru-k(T-LA,77+ 71

2 r

- 1 )ueL_I+0/2(Q)

fo r som e s > O . H e re  4 , (Q ) ,  p E R ,  denotes th e  sp ace  o f  functions f ( x )  such
th a t  (1+ I x DI V ( x )  P (Q )  .  O f course  u  is required further to  satisfy  a  suitable
(D irichlet o r  Robin) boundary  co n d itio n  on  a Q  i f  S 2 # R n .  T h is  resu lt w as
modified by Ikebe and Saito  in  the  case  o f " non-o scillating " long-range potentials
(c f ., R e m a rk  5. 2) . T hey  find , rough ly  speak ing , appropria te  rea l m od ifie rs
X (x , 2) and  o b ta in  g  by (O. 1) w i t h  e " '  r e p l a c e d  b y  eT" ,171 +% "-2 . For
"oscilla ting" long-range potentia ls, how ever, the radiation condition  (0.3) does
n o t w o rk  w e ll, a n d  it b eco m es d iff icu lt to  o b ta in  g ,  b y  t h e  above  type  o f
modification of

I n  t h e  p rev io u s pap er [11 ] w e  h a v e  obtained a  n e w  form ulation of the
radiation condition w h ic h  is  applicable t o  a  w id e r  c la ss  o f  p o te n tia ls . I t  h a s
th e  form

(0.4)u  L F _ I„ ),2 (S2 ) a n d  a r u-i-k (x , 2 -± i0 )ueL_,, 13) ,2 (S2)

for som e a ,  13 > 0, w here k (x , 2± i0 ) solves th e  Riccati type  equation

72 1
( 0 . 5 )

a r k + k  k 2 + V (x ) -2 = 0 (r - 1 - 5 ) (a > 0)

fo r r = lx l  large (the concrete form  o f  k (x , 2 ± i0 ) w ill be given in  § 1 ). In  this
paper w e shall m ake u s e  o f  th is  n e w  radiation condition to m odify th e  above
m entioned results, that is ,  w e shall show  th a t  the  o p e ra to r  g ,  can be obtained
in  th e  form

(0.6)( g i f ) ( 2 ,  i ' " ) = ej t e ( s . i . . i± i0 ) d s  ( f ) ( r i - )

fo r 2> As . T h e  principle o f lim iting absorption established in  [11] will guarantee
the existence and some convenient properties o f  .42.,i t i 0 f.

N ote t h a t  [A s , 00) d o e s  n o t in  genera l cover th e  essential spectrum o f L.
In  th is sense  it rem ains som e am biguousness i n  o u r  th e o r y .  T he  difficulty is
caused by som e bad influence of the oscillation at infin ity  o f  th e  potential V (x).
In  fac t, in  our case, the  operator L  m ay have positive eigenvalues th o u g h  V (x)
itself behaves like O (r 1)  at infinity (see exam ples o f  [11] ) . O n the o ther hand,



2-body Schr6dinger operators II 49

o u r theo ry  in c lu d es a  n e w  re s u lt  f o r  "non-oscillating" long-range potentials
(Corollary 5 .3 ). This is  the case that w e can choose A 3=0.

The contents of th is paper are  as fo llo w s . I n  §1  w e  f irs t su m m a riz e  the
m ain  re su lts  o f  [11 ] in  P roposition 1.1, a n d  then  p repare  som e add itiona l
propositions which easily follow from  Proposition 1.1. I n  §§2 a n d  3  w e con-
struc t the o p era to r 9"± a n d  prove  its  isom etry . The unitarity o f  g ,  is proved
in  §4 . I n  §5  w e give several corollaries. F inally , in  §6 w e prove the unitary
equivalence between L  restricted in 00)).gc and the selfadjoint realization
L , of — 4+A 5 in the Hilbert space St 0 =L 2 (Rn).

§1. Assumptions and Preliminaries

Let Q be  an  infinite domain in Rn w ith sm ooth compact boundary al2 lying
in sid e  so m e  sph ere  S(1'20= Ix  ; .  W e co nsid e r i n  Q  th e  Schre.dinger
operator —J+ V(x), where CI is the  Laplacian a n d  V (x ) is  a  potential function.
We assume :

Assumption 1. V(x)=V i (x)d- V ,(x ) , w h ere  V ,(x ) is  a  real-valued function
belonging to a  Stummel c la s s  (2,, (p>0 ), a n d  Vs ( x )  i s  a  real-valued bounded
measurable function in Q . M oreover, the unique continuation property holds for
both —4+ V (x ) and — 4 +  (x).

Assumption 2. Vi (x ) is  a n  "oscillating" long-range potential such that for
some a __() and 1/2<aj < 1 (j=1, 2),

( i ) V 1 (x )=- 0(1),

(ii) ar v 1 (x)—o(r-1),
(iii) 6;,.171(x)d-aV1 (x)=0(r-I-'1),
( iv )  (7—n r )v i (x)_=o(r - i- 6 0,
( y )  (77—.-Tar )a r v i (x)=0(r - 1 - '1),
(vi) —r - 2 A V, (x)==-(7—n r )•(7—n r ) v i (x)-=o(r - 1 - 5 2 )

a s  r=lx1— ,  00, w h e r e  'i_=x/1 x I, ar=a/alxi, V  i s  th e  g rad ien t an d  A  i s  the
minus Laplace-Beltrami operator on the  unit sphere O n  th e  o th e r  hand,
Vs (x) is  a  short-range potential such that for some 0<5 0 <1

(vii) V s (x )= 0 (r - 1 - 6 0 ) a s  r-=lx! 00.

I n  t h e  fo llo w in g  w e  p u t  5=min{5 1 , 32 , 3,}. N o te  t h a t  the  condition 5,<1
(j=-0, 1, 2) does not restric t the generality.

W e put
1E (r)= Iim  sup — Ira>. (x )+ T  (x ) }

and define A c , a >0, as follows :

(1.2)4 0 = E ( m i n { 4 0 . ,  2})+a/4,

f o r  r>0,
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w here  a_ ._() is  the constant given in (iii) o f  Assumption 2. A s is discussed in
[11 ; §8 ], A, is non-increasing and continuous in  a > 0 . Especially, we have

(1.3) A112=E (2)+ a /4 for a n y  a > O.

L e t  k (x , 2 ± i0 )  b e  a  sm ooth function o f  (x, 2)E B(ROX(A112, 0 0 ), B(R1)=---

Ix ; xl > R ( 1 ?  i > Re  sh o u ld  b e  c h o se n  su ff ic ie n tly  la rg e , s e e  [1 1 ; § 8 ]) ,
defined by

r i a r v i ( x )   .(1.4)k ( x ,  2 ± i / 2-12 V 1 (x) n 1 +2r 4{2-77 M x)}

(1.5)7 2 = 4 2 / ( 4 2 — a ) .

Further, for a n y  p  R  and G c  Q , le t  14,(G) denote the space of all functions
f ( x )  such that

(1. 6) Ilf G = G (1 +r) 2/̀ If (x)I 2 dx < co.

If  tt=0 o r G =Q , the  subscript p  o r G will be omitted.
Now let a, 13 be a pair of positive constants satisfying

(1. 7)0 < a - - 1 - 1 3 5 _ 2 3  a n d  0<a_ 4351.

Let 2>A l 2  ( 11) and f e L F I - F A ) / 2 ( Q ) ,  and  le t u s consider the exterior boundary.
value problem

(-4+ V  (x )-2)it=f  (x ) in Q

(1. 8) u or
B u =[ ]= 0

v•V ud-d(x)u
on as2,

where 1.)=(1),, v .) is  the outer unit norm al to  the boundary as2 a n d  d ( x )  is
a  real-valued smooth function on Q .

Definition 1.1. F o r  s o lu t io n s  ue.F1 1
2,,c (S2) o f  (1 .8 ), th e  outgoing (± )  [or

incoming (—)] radiation condition at infinity is defined by

(1. U  E  L -1 -a )1 2 (f
2

)  a n d  a,- u+k (x , 2± i0)uE 14=1+13)12(B (R1)),

where a, IS are any constants satisfying (1 .7 ) . A solution u  of (1.8) which also
satisfies the radiation condition (1 .9 ) , [ o r  (1.9)_] is  ca lled  a n  outgoing [or
incoming] solution.

Remark 1.1. I f  >1/2, e., 5 0 >1/2, we can choose p=1.

The m ain resu lts o f  our previous paper [1 1 ] can be sum m arized in  the
following proposition.



2-body Schrddinger operators II 51

Proposition 1. 1. (  a ) Let K  be a compact set of (4 3 1 2 , o c ) .  T h e n  fo r  any
2 E K  and fEL8+, )12(Q), (1.8) h a s  a  unique outgoing [incom ing] solution u =
u(x, 2±i0)=.92 2 , 0 f ,  which also satisfies the inequalities

(1.10) II ull 11(1+,9)/2,

(1.11) 117 u ± :ik (x , 2 ± i0 )u ll„(-14-(3)12,B(R1) -50 f (1+ ) 12

where C = C (K )> 0  is a domain constant independent o f f .

(  b )  u-=ffZ2, i 0 f  is continuous in L?-1-,)12(Q) w ith respect t o  (2 , f) (A l2 , cc))
xLa+)12(Q)•

( c )  Let g2t-to : Lii+a)12(Q) - - - ' Le-1-p12(Q) be the adjoint o f  -R 2± Then we have

(1. 12) gZr±iof= . o f  f o r  fELa+13)12(Q)•

( d ) L e t L  be  the selfadjoint operator in the Hilbert space ..91'= -L 2 (Q )  de-
fined by

(L)= {nE 11 2 (S2); Bula,Q=0}
(1.13)

L u = -4 u + V (x )u f o r  u E . (L ) ,

and let {e (2 );  2 E R }  be its spectral measure. Then for any Borel set e (71,312 , 00)
and f ,  geL6 + ) / 2 (S2) C  SC, w e have

(1. 14) (e (e )f' 21;ri g) d 2

1
= 2 7 r i {  (gZ 2,i0f , g) — ( f , g ) }

H ere (  , )  denotes the inner-product in  SC, or more generally  the duality between
LF-l-a)12(Q) and La+a)12 (Q ) :

(1.15)( f ,  g ) = J •
D f (x )g  (x )dx

( e ) The p art o f L  in e ((.4 5 , (x))).4C is absolutely continuous, i.e., (6 (2) f , f )
f o r  fE S C  is absolutely  continuous w ith respect t o  the Lebesgue m easure on
2> An .

Remark 1. 2. In this proposition we summarized results of [11] in  a slightly
modified form . In [11] th e  p a ir  a , /3 was chosen for each compact set K  of
(A n , 00) so a s  to satisfy (1.7) and the inequality min12 ; 2E K1 >49/ 2 . On the
other hand, in this proposition we apriori gave a, p  satisfying (1. 7) and assumed
K ( A p 12 ,  0 0 ). Note that there exists no essential difference between these two
formulations. In fact, by the continuity and non-increasingness o f  A , in  a >0,
it follows that for any N > 0 there exists a  p a ir  a= a(N), /3=13(N) satisfying
(1.7) and the inequality (il n ) Apl ,< And-N-1.
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Remark 1. 3 .  B y (b) and Proposition I .2. 1 w e easily have 7 u , an d  hence,
(7— n r )u being also continuous in  .U_I-a)/2(9) w ith  respec t to  (2 , f )E ( 1112, 0 0 )
X 4 21+ g)12(Q ) •

A s  a  corollary o f  th e  above proposition we can prove the

Proposition 1 .2 .  L e t  2> A 1312 , fGL8+13)/2(Q) a n d  u =u (x , 2 ± i0 )=2 2 ,i0  f .
T hen there ex ists a  sequence r p = r ,(2 , f )>  R i  (p=1, 2, --.) d iv erg ing  to  co  as
p  co such that

(1. 16) lirn {7--"Iu12+0177u-1-n(x, 2±i0)u1 2 }  dS=0,s('-n )

and we hav e for th is fr p l

(1.17)
1 

27ci

. 1ltm — ,N/2— Vi  (x) ( x ,  2 ± i0 ) I 2 dS
.7)- •° . 77 S (rp)

. 1— )2V i (r p •)} 1 " u (r • , 2±i 0)
77 -

w here 11 h  is  the norm  in the Hilbert space h =L 2 (Sn - 1 )  of  all square integrable
functions over the unit sphere Sn - 1 .

Pro o f . The existence of the sequence r p = r p (2 , f )  satisfying (1. 16) is obvi-
o u s  fro m  (a ) of Proposition  1 . 1 .  B y  th e  G r e e n  f o r m u la  in  S2 (rp )= I x  S2 ;
lx1<rpl,

cul— fodx=  T luorro— ( ru)n}dSsacrn ) s(rp)

fu(a r Ft-Ek(x, 2±i0)u)— (6 r u ±k (x , 2 ± i0 )u )P }d SS (r)

Ik (x , 2± i0)— k (x , 2± i0)} iurdS .S (Tp )

Since p  i n  (1. 16) , th e  first term o f  th e  righ t s ide  te n d s  to  0  as
Thus, noting

p co.

 

(7 1 .f .- - - f r)d X =G T 2 +io f  -4Z 2-iof ,

     

and -Tim k (x , 2± i0) -= s,/ 2— yi V,(x) , we obtain (1.17).q .  e .  d .

O ur spectral representation theorem will be based on the relation (1. 17).

Definition 1.2. W e  d e f in e  t h e  smooth function p = p (x ,  2 ± i0 )  i n  B(Ri)
x(A i l „  0 0 )  as follows :
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(1. 18) p(x, 2-±i0)

1
- -T i 'VA —)7Vi (s2)d s+ 

n
-

1

 log r+ —
4

log{2 Vi (x )}.Ri 2

Lemma 1.1.

(1.19)

(1. 20)

We have

arp (x, 2-±i0)=k(x, ,

p(x, 2±i0)-= p(x, 2—i0),

(1.21) I eP( ' ' ' "  I =e R eP( ' ' ' ) = r ( ' 1 ) 1 z — 7 )  V, (x )} 1 R ,

(1.22) eper.a± io) {2 -7 1 ( x ) } 1 / 2  e -P (X .2 ± 2 0 ) ,

(1.23) a.. 71 a, Vp+
r

i p — (ar p) 2 + (x )-2 = 0  (r - 1 - ' ) , as r  ,  co,

(1.24) (7—Îcar)p=0 (r 2), as r — oc,

(1.25) —r-2Ap=(7—:,37.).(7 —'i'a r )p = 0  (r 2 2), as r — CO.

P ro o f. (1. 19) ,  (1. 22) are  obvious from the  definition of p ( x ,  -±i 0). (1.23)
follows from ( i ),  (i i ),  ( i i i ) a n d  (v ii) o f  Assumption 2 . A s for the details, see
Proposition 1 . 8. 2. (1. 24) follows from (iv) of Assumption 2 .  In fact, we have
noting 32 < 1

(7  — .Zar)p

ir —27 [ ( 77— .Zar)Vi](s ^i ) s   d s +   —r) (7 — 2 a) 171(x) 
JR1 2 {2 — (sx )}" 24 {2 —)2 (x )}

=  r 1 0 sd s+ 0 ( r ' 2 ) =  0 (r - '2).R,

Finally, (1.25) can be proved by use of (iv) and (vi) of Assumption 2:

—r - 2 Ap

cr= r7 2s-2Avl(s:)  ]szds
JR 1 L 2 {2-72  (s:i)} 1 " 4{2—Y) (s:i) 1 3 "

72r- 2 AV 1 (x) 722 1(7 —.n017,0012 
4 {2---)7V i (x)} 4{2-72V1(x)}2

r 2 ( s -  i- 2 6 2)+0 (5 - 2 - 2 6 2)} s2 d s

+ 0 (r - ' - 2 '2)+ 0 (r 2 - 2 5 0= 0 (r -  25 2) q. e. d.
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Proposition 1. 3. L e t 2 ,  f ,  u  and 17-9 1 b e  as in Proposition 1. 2. Then
w e have

(1. 26) lim -
1

Ile,"(rP'" )u ( r „ • ,  2±- i0)11i

1
= 2 7,r i (2 + 0f - -qZ.z- of ,  f ) .

Pro o f . Obvious from (1.17) and (1.21).

It now  follow s that

e P ( r i , '" ) u ( r , - ,  2 + i  0) (p= 1, 2,h t.

q. e. d.

is  bounded  i n  h , a n d  hence, contains a n  h-weakly convergent subsequence. In
t h e  n e x t  §2  w e sha ll consider th e  special case t h a t  a0 >1/2, i .e . ,  5>1/2, and

show  that { 1 e P ( r  P. )  71 (r p •) I strongly converges without taking any subsequence.
Arrr

However, it seems difficult to show  the strong convergence of this sequence for
th e  general case a0 >0.

In  th e  re s t o f  th is  section, w e  sh a ll sh o w  th a t  i f  w e  cho o se  a<46 2 - 2  in

(1 .7), { 1 e w i r) i t ( r , • ) }  itself w eakly converges in  h , a n d  th e  limit function
A/Tr

does not depend o n  th e  choice o f  Ir p l  satisfying (1.16) (Proposition 1 .4 ).  T h e s e
properties will play an im portant role i n  §§ 3 a n d  4  to  show the existence and
unitarity o f th e  generalized Fourier transform ation g ±  ( c f . ,  Lemma 3 .2 ). Note
th a t  (v i) o f  Assumption 2  i s  u s e d  o n ly  t o  sh o w  (1.31) o f  Lemma 1.2 and
Proposition 1.4, an d  hence, in  §2 w e do not m ake use  o f th is  condition.

F or 0=0(.5 h  and  2>A 112 le t u s  p u t
1

e - p(s ,
0 )0 (: ) 0 ( r ) ,

(1.27) vo(x, 2-±i0)=

0,

w h e re  O M  i s  a  sm ooth  function  o f  r> 0  s u c h  th a t  0 _ 0 (r )1 , 0 (r )= -0  for
r<R 1+1 an d  = 1  fo r r>R 14-2.

Lemma. 1.2. L e t  2>A 1 12 . Then we have for Ø h

(1.28) (r-"-"12), a s  r co,

(1. 29)a r v ± k ( x ,  2-±i0)1,0 = 0  i n  B (R 1 +2),

(1.30) Bv0=0 on

Moreover, we have for 0E 0(A )ch

(1.31)g o = = ( — J + V ( x ) - 2 ) v 0 = - 0 ( r 2S3/2), a s  r  00,

where = m in  {ö, 252-11.
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Pro o f . (1.28), (1.29) and (1.30) a re  obvious from the definition (1.27) o f vo .
By a simple calculation we have

(1. 32) go=g0,14-r'Avo,

(1.33) g0.1= p+ n
r

1 a, p p )2+V -2}vo

t a r R b +  n a, 0  2  or m ar } e_po.

g 0 .1=0  (r ' + 1 + 2 8 ) 1 2 )  by (1.23) and (1.28). O n  the other hand,

1
r 'A v o = _ e - P {— r - z(A p)0±r - 2 Ag5

— ((V —  2ar) p)2 0 +2  —  2ar) p.701.
T hus, by (1 .21), (1 .24), (1 .25) a n d  th e  f a c t  7 0 = 0 (r - 1 ) w e  have r 'A v o =

(r - cn-i+4,32,1 2\) These prove (1. 31). q. e. d.

Lemma 1 . 3 .  L e t  g 5 E 0 (A ) .  T hen  th e  f ollow ing relation holds f o r  any
2>4 112 an d  rp >R 1+2.

(1. 34) (  eP(rY) u (rp.), 0) =  
S  r  p )  

-VA- 72 V 1(x) u vo dS
-V7 h 

i D c r p )
(ugo—fvo)dx— u+ku)vodS1-.scrp ,

Further, this relation can be extended to Ø 0 (A " 2 )  i f  we understand

(1.35)u g o d x = lugo,i±(7--far)u•(77-2a7.)?7,-;} dx.sacrn , a  n )

Pro o f . The first equality of (1. 34) follows from the relation

 e "  u  =  r n - 1  2 -7 2 1 7
1 (x) uv o  i n  B(R 1+2).

-V 7r

If we note (1.29) and  (1 .30), the second equality is a direct consequence of the
Green formula (cf., the proof of Proposition 1 .2 ). (1 .35) is ob tained  by m eans
of (1.32) and an integration by parts. q. e. d.

Proposition 1 .  4 .  Suppose that the p air a, /3-  satisf ies the following stronger
condition:

(1. 36) 0<ii+14<25, ã<4Ô 2 - 2 a n d  0 < à j 1.

L e t  2 ,  f ,  u  a n d  frp l b e  as in Proposition  1 .2  w i t h  a=6, 3 =3- .  Then

{  v
1_7_ eP ( rY)it(r j,•)} w eak ly  conv erges in  h. I n  p artic u lar, w e  h av e  f o r

O e g (A )c  h
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(
1 1 , e."( rP') u (r p •), 0) --= ± (ug 0 — AO d x.(1.37)l i m

7, - ... A, f  7Z.h 2 i  9

Thus, the limit function is independent of the choice o f fr p l.

Proof. By (1. 28) and (1 .31) w e see that .4 0 a n d  ug o  a r e  integrable in  Q.
Moreover,

lim (6r u+ku)v o dS=0.
S (r p)

Thus, letting p - 0 0  in (1.34), we obtain (1.37). Since 0 (A ) is  dense in h , the
first assertion follows from (1. 37) and Proposition 1. 3. q. e. d.

§ 2 .  Spectral representation (isometry): Special case do >1/2

Throughout this section we assume ôo >1/2 in  (vii) o f Assumption 2 . Then
=min{â 1 , 32, 30} >1/2, and  we can choose j3=1>2-2ô 2 i n  (1. 7) . W e shall show

t h e  e x i s t e n c e  o f  a n  isom etry g ,  e ( ( 1 1 1 1 2 ,  0 0 ) ) . g c  - - , 4 Z A „ , = L 2 ( ( A i i 2 ,  co); h ) ,

which diagonalizes th e  operator L.
We begin by showing

Lemma 2 . 1 .  L e t IS >2 —25 2 in  (1 .7 ), a n d  le t 2 , f , u  a n d  Ir p l be as in
Proposition 1 .2  with this p. Then there exists a constant s(p)>0 independent of
o E g ( A " 2 ) c h  such that (p)-. O as p — c o  and for r2 > r p >R 2-1-2

(2. 1) (eP(rg') u (r,•)—eP ( rP' ) u(rp•), 0)hl

L5-s(p){ri," - Fr 1 9 1 2 )11011h+rT) 2 10 ' / 2 9511h1.

P roo f. It follows from (1.34) that

2 i  
(eP( r,f ) u (r,•)— eP ( rP' ) u (r p •), 95)h

N/r

f (ug o —fv o )d x— [ —
B(r p.r q ) S Cr q ) S (r p)

](aru+ku)vodS.

B y the Schw artz inequality,

(a, u+ku)vodSscrp ,

1/2

const r; 1 2 ( u+kurds) 11011h

and

B(r p,r q ) 
fv o dx

const( r1t3lf12dx)1" r-n-'319512dX

) 1 1 2

B(rp) B(rp)

< const r312 If II (1+p/2, B(r p )11011 h •
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O n the other hand, if w e  no te  the  inequalities

Ig0.11-5const r - (n + 1 + 2 5 )/ 2 1  I

(V —W) uoI c o n s t (1' -1 + 2 ' 2) " I I  + r - ( n+') 1 2 rI7 01}

it follow s from  (1.35) that

B(r p,ro
d x

B(rp.rq) 
u g  i + (7 u d x

_const [Mu (-1- a)12, r P

+117U —  i' aru M (-11-0)12, BCr 11011h+ ri-, /  2 111 1 1 /  2  01101 •

H ere —2i3+a- —/3 by  (1 .7 ) a n d  17u—n r  ui I7u+ Deu . Thus, choosing

y./.2
s (p) =  const ([sup 142 +r19 17 u+

scro

+111M (1+,3)12, B (r p) + a)/2, B(rp )± 117 1 2 +  k u  li (-1+fi) /2, BCrp d,

we obtain (2.1). q. e. d.

Lemma 2 . 2 .  L e t  p ,  2 , f ,  u  and { r » } b e  a s  in  th e  above lemma. Then

{ 
 A/

1  eP ( rY) u (r p • ) }  weakly conv erges in h .  In  particu lar, we hav e for

(A ' 12 )

1 
(2.2) lim eP(r9') u (r p  • ), 0 ),

v h

—
= . lug , i -4- (7— i'ar ) u • (7—. -xar )vo —fv o l dx.

2 
1

1 a 9 '

Thus, the limit function is independent of  the choice of {r}.

P roo f. Obvious from Lemma 2 .1 , Proposition 1 .3  and Lemma 1.3.
q. e. d.

Lemma 2 . 3 .  We have f o r u - = f

(2.3) eP (') u (r) D(A 212 ) ( r >  RD,

(2.4) II eP"P . ) u 0 0  ( p = 1 ,  2 , ...),

(2.5) IIA112e(rP") u p )11 h E (p )(r ',
- - 0 1 2 +rip- a2+a 1 2 ) .

Proof. (2 .3) is obvious since p (x) is sm ooth a n d  u E l -n0c(6 ) •  (2 .4 )  follows
from  Proposition 1 .3 .  Finally, (2 .5) is proved a s  follows :
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II A '  eP( r7r) u (r p•)1112.-- r '  A " 2 eP( r7P )  u(r p .5i) rd SS( p )

r - n+'1(7— gar ) eP urdS 7.-4+3IV ( e u )  rd SS(r5 ) S(rp)

.<const s ( r , ) 2-2 17u+kud-(79— a r p) ul 2 dS

<  s  (p)2 ( 7.13-p ± r 2p-102+a) q. e. d.

Proposition 2. 1. L et 2 > f E L i ( Q )  an d  u=u(• , 2-± i0)=.9. 2±_i 0  f .  Then

{  u  ( r • ) }  strongly converges in h, where {r} is any sequence specified

in  Proposition 1.2 with 13=1.

P roo f. Let
1

(2.6)h =  weak urn ePcrY) u (rp  •) i n  h.
/

Then it follows from Lemma 2.1 (by letting q 0 0 )  that

(h 1_ eP( rif ) u(r p -), 0)
A/ h

E(P)(11011h+r27,P/211,4"2011h)

for 0E2(.4 1 ' 2 ). Here we p u t 0 =
1

e."( rP' ) u (r p •) . Then by virtue of (2.4)

and (2.5), w e have

(h _
A / a.-  el' ( r 9 . )  u ( r  p  • ), v T _r eP( r P  u  p ' ) )

h

(p ) w+E (p) (r H- r 2+a/ 2 }

Since 1—p= 0 and  1-5,-Fa/2- 13/2=(1-26 2+a)/2<0, letting p  co,

urn (h A /
1
y r  eP ( rv') u (r 9 ),  ePcrP*) u (r p  • ) )  =0,

P-"̀ "' h

that is,

we have

  

1  eP( Tv') u ( r p  • )
-V7

 

lim
P- '0°

 

=11111h .
h

  

Hence, we see that { eP(rP') u(r p • ) }  strongly converges in h. q. e. d.

Definition 2.1. F o r  2>A 11 , le t g ± (2): L;(S2)—> h  be defined by

. 1
(2. 7) * (2) f = strong lim ePcrP'• 2 =10 ) (_RA , i o  f )(r p -) ,

/

where Ir p l  is any sequence specified in Proposition 1.2 with p-=1.
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Remark 2. 1. g  „(2 ) is independent o f  th e  choice o f  frp l since  th e  weak
lim it (2.6) does not depend o n  th e  choice o f  1rd (see Lemma 2.2) .

B y Proposition 1.3 w e have for f EL i(S 2) and  2>A 112

1
(2.8) 119 ' (2)f  Ili= 

2 7 - c i  
(R 2  .0 f f).

Thus, fo r a n y  A  in  a  co m p ac t se t K c (A 112 , 00) w e  have from  ( a )  o f  Proposi-
tion 1.1

(2.9) II g ±( 2 ).f Ili C(K)11fI .

T his im plies that 9 ± (2), 2 >A 1 1 2 , i s  a  bounded linear operator from  _L4(f2) into
h  : ±  (2)E  B  (Li (S2 ), h) .

Moreover, we have the

Lemma 2.4.  g ± ( 2 ) f e h  depends continuously on (2, f)E(A 112, 0 9 )X L i(Q)•

Pro o f . B y  (2 .8 )  a n d  (b ) of P roposition  1.1 w e  s e e  t h a t  119 " ± ( 2 ) f I l h  i s
continuous i n  (2, f )E(A 112 , c o )x L i(S 2 ) . T h u s , w e  h a v e  o n ly  to  show  th a t for
any smooth OE h, (g ± (2) f , yi)h  is continuous in  th e  sam e d o m a in . W e return to
th e  re la t io n  (2 .2 )  o f  L em m a 2.2. S ince  g- ,, e L i ( Q ) ,  (7 —.Zar)v o E L 2 ( Q )  and
vo e L l i (Q ) a r e  con tinuous w ith  respec t t o  2>A112, w e  th e n  have the  desired
continuity o f (9 . (2) f , çb) h a ls o  b y  (b) of Proposition 1.1 (cf., Rem ark 1.3).

q. e. d.

In  virtue o f  this lem m a, (2.8) and  (d ) o f P roposition  1.1 w e  s e e  9 , ( 2 ) f e
S7Cn112 and

(2.10) Ile ((A,/,, 00))f 112 = Ilg  (-)f A ,i 2 =17,1 ,2 11g (2 )f IIX d2.

Hence, we have the

Lemma 2. 5. L et g ±  : Li(Q)— » 9ZA112 be defined by

(2.11) (g± f ) ( 2 ) =g  ( 2 ) f f o r  2> .4 1 / 2 .

T hen g ,  can be ex tended by  continuity  to a partial isom etric operator f rom  ._qt'
in to  f (4 112 w i th  in itial se t e((A 112, 0 0 )).41.,  w hich w ill be denoted by  g ,  also.
Moreover, we hav e for any  B orel set eC(A 112, 09) and f , gES C

(2.12)
(e(e)L  g)—  .e((9 .if)(2), (

g 'g)(2))h d2.

W e  a r e  n o w  re a d y  to  p ro v e  th e  following spectral representation theorem
associated with th e  Schrödinger operator L.
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Theorem 2.1. L e t  ô0 >1/2 in  (vii) o f Assumption 2, and let g ± :
be as given in the above lemma.

( a ) (Diagonal representation o f L )  F o r  any bounded Borel function a(2)
on R  and fES C we have

(2.13) ± a (L )f )(2)=a(2)(g± f )(2) fo r a. e. 2> A 112.

( b ) (Inversion formula) Let 9! : St be the adjoint operator o f g ±.
Then we have for fe  jtA ,

/ 2

(2.14) f=strong urn
L 2 + 1 I N  

,_ (2)* f (2) del i n  S C ,

where g.,(2)*: h ,  L i i (Q ) is the adjoint of 9 , ( 2 ) .  In particular, the following
inversion formula holds fo r  fE.M.

(2.15) e ( (Ai r2, 00))f=strong urni N
.f..4112+1IN

± (2)* (9 f)(2)d2.

(c ) (E igenoperator) 9  ± (2 )*  is a n  eigenoperator o f  L  with eigenvalue
2(>A 1 1 ± )  in  the sense that

(2.16)( 9 ±  (2)* 95, (L-2) u)=0

fo r  any 95G h  and u E C ( 5 )  satisfying the boundary condition Bula0=0.

P ro o f. ( a ) W e  h a v e  o n ly  to  s h o w  th e  a s s e r t io n  f o r  a(2)=X e(2), the
characteristic function of any B o re l se t  e  i n  (A112, 0 0 ). W e n o te  Xe (L )=e(e).
By (2.12) we have for any e C( 11 112, co) and /ESC

Ile(e)f 112= 
e  

(9 ± f)(2) II d2.

It then follows that

0=Me(e) (e (e) - 1) f .çe ll(9±(e(e) - 1 ) f ) ( 2 ) d 2

=L li  (± (2)111e d2

and

0=  11 e (ei )e (e ) f  112 = ( 9 ±  (Of ) (2 ) Ili d2,

where e'=(A112, c o )\ e .  These relations show that

( 9  e (e)f )( 2 ) = 
r (g± f ) (2 ) fo r a. e .  2Ee

0 fo r a. e .  2  e',

which was to be proved.
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( b ) To show (2 .14) we first note that the  integral o f th e  right side makes
sense since g  (A)* is measurable (cf., Lemma 2 .4 ). L e t  eN-=(/11/2 +1/N, N).
Then fo r every f CA1 / 2 and  g E L';.(Q)

(g ± (2)* f(2), g) d2= ( f(2), g ± (2) g) h  d 2
e N eN

= ( f (2), (g g)(2)) h  d2.

A s is proved in  (a), Xe g , g = g , e ( e N ) g .  Hence,

e N  
( ± (2)* f (2), g) d2=( f , e (e N)g),s A,,,=(e(e N) f , g).

Since Li(S2) is dense in  SC, this shows that

e (eN )91 --- (2)* 1(2) d2.
e N

Thus, letting N —  0 0 , we obtain (2 .14) since the  fina l se t o f g :  is  e((/1,12, 00))m.
(2 .15) directly follows from (2 .14 ) if  we note  g : f=e((/1,12, co )) f  by (2.12).

( c ) L et f =(L —  2) u. Then f e L T ( Q ) ,  and  hence,

(g ±  (2)* 0, (L — 2) u)=(0, i  (2) f )h

Moreover, we h a v e  u=gZ2+i0 f  (= R 2 - i0 f )  since u E C i j )  satisfies th e  outgoing
(as well a s  incoming) rad ia tion  condition . Thus, i n  view  o f  t h e  definition of
F±(2) a n d  t h e  fac t uE C '(S 2), we h a v e  g + (2) f  (= _ (2) f )= 0 , which implies

(2. 16) .
T he  proof o f th e  theorem is now complete. q. e. d.

§ 3. Spectral representation (isometry): General case do >0

In  this section we return to th e  general case 5 1 > 0 .  We shall construct the
operator g  b y  u s e  o f  a  p e r tu rb a t io n  method (c f ., Ikebe [4] ) , a n d  prove a
spectral representation theorem fo r  th e  operator L  restricted i n  e ( ( 4 7 , 00)).4C.
N ote that in  general A,3 ./12 / 2 .

Let L 1 = —J+ V, (x) be the selfadjoint operator in .gt• w ith  dom ain  (L 1)=---  (L ) ,
a n d  le t  16'1 (2); 2 E R I  be its spectral measure. Since V s (x )  is assumed to be
bounded in  Q , L  is then a  perturbed operator of 1,1 :

(3.1)L =  L , ±  V  s .

L et gZ1,2,i0 and  g i , ±  (2) denote, respectively, the operator g Z . , / ± i o  and  F ± (2) w ith
V (x)= V1 ( x )  (since V2 ( x )= 0  in  this case, we can adm it ao >1/2, a n d  9-1,± (2) ,
2>A 0 2 ,  is well defined by (2.7) with gZ,,z±io replaced by Ri,./±0)•
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Lemma 3.1. F o r  any  N >0  there exists a pair Cr= ii (N ) ,  p=8 (N ) satisfying
the conditions

(3.2) 0 < ii+ < 2 5 , a< 4 6 2 -2, 0<ek_5. 1

and  A o --5.A l 2 <A 0d-N - '.

P ro o f . T he assertion  follows from  th e  continuity and  non-increasingness of
A , in  a>0. q. e. d.

N o w  let A >  A ,  a n d  Ce=ei(N ), = ( N )  b e  th e  p a i r  g iv e n  in  t h e  above
lem m a, w here  N  sh o u ld  b e  ch o sen  la rg e  s o  t h a t  2> A 3 +N - 1 . Then f o r  tE

L 1 /2 u i - -  f  is  the unique outgoing [incom ing] solution of (1.8) with
V= V 1 :

(- 4 +  V1 (x) - 2)u i= f i n  Q
(3.3)

Bu,-40 o n  as2,

(3 .4 ), u ieL_1_a)/2(Q ) a n d  artti+k(x, 2±- i0)uiELe_i+g)/2(B(R1)).

Lemma 3.2. I f  2> A a, the operator 9 .
1 ,± (2): Ll(Q)— h  can be extended to

a bounded linear operator from  L a + g ) 1 2 ( Q )  t o  h .  Denoting the extended operator
by  g i , ± (2) again, w e have for fEL L ,§ ) 12 (Q ) and Oeh,

(3.5) (2) f
1 

f ) ,
2 7 r i

( f — 

1 
(3.6) (g1,± (2)f , 0)h-=lim eP(rir) it,(r,-),

/ h

where u1 =.9Z 1 ,2 , o f  and {r,}  is any sequence diverging to co such that

(3.7) I it i lz+n§ 17u 1 k:ik(x, 2±:i0)12 1 12 1dS=0.
S Cr p)

Pro o f . T he  extensibility o f  g i .± (2) and the relation (3.5) easily follow from
(2.8) and Proposition 1.1 ( a ) .  (3.6) follows from (1.37) of Proposition 1.4 since
w e have for f E L ,i(Q ) and  95E2(A ) (w hich is dense in h)

1 
(3.8) (9•1,„ (2)f , 0) h = ±  2  . fo  (u, g; —  fv o )dx ,

g ;  b e in g  t h e  func tion  defined  by  (1.31) w it h  V-= V„ a n d  th e  both sides are
continuous in  f E L L - 1§)/2 (0 ) • q. e. d.

Lemma 3.3.( 2 ) f E h  depends continuously on (2, f)e(111§12,00)X La412(9).

Pro o f . The assertion is obvious since th e  right hand sides of (3.5) and  (3.8)
a re  both continuous in  (2, f)E(Afi1 2 , 0 0 )XLFi+g)/2(D) (cf., the proof of Lemma 2.4
and (1.31)). q .  e .  d .
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Lemma 3 . 4 .  ( a )  V  ,E  B (L F_i_a)/2(Q ), L ) / ,(Q ))
L , - a ) / ,(Q ), where v : B(Le_i_,§),(Q), La+a)12(Q))•

( b ) Vs g2.2 ± i 0 E B (La+g)/2(Q), L L S ) 1 2 ( Q ) )  f o r an y  2>A d -FN - 1 .

P roo f. Obvious from (v ii)  o f Assumption 2 and the condition (3 .2 ) on eic, /3.
q. e. d.

Now, for 2>A 5  a n d  fE L} (D) (c—  LA 5 ( D ) )  fd+2),3/2 — u+p)/2 let T h e n  w e
have from (1.8)

( - 4 +  v , ( x ) - 2 ) u = ( 1 - 1 7 , 2z2±io)f i n  Q
(3.9)

1  B u=0 o n  as2.
(1— Vs RA±i0)fE La+fi)/z (Q ) by Lemma 3.4 , and u  satisfies the outgoing [incoming]
radiation condition (3.4) ± . Thus,

(3.10) U = R 2 ± z o  f
= 9

Zi. 2±zo (
1—  V s -R2±  io ) f•

Definition 3 . 1 .  For 2>A 5  le t  9 ± (2)E B ( L L 2 ) 1 2 ( Q ) ,  h) be defined by

(3.11) g"± (2)= SF,, ± (2 )( 1 — V, -R2±2.0)

Remark 3 . 1 .  I f  30 >1/2, ± (2 )  defined above coincides with th e  operator
given by Definition 2 .1 .  In fact, for 2>A 11 , an d  fE L I (Q ) w e have from (3.10)

1  (3.12) strong lim eP( r-799 (aZ,z_io f ) ( 1  9 .)

s= (2)((1—
 V ,

 R .1 ± 1 .0 )

since (1—V,R 2 ± , o ) fE L i(Q ) in  this case.

Lemma 3 . 5 .  For any B orel set e (li c„ 00) and f , g E L :2,i+26)12(Q) we have

(3.13) (e )f , g) ±(2)f, ± (2)g)4d2.

Proof. By Proposition 1 .1  (c ), Lemma 3 .4  (a) and (3.10),

(R 2 ,i0 f— R 2 _ io f ,  g )= ± {(-R Â t io f ,  g)— (f , R 2± i 0 g)}

— ±C(R j.2±1011— vsR ,Iiio lf, g) — ( f ,  R 1.2,1011—  
V ,

 2Z 2±i01 g)]

=± - [( R i ,  2 ± i0 { 1 —  V  2 . i .}  f  1 1 — V , g )

— (11—  V R i.,1±i011—  V  , R 2 ± io l g ) ]

—  ( { R i , 2 “ 0
- 2 Z1.2—io }  {1 —

 V ,
± 0 }  f '  {1— V,  R 2 ± i 0 }  g) •

63

an d  V : f = V , f  f o r  f E

H e re  {1— Vs  R2±io}f, 11 —  Vs -R2-±iolgE L a + g ) / 2  ( Q )  by Lemma 3 .4 .  Thus, it follows
from Lemma 3 .2  that
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1 
27ri

g)

± (2)11— V, f  , g  (2)11— V, gt2±,:o l g)h

= (9 ± (2)f , g ,(2)g) h

Integrate both sides over e  w ith  re sp ec t to  2  (the measurability o f  g , ( 2 )  in
2>A d is guaranteed by Lemma 3.3  a n d  P ro p o sitio n  1 . 1  (b )) . Then by means
of Proposition 1. 1 (d) we obtain (3. 13). q .  e .  d.

W ith t h e  a id  o f  Lemma 3. 5  w e can  now  prove t h e  following spectral
representation theorem fo r L.

Theorem 3 .1 .  (  a ) (Diagonal representation o f L )  L e t  g ±: a+2,3)12(Q) —'
‘C A 3  be defined by

(3. 14) (g± f ) ( 2)= 9 . = (2) f  ( 2 >A a  and f E L (,(21),142,3)12. ,,•

Then g ,  can be ex tended by  continuity  to a partia l isom etric operator from  .3C
in to  f C A ,  w ith  the in itia l set C((A d, 00)),91-. Further, f o r  any bounded Borel
function a(2 ) on R  and fE,gt• we have

(3.15)( g ±  a (L) f )(2)= a (2 )(g  f )(2 ) for a. e. 2 >  Ad.

( b ) (Inversion fo rm u la ) Le t g t  : SC be the adjoint operator of
Then we have for !e f t ' Aa

(3. 16) f = strong limE L  (2)* (2) d2
N.-•=0 45+11N i n  Sc*,

where g,(2)* : LF_1-2,7)12(Q) is  the adjoint of 9 ± (2 ). In particular, the follow-
ing inversion formula holds fo r  f E R .

(3. 17) e( (.45, co)) f= strong lim
LNi;1-1IN

(2 )*  (2 ' f) (2) ca.

( c ) (Eigenoperator) 9 +  ( 2 ) ' i s  an eigenoperator o f  L  w ith  eigenvalue 2
(> A O in the sense that

(3. 18) (9 " (2)* çb, (L -2)  u) =0

fo r  any  ¢ E h  and u E C ( f  )  satisfy ing the boundary condition Bula0=0.

Pro o f . A s we see in  th e  proof o f  Theorem 2. 1 , the  assertions (a) and (b)
a re  easily proved by u se  o f th e  re la tio n  (3. 13). T o sh o w  ( c ) ,  le t  f=(L—  2) u.
Then f  is of com pact support, and hence E L L 2 6 ) / 2 ( Q ) •  Thus,

(9" ± (A)* ç ,  (L —  u )  = (2)* 0, {1— V 8  R.1±i0} f)

=( (A)* ç, (L 1 -2 )  u) -= 0

by (3. 11) , (3. 9) and  Theorem 2. 1 (c) . q. e. d.
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§ 4. U nitarity o f g",

W e w ant to show tha t the ranges . ( i + )  of g +  a n d  _42 (g _) o f  g  _  coincide
a n d  a re  e q u a l to  g A o . In  th is  section we shall give a  partia l answer to this
problem . O ur resu lts w ill be  sa tisfac tory  to  som e restric ted  cases  (cf., the
corollaries of the next section).

We can prove the following

Theorem 4 .1 .  (  a ) W e have

(4.1)2 Z ( 9 . ± ) D f f E g  A a ; f (2 )=0  f or a. e. As)}

or equivalently

(4.2) (21 ) {J gha ; f=0}

C {J2 j  AB ; f (2 )=0  f or a. e. 2E(A s, 00)1,

where J=min{6, 26 2 -1 }.

(  b )  B o th  g , an d  g _  m ap e((As, c o ) ) ,9c onto J'A s=L 2 ((AS, 0 9 ); h ) , that
is, g *  restricted in  e((As, co))S t' are unitary  operators.

Remark 4 . 1 .  If 62 --:(6±1)/2, w e have -4=3.

Lemma 4 . 1 .  For g5 2(A )C  h  and 2 >A 1 1 2  le t  v o b e  the function given by
(1.27), an d  le t  g ;=( - 4 +V 1 (x )-2)v 0 . T h e n  gioELFi+/§)/2(D) f or any  0<1;. <2S.
Moreover, if  2>A fil 2 , v o coincides w ith the outgoing [incom ing] solution of (3.3)
with f = g ',  th at  is, v 0 =.92.,, À ± i 0 e 0 .

P ro o f . Obvious from Lemma 1.2. q. e. d.

Lemma 4.2. F o r  any  N >0 there ex ists a  p air i i=ii( N ) , I3- = j ( N )  satisfy-
ing the conditions

(4.3) 0<ad- 13- <2j, d<432 - 2, 0<e( 1

and (i165_)A s Afil2<AsH-N - 1 .

P ro o f . The assertion is  p ro v e d  b y  th e  same argum ent as in the proof of
Lemma 3.1. q. e. d.

Proof  o f  Theorem 4 .1 . The assertion (b )  is easily  proved  by  ( a )  o f  this
theorem and (a) of Theorem 3 .1 . Thus, we have only to prove (a).

L et .f . g i ( g t ) ,  namely, le t f  be orthogonal to ( 9 0 .  By Theorem 3.1 (a)
we have for any Borel set e (A,7 , 09) and gE ,5C ,

(9  X e ! ,  g)=( f , x e g  g), • A 6 =( f ,  g ± e (e)g)s A 6 =0,

w hich im plies g tx e f =0 ,  i. e . ,  Xe f e l ( g t ) .  I n  v iew  o f  Theorem 3.1 (13), we
then have
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xe f e g ± (2)* f  (2) cl2--=0 for a n y  e (Ao, 00).

T hus, it fo llow s that g ± (2 )* f (2 )=0  for a. e. 2 >A a .
By Definition 3.1 and the "resolvent" equation

-
-
9

.1,2±io Vs -9R-2±-io
= s  -

9
Z1.2±io ,

w e have g ,, ±  (2)=9" ±  (2)(1+ Vs , and hence,

(2)* = ( 1 ±Rt,2±i0 VP) 
91

 (2)*

Therefore, to complete the p ro o f, w e  have o n ly  to  show t h a t  g i ,± (2)*f(2)-=0
for a. e. 2 > A  implies J (2)=0 for a. e. 2 > A .

For 2> Aad-N - ' (N>0) le t  a, I;  b e  as in Lemma 3.1, and let geL64/2(Q )
and v=22. 1 ± 1 0 g .  Then by Lem m a 3.2 w e have

(4.4)0 = ( g , , ,  (2)* f  (2), g).= ( f  ( 2 ) ,  g  ± (2)g) h

=lim ( f  (2)„ 1_ eP(TP.) v (r,- ))h for a. e. 2 >  Abd- N - 1 .
v

Here, w e  re s tr ic t  o u rse lv e s  to  the case 2 >/1 5 +N - ' and choose a, as in
L em m a 4 .2 . T h e n  b y  L e m m a  4.1, g L?, + 8112 (S2) and v =-2 Z1.2±-iog'0 • Putting
g = g ;  in (4.4), w e have

0= lirn (f (2), 3;_  eP ( rP' ) v o(r 7,•))h
17

=lirn ( f  (2), —1 eP ( rP' ) e - P`rP ) 95)h= -- (2), 0)h
7r 7r

for a. e. 2>A8H-N'. 95E 2 (A ) being arbitrary, this implies J (2)=0 for a. e. 1> As
+N - '. Letting N - 00, w e  have the assertion (a) of the theorem. q. e. d.

§ 5 .  Some corollaries of the above results

Corollary 5 . 1 .  I f  5 1/2 and 52 ..3/4 in  A ssumption 2 , 9 ', i s  a  unitary
operator f rom  1'((A ,12, 0 0 ) ) C  onto A112•

Pro o f . S ince  j=min{5, 23 2 -1} _ . 1/2 b y  condition, the assertion is obvious
from  Theorem s 3.1 and 4.1. q. e. d.

Corollary 5. 2. I f  171 ( x )  satisf ies, in  p la ce  o f ( i i )  o f  A ssumption 2 , the
follow ing stronger condition:

( i i ) ' a rv ,( x ) - - 0  (i- ') a s  r -± 00,

then 9", is  a unitary  operator f rom  e ((A , 0 0 ) ) C  onto  g A ,  wheie A-=lim sup

V ,(x )+a14 .
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Vi  (x )=-

log r o r  V, (x) log (log r) •
const
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Pro o f . In  th is  case, E (r)=1im sup Vi  (x ) for an y  1 > 0  in  (1. 1). Thus, we
s e e  11a =lim sup V ,(x )d  al4  fo r  a n y  0- >0, and  the assertion  follows from

Theorems 3. 1 and 4. 1. q .  e .  d.

R em ark 5 .1 . A s a n  exam ple  w hich  sa tisfies the condition s ta te d  in the
above corollary, we have

V (x)= sin (log (log r) )-I- 0 (r - 1 - ", ) as r  — * co.

The potential sin (log (log r ) )  satisfies the conditions (i ), (ii)' and (iii) w ith  a=0.
Thus, in th is  case w e have A=lim sup [sin (log (log r))]=1.

Corollary 5. 3. I f  V 1 (x) satisfies, in place of (i), (ii) and (iii) of Assumption 2,
the follow ing stronger conditions:

( i )' V' (x)= o (1) ,

(ii)' arv i (x)=o

(iii)' a,,.-171(x)=o (3,> 1/2)

a s  r co , then  g  ,  becomes a  unitary  operator f rom  the absolutely continuous
subspace scac--e((0, 0 . ) ) .g c  f o r L  onto 0 =L 2 ((0, 00) ; h).

Pro o f . Note th a t, in  th is  case, the essential spectrum  of L  consists of the
non-negative real axis [0, c o ) . On the other hand, b y  (1. 2), A o= 0  for any a >O.
These show th a t  e((.43 , 09)).4C coincides with the absolutely continuous subspace
mac=e((0, 0 0 ) ) s t  for L. q. e. d.

R em ark 5 .2 . T h e a b o v e  r e s u l t  is  a  p artia l generalization o f  re su lts  of
Ikebe [3], [4] and Sait5 [15], [16]. C orollary 5.3 includes the following type
of potentials :

However, these potentials are n o t  c o v e re d  b y  the re su lts  o f Ikebe and Sait5.
Roughly speaking, their assumptions on V 1 (x) are as follows :

7' V, (x )=0 (61>0), v=0, 1, •••,

w here m =2 if 51 >1/2 and m >2/5, if 1 /2 ö > 0 .

§6 . U nita ry  equ iva lence  be tw een  e((tis , co))L and L 0 = - 4 + A 5

Let Lo = —4-I- As be  the selfadjoint operator in the Hilbert space ..9(,=- L2 (Rn)
w ith  do m ain  2 (L 0 )= H 2 (R n ),  a n d  le t  le, (2) ; 2 R }  b e  i t s  spectral measure.
In th is section w e shall show the existence of unitary  operators U± f r o m  SC, to
e((As,00))sc w hich intertw ine the operators Lo and L.
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W e denote by g 0 (2) th e  opera to r g + (2) corresponding to L=L o . Namely,
f o r  > A s and fEL 7(R n) let

. 1  (6.1) g 0(2)f=strong In n  ,___ eP0(7-71' 0) (Ro, 2+ i0 f)(rp •) li
TC

(6.2) p o ( r ,  2 + i0 ) = — i( A A ) r  ±  n -

2

1 log r  - 1- log (2— /1; ) ,4

w h e re  u ,-= g2o, i o  f  is  th e  outgoing so lu tion  o f (-4 +  A j —2) uo =  f  in  R 7 a n d
{rp )  is any sequence diverging to co a s  p  0 0  such that

(6.3) lim
S (r p) { 7- 6 '171,12 + r  Vit o + (—  i 2 —  A s  ± n r1 )u o l }  C1S=0

fo r some 0 < a<  1 . L e t g o : 1.7(R n ) f C  A 0=1 , 2 ((A  00) ; h) be defined by

(6.4) (go f ) ( 2 )-= go (2 ) f

T hen, as is  p ro v e d , g o  c a n  b e  u n iq u e ly  e x te n d e d  to  a  unitary operator from
eo (  (AS ,  co)).4[0=-9(0 t o  gA s ,  w h ich  diagonalizes Lo. W e denote the  extended
operator by  g o again.

Definition 6.1. L e t  U., B (SC „ e ((A  , 00)).3E6) be defined by

(6.5) U±=gt go.

Theorem 6. 1. U, : e ((Ag , 09)).9( a r e  unitary  operators w hich inter-
twine L o an d  e((A s, œ ))L :

(6.6) e((As, oo))L—LI,L o Ut ;

(6.7) Lo_=ute((As, oo))LU ± .

P ro o f . I t  fo llo w s fro m  T h e o re m s 3.1 a n d  4.1  t h a t  f o r  a n y  B orel se t
00)

Y 4
0' X, g 0 = e 0 ( e )  i n  Xo, go eo(e)gt =X e

g* X, g = e ( e )  i n  J i ,  a n d  ge(e)g*=X e

T h e  above assertions are obvious from these relations if w e  note e o ((As , 00))=/
(the identity in  No). q. e. d.

Remark 6. 1. U ,  m ay  b e  sa id  th e  stationary w ave operators (c f ., Pinchuk
[12] and Isozaki [5]).

Remark 6. 2. T h e  o p e ra to r  g o is  e s s e n t ia lly  the Fourier transform ation,
th a t  is, fo r an y  f e C g R n )  w e have
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2A/2—As f (./2 — A  ).1
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(6.8) [ g  0 (2)/I (g )

1  = C(n) ( 2  A s) ( 4 - 2 )" (27c) -  n" e - î /' -  1  ô j'Y f (y) d y
-V 2 Rn

for 2> A s, w here C (n )= e - i" ( n - 3 )14

(6 .8 ) can be verified in  the following way (for deta ils, cf., e .  g . ,  Matsumura
[8 ]  and M o ch izu k i [9 ]). B y the Fourier inversion formula,

e is.; f (e)
[g2 0 , 2 , i o  f ]  (x )= (2 ) 2 lim Ç (Le

E  40 R I V +  —(2+1 E)

in  .L, -i-a)12 (IV) ,  where

f(e)=---(271V/2L,, (3) d Y.

Applying the asymptotic form

f (1e1w) dS,”

27r ) (n_1)/2 e
'
=

" ( 1 ) ( r  e  

/  27r +fe i 5 A  r yn-1"2e-icri:1-7roz-1)/4)+q(13-c);c— l iel

q(x)-=0 (r -  ( " 1 )1 2 ) ( v = 0 , 1 , a s  r oo,

w e then  have

+i f ] e n-1)14

lel`n-1)".t(lelg)e 1rkl X r - ( 1 2 lirn
s Q J - 0 0 le 1 2 4 -A ii— (2 -k z e )

Hence, by (6 .1 ) and (6.2),

[9' 0 (2 ) f ] (x ) - - - c (n )  V T (2 — A 0 1 1(27r0 - 1

X lim [e
le1

-'"/A-AsrP urn
(71-1)/2/(ielg)

s O 2—(2 — A5+i s) (11 1]

This is w hat is to  be show n.
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